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Abstract:  Ordinary differential equations having a first integral ntsysolved nu-
merically using one of several methods, with the integrakprved to machine accu-
racy. One such method is the discrete gradient method. hioies here that the order
of the discrete gradient method can be bootstrapped repigadehigher orders of ac-
curacy. The potential for improved efficiency offered by totstrapped method is
illustrated using three 6-dimensional systems.

1 Introduction

Many systems of differential equations possess so—cakexngtric properties, for
example one or more first integrals, symplectic structuodyme preservation, and
others. Numerical solution of such systems is usually béstted using a geometric
integrator, i.e. one that can exactly preserve this prgpertproperties). There are
many excellent expositions of geometric integration in lttexature [2,7, 13,17-19,
27]. For more specialised papers, see [10, 14, 20, 23, 29].

In this paper we are particularly interested in integradsgrving integrators (IPI's)
which are designed to provide exact preservation of any ifitegral possessed by
a system of ordinary differential equations. We will havenimd in particular the
preservation of integrals other than energy, as very reoetihods exist that are only
applicable to preserving energy in (canonical) Hamiltarsgstems [25]. In the next
section we give a very brief survey of available IPI's befmteoducing the new work
that is the principal topic of this paper, namely a potehtiaiore efficient way of
implementing Discrete Gradient IPI's. This work will codsr the preservation of a
single first integral, leaving the preservation of more thaa integral to be studied in
a later publication.
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The preservation of first integral(s) is important for thabslity of an integrator,
particularly in the case of low-dimensional and compaceleurfaces. Even in the
case of a symplectic system better stability may result ftbenuse of an integral-
preserving integrator, rather than one that preserveslggtipstructure [5]. Further-
more, integral preservation in some cases seems to off@ogability of linear error
growtht, better than the quadratic growth resulting from the appiin of other inte-
grators to a non-symplectic system.

2 Background

An autonomous ordinary differential equation with a firgegrall(z) has the form

d .

d—f = f(x), with f(z) - VI(z) = 0, = € R™. (1)
Theorem 1 [16,26]Letl € C"*1(R",R) be an integral of the vector field
feCr®R",R"), r > 1, n>1,i.e. f-VI = 0. Then there exists a skew matrix
functionS, C" on the domaif{z : VI # 0}, such thatf = SVI.

Hence (1) can be writtérin the form

Z—f:S(I)-VI(a:), x e R"” 2
whereS is a skew-symmetrie x n matrix.

A brief review of IPI's

(a) Standard projection methods [3,7,8,28]: The numesichition is constrained
to remain on the invariant manifold, e.g. using Lagrangetipliers. These methods
are not symmetric - i.e. not “self-adjoint”, so do not gettigrpossess as good long-
time behaviour as self-adjoint methods.

(b) Splitting methods : Quispel and Capel [24] showed thawgrctor fieldf can be
split into 2-dimensional fields, each having the origina¢gral. These are integrated
exactly and finally a composition gives the solution of thagioal system with the
integral preserved exactly.

(c) Standard discrete gradient (DG) methods and symmetgarizthods [4, 11,
16, 26] will be described later. There, higher orders areeghiwith a composition
method [7,15,22, 30, 32], whereas the main point of this pate reach higher orders
without it.

(d) Symmetric projection methods [1,6, 7]: In standard @ctpn methods the pro-
jection step is taken at the end of the integration, henctatiieof symmetry. The use
of an “inverse projection” [7] at the start of each integpatstep allows the possibility
of overall symmetry and self-adjointness, advantageausfg-term integration.

1in separate computations we have observed linear errortigimwthe systems studied here. In these
computations we destroyed the symmetry of the SA4 integrdip composition, thus isolating the integral-
preservation as the cause of the linear error growth.

2under some technical conditions that are genericallyfiati¢see [16])
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(e) Bootstrapped DG method [21] : Higher order IPI's withosing a composition
method were presented in that paper for the case of condtants/mmetric matrix
S.

The work presented in this paper represents a significaghsidn of that given
in [21], principally because it caters for systems having-gonstant skew-matrif
and thus looks beyond systems that are necessarily eithailtdaian or Poissoh
Furthermore, in contrast to [21], the correction terms itktlahere are themselves
explicitly skew-symmetric and thus integral-preserving.

