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Abstract

We consider ordinary differential equations (ODEs) that contract volume in phase
space. It is very hard to construct geometric integrators which inherit this property
of the exact flow for all volume contracting ODEs, and so far no integrators have
been known with this property. In this work we present some integrators of this
type.
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1 Introduction

In recent years, there has been much interest in geometric integration, the
numerical integration of differential equations while preserving one or more
(geometric) properties exactly (i.e. up to round-off error). Recent surveys on
geometric integration are given in Budd & Piggott [1], Hairer, Lubich & Wan-
ner [5], Leimkuhler & Reich [6], Quispel & McLachlan (eds.) [10], Sanz-Serna
& Calvo [12]. Most publications on geometric integration concern dynamical
systems that can be considered ’conservative’. However, there has also been
some work on ’dissipative’ systems, eg on integrators that preserve Lyapunov
functions, contract phase-space volume, or decrease some norm of the solution
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(cf. Grimm & Quispel [4], McLachlan & Quispel [8], Stuart and Humphries
[16]). In the current paper we derive novel methods that unconditionally con-
tract volume in phase space for appropriate systems.

Consider the ODE

ẏ = f(y), y(0) = y0, y ∈ R
n (1)

with solution y(t) and Jacobian A(t) = ∂y(t)/∂y(0) which evolves according
to

Ȧ = FA, A(0) = I,

where F (t) = F (y(t)) = ∂f(y(t))/∂y is the derivative of the vector field f
evaluated at the exact solution. We have

d

dt
det A = det A trF, det A (0) = 1, (2)

so that phase space volume contracts, is preserved, or expands when tr F < 0,
tr F = 0, or trF > 0 for all y, respectively. tr F = div f is the trace or
divergence of the vector field f . System (1) is said to be (weakly) contractive,
if div f ≤ 0. From (2), one can find that in this case

0 < det A ≤ 1.

As mentioned in [8], all consistent numerical integrators by application on
strongly contractive systems (i.e. tr F < b < 0) will be contractive for small
enough time step h. The authors of [8] considered weakly contractive systems
and gave the following definition, where B = ∂Ψh/∂y is the Jacobian of the
numerical one-step method Ψh.

Definition 1 The ODE (1) is (weakly) contractive if tr F ≤ 0 for all y. An
integrator is (weakly) contractive if for any matrix norm ‖ · ‖ and all L > 0
there is a time step h∗ > 0 such that | detB | ≤ 1 for all 0 ≤ h ≤ h∗, for all y
and for all f such that ‖F‖ < L and trF ≤ 0.

In [8], it is mentioned that it is prohibitively difficult to require contractivity
of an integrator for all contractive vector fields and for all h > 0. We will
show that integrators of this type exist. But even more, we ask for integrators
whose determinant stays between 0 and 1, as does the determinant of the
exact solution. The definition above only asks for the absolute value of the
determinant to be in the correct range. Precisely, we examine the question
whether unconditionally contractive integrators, according to the following
definition, exist.

Definition 2 An integrator is unconditionally (weakly) contractive if 0 <
detB ≤ 1 for all 0 < h, for all y and for all f such that trF ≤ 0.
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The definition is given in the same sense as the definition of A-stability. That
is, there might be another condition restricting h, for example computability
of the approximation, but the important thing is, that the requirement of
being contractive does not restrict the step size h.

In this paper we present two different unconditionally contractive integration
methods. We present an efficient but low-order composition method in Section
2, and we present a (less efficient but) higher-order projection method in Sec-
tion 4. For each of these methods we present numerical experiments in Section
3, resp. 5. Volume-preserving methods are known for being hard to find and a
volume-contracting method should be a volume-preserving method if applied
to the special case of divergence 0. These methods are (new) volume-preserving
methods in this special case. The application of these methods involves some
preparation which might include the use of symbolic software to differentiate
and integrate polynomials. After some more numerical experiments in Section
5, we give a conclusion in Section 6.

2 The splitting method

The basic idea of the following splitting method is to split the equation in two
parts, a volume-preserving vector field and a one-dimensional vector field that
contracts volume. The volume-preserving vector field f [1] reads:

ẏ1 = f1(y1, · · · , yn) −
∫ y1

0 div f(x1, y2, · · · , yn) dx1

ẏ2 = f2(y1, · · · , yn)
...

