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Abstract: Ordinary differential equations having a first integral maybe solved nu-
merically using one of several methods, with the integral preserved to machine accu-
racy. One such method is the discrete gradient method. It is shown here that the order
of the discrete gradient method can be bootstrapped repeatedly to higher orders of ac-
curacy. The potential for improved efficiency offered by thebootstrapped method is
illustrated using three 6-dimensional systems.

1 Introduction

Many systems of differential equations possess so–called geometric properties, for
example one or more first integrals, symplectic structure, volume preservation, and
others. Numerical solution of such systems is usually best effected using a geometric
integrator, i.e. one that can exactly preserve this property (or properties). There are
many excellent expositions of geometric integration in theliterature [2, 7, 13, 17–19,
27]. For more specialised papers, see [10,14,20,23,29].

In this paper we are particularly interested in integral-preserving integrators (IPI’s)
which are designed to provide exact preservation of any firstintegral possessed by
a system of ordinary differential equations. We will have inmind in particular the
preservation of integrals other than energy, as very recentmethods exist that are only
applicable to preserving energy in (canonical) Hamiltonian systems [25]. In the next
section we give a very brief survey of available IPI’s beforeintroducing the new work
that is the principal topic of this paper, namely a potentially more efficient way of
implementing Discrete Gradient IPI’s. This work will consider the preservation of a
single first integral, leaving the preservation of more thanone integral to be studied in
a later publication.
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The preservation of first integral(s) is important for the stability of an integrator,
particularly in the case of low-dimensional and compact level surfaces. Even in the
case of a symplectic system better stability may result fromthe use of an integral-
preserving integrator, rather than one that preserves symplectic structure [5]. Further-
more, integral preservation in some cases seems to offer thepossibility of linear error
growth1, better than the quadratic growth resulting from the application of other inte-
grators to a non-symplectic system.

2 Background

An autonomous ordinary differential equation with a first integralI(x) has the form

dx

dt
= f(x), with f(x) · ∇I(x) = 0, x ∈ R

n. (1)

Theorem 1 [16,26] LetI ∈ Cr+1(Rn,R) be an integral of the vector field
f ∈ Cr(Rn,Rn), r ≥ 1, n > 1, i.e. f · ∇I = 0. Then there exists a skew matrix
functionS, Cr on the domain{x : ∇I 6= 0}, such thatf = S∇I.

Hence (1) can be written2 in the form

dx

dt
= S(x) · ∇I(x), x ∈ R

n (2)

whereS is a skew-symmetricn× n matrix.

A brief review of IPI’s

(a) Standard projection methods [3,7,8,28]: The numericalsolution is constrained
to remain on the invariant manifold, e.g. using Lagrange multipliers. These methods
are not symmetric - i.e. not “self-adjoint”, so do not generally possess as good long-
time behaviour as self-adjoint methods.

(b) Splitting methods : Quispel and Capel [24] showed that the vector fieldf can be
split into 2-dimensional fields, each having the original integral. These are integrated
exactly and finally a composition gives the solution of the original system with the
integral preserved exactly.

(c) Standard discrete gradient (DG) methods and symmetric DG methods [4, 11,
16, 26] will be described later. There, higher orders are gained with a composition
method [7,15,22,30,32], whereas the main point of this paper is to reach higher orders
without it.

(d) Symmetric projection methods [1,6,7]: In standard projection methods the pro-
jection step is taken at the end of the integration, hence thelack of symmetry. The use
of an “inverse projection” [7] at the start of each integration step allows the possibility
of overall symmetry and self-adjointness, advantageous for long-term integration.

1In separate computations we have observed linear error growth for the systems studied here. In these
computations we destroyed the symmetry of the SA4 integrators by composition, thus isolating the integral-
preservation as the cause of the linear error growth.

2under some technical conditions that are generically satisfied (see [16])
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(e) Bootstrapped DG method [21] : Higher order IPI’s withoutusing a composition
method were presented in that paper for the case of constant skew-symmetric matrix
S.

