CHAOS VERSUS ORDER
IN HAMILTONIAN DYNAMICAL SYSTEMS

G.R.W.QUISPEL *
Department of Mathematics, LaTrobe University,
Bundoora, Victoria 3083, Australia

ABSTRACT

These lectures give an introduction to the concepts of ordered and chaotic mo-
tion and the occurrence of these two types of motion in Hamiltonian dynamical
systems. We illustrate the basic ideas and results using area-preserving mappings
of the plane and consider an application of these ideas and techniques in a model
of the solar system.

1. Introduction

1.1 Preamble

Motion can be broadly classified as belonging to one of two types: chaotic and
ordered. Some systems have only chaotic motion while others exhibit only ordered
motion. These represent two extreme possibilities. The phase space of most sys-
tems, however, contains both “ordered regions” and “chaotic regions”. Whether a
given orbit is ordered or chaotic will depend on whether it (or equivalently its initial
conditions) lie in an ordered region or a chaotic region of phase space. We define
more precisely what we mean by these terms below, however for now it will suffice
to motivate these ideas with some pictures. Figures 1 to 3 depict the completely
ordered, completely chaotic and both ordered and chaotic systems respectively. An
explanation of the figures is required. In Figures 1 and 3 each closed curve corre-
sponds to a single orbit, and a number of them are plotted. In contrast Figure 2 is
a plot of just one orbit.

In these lectures we restrict ourselves to a treatment of Hamiltonian dynamical
systems because of their relevance to statistical mechanics and their ubiquity in the
modelling of physical systems. Hamiltonian systems, it will be shown, display the
full range of motions depicted in Figures 1 to 3.

1.2 Hamiltonian Systems

A Hamiltonian system is one in which there exists a scalar function H(q,p)
(the Hamiltonian) satifying

* Notés taken by G.S.Turner.
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Figure 1: A system exhibiting complete order; described by the

. '
mapping x' =y,
y=x+ 2ky/(1+y2).

Figure 2: A system exhibiting complete chaos; described by the mapping x' =x+y
(mod 1), y'=x-+2y (mod 1).
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Figure 3: A system exhibiting a mixture of order and chaos; described by the
mapping x':-y+2(k-x2), y'=x.

dq 3 ’

i 5‘5H(q,P)

dp 0

d_t - _6qH(q:p) ) (1)

where q = (¢1,---,gn) and p = (p1,...,Pn) are the position and momentum vectors
respectively*. Eq.(1) is a system of 2n ODE’s with a special structure that is
completely specified by a single function H. The Poisson bracket is defined as

(Fap.c@p) =Y (g -2222) @

f=1
for arbitrary scalar functions F and G. Observe that Eq.(1) & (2) allow us to write

the time-derivative of some dynamical quantity in terms of the Poisson bracket

dF(q,p) _
— = (RH} . )

* We restrict ourselves to autonomous Hamiltonian systems.
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1.8 Symplectic Maps
We consider the question of which mappings (trensformations) L preserve

Hamilton’s equations (Eq.(1)). Let L be an invertible and differentiable mapping.
Combining the variables q and p as z := (g), Eq.(1) can be rewritten as

d_, oH .
=Y B *)

where

(2,

We require the map L : z — %(z) (and H(z) — H(%)) to be such that

dz, 8H
az _ .

@ =Y ©)

from which it follows that L must satisfy

dL -w-dl'=w , (7N

where dL is the Jacobian matrix of L. A map L satisfying Eq.(7) preserves Hamil-
ton’s equations and is called symplectic. Observe that by taking the determinant
of both sides of Eq.(7) one obtains the condition |det(dL)| = 1 which says that
symplectic maps preserve volume, It can also be shown that symplectic maps form
a group. Symplectic maps arise naturally in two ways:

1. Flows The flow of a Hamiltonian system is defined to be the (nonlinear) map-
ping @, which shifts orbits forward by time-interval 7, i.e.

, (q(t)> (q(t +T))
Wrt —
p(t) p(t+7)
It is obvious that this equation leaves invariant Hamilton’s equations (Eq.(1)).
Hence Hamiltonian flows are symplectic.