ẏn = fn(y1, · · · , yn).

The one-dimensional vector field f [2] that contracts volume is given by

ẏ1 =
∫ y1

0 div f(x1, y2, · · · , yn) dx1

ẏ2 = 0
...

ẏn = 0.

The volume-preserving vector field can be computed by one of the known
volume-preserving integrators (cf. [3,8,9,11,14,15]). For example, if one chooses

the implicit midpoint rule Ψ
[1]
h as a volume-preserving integrator for the vector

field f [1] and the backward Euler method Ψ
[2]
h for the contracting vector field
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f [2], it is easy to see that the methods Ψ
[1]
h ◦Ψ

[2]
h and Ψ

[2]
h ◦Ψ

[1]
h are uncondition-

ally contractive and of order 1. If the solution enters a domain D where the
differential equation is volume preserving, that is div f(y) = 0 for y ∈ D, then
the backward Euler method reduces to the identity and the composed methods
are volume preserving. Proposition 3 shows that unconditionally contractive
methods of order 2 can be constructed with this splitting.

Proposition 3 If one chooses a volume-preserving integrator Ψ
[1]
h of order 2

or higher to approximate the volume-preserving vector field f [1] and an inte-
grator Ψ

[2]
h of order 2 or higher that is unconditionally contracting for one-

dimensional vector fields (such as f [2]), then the compositions

Ψ
[1]
h/2 ◦ Ψ

[2]
h ◦ Ψ

[1]
h/2 and Ψ

[2]
h/2 ◦ Ψ

[1]
h ◦ Ψ

[2]
h/2

are unconditionally contractive integrators of order 2 for the vector field f . If
the method Ψ

[2]
h solves differential equations with zero right-hand side exactly,

then the compositions reduce to volume-preserving integrators wherever the
vector field is volume-preserving.

Proof Since method Ψ
[1]
h approximates the flow of the ODE with vector field

f [1] with order 2 or higher and Ψ
[2]
h approximates the flow of the ODE with

vector field f [2] with order 2 or higher, the compositions in the proposition
approximate the composition of the exact flows at least with order 2. But
the compositions of the exact flows are known to approximate the flow of the
differential equation to order two (cf. [7]). The reduction to volume-preserving
integrators is obvious. 2

In order to use Proposition 3, it remains to show that there are unconditionally
contractive integrators of second order for one-dimensional systems. This is
done in Lemma 1.

Lemma 1 The implicit Runge-Kutta method

y1 = y0 + hf(y1 −
h
2
f(y1))

is unconditionally contractive for one-dimensional systems, and has order 2.
The method integrates systems with zero right-hand side exactly.

Proof The order can be seen easily by using the tableau or by computing the
Taylor series of the numerical method. The derivative ∂y1

∂y0

satisfies the equation

∂y1

∂y0
= 1 + h

∂f

∂y
(y1 −

h
2
f(y1))

(
∂y1

∂y0
−

h

2

∂f

∂y
(y1)

∂y1

∂y0

)
,

or (
1 − h

∂f

∂y
(y1 −

h
2
f(y1)) + h2

2

∂f

∂y
(y1 −

h
2
f(y1))

∂f

∂y
(y1)

)
∂y1

∂y0

= 1,
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or
∂y1

∂y0
=

1

1 − h∂f
∂y

(y1 −
h
2
f(y1)) + h2

2
∂f
∂y

(y1 −
h
2
f(y1))

∂f
∂y

(y1)
.

Hence

0 <
∂y1

∂y0

≤ 1.

The last inequality follows since

−
∂f

∂y
(x) ≥ 0 and

∂f

∂y
(x)

∂f

∂y
(z) ≥ 0

holds for all x and z and volume-contracting one-dimensional vector fields
(that is ∂f(x)/∂y ≤ 0). 2

3 A numerical experiment

The ODE

ẋ =−10(x + cos x) − y

ẏ = x,

is used as a simple test equation. The splitting reads

ẋ = −y

ẏ = x

ẋ = −10(x + cos x)

ẏ = 0.

The implicit midpoint method is used for the volume-preserving vector field
and the Runge-Kutta method in Lemma 1 for the volume-contracting vector
field. The second splitting in Proposition 3 is chosen.