Below, we will give numerical applications of our method bt systems that are
Hamiltonian/Poisson and to systems that are not.

In this paper, superscript indices will take their usual nieg as labels of vector,
matrix or tensor components, and subscript indieel indicate differentiation with
respect to one of the variables. For examplel; = 2L, I;; := %, Si =
%S“, etc. Further, a repeated index in an expression will impipsation over
that index.

3 Discrete gradients

Definition 1 For a differentiable functiod (z), VI(z, z') is a discrete gradient (DG)
of [ if it is continuous and

Vi(z,2') - (2" —z) = I(z') — I(x)
{ VI(z,2) = VI(z). (3)

Examples:
(i) Mean Value DG ([9])

VavI(z,a) = [ VI(1 - &)+ ') de, x# 2
(ii) Midpoint DG ( [4])

Vaupl(z, ') = VI(%(CC + ')
+1(1')*1(I)*V1(%(HI’))'(I’*I) (@ — )

2" —=[[

(i) Coordinate increment DG ( [11])

I(w; ,T2,T3,....,8n)—1(x1,22,23,...,Txn)

I(z),xh,23,....2n)—I(2],22,23,...,T7)
— xh—x3

Vil(z,2') =

I(I/l7I/27Ié7'“a1'/n,)_1(1/17I/27'“a1'/,7,717$n)

’
T —Tn

3The system (2) is Poisson if the skew matfiz) satisfies the Jacobi identity:

= 0 0] 1o}
Sii—3S,; Sii—Ski +Ski—=—3Si; p =0fori,j,k=1,...,n.
;{ ”axl jk T Jzaxl ki T+ “axl u} %, n
4The exceptions here are for quantities that are defined imsteof derivatives, viz.
Bij, Mijk, Hijy Dim, Pijm.
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(iv) Symmetrized version of (iii)
_ 1/_ _
Vsl(z,2') = B <V1](:17, ')+ Vll(:c’,x))

Series expansion for discrete gradients
The general discrete gradievitt may be expanded in the form

Vi(z,2') = VI(z)+ B(z)(a' —x)
+ (@' —2)"M(2)(@’ ) @)
+ O(l2" = =]*).
From (3) (definition of DG) it follows that
1
Bij + Bji = Iij andMijk + Mj]ﬂ' + M]ﬂ'j = Efijk (5)

For symmetric DG’s (for whicV I(z,2') = VI(2', ), €.9.V3I,V v I, Vipl),
1
B = 57{
whereH is the HessiartH,;; := % =1,
Example:ForV,1,

0 ifi<j
Bij=1 3li ifi=j (6)
I ifi>j
and for the tensaM, each of the symmetric matricdg,, k = 1,...,n is defined by
0 h,j>kifk<n-—1
%I;m- i=1,2,...k—1,j=i
Miij = il,ﬂ-j j=23...,k—1,i=1,2,...,5—1 (7)
L i=12...k—1,j=k
My (symmetric)g > 4
Conditions (5) are satisfied by (6) and (7) respectively.
4 Discrete gradient integrators
An integral-preserving discrete version of equation (2) is
/ —_— ~ —
(Gt S(z,z',7)VI(z,2") 8)

T

wherez, ' denoter,, resp.z,,.1, and wheres is a skew-symmetric matrix satisfying

(for consistency) _
S(z,2’',7) = S(x) + O(7).
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The integrator (8) is usually first order § = S. Furthermore, (8) is symmet-
ric (self-adjoint) and hence second order if b, s/, 7) = S(z/,z, —7) and
VI(z,2') = VI(2', ). For example, the former condition is automatically satikfie
if S'is a constant matrix; if it is not constant, one can use

/
S(x, 2’ ) —S<x—;I)

and use any symmetric DG f&f I (z, z').

5 Bootstrapping to higher order

We now show how the order of a discrete gradient IPI can bestragiped to higher
values. We first demonstrate the method with a bootstrap fimtnto second order,
deriving a correction term that is itself integral-presegv This is followed by a proof
that the correction term required to bootstrap freffi order to(n + 1) order is
always integral-preserving. We then proceed to two diffetmotstraps from second
to third order, and a discussion of ways to construct a foortier 1PI.

