SOLVING ODE’s NUMERICALLY WHILE
PRESERVING ALL FIRST INTEGRALS

G.R.W. QUISPEL!? and H-W. CAPEL?

Abstract.

Using Discrete Gradient Methods (Quispel & Turner, J. Phys. A29 (1996)
L.341-1.349) we construct integration methods that solve ordinary differential equa-
tions numerically while preserving all their first integrals (i.e. constants of the

motion) exactly.
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Introduction

In the past, the numerical analysis of ordinary differential equations (ODE’s)
has focused, on all-purpose methods, i.e. integration methods that are applicable

to all ODE’s. Examples are Runge-Kutta methods and Linear Multistep methods.

In recent years, however, there has been great interest in special-purpose
methods, designed to exactly preserve the mathematical properties of various special
classes of ODE’s. This has led to symplectic integrators for Hamiltonian ODE’s [1],
volume-preserving integrators for divergence-free ODE’s [2,3], symmetry-preserving
integrators for ODE’s possessing some symmetry group [4,5], and isospectral inte-

grators for isospectral ODE’s [6,7].1

In this paper, we construct integral-preserving integrators (IPI’s) for ODE’s
possessing an arbitrary number of first integrals (i.e. conserved quantities).? In
the next section we define skew gradient systems, and show they are equivalent to
dynamical systems possessing first integrals. This equivalence is then the crucial

ingredient for constructing IPI’s.

Necessary and sufficient conditions for a dynamical system to possess m

first integrals
We first consider ordinary differential equations

Theorem 1. The autonomous ODE

d
d_f = f(z), x e R"™, (1)
has m first integrals I;(x), i = 1,...,m, if and only if eq.(1) can be written as a
skew gradient system
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Here S is some completely skew-symmetric (m + 1)-tensor

(ie. Si,.i;,. = —Si, .. for all j,k=1,...,m+ 1), that is
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IFor a review of all these methods see ref. 8.
2The case of 1 first integral was treated in refs. 9 and 10.



contracted with the m (continuous) gradients in R™ denoted by?

DI,
B (T)
DI, b - -
= : , 1=1,...,m.
Dx DIi-

Contracting both the l.h.s. and the r.h.s. of eq. (2) with %, and using
the skew symmetry of the tensor S it follows easily that I; is an integral of the
skew gradient system, proving the implication in theorem (1) in one direction. The
essential part of the proof of the implication in theorem 1 in the other direction is
the construction of a skew (m + 1)-tensor S for given vectorfield F' and integrals

Ii,..., I, . Such a construction is given below in equations (8-10).
Theorem 1 also carries over to the discrete case:

Theorem 2. Let a ‘discrete gradient’ NI/ Ax be any vector satisfying the discrete

identity*
(@ —a)- Do) = 1) ~ I(x), @

Then the (implicit) mapping x — x’' given by

v —x=¢(zx,2'), (5)
has m first integrals I;(x),i = 1,...,m, if and only if eq. (5) can be written as a
skew discrete-gradient system:
. AT A A,
x'—x:S(az,x')~A—;(x,x’)A—;(:c,x')... Ay (x,2"). (6)

Here S is some completely skew-symmetric (m 4 1)-tensor. The proof of theorem

2 is analogous to the proof of theorem 1 and will be omitted.

Discrete-gradient methods for integral-preserving integration.

Taken together, theorems 1 and 2 suggest the following two steps for con-
structing integral-preserving integrators (IPI’s):

3For later convenience we use the notation DI;/Dz; for partial derivatives rather than the

more common notation 9I;/0x; .
4This definition is due to Gonzalez [11]
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Step (i)
Write the ODE in skew gradient form

dCE DIl DIm
L Sy ). D, ™

There are infinitely many choices for the tensor S such that eq. (7) is equivalent
to eq. (1). One can either choose a sufficiently regular S that one is given or that
one has found heuristically (e.g. for Nambu systems [12, 13] S is given), or as a

default one can choose

Si i — %7 8
Oseeey m (x) d(:E) ( )
where the determinant D is given by
fio DIl/Din N DIm/szo
Di....i., = | - : : ) (9)
fim DIl/DLL'Z‘m e DIm/DLEZ‘m

and the normalization factor d is given by

DI,/Dxzj, ... DI,/Dxz;

(10)

d(z) = >

nzji1>jz>jm=1

Dll/Dl’]m Dlm/Dl'jm

Substituting the (m + 1)-tensor S into eq. (7) and contracting it with the m
gradients of I; to I,, it is not difficult to retrieve the ODE (1).