The work presented in this paper represents a significant extension of that given
in [21], principally because it caters for systems having non-constant skew-matrixS
and thus looks beyond systems that are necessarily either Hamiltonian or Poisson3.
Furthermore, in contrast to [21], the correction terms detailed here are themselves
explicitly skew-symmetric and thus integral-preserving.

Below, we will give numerical applications of our method both to systems that are
Hamiltonian/Poisson and to systems that are not.

In this paper, superscript indices will take their usual meaning as labels of vector,
matrix or tensor components, and subscript indices4 will indicate differentiation with
respect to one of the variablesxi. For exampleIi := ∂I

∂xi
, Iij := ∂2I

∂xi∂xj
, Sij

k =
∂

∂xk
Sij , etc. Further, a repeated index in an expression will imply summation over

that index.

3 Discrete gradients

Definition 1 For a differentiable functionI(x), ∇̄I(x, x′) is a discrete gradient (DG)
of I if it is continuous and

{

∇̄I(x, x′) · (x′ − x) = I(x′) − I(x)
∇̄I(x, x) = ∇I(x).

(3)

Examples:

(i) Mean Value DG ( [9])

∇̄MV I(x, x
′) :=

∫ 1

0 ∇I((1 − ξ)x+ ξx′) dξ, x 6= x′

(ii) Midpoint DG ( [4])

∇̄MP I(x, x
′) := ∇I(1

2 (x+ x′))

+
I(x′)−I(x)−∇I( 1

2
(x+x′))·(x′−x)

‖x′−x‖2 (x′ − x)

(iii) Coordinate increment DG ( [11])

∇̄1I(x, x
′) :=















I(x′

1,x2,x3,...,xn)−I(x1,x2,x3,...,xn)
x′

1
−x1

I(x′

1,x′

2,x3,...,xn)−I(x′

1,x2,x3,...,xn)
x′

2
−x2

...
I(x′

1,x′

2,x′

3,...,x′

n)−I(x′

1,x′

2,...,x′

n−1,xn)

x′

n−xn















.

3The system (2) is Poisson if the skew matrixS(x) satisfies the Jacobi identity:
n

X

l=1



Sil

∂

∂xl

Sjk + Sjl

∂

∂xl

Ski + Skl

∂

∂xl

Sij

ff

= 0 for i, j, k = 1, . . . , n.

4The exceptions here are for quantities that are defined in terms of derivatives, viz.
Bij , Mijk,Hij , Dim, Pijm.



Integral–Preserving Integrators 4

(iv) Symmetrized version of (iii)

∇̄3I(x, x
′) :=

1

2

(

∇̄1I(x, x
′) + ∇̄1I(x

′, x)

)

Series expansion for discrete gradients

The general discrete gradient∇̄I may be expanded in the form

∇̄I(x, x′) = ∇I(x) +B(x)(x′ − x)

+ (x′ − x)T
M(x)(x′ − x) (4)

+ O(‖x′ − x‖3).

From (3) (definition of DG) it follows that

Bij +Bji = Iij andMijk +Mjki +Mkij =
1

2
Iijk (5)

For symmetric DG’s (for which̄∇I(x, x′) = ∇̄I(x′, x), e.g.∇̄3I,∇̄MV I, ∇̄MP I),

B =
1

2
H

whereH is the Hessian,Hij := ∂2I
∂xi∂xj

= Iij

Example:For ∇̄1I,

Bij =







0 if i < j
1
2Iii if i = j

Iji if i > j

(6)

and for the tensorM, each of the symmetric matricesMk, k = 1, . . . , n is defined by

Mkij =































0 i, j > k if k ≤ n− 1
1
2Ikii i = 1, 2, . . . , k − 1, j = i
1
6Iiii if k = j = i
1
2Ikij j = 2, 3 . . . , k − 1, i = 1, 2, . . . , j − 1
1
4Ikik i = 1, 2 . . . , k − 1, j = k

Mkji (symmetric),j > i

(7)

Conditions (5) are satisfied by (6) and (7) respectively.