From first order to second order

Starting with the first-order integrator

(«' — )

T

=5 VI(z,z"), 9)

whereS; := S = S(z), substitution of(z’ — z) from (9) into the second term of (4)
gives the approximation

Vi(z,2') = (Id, + 7BS)VI(z) + O(7?), (10)

whereld, is then x n identity matrix.
Differentiation of (1) gives

i = (C+ SHS)VI, whereC¥ = S gmip,. (11)
Then
(z' — 2)exact— (¢ — ) st order 1p1= 7 B2 VI + O(7°), (12)

whereR; = SQS + 1C, with skew matrixQ(z) := 1H(z) — B(x). BothSQS and

C are skew, sQVI)fRQVI = 0. The RHS of (12) provides an integral-preserving
correction termR, VI that leads to the second-order integrator

= So(2)VI(z,2"). (13)

Here, )
Sa(x) :=S+ TRy =S+ 7(5QS + 50) (14)

Bootstrap fromn*" order to(n + 1)** order
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Backward error analysis can be used to show that the cavretetfm at each increase
in order is integral-preserving, assuming an integrabg@reing modified vector field
f:

The exact flow is given by, = ¢//(*)3:, and a single step of the'" order IPI
flow ¢, by

U eTf(z)a%
(TF@ &+ (@) )

eI @ s T T (@) 5 + O(Tn+2)

= /@3 (14 Tn+lf(f£)a£) +O(7"+?)
T
= (@ T@F 4 ) L) 4 o)
ox
Hence

(I/ - I)exact_ (I/ - I)nth order IPI = Tn+1f~(x) + O(Tn+2)
LS (2)VI 4+ O(7"F?)

whereS is skew sincef is integral-preserving.
l.e. we can write

(I/ - 'r)exact_ (I/ - x)nth Order |P| = Tn+1Rn+1 (I)VI + O(Tn+2)
with skewR,, 11, i.e.
(.I'/ - .I')exact - (757”?[ + Tn+1Rn+1?I) = O(Tn+2),

and the(n + 1)** order IPl is

/

= S, 1(x)VI +O(r"+2).

T

Here, the skew matriﬁnH is defined by
Spi1(x) == Sp(x) + 7" Rpy1 ().

From second order to third order

The second-order integral-preserving integrator (13)tbais be bootstrapped to
third order. Differentiation of (11) gives

2= (A+ N+ K +2CHS + SHC +SDS + SHSHS)VI,

where
A = Simgkpsing,
N = SSSHL L,
K™ = 80§, SPF I,

Dim = Izmnsnklk



Integral-Preserving Integrators 7

We then obtain

(1'/ - ‘T)exact_ (1'/ - «T)an order IPI = T3R3VI + O(T4) (15)
with
Ry = SQSQS + 1—12(CH5 — SHC) — 1—125HSH5
1 1
+ 5(5QC+CQ8) + L(A+ N+ K)+V (16)
where 5
an — gSM (Pijm _ Pjim)SmpIij" (17)
and 1
Pijm = gjwm - Mz]m (18)

From (5) it can be shown that
Pijm + Pjmi + Py = 0. (19)

All the termsSQSQS, CHS — SHC, SHSHS, SQC + CQS, A, N, K andV
are skew-symmetric matrices, hen@gis also skew, as expected.
We thus obtain a third-order IPI as follows:

-

= S3(x)VI(z,2), (20)

with
S31= 82+ TRy = 5+ 7(SQS + 30) + 7Ry, (21)

WhenS is constant (e.g. for a standard Hamiltonian system), thiglgfies to
1
Sz =S +75QS + 7%(SQSQS — o SHIHS + V).

A possible alternative bootstrap from second order to thirder

The bootstrap process carried out above did not specify sheofiany particular
discrete gradient. We now describe a bootstrap that stants &n IPI that is second-
order because it is self-adjoint (symmetric). This is theed@r the integrator

4 _— ~ —
L: z) = S(z, 2/, 7)VI(z,2")
-
if S(z,2’,7) = S(2/,z,—7), and VI(z,2’) is symmetric, i.e. VI(z,2') =
VI(z',x). For example, these requirements are satisfied if we use

/
S(z,z',7) =S <:c —; i ) andVI(z,z') = VsI(z,2).
The third-order integrator in this case is

[ _

= S4(z,2")\VI(x,2"), (22)

T
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with

Sh =S (“’;x/) + 2R} 23)
and
Ry(x) = %(OHS _ SHC — SHSHS) + 2—14(A CON-2K) 4V, (24)
WhenS is constant, this simplifies to
R, = —%SHSHS +V.