2. Poincaré Sections Poincaré maps are obtained by constructing a surface or
cross section (I) transverse to a Hamiltonian flow (Figure 4). Each time a trajec-
tory crosses the surface (from below to above) a point is generated and the rule
relating the points is called the Poincaré map (denoted P in Figure 4). Consider
a Hamiltonian system of two degrees-of-freedom. The system is described by four

g%;::ablw (91392,P1;p2)- Since H = cofst: the motion is confined to a 3D energy
s'u:'rface and only three variables are required to describe the system. By appro-
p.rxatel): sectioning the 3D energy surface one obtains a further reduction in the
d.Jmenmon producing a 2D Poincaré map. It can be shown that the surface of sec-
tion can be chosen such that the resulting map is symplectic. Because of the close
relationship described above, we will discuss Hamiltonian systems of ODE's and
" symplectic maps interchangeably.
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Figure 4: A Poincaré surface of section & and the associated Poincaré map P, x — P(x).
2. Integrable Systems

2.1 Some Ezamples

Before we pro'ceed to give to give a formal definition of integrability, we consider four
examples of simple integrable Hamiltonian systems which exhibit different types of
ordered motion,

Example 1: Free Particle

A one-dimensional particle moving in a zero potential has Hamiltonian

H(q,p) = %pz , (8)

and the equations of motion are thus
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. o : dg dp _
w5 w " L ®
Eq.(9) has solutions

p)=c , qt)=ct+g0) ceR . (10)

This example shows the first and simplest topological type of ordered mo_tion: un-
bounded uniform motion. Particles move with constant speed ¢ in straight lines

(Figure 5).
ol |
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(

Figure 5: Phase portrait of a free particle (Example 1).

Ezample 2: Harmonic Oscillator

A one-dimensional particle moving in a quadratic potential has Hamiltonian

1 1
H(q,p) = Epz + -2-42 , (11)

and the equations of motion are thus

a9 _ @ _ _ 12
=P 0 F q (12)

E4/12) ha solutions - i
1) = 4(0)con(t) + B0} sin(t) |
q(t) = —q(0)sin(t) + p(0) cos(t)

(Figure 6).

Figure 6: Phase portrait of the harmonic oscillator (Example 2).

Ezample §: Pendulum

A system of particle motion subject to a periodic potential has Hamiltonian
1,
H(g,p) = 57" +cos(g) ,
and the equations of motion are thus

P S
a P g4

i_

separatrix. Which type of motion occurs will depend on the initial conditions.

(13)

This example shows the second topological type of ordered motion: bounded uni-
form motion. Motion takes place on concentric circles with the same angilar speed

This example exhibits both bounded and unbounded motion in different regions of
phase space (Figure 7). These regions are separated by a special curve called the




314

] .
—————
————
_//\
_/—\\-
| q
Figure T: Phase portrait of the pendulum (Example 3).
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Figure 8: Phase portrait of the Kepler problem (Example 4). Thisis a projection
of just three orbits; the phase space is four-dimensional.

PO = 7
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Ezample §: Kepler Problem . .

The problem of two bodies moving in each others gravitational force field has Hamil-
tonian

2 2
P p’  Gmimy
H¢yp)=r—+ — - — , 16
(q p) 2m, + 2m2 Ti2 ( )
We do not reproduce the solutions to this problem here but they exhibit a direct

product of free particle motion (the center of mass) and (stable) elliptic (Figure 8)
or (unstable) hyperbolic motion.

2.2 Liouville-Arnold Theorem

We now give a formal definition of integrability as a prelude to the Liouville-Arnold
theorem.

Definition: A system described by a Hamiltonian H(q,p), where q,p € R™ is
completely integrable if there are n (almost everywhere) functionally independent

constants of the motion Fi(q,p), ¢ = 1,...,n such that all their Poisson brackets
vanish:

{Fi, ) =0 k€N

The “almost everywhere” qualifier excludes exceptional points such as singular
points of the vector field.

A system which has less than n constants of the motion (integrals) is called
nonintegrable.

We now state an important theorem concerning integrable Hamiltonian sys-
tems.

Liouville-Arnold Theorem!: Let L. be a level set of the integrals F}, i = 1,...,n, in
an integrable system:

L.:= {(q) P) | F(q7 p) = C}

and assume F; are independent at each point of L,. Then

(1) There exists a differentiable coordinate transformation such that L. becomes a
“cylinder” R¥ x T"~* for some k.

(2) Motion on such a cylinder is uniform: flow restricted to L. is described by the
linear equations

:il = ‘U](C)
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:i:k = vk(c)

ék+1 = wk+1(C)

é,.-z wn(c) 17)

where (Z1, ..., Tk, Ok+1, ...y8) are coordinates on the cylinder R* x Tk,

Several remarks are in order. Firstly for different level sets k may differ; also
if the level set is compact (i.e. the motion is bounded) then motion takes place
on an n-torus T™. In order to integrate a general (non-hamiltonian) system of 2n
ODE’s, we are required to find 2n integrals. The remarkable fact expressed by
the Liouville-Arnold theorem is that for Hamiltonian systems only n integrals are
required. We present a final example to illustrate the theorem.

