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We find that certain higher-order mappings arise as reductions of the integrable discrete A-type KP
(AKP) and B-type KP (BKP) equations. We find conservation laws for the AKP and BKP equations, then
we use these conservation laws to derive integrals of the associated reduced maps.
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The search for discrete integrable systems has received
considerable attention in the past decade. This has resulted
in the discovery of integrable mappings of the second order,
e.g., the Quispel-Roberts—Thompson (QRT) mapping,” and
discrete Painlevé equations.? Apart from second-order
integrable mappings, the results for higher-order integrable
mappings are few."!" Discrete integrable systems have
applications to various areas of physics, such as statistical
mechanics, quantum gravity, and discrete analogues of
integrable systems in classical mechanics and solid-state
physics. Here, we study a novel class of higher-order
integrable mappings that have bilinear forms.

As an example, we discuss the following 6th-order
mapping:

Dryia 20, 2 s

+Axn+2xi+1x5xi71xn—2 + Bx11+lxnx11—l +C=0. (1)
(Here and below A, B, C, D are arbitrary parameters). How
can we obtain integrals for this mapping? In ref. 3, a method
for the construction of integrals was proposed and integrable
third-order mappings that possess two integrals were
obtained. However, this method is not applicable to high-
er-order mappings because this method uses some ansatz at
first and requires the use of high-performance computers. If
we consider 6th-order, 8th-order, and higher-order map-
pings, this method does not work, because current computer
power is not sufficient.'?

In this Letter, we propose a systematic method of
constructing integrals for a class of higher-order integrable
mappings that can be transformed into a single bilinear form
without the use of computers. Our proposed method is based
on discrete bilinear forms related to the A-type KP (AKP)
and B-type KP (BKP) soliton equations. Conservation laws
for integrable partial difference equations have been studied
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in refs. 13 and 14.
Before we discuss conservation laws for discrete systems,
let us briefly recall conservation laws for continuous
systems.'> To this end, consider a (scalar) partial differential
equation (PDE) A[x, u”’] = 0. The conservation law of such

a PDE is a divergence expression
oP;

0x j

bl

which vanishes for all solutions of the given system.
It follows that there exists a function A (called the
characteristic of the given conservation law) such that
> j0P;/ox; = AA. Similarly, the conservation law of a
scalar partial difference equation A[n,u,] =0 is the ex-
pression Z/‘(S/ —id)P; = 0, which vanishes for all solutions
of the discrete system. (Here S; is a unit shift in the n;
direction, and A[n, u,] denotes a smooth function depending
on n, u, and finitely many iterates of u,.) Again there exists a
function A such that

> (S —id)P; = AA. )
J

We will call A the characteristic of the discrete conservation
law.

Here, we give a list of characteristics of the discrete
AKP and BKP equations.
Discrete BKP equation
The discrete BKP (Miwa) equation'® is given by

ATi 1 m Tl 1 mt 1 + BTt m T 1, mt 1
+ CT a1 Tht 104+ 1m + DTy Teg1041,me1 = 0. (3)

We have found the following 6 explicit rational character-
istics for the discrete BKP equation:
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where fi(x),..., fe(x) are arbitrary functions. (If we choose fi(x) as constants or (—1)*, we can produce 12 characteristics.
Throughout this Letter, we only consider reductions in which all independent integrating factors are obtained taking

fj(x) = constant.) From these characteristics, we can obtain
P, P,, and Pj3 associated to A are

the associated conservation laws, using eq. (2). For example,
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where P;, P, and P; correspond to the k-, I-, and m-
directions, respectively.

Discrete AKP equation

The discrete AKP (Hirota—-Miwa) equation'®!”) is given by

AT 1 m Tt Lmt 1 + BTt m T 1 imr1

4)
Note that the discrete AKP equation is the special case of
D =0 of the discrete BKP equation. The discrete AKP
equation inherits the above 6 characteristics (with D = 0)
from the discrete BKP equation, and we have found the
following additional characteristic:

filk + 14+ mtem  filk+1+m+ Dyrigims

Th4-1,Lm The,l4+-1,m Tk Lm+-1

+ Ctpm1 Thr 14 1m = 0.

Aq
T+ 1,m+1Tk+1Lm+1 Tk+ 114+ 1,m
where f7(x) is an arbitrary function.