4 Discrete gradient integrators

An integral-preserving discrete version of equation (2) is

(x′ − x)

τ
= S̃(x, x′, τ)∇̄I(x, x′) (8)

wherex, x′ denotexn resp.xn+1, and wherẽS is a skew-symmetric matrix satisfying
(for consistency)

S̃(x, x′, τ) = S(x) +O(τ).
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The integrator (8) is usually first order if̃S = S. Furthermore, (8) is symmet-
ric (self-adjoint) and hence second order if bothS̃(x, x′, τ) = S̃(x′, x,−τ) and
∇̄I(x, x′) = ∇̄I(x′, x). For example, the former condition is automatically satisfied
if S is a constant matrix; if it is not constant, one can use

S̃(x, x′, τ) = S

(

x+ x′

2

)

and use any symmetric DG for̄∇I(x, x′).

5 Bootstrapping to higher order

We now show how the order of a discrete gradient IPI can be bootstrapped to higher
values. We first demonstrate the method with a bootstrap fromfirst to second order,
deriving a correction term that is itself integral-preserving. This is followed by a proof
that the correction term required to bootstrap fromnth order to(n + 1)st order is
always integral-preserving. We then proceed to two different bootstraps from second
to third order, and a discussion of ways to construct a fourthorder IPI.

From first order to second order

Starting with the first-order integrator

(x′ − x)

τ
= S1∇̄I(x, x

′), (9)

whereS1 := S = S(x), substitution of(x′ − x) from (9) into the second term of (4)
gives the approximation

∇̄I(x, x′) = (Idn + τBS)∇I(x) +O(τ2), (10)

whereIdn is then× n identity matrix.

Differentiation of (1) gives

ẍ = (C + SHS)∇I, whereCij = Sij
mS

mlIl. (11)

Then
(x′ − x)exact− (x′ − x)1st order IPI= τ2R2∇I +O(τ3), (12)

whereR2 = SQS + 1
2C, with skew matrixQ(x) := 1

2H(x) −B(x). BothSQS and
C are skew, so(∇I)TR2∇I = 0. The RHS of (12) provides an integral-preserving
correction termR2∇I that leads to the second-order integrator

(x′ − x)

τ
= S2(x)∇̄I(x, x

′). (13)

Here,

S2(x) := S + τR2 = S + τ(SQS +
1

2
C). (14)

Bootstrap fromnth order to(n+ 1)st order
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Backward error analysis can be used to show that the correction term at each increase
in order is integral-preserving, assuming an integral-preserving modified vector field
f̂ :

The exact flow is given byφt = etf(x) ∂
∂x , and a single step of thenth order IPI

flow ψτ by

ψτ = eτ f̂(x) ∂
∂x

= e(τf(x) ∂
∂x

+τn+1f̃(x) ∂
∂x )

= eτf(x) ∂
∂x eτn+1f̃(x) ∂

∂x +O(τn+2)

= eτf(x) ∂
∂x .(1 + τn+1f̃(x)

∂

∂x
) +O(τn+2)

= (eτf(x) ∂
∂x + τn+1f̃(x)

∂

∂x
) +O(τn+2)

Hence

(x′ − x)exact− (x′ − x)nth order IPI = τn+1f̃(x) +O(τn+2)

= τn+1S̃(x)∇I +O(τn+2)

whereS̃ is skew sincẽf is integral-preserving.

I.e. we can write

(x′ − x)exact− (x′ − x)nth order IPI= τn+1Rn+1(x)∇I +O(τn+2)

with skewRn+1, i.e.

(x′ − x)exact − (τS̃n∇̄I + τn+1Rn+1∇̄I) = O(τn+2),

and the(n+ 1)st order IPI is

x′ − x

τ
= S̃n+1(x)∇̄I +O(τn+2).

Here, the skew matrix̃Sn+1 is defined by

S̃n+1(x) := S̃n(x) + τnRn+1(x).