From third order to fourth order
Fourth order IPI's can be gained in 3 ways:

(i) A symmetric4” order integrator results if instead 8% (), R} %ﬂ”' is used
in the integrator (22), (later referred to as SA4). In thisecthe integrator is

r_ AN
I - i = (a:—;x > VI(z,x")
whereVI(z,z') is any symmetric discrete gradient,
z+ z+7
Sg;_s< 5 >+72R/3<—2 )

Ri(z) := 1—12(CHS — SHC — SHSHS) + i(A —2N —2K)+V,
andA, N andK are given by

A =SS sIn,
Nmo= gmsitsk,
K™ = S, 8P

andV by equation (17).
(i) If ¢, is either of the3”? order integrators

/ /

-z _ , -z
. = S3(z)VI(z,z"), or .

= S4(2)VI(z,2")

then the compositiopz o ¢i_1 will be 4" order (for example this is the method
referred to as DM in [21]).
(i) Use a composition method based on symmefi¢ order IPI

Yo _g (“’;x> Vi(z,2) (25)

T

with a symmetric DG, (e.gV3/(x,z')) to make thes*” order IPl7), . In seeking
an optimal composition (i.e. one that is fast and accuraghave tried methods due
to Yoshida [32], Suzuki [30] and McLachlan [15]. The latteettmod is a 10-stage
composition based on thé? order IPI (9).

Another alternative would be to perform one more boots@dpirly onerous task.
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6 Numerical experiments

To demonstrate the possible advantages of these new itaesnge will present a com-
parison of the Self-adjoint Discrete Mechanics fourthesrishtegrator SA4, obtained
from (22) and summarised above, with two other symmefficorder integrators. We
will also consider the™ order integrator (25) and th&? order integrator (22), in
order to better understand the circumstances in which othiades preferable.

6.1 The differential equations

The three systems of differential equations considered@seribed below. They will
be referred to as FPU, modified FPU, and QT.

e FPU is the (Hamiltonian) Fermi-Pasta-Ulam system (4 sigigarticles, fixed
ends [31]). The differential equations are

T1 = T4

To = T5

T3 = Tg

iy = =21+ 1z + azd — 2xi10) (26)
&5 = o1 —2x0+ w3+ 22 + xg + 2x129 — 22913)

te = x9—2x3+ a(—z3 + 2x013)

and the Hamiltonian is

1
H(z) = 5t +ai+ai+ad+ag+ (@ —21)" + (23— 22)°)
«
+§($:1)’ — a3+ (w2 = 21)° + (23 — 22)°). (27)
The skew matrixS(z) for this system is
0 Ids

S(x) = . 28
@={( 1y "0) 28)

whereIds is the3 x 3 identity matrix. We usedv = i, and the initial conditions
(corresponding to being initially at rest with all energytie lowest frequency mode)
werer; = z3 = 0.5,x0 = %,1?4 = x5 = x¢ = 0. The skew third-order correction
matrix C' = R}, (x) for this FPU system is given by

0 2217]:273167222’]:3

0 i=3,j=4i=4,j=6

1+ axs 1=1,7=4

—jtale —w) i=lj=5andi=2;=4

6C;; =q 1—a(z —a3) i=2,7=5 (29)

—s+a(zy—a3) i=2j=6andi=3,j=>5

1—ax i=3,7=6

—a(z4 + x5) i=4,7=5

—a(zs + ) i=5j=6
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e modified FPU is a perturbed version of the FPU system, withstrae first
integral as for FPU, and skew matrix

0 0 0 10 0
0 0 0 0 1 0
0 0 0 00 1+an
Sw=1 1 0 0 0 0 : (30)
0 -1 0 00 0
0 0 —-1—-2» 00 0

Variation of m andn will change the dynamics and the details of the third-order
correction matrix. In particular, asincreases so does the complexity of the correction
matrix and the consequent computational overhead of SA%4 sBfected examples
used in the plots shown were for the cases= 3,n = 1 (Figures 6.1(b) and 6.2(b)),
andm = 1,n = 4 (Figures 6.1(c) and 6.2(c)). The former system is Poissmniatter
is not. An example of the changed correction matrix elemémtshese cases is the
elementCs5, which for FPU was given by

1
6C35 = —5 + a(:vg — 1‘3).