Note that the implicit midpoint rule Ψh alone is volume-preserving but not un-
conditionally volume contractive. This can easily be seen for the test equation
ẏ = −y := f(y) with div f = −1 < 0 but

det
∂Ψh

∂y
=

1 − h
2

1 + h
2

< 0

for h > 2.

The splitting method is now compared to the (weakly) contracting midpoint
method. Figure 1 shows the determinant of the derivative of the numerical
flow as a function of time for the implicit midpoint method and the splitting
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method. Again one can see that the implicit midpoint method is not uncondi-
tionally volume-contractive whereas the determinants of the splitting method
stay nicely between 0 and 1. The starting values are (x0, y0) = (0, 1000).
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Fig. 1. Determinants of the implicit midpoint (left) and the splitting method (right)
with h = 0.1

The order of the methods is shown in Figure 2, using starting values (x0, y0) =
(2π, 2π) and an interval of length 1.
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Fig. 2. Error versus step size for the implicit midpoint and the splitting method
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4 Projection method

The construction of higher-order unconditionally contractive methods is based
on the following idea. A base numerical method is designated by y = Φh(y

′′).
Another map, called the projector, by y′ = Ch(y). Here, primes are used to
designate different variables and not derivatives. The projector is chosen with
respect to the numerical method in such a way that the projected method
y′ = Ψh(y

′′) := Ch ◦ Φh(y
′′) is unconditionally volume-contracting and of the

same order as method Φh.

The projector Ch is determined by two functions F and G.

y′

1 = y1

... =
...

y′

n−1 = yn−1

F (y1, · · · , yn−1, y
′

n) = G(y1, · · · , yn−1, yn)

(3)

Theorem 4 shows that a projector can be found for all Runge-Kutta methods
that have an explicit adjoint with nonnegative coefficients. The functions F
and G have to be determined only once before starting the numerical inte-
gration. If the vector field f in (1) is polynomial, so are the functions F and
G.

As usually, the Runge-Kutta method y = Φh(y
′′), computed as

gi = y′′ + h
∑s

j=1 aijf(gj), i = 1 . . . s,

y = y′′ + h
∑s

i=1 bif(gi),

is denoted by its tableaux

c A

b
=

c1 a11 · · · a1s

...
...

. . .
...

cs as1 · · · ass

b1 · · · bs

The adjoint method Φ∗

h is then given by the tableaux

c∗ A∗

b∗
=

1l − Pc 1lbP − PAP
bP

,

where 1l = [1, · · · , 1]T and P is the permutation matrix that flips the order of
a vector.
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Three examples of Runge-Kutta methods to that Theorem 4 applies are given
here together with their adjoint. The tableau of the method Φh, used in Lemma
1, reads

Φh Φ∗

h

1
2

1 −1
2

1 1 0

1 0

0 0 0
1
2

1
2

0

0 1

(4)

Φ∗

h designates the adjoint method. The method Φ̂h, which has a well-known
Heun method as adjoint Φ̂∗

h, is unconditionally contractive for one-dimensional
systems and of order 3.

Φ̂h Φ̂∗

h

1
3

3
4
−2

3
1
4

2
3

3
4

0 − 1
12

1 3
4

0 1
4

3
4

0 1
4

0 0
1
3

1
3

0
2
3

0 2
3

0
1
4

0 3
4

(5)

The method Φ̃h, which has “the” Runge-Kutta method as adjoint Φ̃∗

h, is
unconditionally contractive for one-dimensional systems and of order 4.

Φ̃h Φ̃∗

h

0 1
6

1
3

−2
3

1
6

1
2

1
6

1
3

1
3

−1
3

1
2

1
6
−1

6
1
3

1
6

1 1
6

1
3

1
3

1
6

1
6

1
3

1
3

1
6

0 0
1
2

1
2

0
1
2

0 1
2

0

1 0 0 1 0
1
6

1
3

1
3

1
6

(6)

Theorem 4 For a Runge-Kutta method Φh, whose adjoint is an explicit
method (i.e. a∗

ij = 0 for i ≤ j) and has nonnegative coefficients (i.e.
a∗

ij ≥ 0, b∗i ≥ 0), we can find functions F and G in (3) such that the method
Ψh = Ch ◦ Φh is unconditionally volume-contracting and of the same order as
method Φh. If the vector field f is polynomial, then F and G are polynomials
(that can be easily determined using symbolic software). The method reduces to
a volume-preserving integrator wherever the vector field is volume preserving.