From second order to third order

The second-order integral-preserving integrator (13) canthus be bootstrapped to
third order. Differentiation of (11) gives

...
x= (A+N +K + 2CHS + SHC + SDS + SHSHS)∇I,

where

Aim = Sim
kj S

klIlS
jnIn

N im = Sim
j S

jn
k SklIlIn

Kim = Sim
j SjnInpS

pkIk

Dim = IimnS
nkIk
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We then obtain

(x′ − x)exact− (x′ − x)2nd order IPI= τ3R3∇I +O(τ4) (15)

with

R3 := SQSQS +
1

12
(CHS − SHC) −

1

12
SHSHS

+
1

2
(SQC + CQS) +

1

6
(A+N +K) + V (16)

where
V kn =

2

3
Ski(Pijm − Pjim)SmpIpS

jn (17)

and
Pijm :=

1

6
Iijm −Mijm. (18)

From (5) it can be shown that

Pijm + Pjmi + Pmij = 0. (19)

All the termsSQSQS,CHS − SHC, SHSHS, SQC + CQS, A, N ,K andV
are skew-symmetric matrices, henceR3 is also skew, as expected.

We thus obtain a third-order IPI as follows:

x′ − x

τ
= S3(x)∇̄I(x, x

′), (20)

with
S3 := S2 + τ2R3 = S + τ(SQS +

1

2
C) + τ2R3. (21)

WhenS is constant (e.g. for a standard Hamiltonian system), this simplifies to

S3 = S + τSQS + τ2(SQSQS −
1

12
SHSHS + V ).

A possible alternative bootstrap from second order to thirdorder

The bootstrap process carried out above did not specify the use of any particular
discrete gradient. We now describe a bootstrap that starts from an IPI that is second-
order because it is self-adjoint (symmetric). This is the case for the integrator

(x′ − x)

τ
= S̃(x, x′, τ)∇̄I(x, x′)

if S̃(x, x′, τ) = S̃(x′, x,−τ), and ∇̄I(x, x′) is symmetric, i.e. ∇̄I(x, x′) =
∇̄I(x′, x). For example, these requirements are satisfied if we use

S̃(x, x′, τ) = S

(

x+ x′

2

)

and∇̄I(x, x′) = ∇̄3I(x, x
′).

The third-order integrator in this case is

x′ − x

τ
= S′

3(x, x
′)∇̄I(x, x′), (22)
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with

S′
3 := S

(

x+ x′

2

)

+ τ2R′
3 (23)

and

R′
3(x) :=

1

12
(CHS − SHC − SHSHS) +

1

24
(A− 2N − 2K) + V. (24)

WhenS is constant, this simplifies to

R′
3 = −

1

12
SHSHS + V.

From third order to fourth order

Fourth order IPI’s can be gained in 3 ways:

(i) A symmetric4th order integrator results if instead ofR′
3(x),R

′
3

(

x+x′

2

)

is used

in the integrator (22), (later referred to as SA4). In this case the integrator is

x′ − x

τ
= S′

3

(

x+ x′

2

)

∇̄I(x, x′)

where∇̄I(x, x′) is any symmetric discrete gradient,

S′
3 := S

(

x+ x′

2

)

+ τ2R′
3

(

x+ x′

2

)

,

R′
3(x) :=

1

12
(CHS − SHC − SHSHS) +

1

24
(A− 2N − 2K) + V,

andA,N andK are given by

Aim = Sim
kj S

klIlS
jnIn

N im = Sim
j S

jn
k SklIlIn

Kim = Sim
j SjnInpS

pkIk

andV by equation (17).

(ii) If φτ is either of the3rd order integrators

x′ − x

τ
= S3(x)∇̄I(x, x

′), or
x′ − x

τ
= S′

3(x)∇̄I(x, x
′)

then the compositionφ τ
2
◦ φ−1

−τ
2

will be 4th order (for example this is the method
referred to as DM in [21]).

(iii) Use a composition method based on symmetric2nd order IPI

x′ − x

τ
= S

(

x+ x′

2

)

∇̄I(x, x′) (25)

with a symmetric DG, (e.g.∇̄3I(x, x
′)) to make the4th order IPIψτ . In seeking

an optimal composition (i.e. one that is fast and accurate) we have tried methods due
to Yoshida [32], Suzuki [30] and McLachlan [15]. The latter method is a 10-stage
composition based on the1st order IPI (9).

Another alternative would be to perform one more bootstrap,a fairly onerous task.
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6 Numerical experiments

To demonstrate the possible advantages of these new integrators we will present a com-
parison of the Self-adjoint Discrete Mechanics fourth-order integrator SA4, obtained
from (22) and summarised above, with two other symmetric4th order integrators. We
will also consider the2nd order integrator (25) and the3rd order integrator (22), in
order to better understand the circumstances in which our method is preferable.