Reduction to Finite-Dimensional Mappings

and Construction of their Integrals

First example: Consider the following 4th-order mapping:

2 2.2
Dxpy2x, 1 X%, _1Xn—2
+Axn+lxnxn—l + B+ C/xn =0.

Using the transformation of the dependent variable x, =

Tpna1Tuot/ t,zl, we obtain the bilinear form

&)

2
Dty 373 + ATy2Ty—2 + Btyt1Tu—1 + Ct,, = 0.

Q)

This bilinear form is obtained from the discrete BKP
equation by applying the reduction t, = t7k+2,+zm. Where
Zy, =1, Z, =2, Z3 =3. Using the characteristics of the
discrete BKP equation, we obtain the following integrating
factors for the discrete bilinear form eq. (6):

A =—-A Ay =—A A—AA—i-BA
1= 6 2= 4 3=p et e

Th—2 Tn+2

m:c(
Tn+1ThTh-3 TnTn—1Tn+3
Tn—4 Tn+4
+ A < 9
Tn—2Tn-3Tn+1  Tn+2Tn—1Tn43
A A A B A
5= T L 44— 16
D D
Tn—2 Tnt2

Tn4+2Th—1Tn-3 Tn4+1Th—2Tn+3

+f )

It is confirmed using the bilinear form eq. (6) that the
integrating factors Ay, A,, A3, and As lead to the indicated
linear combinations of A4 and Ag. Note that the two
integrating factors A4 and Ag are independent. From the
above integrating factors, we can write the integrating
factors in terms of the x-variable:

Tn—1 Tnt1

TnTn—3Tn42 TnTn—2Tn43

Ay =1 1Tp1 My
1 1
=C —
Xn—1Xn—2  Xp42Xn+1
+ A(xn72xn73 - -xn+3xn+2)a
A6 = T 1Tur1 M6
1 1
=B —
Xn+1XnXp—1Xn—2 Xn2Xn4+1XnXn—1
1 1
+C 5 — 5
Xn-+1Xn Xy _1Xn—2  Xn4+2X5, 41X Xn—1
We then obtain the following two integrals:
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1

2
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—BC
Xnp 2 X4 162X
It is not difficult to show that Q4 and Qg are functionally
independent.
In the special case of D =0, the fourth-order mapping
eq. (5) reduces to the second-order mapping

Axn+1x11xn—1 + B+ C/xn =0, @)

which is a special case of the QRT mapping."” Using the
transformation of the dependent variable x,, = 7,4 1T,—1/ rﬁ,
we obtain the bilinear form

ATy 2T 2 + BT 1T + Cfi =0.

®)

This bilinear form is obtained from the discrete AKP
equation by applying the reduction v, = tzk+2,+zm. Where
Z, =1, Z, =2, Z3 =3. Using the characteristics of the
discrete AKP equation, we obtain the following integrating
factors for the discrete bilinear form eq. (8):

There is only one independent integrating factor, A;. From
Ay, we can write the integrating factor in terms of the
x-variable: A| = T,41T—1 A1 = 1/X1 — 1/x,—1. We then
obtain the following integral:

1 1 C
01 = —Axp1%p + Bl —+ — | + .
Xntl  Xn Xn+1Xn

Second example: As a second example, let us discuss the

following 6th-order mapping:

2 3 33 2
Dxn+3xn+2xn+1xnxn7lxn72x”—3 (9)
+ Axn+2xi +,xﬁx3_]xn_2 + Bxpp1X,X,—1 + C = 0.
Using the transformation of the dependent variable x, =
Tu+1Ta—1/72, We obtain the bilinear form

A.Cn+3 T3 + Bfn+2fn—2 + CfrH—l Tp—1 + Drn+4fn—4 =0.
(10

This bilinear form is obtained from the discrete BKP
equation by applying the reduction t, = tzk+z,1+zm Where
Zyv=1,2,=2,Z3=50r Z, =1, Z, =3, Z3 = 4. Using
the characteristics of the discrete BKP equation, we obtain
the following integrating factors for the discrete bilinear
form eq. (10):