Proof First, the original system (1) is augmented in the following way,
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ẏ = f(y), y(0) = y′′

ḋ= div f(y) d, d(0) = 1

d(h, y0), the component corresponding to d in the exact solution, is the same
as the determinant of the Jacobian of the exact solution of system (1), that is

d(h, y0) =

∣∣∣∣∣
∂y(h)

∂y(0)

∣∣∣∣∣ .

Here and in the remainder of the proof, we denote the determinant of a matrix
A as |A|. For our systems, we have 0 ≤ d(h, y0) ≤ 1 for all y0 and h ≥ 0. Since
the methods under consideration are of order p for arbitrary ODEs, it holds
that ∥∥∥∥∥d1(h, y0) −

∣∣∣∣∣
∂y(h)

∂y0

∣∣∣∣∣

∥∥∥∥∥ = O(hp+1),

where d1 designates the numerical solution component corresponding to d.

Now let

F (y1, · · · , y′

n) =
∫ y′

n

0

1

d1(h, Φ−1
h (y1, · · · , ȳn))

dȳn

and

G(y1, · · · , yn) =
∫ yn

0

∣∣∣∣∣
∂Φh

∂y′′

n

(
Φ−1

h (y1, · · · , ȳn

)∣∣∣∣∣

−1

dȳn.

We are looking at the solution of the equation

∫ y′

n

0

1

d1(h, Φ−1
h (y1, · · · , ȳn))

dȳn =
∫ yn

0

∣∣∣∣∣
∂Φh

∂y′′

n

(
Φ−1

h (y1, · · · , ȳn

)∣∣∣∣∣

−1

dȳn.

First of all, one has that Φ−1
h = Φ∗

−h, that is, the inverse is the adjoint method
applied with negative step size h. Furthermore, there is a close relationship
between the internal stages g̃ = [g̃1, · · · , g̃s]

T of y′′ = Φ−1
h (y) = Φ∗

−h(y) and the
internal stages g = [g1, · · · , gs]

T of y = Φh(y
′′), namely g = P g̃. This will now

be used to examine d1(h, y′′) = d1(h, Φ−1
h (y1, · · · , yn)). This approximation of

the determinant can be written as

d1(h, y′′) = 1 + bZ(I − AZ)−11l =: K(Z),

where
Z = diag(h div f(g1), · · · , h fdiv f(gs)).

We now have

1

d1(h, Φ−1
h (y))

= K(Z)−1 = K(−PZ̃P )−1 = 1 + b∗Z̃(I − A∗Z̃)−11l =: K∗(Z̃),

with
Z̃ = diag (−h div f(g̃1), · · · ,−h div f(g̃s)).
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Since A∗, b∗ are nonnegative and belong to an explicit method, it follows that
K∗(Z̃) ≥ 1 and that K∗(Z̃) is a polynomial in y, whenever the vector field f
is. Furthermore,

0 < d1(h, y′′) = d1(h, Φ−1
h (y)) ≤ 1.

For the second integrand, we have

(
∂Φh

∂y′′

n

(Φ−1
h (y1, · · · , yn))

)
−1

=
∂Φ−1

h

∂y′′

n

(y1, · · · , yn)

=
∂Φ∗

−h

∂y′′

n

(y1, · · · , yn).

The last term can easily be seen to be a polynomial in (y1, · · · , yn), if the vector
field f is. (Differentiation of the explicit recursion to compute Φ∗

−h gives the
explicit recursion for the Jacobian).

Furthermore, it is clear that

d1(h, Φ−1
h (y1, · · · , yn)) =

∣∣∣∣∣
∂y(h, Φ−1

h (y1, · · · , yn))

∂y0

∣∣∣∣∣+ O(hp+1),

as well as
∣∣∣∣∣
∂Φh

∂y′′
(Φ−1

h (y1, · · · , yn))

∣∣∣∣∣ =
∣∣∣∣∣
∂y(h, Φ−1

h (y1, · · · , yn))

∂y0

∣∣∣∣∣+ O(hp+1).