6.1 The differential equations

The three systems of differential equations considered aredescribed below. They will
be referred to as FPU, modified FPU, and QT.

• FPU is the (Hamiltonian) Fermi-Pasta-Ulam system (4 springs, 3 particles, fixed
ends [31]). The differential equations are

ẋ1 = x4

ẋ2 = x5

ẋ3 = x6

ẋ4 = −2x1 + x2 + α(x2
2 − 2x1x2) (26)

ẋ5 = x1 − 2x2 + x3 + α(−x2
1 + x2

3 + 2x1x2 − 2x2x3)

ẋ6 = x2 − 2x3 + α(−x2
2 + 2x2x3)

and the Hamiltonian is

H(x) =
1

2
(x2

1 + x2
3 + x2

4 + x2
5 + x2

6 + (x2 − x1)
2 + (x3 − x2)

2)

+
α

3
(x3

1 − x3
3 + (x2 − x1)

3 + (x3 − x2)
3). (27)

The skew matrixS(x) for this system is

S(x) =

(

0 Id3

−Id3 0

)

. (28)

whereId3 is the3 × 3 identity matrix. We usedα = 1
4 , and the initial conditions

(corresponding to being initially at rest with all energy inthe lowest frequency mode)
werex1 = x3 = 0.5, x2 = 1√

2
, x4 = x5 = x6 = 0. The skew third-order correction

matrixC = R′
3 (x) for this FPU system is given by

6Cij =























































0 i = 1, j = 2, 3, 6; i = 2, j = 3
0 i = 3, j = 4; i = 4, j = 6
1 + αx2 i = 1, j = 4
− 1

2 + α(x1 − x2) i = 1, j = 5 andi = 2, j = 4
1 − α(x1 − x3) i = 2, j = 5
− 1

2 + α(x2 − x3) i = 2, j = 6 andi = 3, j = 5
1 − αx2 i = 3, j = 6
−α(x4 + x5) i = 4, j = 5
−α(x5 + x6) i = 5, j = 6

(29)
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• modified FPU is a perturbed version of the FPU system, with thesame first
integral as for FPU, and skew matrix

S(x) =

















0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1 + xn

m

−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 − xn

m 0 0 0

















. (30)

Variation ofm andn will change the dynamics and the details of the third-order
correction matrix. In particular, asn increases so does the complexity of the correction
matrix and the consequent computational overhead of SA4. The selected examples
used in the plots shown were for the casesm = 3, n = 1 (Figures 6.1(b) and 6.2(b)),
andm = 1, n = 4 (Figures 6.1(c) and 6.2(c)). The former system is Poisson, the latter
is not. An example of the changed correction matrix elementsfor these cases is the
elementC35, which for FPU was given by

6C35 = −
1

2
+ α(x2 − x3).

For form = 3, n = 1, it is

6C35 = −
1

2
+ α(x2 − x3)

+2αx2x3 − 2αx2
3 − x3 + αx2x

2
3 − αx3

3 −
1

2
x2

3.

For the casem = 1, n = 4 it becomes

6C35 = −
1

2
+ α(x2 − x3)

+2αx2x
4
1 − 2αx3x1

4 − x4
1 + αx2x

8
1 − αx3x

8
1 −

1

2
x8

1.

The same initial conditions as for FPU were used for modified FPU.

• QT is a 3-dimensional system devised by Quispel and Turner [26], with differ-
ential equations

ẋ1 = x1 + x2x3 +
1

10
x1x

2
2 + x1x

3
2 +

1

10
x1x

5
2

ẋ2 = −x2
1 − x2

3 −
1

10
x2

1x
2
2 (31)

ẋ3 = −x3 − x1x2 − x3
2x3

and the first integral is

I(x) =
1

2
(x2

1 + x2
3) +

1

4
x2

2 + x2. (32)

The skew matrixS(x) for this system is
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S(x) =





0 x1 + 1
10x1x

2
2 x2

−x1 −
1
10x1x

2
2 0 x3

−x2 −x3 0



 . (33)

The terms in the skew third-order correction matrixC = R′
3 (x) are lengthy high-order

polynomials in the 3 variables.