A =—As, Aa=A4, Az=—As,
Tn—1 fn-&-l
Ay=C ( —
Tn42Tn1Tn—4  Tn—1Tp-2Tnt4
Tn—5 Tn+s
+ A < - ’
Tn-3Tn—4Tnt2  Tnd3Th—2Tn4
Th—8 Tn+8
As =A< -
Tn—1Tn—3Tn—4 Tn4+3Tn+1Tn44
Tn—7 Tn+7
+ B< - ’
Tn—2Tn—4Tn—1 Tn+2Tn+1Tn44
Th—3 Tn+3
Ag = B( -
Tnt+3Tn—2Tn—4 Tnt+2Tn—3Tn+4

Tn Tn
+c( - )
Tnt1Tn—4Tn43  Tun—1Tn-3Tn44

Tntl Tn—1 . . -
A= (7: . - . .z '; . )» Ay =—Ay, It is confirmed using the bilinear form eq. (10) that
nint2in=l n=2tntntl ) integrating factors Ay, A,, and Aj lead to Ag, A4, and As
C C . . .
As=—A;, Ay=BA,, As=——A, respectively. Note that the 3 integrating fact0r§ Ay, {\5,
A A and Ag are independent. From the above integrating
Ag = —AA;, Ay =—A,. factors, we can write the integrating factors in terms of
A the x-variable:
Ay =T 1T 1My
C 1 1 A
= 5 — - — (Xn—3Xn—4 — Xp+4Xn43),
Xt 15X, Xn—1 \ X1 X —0Xn—3  Xn3X, 10X 41 Xn+1XnXp—1

As = Ty 1Ti-1 A5
4 4

_ 2 3 3 2 2 3 4 4 3 2
- Ax"(xn—lxn—2xn—3xn—4xn—5xn—6x"—7 - x”+7xn+6xn+5xn+4xn+3xn+2xn+l)

2 3 3 3 2 2 3 3 3 2
+ B (X, 1 X, 5 X, 3%, 4%, 5Xn—6 — Xn+6Xy 45X 44X 350X 415

A6 = Toy1Tu-146

B 1 1 C 1 1
- 2 1242 - 2 1342 o :
xn+2xn+ 1% X —1%n—2 \Xn—3 Xn43 xn+2xn+1xnxn,1xn—2 Xn—1Xn—2Xn—3 Xn43Xn42Xn+1
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We then obtain the following three integrals. [Note that eq. (9) can be used to eliminate, e.g., x,+4 and x,_3 from Q4, and
similarly for Qs and Qg.]

2 2 2 2 2.2
Q4= CD(xn+3xn+2xn+1x,, + Xn4+2X 1%, Xn—1 + xn+1xnxn_1xn—2)

2 2 2 2.2 2 2
— ADXp 14X, 3%, 0 X0 1 XXy 1 Xy _0Xn—3 — A X1 3Xn 12X 4 1XnXn—1Xn—2 (X4 + Xp—3)

— BC Z > > — AB an+4_jxn+3_j
=0 Kn3—=Xn 40 iXpp1—¥n—j =0
1 1 : Xnt4—jXn43—j
-C 2 3 .2 + 2 4342 —AC e
Xn+3X 40X 1% Xn—1 Xn+2X 41X, X—1Xn—2 =0 Xn+1—jXn—jXn—1—j

3

‘ 2 3 4 5 5 5 4 3 2
Os _ADZ :x"+7—.ixn+67jxn+57jxn+4fjxn+37jxn+27jxn+17jxn7jxnflfjxn72fjx"—3—.f
Jj=0
2

2 3 4 4 5 4 3 2
+ BD § :x"+6—jxn+5—jxn+4—jxn+3—jxn+2—jxn+1—jxn—jxn—l—jxn—2—jxﬂ—3—j

=0
4
2 2 3 4 4 4 4 302
+A § :x’1+7fixn+67jxn+57jxn+47jxn+37jxn+27jxn+Ifjxnfjxnflfjx"—zfi
J=0
4
2 3 3 4 4 3.2
+AB 2 X645 Xt 4= 3Kt Kn | =XK1 —Xn—2—
J=0
4
2 3 4 4 3 3 2
+AB § :xn+7*jxn+6—jxn+5—jxn+4—jxn+3—jxn+2—jxn+1—jxn—jxnflfj
Jj=0
5
2 2 3 3 3 3 2
+B § :xn+6fjxn+5—jxn+4—jxn+3—jxn+2—jxn+1—jxn—jxnflfj
J=0
5
2 3 3 3 2
+ BC § :x"+6*jxn+5—jxn+4—jxn+3—jxn+2—jxn+1—jx"*j
=0
6
2 3 4 4 3 2
+AC E :x"+7*jxn+6—jxn+5—jxn+4—jxn+3—jxn+2—jxn+l—jx'l*j’
=0