Replacing these in our equation above shows that

‖y′ − y‖ = ‖y′

n − yn‖ = O(hp+1),

that is, the projection does not decrease the order of the underlying method.

Finally, the determinant of Ψh satisfies
∣∣∣∣∣
∂Ψh

∂y′′

∣∣∣∣∣ =
∣∣∣∣∣
∂Ch

∂y

∣∣∣∣∣ ·
∣∣∣∣∣
∂Φh

∂y′′

∣∣∣∣∣ ,

but

∣∣∣∣∣
∂Ch

∂y

∣∣∣∣∣ =
∂y′

n

∂yn
= d1(h, Φ−1

h (y1, · · · , yn−1, y
′

n)) ·

∣∣∣∣∣∣∣

∂Φh

∂y′′
(Φ−1

h (y1, · · · , yn−1, yn)︸ ︷︷ ︸
=y′′

)

∣∣∣∣∣∣∣

−1

.

Hence

∣∣∣∣∣
∂Ψh

∂y′′
(y′′)

∣∣∣∣∣= d1(h, Φ−1
h (y1, · · · , yn−1, y

′

n)) ·

∣∣∣∣∣
∂Φh

∂y′′
(y′′)

∣∣∣∣∣

−1 ∣∣∣∣∣
∂Φh

∂y′′
(y′′)

∣∣∣∣∣

= d1(h, Φ−1
h (y1, · · · , yn−1, y

′

n)).
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That is

0 ≤

∣∣∣∣∣
∂Ψh

∂y′′

∣∣∣∣∣ ≤ 1,

and furthermore,

d1(h, Φ−1
h (y1, · · · , yn−1, y

′

n))= d1(h, Φ−1
h (y1, · · · , yn−1, yn)) + O(hp+1)

=

∣∣∣∣∣
∂y(h, y′′)

∂y(0)

∣∣∣∣∣+ O(hp+1),

that is, the determinant is an O(hp+1)-approximation to the correct determi-
nant.

In a region D where the vector field is volume preserving, that is div f(y) = 0
for y ∈ D, we have d1(h, y′′) = 1 since Runge-Kutta methods solve ODEs with
zero right-hand side exactly. Hence

∣∣∣∣∣
∂Ψh

∂y′′

∣∣∣∣∣ = 1

and the method is volume preserving. 2

Remark: The function K(Z) that appears in the proof is related to the AN-
stability function of the Runge-Kutta method Φh (cf. [2,13]). This can be
seen if div f(y) is regarded as a time-dependent but not solution-dependent
function. The function K∗(Z) is then related to the AN-stability function of
the adjoint method Φ∗

h.

5 A numerical experiment with the projection method

The ODE

ẋ = (−8
5
x5 + 8

3
x3 − 2x) − y

ẏ = x,

is used as a simple test equation, with starting values (x0, y0) = (2, 0). Figure
3 shows the determinant of the derivative of the numerical flow of the implicit
midpoint method on the left hand side and of the new unconditionally contrac-
tive method based on Φ̂h on the right hand side. Figure 4 displays the order
of the methods. A last experiment checks the rate of contraction. In Figure 5,
the continuous line shows the exact value for det ∂y(t)/∂y(0), computed with
a standard integrator set to high accuracy. At tn = hn,

∏n
i=1 det∂Φh(yn)/∂yn

is an approximation for this value and shows how accurately the infinitesimal
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contraction of the exact solution is represented by the numerical method. The
midpoint method on the left hand side of Figure 5 does not correctly rep-
resent the overall contraction. The new projected method, displayed on the
right hand side, is close to the exact contraction rate.
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Fig. 3. Determinants of the implicit midpoint (left) and the projected method of
order 3 (right) with h = 0.1
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Fig. 4. Error versus step size for the implicit midpoint and the projected method of
order 3
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Fig. 5. Contraction of phase space volume for the implicit midpoint (left) and the
projected method of order 3 (right) with h = 0.1
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6 Conclusion

We presented some methods that are unconditionally volume-contractive.
As far as we know, these are the first methods that have this property even
when the contraction can be arbitrarily small. The new integrators are a
unification in the sense that they reduce to volume-preserving methods if
they are applied to a volume-preserving vector field. As volume-preserving
integrators the projection methods are also new.

Acknowledgement: We are grateful to the Australian Research Council for
financially supporting this research.
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