The initial conditions werex1 = x3 = 1, x2 = 2.

6.2 Comparisons of different 4th order methods

The three methods used were:

• SA4, the4th order self-adjoint bootstrapped integrator descibed above,

• SU4, a5-stage composition method due to Suzuki [30]5, and

• SP4, a symmetric projection method due to Hairer, the details of which are given
in an Appendix.

Regarding the choice of composition method, it was found that for the FPU and
modified FPU systems the Suzuki [30] and McLachlan [15] methods gave almost
collinear results in the error vs CPU time plots (with McLachlan more accurate for
a given time-step). In the case of the QT system, Suzuki was a little more efficient,
and so SU4 was chosen. Both McLachlan and Suzuki were more efficient than the
Yoshida composition [32] in all the cases considered here.

All numerical computations were executed using double precision Fortran on a
Dual Processor 2 GHz Macintosh G5. MapleR© programs were used to help produce
the Fortran code for the bootstrap correction terms and for the symmmetric projections.

For the data in Figures 1(a), 1(b) and 1(c), the initial step-size wasτ = 0.1, reduced
by a factor of1.1 before each repeat of the computations (done 24 times), withtmax =
104. In Figure 1(d) the initial step-size wasτ = 0.01, andtmax = 104.

In all the cases shown, SP4 is slower than the other two methods. Inspection of
Figures 1(a), 1(b) and 1(c) indicates that the SA4 results move steadily from being
clearly the best (for FPU, Fig 1(a)) to being no better than SU4 for the quartically
perturbed modified FPU system of Fig 1(c). Further computations not shown here
indicate that this trend does not depend on whether the modified FPU system used is
Poisson or not.

The combination of quadratic integral and lower dimension cubicS(x)-matrix in
the QT system leads to computationally very expensive correction terms. The resulting
relatively poor performance of SA4 for this system is shown in Figure 1(d).

A least-squares fit to the global error (E) vs step-size(τ) data for the three 4th-
order integrators SA4, SU4 and SP4 yields (for FPU), respectively,

ESA4 ≈ 71.42τ3.999, ESU4 ≈ 7.972τ3.999 andESP4 ≈ 13.17τ3.999 (FPU)

5The second-order integrator used to obtain SU4 was that of equation (25)
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Figure 1: Global error vs CPU time for the three 4th order integrators SA4, SU4 and
SP4, applied to (a) FPU system, (b) and (c) variants of the FPUsystem, and (d) the QT
system. All computations are done for 25 step sizes – starting at (for (a), (b) and (c))
τ0 = 0.1 and reducing exponentially by a factor of1.1, with tmax = 104. For (d) the
initial step size wasτ0 = 0.01, andtmax = 103.

6.3 Conclusion for the 4th order methods

We can conclude that in these experiments SP4 is always worst, SA4 starts off better
than SU4 for sparse and low order polynomialS(x)–matrix, but is worse for dense
high-order polynomialS(x)–matrix.

6.4 The 2nd and 3rd order methods

Figure 2 shows the global error versus CPU time plots resulting from the application
of the second-order symmetric integrator SA2, equation (25), and the bootstrapped
third-order integrator SA3, equation (22). The initial step size for (a), (b) and (c) was
10−2, with tmax = 2 × 103. To achieve the intersections shown in case (d) different
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Figure 2: FPU system: Global error vs CPU time for the 2nd and 3rd order integrators
SA2 and SA3, applied to (a) FPU system, (b) and (c) variants ofthe FPU system, and
(d) the QT system. All computations are done for 25 step sizes– starting at (for (a), (b)
and (c))τ0 = 0.01 and reducing exponentially by a factor of1.1, with tmax = 2×103.
For (d) the initial step size wasτ0 = 4 × 10−4 (for SA2), τ0 = 5 × 10−3 (for SA3),
andtmax = 102.

initial step-sizes were used: for SA2,τ = 4× 10−4, and for SA3,τ = 5× 10−3, with
tmax = 102. The reduction factor was1.1, , applied24 times, as before. Note that SA4
is created by making SA3 symmetric, as explained earlier. Same-work computations
comparing SA3 and SA4 when applied to the FPU system indicatethat SA4 is better
as it is more accurate.