STEP (ii). Integrate the skew gradient system (7), using an integral-preserving

discrete-gradient method:

o —x YAV A ,
. —S(x)E(x,x)

A (x,2"). (11)

Here the discrete gradient AI;/Ax is any vector satisfying eq. (4), i.e. any vector

of the form

a1
Az

' —x).a(z,x')+ I(x) — I(z")

/—a:UJJ/—.CIJ/—QJ(
(,0") = ala,a") — (o — ) T T

(12)

where a(z,z’) is any vector that (in order to be consistent) is close to the continuous

gradient DI/Dz, i.e.
DI

a(z, )



and 7 denotes the discrete timestep.
A simple choice satisfying eq. (13) is:

mlr,a’) = D (2) (14)

Another choice is (cf. [14])

I(z',w2,753,....,5)—1(T1,22,%3,...,T0)
zh—x
I(z',@h,x5,.... ) —1(T],22,23,...,T0)

az(z, ') := v (15)

I(z], 2y, 1. ) =1 (2] .2 s Th _1.%n)

/
T —Tn

AT
(substituting (15) into eq. (12) gives = az(z,2')).
x

Higher-order discrete gradient methods for integral-preserving integra-
tion

The first-order method (11) defines a map ¢, : © — z’. A second-order
method 1, may be obtained by a Scovel projection [15]

dJT = ¢7'/2 o ¢:i/2 (16)

The resulting ¢, has time-symmetry

77Z)7' - 1/):71-7 (17)

and can thus be used to construct IPI’s of arbitrary order using the Yoshida method
[16, 17].

If we have been able to find a skew tensor S without singularities, one can
also obtain the time-symmetry (16) by using time-symmetric expressions for both
the skew matrix S and the discrete gradient in eq. (6). For example, for S one

may then take

S(z,2') =8 (“;x/) (18)

Similarly, one can take

sl = o (255 (19)
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in (12) (this discrete gradient is due to Gonzalez), or more generally

A

a(z,z') + a(z', x)
2

as(z,2') = \ (20)

where @ is any vector satisfying (13).

A numerical example

To illustrate our method we have chosen a Hamiltonian ODE in R* with two

integrals (i.e. n =4, m = 2), studied by Hall and by Grammaticos et al. [18, 19]

dxl .
d.fl?g .
dt _p2
@ = 21122 — ax
i 172 1
d
% = —16x§ — I% — 16axs. (21)
The integrals are
1 1 16 a
L = ip% + §p§ + 3:1:3 + 2220 + i(x% + 1622) (22)
4 2 2 2 4 3 4 4 4 40 2.5 2, 4
I, = p7 + (2axy + 4xTx2)p] — 3TIP1P2 — AT T2 — L1y — G T +a”x]

In figure 1 we plot the value of the integral I; as a function of (numerical) time ¢,
for three fourth-order numerical integration methods.> RK4 and LM4 are standard
Runge-Kutta and Linear Multistep methods (see ref. 10 for more details), and
QT4 is a discrete-gradient method. The value of the integral is seen to diverge for
both standard methods, in contrast to the Discrete Gradient method. We hope to
carry out a more detailed error analysis and more extended comparisons with other

methods in the future.

Figure in here

5A similar picture is obtained for the other integral, Io.



Singular points of the level sets belong to invariant sets

Differentiating the equation

Li(z") = I;(x) i=1,...,m. (23)

(2') 5 = (@) (24)

Hence

DI;, ,. | D’ DI;
Since the Jacobian matrix Dz’/Dx is nonsingular for sufficiently small 7, it follows

that
DI, , DI,

(2

It follows that for an integral-preserving map, any set of points x satisfying

S (@) =0 (27)

1
is an invariant set.

The denominator d(z) of S in eq. (8) is zero precisely if and only if the
gradients of the integrals I; are dependent. The above result implies that we can
excise any such points from our phase space with impunity if we wish to use the

tensor S given by eq. (8) in our integration scheme.

Concluding remarks

1. Discrete gradient systems are very suitable for applying splitting methods (A
good reference on splitting methods is [20]). For instance split the vectorfield

in eq. (7) in the following way:
v = Z Vig,i1,eeerim (28)

with




where the sum in (29) is over all permutations of ig,i1,...,4,. Each vec-
torfield v, ;,,. i, Dpreserves all m integrals, i.e. the splitting (28) is integral
preserving. The integrators for these vectorfields will in general be less im-

plicit, which may lead to increased efficiency.

2. A second feature of discrete gradient methods is their generality. They include
all integral-preserving one-step methods (e.g. projection methods and energy-
momentum methods). The advantage of this generality is that the freedom
in choosing the tensor S or the discrete gradient can be used to decrease the
implicitness of the algorithm. One can also use this freedom to try to preserve
some other property (e.g. symmetry) of the system. The task of finding the

appropriate tensor S for this purpose is, however, nontrivial.
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Figure 1.

This figure illustrates that conventional integration methods (RK4 and LM4) do
not preserve first integrals. It shows the numerial value of the integral I, as a
function of time ¢ = nr, for the 4D test system (21) (with a = 0.1). It compares
the standard 4th order Runge-Kutta method (RK4; 7 = 0.000017), the 4th order
Adams-Bashforth method (LM4; 7 = 0.000015) and a 4th order Discrete Gradient
Method (QT4; 7 = 0.0001). (Timesteps 7 have been adjusted such that the amount

of numerical work done by the three methods is equivalent.)