3
Qs = BDxy 4 3Xn12Xn41X5Xn—1Xp—2 + CD E Xn43—jXn42—Xnt1—j

Jj=0
5 2 1
—AB —AC
=0 Kn+3—j =0 KnA3=jXn+2—Xn+1-Xn—j
BZ C2
Xn+3Xn+2Xn+1XnXn—1Xn—2 xn+3xﬁ+2x2+1x3x5_ 1%Xn—2
BC BC

2 2.2 - 2 2 2 :
Xn3Xn42X 1 XXy —1Xn—2 Xn 43X, 49X 4 1 X Xn—1Xn—2

Using a Mathematical software package such as Mathema-  following integrating factors for the discrete bilinear form
tica, one can show that Q4, Os, and Qg are functionally eq. (12):

independent. Tnt2 Tn—2
We consider the 4th-order mapping A= Tyt Tna3Tn2 - Tp3Tno1Tng2
AXupoXy o Xpy + By XXy +C=0. (1) A, T T
Tn—-3Tn+2Tn+1 Tn—2Tn+3Tn—1
This mapping is the special case of D = 0 of the 6th-order ! 2 " n+B c S
mapping eq. (9). Applying x, = rn+]rn_]/r3, we obtain the As=——A1——5 Ny, Ay=—-BAy,
bilinear form A A
c? B*C? C
Afn+3rn73 + B‘Cn+27:n72 + CTn+17:nfl =0. (12) AS = E Al + A3 Az, A6 = _AAl’ A7 = K Az.

This bilinear form is obtained from the discrete AKP It is confirmed using the bilinear form eq. (12) that the two
equation by applying the reduction 7, = Tz x4+2,+2,m, Where integrating factors A; and A, are independent. From the
Zyv=1,2=2,Z3=50rZ =1,Z, =3,Z3; = 4. Using the  above integrating factors, we can write the integrating
characteristics of the discrete AKP equation, we obtain the  factors in terms of the x-variable:
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- 1 1 1
A=t A =——|———,
Xn+1XnXn—1 \Xn+2 Xn—2
~ 1 1 1
Ay =11t 1 Ap = 5 — .
Xn4+1XXn—1 \Xn—1Xn—2 Xn42Xn4-1
We then obtain the following two integrals:
01 = —AXp 12X 41X Xn—1
1 1 1 1 C
+Bl—+—+—+— )+,
Xn42 Xn+1 Xn Xn—1 Xn4+-2Xn4+-1XnXn—1

Q2 - A(xn+2xn+l + Xn+1Xn + xnxn—l)

B 1 1 C
I - 2,2 :
n4+-2Xn+1Xn Xn41XnXn—1 xn+2xn+1xnxn71

We note that eq. (11) preserves the symplectic structure

0 Xn—2Xn—1  —Xp—2Xn Xn—2Xn+1
—Xp—1Xn-2 0 Xpn—1Xn —Xn—1Xn+1
XnXn—2 —XnXn—1 0 XnXn+1 '
—Xnt1Xn—2  Xpt1Xn—1  —Xnt1Xn 0

and that the two integrals Q| and O, are in involution w.r.t.
this structure, giving an independent confirmation of the
integrability of eq. (11).

We have studied a class of integrable mappings that can
be transformed into a single bilinear form. We have
proposed a method of constructing integrals of these
higher-order integrable maps. The key to the construction
is the conservation laws of the discrete bilinear forms of the
associated AKP and BKP equations. Note that, generalizing
the examples in this Letter, we can construct a family of
higher-order mappings from the discrete AKP and BKP
equations, by applying the reduction 7, = tz+2,+2m for
any Zi, Z,, and Z3.

In general, soliton equations in the 14-1-dimension have
infinitely many conservation laws. One may expect the
existence of infinitely many conservation laws for discrete
AKP and BKP equations. However, finding infinitely many
conservation laws in the form of eq. (2) is difficult in the
case of 24-1-dimensional discrete soliton equations. Finding

infinitely many conservation laws for discrete AKP and BKP
equations is still an open problem.

We hope to discuss details of our methods and higher-
order mappings in the class given here in a forthcoming

paper.
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