Ezample 5: 3-Particle Toda Equation

This system describes three particles on a line with exponential interactions and
has Hamiltonian

1 _ _
H(q,p) = §(Pl2 +p )+ e T 4T (18)

and the equations of motion can be expressed as a system of three coupled second
order equations

1'1‘1 —_ _eq\ —9¢z

o = NI — 9270
('1'3 = 2798 | (19)
The first and second integrals Fy and F are simply the Hamiltonian and the total

momentum. The third integral F3 does not have a simple interpretation and can
be derived using a Lax representation (we omit the details here)

F1 = H
Fi=P=p +p+ps
Fy:=—pipaps + pre”™ 7% +paet 78 (20)

It is easily verified that the mutual Poisson brackets (Eq.(2)) of the integrals vanish
and thus that the system is completely integrable (this is also the case for the
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- previous-examples).: The Liouville-Arnold theorem can bejapplied here a5 we have

three integrals and it tells us that motion takes place on “cylinders”..; ...

3. Chaos versus Order

In the last section we examined a number of examples of systems which are
éxplicitly solvable and exhibit completely ordered motion. Most systems however
are not explicitly solvable and we are thus led to the question of what sort of
motion characterises such systems. What happens when an integrable system is
perturbed in such a way that it is no longer integrable? The answer is that chaotic

regions develop in phase space and that the measure occupied by the chaotic regions
increases with increasing perturbation.

3.1 Fized Points in Symplectic Maps

In the following discussion we restrict ourselves to two dimensional symplectic
mappings for simplicity but all the notions discussed generalise to higher dimen-
sional symplectic mappings unless otherwise stated. It is easy to see that the
symplectic condition in two dimensions is equivalent to the condition that L pre-
serves areas in phase space (in higher dimensions, being symplectic implies much
more than just volume preservation).

Consider a general symplectic mapping L : R? — R2. A fized point of L is one
which is invariant under L i.e. L(x) = x. One may also distinguish points which are
invariant under n repeated applications of L, L"(x) = x. These are called higher
order fixed points or periodic points of L. We assume L has a fixed point at the
origin (i.e. L(0) = 0) and expand L in a Taylor series about the origin

z = a1z + ay + a;;::;2 + agzy + a5y2 + ...
y = bz + boy + b3z? + by + bsy? + ... (21)

where a;, b; € R for ¢ € N. We now calculate the Jacobian matrix of L and impose
the area preserving condition

oz' o
dey(J) =det(dl) = | 2% b |=1 , (22)
oz 8y

which implies in particular that the coefficients of the linear part of L satisfy a3 by —
bjaz = 1. The eigenvalue equation is thus

A (e + b)) +1=0 . (23)
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From Eq.(23) it ¢an be deduced that generically there are two types of fixed points

in 2D area preaerwnévmappmgs In the linear approximation of L (Eq (21)) we
examine each of these points in turn:

Elliptic Fized Points

Elliptic fixed points have complex conjugate eigenvalues and thus the motion in the
neighbourhood of such points occurs on (topological) circles. There is a coordinate
transformation (z,y) + (Z,¢) such that

%' = % cos(2mw) — § sin(27w)
§' = Zsin(2mw) + § cos(2mw) .- (24)

(see Figure 9). The motion on each circle has the same angular speed w. Elliptic
fixed points are linearly stable.

Hyperbolic Fized Points

Hyperbolic fixed points have real reciprocal eigenvalues, and motion in the neigh-
bourhood of such points occurs on hyperbolae (Figure 10).

&' = \&
*'=§g , AeR. (25)
Note in Figure 10 that there is an expanding and a contracting direction along the
axes. These are known as the steble and unstable manifolds and in this (linear) case
coincide with the direction of the eigenvectors. Hyperbolic fixed points are linearly
unstable,

While the discussion has been restricted to fixed points of L it is not difficult
to see that the fixed points of L™ generically are also elliptic or hyperbolic points.
We have so far only considered elliptic and hyperbolic points in the linear approx-
imation. We will now examine the behavior near these points when the nonlinear
terms in L (Eq.(21)) are included. We will see that roughly speaking, elliptic points
correspond to order, and hyperbolic points correspond to chaos.

3.2 Blliptic Fized Points and the K.A.M. Theorem
Start from an integrable map Lo with an elliptic fixed point at the origin which

we write in polar coordinates (r, 8)

Lo: 6 =8+ 2nw(r)
r=r . (26)

T T
-1.0 -0.3 0. 0.3
X

-1.0

Figure 10: Motion in the neighbourhood of a hyperbolic fixed point.
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Eq.(26) describes motion on concentric circles (tori) ebout the origin. Notice that
¢ depends on the radial coordinate and thus the angular speed now changes from
curve to curve (in contrast to Eq.(24)). Now add a symplectic (area preserving)
perturbation term to Eq.(26) so that the system is no longer integrable,

I
<
I

8 + 2ww(r) + ef(0,r)
r+eg(f,r) . (27)

.
It

We consider the fate of the tori in Lg subject to e perturbation terms. This is
determined by the properties of the winding number w. We consider two important
cases:

(i) w(ro) rational (i.e. resonant) — the torus of radius ry breaks, leaving an even
number of periodic orbits. Half are elliptic (representing “order”), half are hyper-
bolic (representing “chaos”) (Poincaré-Birkhoff theorem),

(i1) w(re) is “sufficiently” irrational — torus of radius ry persists. This is the content
of the Kolmogorov-Arnold-Moser (K.A.M.) theorem which we give.