Forform =3,n=1,itis

1
6C35 = —5 + a(:vg — 1‘3)
1
+2azor3y — 204:0% —r3+ ozxgzzrg — ozxg — 5:0%
For the casen = 1,n = 4 it becomes
1
6C35 = —5 + a(zg — x3)
8 8 l 8

+2amox] — 2ax3xl? — 2 + axoa’ — axsat — —af.

2
The same initial conditions as for FPU were used for modified F

e QT is a 3-dimensional system devised by Quispel and Turr&]r {&ith differ-
ential equations

T1 = 1+ a3+ ixw% + :leg + ixlxg
10 10
1
. 2 2 2,2
T2 = @ T3 {5102 (32)
j?g = —T3 —X1T2 — .ngg

and the first integral is

1 1
I(z) = 5(,%% +23) + Zw% + Za. (32)

The skew matrixS(z) for this system is
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0 T+ %xlzg To
S(x)=| —z1 — 57123 0 3 | . (33)
—x2 —XI3 0

The terms in the skew third-order correction matix= RY () are lengthy high-order
polynomials in the 3 variables.

The initial conditions were; = x3 = 1, o = 2.

6.2 Comparisons of different 4" order methods

The three methods used were:
e SA4, the4?" order self-adjoint bootstrapped integrator descibed apov
e SU4, a5-stage composition method due to Suzuki [304nd

e SP4, a symmetric projection method due to Hairer, the deddilvhich are given
in an Appendix.

Regarding the choice of composition method, it was found filwathe FPU and
modified FPU systems the Suzuki [30] and McLachlan [15] méshgave almost
collinear results in the error vs CPU time plots (with McLEzhmore accurate for
a given time-step). In the case of the QT system, Suzuki wétearhore efficient,
and so SU4 was chosen. Both McLachlan and Suzuki were mooéeeffithan the
Yoshida composition [32] in all the cases considered here.

All numerical computations were executed using doubleipi@t Fortran on a
Dual Processor 2 GHz Macintosh G5. MaBl@rograms were used to help produce
the Fortran code for the bootstrap correction terms andvosymmmetric projections.

For the data in Figures 1(a), 1(b) and 1(c), the initial stege-was = 0.1, reduced
by a factor ofl.1 before each repeat of the computations (done 24 times) with =
10%. In Figure 1(d) the initial step-size was= 0.01, andt,,,, = 10%.

In all the cases shown, SP4 is slower than the other two methiogpection of
Figures 1(a), 1(b) and 1(c) indicates that the SA4 resultsensbeadily from being
clearly the best (for FPU, Fig 1(a)) to being no better thart $&f the quartically
perturbed modified FPU system of Fig 1(c). Further compaatinot shown here
indicate that this trend does not depend on whether the reddf#iPU system used is
Poisson or not.

The combination of quadratic integral and lower dimensiobic S (z)-matrix in
the QT system leads to computationally very expensive ctioreterms. The resulting
relatively poor performance of SA4 for this system is showFigure 1(d).

A least-squares fit to the global errdf) vs step-sizer) data for the three@
order integrators SA4, SU4 and SP4 yields (for FPU), respeyt

Esas ~ 714273999 FEoyy ~ 79727399 andEgps  ~ 13.177399°  (FPU)

5The second-order integrator used to obtain SU4 was thatuaftien (25)
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(a) FPU (b) modified FPU: linear variant
10" 10" =
*
*
*
107 107 % o
B %9
* * Q
% * Q
107 . xtQ 3
5 % k 5" sadt Gsua
X [e] x
B} (oM hsus spa s 1% 5 SP4
E %; x ﬁ 10 § ?%
-
Il S %%
o % O 07 %%
10° % ?
kY
107 92% 10° S
10° 10
10" 0 10' 10" 0 10'
CPU time CPU time
(c) modified FPU: quartic variant . (d) QT system
10 10
%
%
107 %
% Xxx 10 E) *
. by % SP4 % *
10 % o *
— . o *
<] o . Q N
= = 10 [¢]
5 % o RS
— £ —_— [e]
8 % g - % kX
o 4% ] Q1w % ps
[=2) X (2] [¢] * X
10° SA4 %}SW SU4% SA4™. *SP4
% > «
£y 10° o *
107 2 % *
o]
]
o
10° 10
10" 0 10' 0 10'
CPU time CPU time