The point of these results is that they give an alternative view of the extra com-
putational load resulting from the correction terms which change the second order
integrator SA2 into the third order integrator SA3. This is most clearly evident in the
increased CPU time required, for a given step size, Figs 2(a –c). For the QT sys-
tem, Fig 2(d), the extra load is so great that SA2 can be more efficient than SA3 (for
acceptable error size).
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Appendix: Symmetric projection

Hairer [6,7] has published a symmetric method for projection of a numerical integrator
onto an invariant manifold. We employ in this paper an adaptation of Hairer’s method
using as the underlying symmetric integrator the4th-order Gauss method.

Suppose that for the initial-value problem

x′ = f(x), x(0) = x0

there is an invariant manifoldM defined by

M = {x ∈ R
n; g(x) = 0}, with g′(x)f(x) = 0 for x ∈ M, g : R

n 7→ R
m.

At each step, assuming the initial point to be on the manifold, the method first
applies a perturbation off the manifold, then a symmetric one-step integratorΦτ , then
projection back onto the manifold. Both perturbation and projection are done so as to
preserve the symmetry of the whole process. With orthogonalprojection we have:

x̂p = xp +GT (xp)µ with g(xp) = 0, (the perturbation),

x̂p+1 = Φτ (x̂p)

xp+1 = x̂p+1 +GT (xp+1)µ with g(xp+1) = 0, (the projection).

Here,G(x) = g′(x) is the Jacobian ofg. The components of the vectorµ ∈ R
m are

the Lagrange multipliers, andµ is defined implicitly by

F (µ) = g
(

Φτ (x̂0 +GT (x0)µ) +GT (x1)µ
)

= 0

which can be solved using Newton’s method.

If Φτ is the Gauss4th-order integrator, at each time-step we must solve the follow-
ing (3n+m)-dimensional system of equations:

d = xp+1 −GT (xp+1)µ− xp −GT (xp)µ− τ(b1f(Y1) + b2f(Y2)) = 0

e = g(xp+1) = 0

v1 = Y1 − xp −GT (xp)µ− τ(a11f(Y1) + a12f(Y2)) = 0

v2 = Y2 − xp −GT (xp)µ− τ(a21f(Y1) + a22f(Y2)) = 0

with b1 = b2 = 1
2 , a11 = a22 = 1

4 , a12 = 1
4 −

√
3

6 , a21 = 1
4 +

√
3

6 .

Newton’s method for solving this system can be written as








∆Y1

∆Y2

∆xp+1

∆µ









= J−1.









v1
v2
d

e









whereJ is the Jacobian of(d, e, v1, v2)T with respect to(xp+1, µ, Y1, Y2)
T . J can be

expanded as a series in powers ofτ , J = J0 +O(τ), where

J0 =









Idn 0 0 −GT (xp)
0 Idn 0 −GT (xp)
0 0 Idn −2GT (xp)
0 0 G(xp) 0









.
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Hairer [6] gives the corresponding “simplified” Jacobian for the case of a second order
integratorΦτ .

If J0 is used, the Newton iteration requires more iterations to converge than if the
full JacobianJ is used, but it may be faster in terms of CPU time. We have tried
both approaches, and have also experimented with controlling the number of timesJ
is recalculated during the time-step iteration, and with different starting values for the
Newton iteration. Our aim was to reduce the CPU time as much aspossible. For the
systems studied here, the fastest computations resulted from the use of a single evalu-
ation ofJ−1 per 4 time-steps, combined with starting values predicted using the2nd

order Laburta method [7, 12]. This combination ran a little faster than that usingJ0,
and a lot faster than code allowing unfettered evaluations of J . Some further improve-
ments in the speed may be possible, but they are unlikely to bridge the gap between
SP and SA4. A higher order version of Laburta’s starter was not used, since adapting
the2nd order starter to this purpose (symmetric projection ratherthan a straight Gauss
integration) already requires one extra function evaluation.
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