Figure 1: Global error vs CPU time for the thre® drder integrators SA4, SU4 and
SP4, applied to (a) FPU system, (b) and (c) variants of the §Btém, and (d) the QT
system. All computations are done for 25 step sizes — stpatirifor (a), (b) and (c))
7o = 0.1 and reducing exponentially by a factor bfl, with ¢,,,, = 10%. For (d) the
initial step size wasy = 0.01, andt, 4, = 103.

6.3 Conclusion for the 4" order methods

We can conclude that in these experiments SP4 is always v&hdt starts off better
than SU4 for sparse and low order polynom$dl:)—matrix, but is worse for dense
high-order polynomiab (z)—matrix.

6.4 The 29 and 3¢ order methods

Figure 2 shows the global error versus CPU time plots regpftiom the application
of the second-order symmetric integrator SA2, equatior), (@6d the bootstrapped
third-order integrator SA3, equation (22). The initialgtaze for (a), (b) and (c) was
1072, with ¢,,,.. = 2 x 103. To achieve the intersections shown in case (d) different



Integral-Preserving Integrators 13

. (a) FPU (p) modified FPU: linear variant
10 10
by |
* ¥,
107 *x,, SA2 e,
g 10 i SA2
ey ok
-3 *.
10 ***
5 * 5 10° ****
=0t = Hy ey
o 7] + ¥,
e — 10
© © +
Q g0t o +. SA3
o RS o + ,
Z Foo, sA3 R g
10 +y +y
T, *
Ty 10 +++
10 $ +
+ 4 .
8 + +
10 > 10 -
10 10
CPU time CPU time
(c) modified FPU: quartic variant , (d) QT system
10 10~
m
107 H ++
*ok *y +
3 **"**,&AZ *e » ++
v o wi| SA2'% iSA3
= — +
O 10" Trr o ***Jr
= = o+
(] [} *-%%
 © < T
*
'8 4 '8 T
2 4 O 10 L ey,
o o
} i +++S A3 ++ *y
10 Ty A
e, "
107 e y -
A 0 +
10° - -
L 10 . 10
CPU time CPU time

Figure 2: FPU system: Global error vs CPU time for tAg¢&hd 3¢ order integrators
SA2 and SA3, applied to (a) FPU system, (b) and (c) variantsefPU system, and
(d) the QT system. All computations are done for 25 step sizarting at (for (a), (b)
and (c))ry = 0.01 and reducing exponentially by a factoriofl, with t,,,4, = 2 x 103.
For (d) the initial step size wag = 4 x 10~* (for SA2), 7o = 5 x 1073 (for SA3),
andt,,q, = 102.

initial step-sizes were used: for SA2 = 4 x 1074, and for SA3; = 5 x 103, with
tmae = 10%. The reduction factor wak1, , appliec24 times, as before. Note that SA4
is created by making SA3 symmetric, as explained earliemesaork computations
comparing SA3 and SA4 when applied to the FPU system indtbateSA4 is better
as it is more accurate.

The point of these results is that they give an alternatiesv\vof the extra com-
putational load resulting from the correction terms whittarge the second order
integrator SA2 into the third order integrator SA3. This ieshclearly evident in the
increased CPU time required, for a given step size, Figs Z{p +or the QT sys-
tem, Fig 2(d), the extra load is so great that SA2 can be mdimesit than SA3 (for

acceptable error size).
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Appendix: Symmetric projection

Hairer [6,7] has published a symmetric method for projectiba numerical integrator
onto an invariant manifold. We employ in this paper an adapiaf Hairer's method
using as the underlying symmetric integrator #¥&-order Gauss method.

Suppose that for the initial-value problem
' = f(z), «(0) = x
there is an invariant manifold1 defined by
M = {x e R";g(z) = 0}, with ¢'(z) f(z) =0forz € M, g : R" — R™.
At each step, assuming the initial point to be on the manjftié method first
applies a perturbation off the manifold, then a symmetrie-step integrato®.., then

projection back onto the manifold. Both perturbation anoigetion are done so as to
preserve the symmetry of the whole process. With orthogamééction we have:

iy = xp,+GT(xp)p  with g(x,) = 0, (the perturbation)
Epr1 = Pr(dp)
Tpi1 = Epp1+ G (zpp1)p With g(zp41) = 0, (the projection)

Here,G(x) = ¢'(x) is the Jacobian of. The components of the vectare R™ are
the Lagrange multipliers, andis defined implicitly by
F(p) = g(®:(i0+GT(xo)p) + GT (1)) =0

which can be solved using Newton’s method.
If & is the Gausg!"-order integrator, at each time-step we must solve theviello
ing (3n + m)-dimensional system of equations:

d = xpo1 — Gl (wpe)u—ap = G (ap)p — 7(bLf(Y1) + b2 f(Y2)) =0
e = g(IPJrl):O
v = Y1 -2, — G () — t(ann f(Y1) + a2 f(¥2)) = 0
vy = Yo—ax, — GT(2p)p — 7(az f(Y1) + azaf(Y2)) = 0
Withby =by = 3, a11 =asm = 1, a;p =1 — %2 ay; = 1 + 3,

Newton’s method for solving this system can be written as

AYl U1
AY, — g1 V2
A$p+1 o ’ d
Ap e

where.J is the Jacobian ofd, e, v1, v2)T with respect tdx,41, i, Y1, Y2)T. J can be
expanded as a series in powersoff = Jy + O(7), where

Id, 0 0 -GT(z,)
0 Id, O —GT(zp)
0 0 Id, —2G"(xp)
0 0 Gz 0

Jo =
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Hairer [6] gives the corresponding “simplified” Jacobianttee case of a second order
integratord ...

If Jo is used, the Newton iteration requires more iterations tvegge than if the
full JacobianJ is used, but it may be faster in terms of CPU time. We have tried
both approaches, and have also experimented with congydlie number of timed
is recalculated during the time-step iteration, and wiffedént starting values for the
Newton iteration. Our aim was to reduce the CPU time as mugloasible. For the
systems studied here, the fastest computations resuttettfre use of a single evalu-
ation of J—! per 4 time-steps, combined with starting values predictdgithe2"?
order Laburta method [7, 12]. This combination ran a litdstér than that using,
and a lot faster than code allowing unfettered evaluatiéns Gome further improve-
ments in the speed may be possible, but they are unlikelyitigdithe gap between
SP and SA4. A higher order version of Laburta’s starter wasieed, since adapting
the2"? order starter to this purpose (Symmetric projection ratihan a straight Gauss
integration) already requires one extra function evaturati

Acknowledgement

We are grateful to the Australian Research Council for firerstpport.

References

[1] U. Ascher and S. ReichOn some difficulties in integrating highly oscillatory
Hamiltonian systems, in Computational Molecular Dynamiiect. Notes Com-
put. Sci. Eng4, Springer (1999) pp. 281-296.

[2] C.J. Budd and A. Iserles (edsGgeometric integration: numerical solution of
differential equations on manifoldBhil. Trans. R. Soc. Lond. 857(1999) pp.
943-1133.

[3] C.W. Gear,Maintaining solution invariants in the numerical solutiofl ODES
SIAM J. Sci. Stat. Compu¥ (1986) pp. 734-743.

[4] O. Gonzalez,Time integration and discrete Hamiltonian systerddNonlinear
Sci.6 (1996) pp. 449-467.

[5] O.Gonzalez and J.C. Sim@n the stability of symplectic and energy-momentum
algorithms for nonlinear Hamiltonian systems with symmeftomputer Meth-
ods in Applied Mathematics and Engineeria@4 (1996) pp. 197-222

[6] E.Hairer,Symmetric projection methods for differential equationsranifolds
BIT 40(2000) pp. 726—734.

[7]1 E.Hairer, C. Lubich and G. Wanndgeometric Numerical Integratigispringer
Series in Computational Mathematig$, Springer-Verlag 2002.



Integral-Preserving Integrators 16

(8]

E. Hairer and G. Wanne&olving Ordinary Differential Equations Il. Stiff and
Differential-Algebraic ProblemsSpringer Series in Computational Mathematics
14 Springer-Verlag 1996.

[9] A. Harten, P.D. Lax and B. van Lee@n upstream differencing and Godunov-

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

type schemes for hyperbolic conservation la8l&\M Rev 25 (1983) pp. 35-61.

A. Iserles, H.Z. Munthe-Kaas, S.P. Norsett and A. Zarne-group methods
Acta Numerica (2000) pp. 215-365.

T. Itoh and K. Abe,Hamiltonian-Conserving Discrete Canonical Equations
Based on Variational Difference Quotients Comput. Phys(7 (1988) pp. 85—
102

M.P. Laburta,Construction of starting algorithms for the RK-Gauss methh
Comput. Appl. Math90(1998) pp. 239-261.

B. Leimkuhler and S. ReichSimulating Hamiltonian Dynami¢csCambridge
Monographs on Applied and Computational Mathematics, Gatgb Univer-
sity Press 2004.

R.l. McLachlan Explicit Lie-Poisson integration and the Euler equatipRfys.
Rev. Lett.71(1993) pp. 3043—-3046.

R.l. McLachlan,On the numerical integration of ordinary differential edicas
by symmetric composition metho@AM J. Sci.16 (1995) pp. 151-168.

R.l. McLachlan, G.R.W. Quispel and N. Robido@gometric integration using
discrete gradientsPhil. Trans. Roy. Soc. 857(1999) pp. 1021-1045.

R.I.McLachlan and G.R.W.QuispelSix lectures on the geometric integra-
tion of ODEs in Foundations of Computational Mathematics, C.U.P. (200
R.A.DeVore et al. (eds.), pp. 155-210.

R.l. McLachlan and G.R.W. Quispel, Splitting methods;ta Numericall
(2002) pp. 341-434.

R.l. McLachlan and G.R.W. Quispggeometric integrators for ODE;sl. Phys.
A: Math. Gen.39, Special issue on geometric integration of differentialiaq
tions, (2006) pp. 5251-5285.

R.l.McLachlan, M. Perlmutter and G.R.W.Quispek group foliations: dynam-
ical systems and integratgrEuture Gen. Comp. Systeria (2003) pp. 1207—
1219.

D.l. McLaren and G.R.W. Quispelntegral preserving integrators].Phys. A:
Math. Gen37(2004) pp. L489-L495.

Qin Meng-Zhao and Zhu Wen-Ji€onstruction of higher order symplectic
schemes by compositicBomputingd7 (1992) pp. 309-221.



Integral-Preserving Integrators 17

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

G.R.W. Quispel,Volume-preserving integrator$hys. Lett. A206 (1995) pp.
26-30.

G.R.W. Quispel and H.W. Cape&bolving ODEs numerically while preserving a
first integral Phys. Lett. A218(1996) pp. 223-228.

G.R.W. Quispel and D.I. McLarem new class of energy-preserving numerical
integration methodsl. Phys. A: Math. Theo#1 (2008).

G.R.W. Quispel and G.S. Turnddjscrete gradient methods for solving ODEs
numerically while preserving a first integral. Phys. A29 (1996) pp. L341—
L349.

J.M. Sanz-Serna and M.P. CalMdumerical Hamiltonian ProblemsChapman
& Hall, London, 1994.

L.F. ShampineConservation laws and the numerical solution of ODES®m-
puters and mathematics with Applicatio®®(1999) pp. 61-72.

Shang Zai-jiuConstruction of volume-preserving difference schemesdorce-
free systems via generating functipdsComp. Math12 (1994) pp. 265-272.

M. Suzuki,Fractal decomposition of exponential operators with apgfions to
many-body theories and Monte Carlo simulatipRBys. Lett. A146(1993) pp.
319-323.

T.P. Weissert,The Genesis of Simulation in Dynamics: Pursuing the Fermi-
Pasta-Ulam ProblemSpringer-Verlag 1997.

H. Yoshida,Construction of higher order symplectic integratoRhys. Lett. A
150(1990) pp. 262—268.