K.A.M. Theorem?: For L, there is a function v(€) such that there exists a smooth
closed curve invariant under L, with winding number w(rg) provided

(1) lw(ro) —p/al = Ae)lql™*%, Vp, ¢ € Z/{0},

(i1) le] < eo(w(ro))-

The functional form of y(e) is not given by the theorem, but it tends to zero with e.
The theorem is of fundamental importance because it implies a certain nonlinear
order near elliptic points.

Of importance is how many “sufficiently” irrational w(ro) are there? Take the
rotation interval 0 € w < 1 and shade in the excluded frequencies as the pertur-
bation size € increases from zero (Figure 11). This picture is slightly misleading
because for every rational number there is an associated excluded region so we need

to add all these regions up. We calculate an upper bound for the excluded fraction
(shaded region of Figure 11) of frequencies:

()1 + 22 qq;—_sl] = v(e)[t + 22(11—1'5) _ zz(q-—z,s)]
9=2 g=1 g=1
= v(€) - 3.54176... . (28)

So the excluded fraction of frequencies goes to zero with e. It follows that for a
sufficiently small € a large measure of tori persist.
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Figure 11: Schematic diagram of the rotation number (w) versus perturbation
strenght (€). Shaded regions denote the excluded frequencies.

8.8 Hyperbolic Fized Points and Homoclinic Horseshoes

Recall the linearised neighbourhood of a hyperbolic fixed point described earlier
for the mapping L. The stable and unstable manifolds of a nonlinear integrable
map (M, and M,) closely resemble those of a linear map within a sufficiently small
neighbourhood of a hyperbolic fixed point, and are in fact tangent to the linearised
curves at the fixed point (Figure 12).

What happens when you follow M, and M, away from H? In an integrable
map there are three possibilities :

1. M, and M, go off to infinity,
2. M, meets M, of the same fixed point and coincides with it exactly,
3. M, meets M, of another fixed point and coincides with it exactly.

We illustrate the three possibilities schematically in Figure 13. In the second
case the loop formed by the exact coincidence of M, and M, is called & homaoclinic
orbit. In the third case the connecting curve is called a heteroclinic orbit. Note
that neither M, or M, can intersect itself.

We illustrate these ideas with a real example in Figure 1 which is in fact a phase
plot of the following two-dimensional integrable map L, which has a hyperbolic
fixed point at the origin:
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Figur.e 12:_ The neighbourhood of & hyperbolic fixed point in a nonlinear integrable
mapping illustrating the stable and unstable manifolds (W, and W, resp.).

My

M& Mlk

Figure 13: The three possible configurations of M, and M, in an integrable map.

b

—r

where k is a free parameter.

Now add a symplectic perturbation term to Eq.(29) so that the system is no
longer integrable,

Lo: o' =y+ef(z,y)

2ky
'—_
V= m+1+y2

+eg(z,y) (30)

We now consider the fate of the stable and unstable manifolds in Ly subject to ¢
perturbation terms. The exact coincidence of M, and M, is fragile and does not
persist. What often happens is that M, and M, that coincided in the integrable
case now intersect at a point (called a homoclinic point). If there is one intersection
there are infinitely many. Actually between any two intersections there are infinitely
many more intersections®. Since Ly is area-preserving the areas enclosed by W, and
Wy must be the same, resulting in extreme convolutions of the manifolds as they

approach the fixed point (Figure 14). This leads to the formation of a homoclinic
tangle.

Figure 14: A homoclinic tangle in the neighbourhood of a hyperbolic fixed point.
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It can be shown that in the neighbourhood of such a homoclinic tangle there
exists an invariant set A such that the dynamics on A is equivalent to that on a
‘Smale horseshoe (a prototypical model for chaos) and further that
1. There is sensitivity to initial conditions on A.

2. Periodic orbits are dense in A.
3. There is a dense orbit in A.

These three properties define chaos. In Devaney (1989) there is a topological tran-
sitivity condition rather than property 3 above®, but note that the existence of
a dense orbit implies topological transitivity. Actually properties 2 and 3 can be
shown to imply property 1°. Note that property 1 is not invariant under coordinate

transformations (symplectic or otherwise) but properties 2 and 3 are coordinate in-
variant.

3.4 Putting it all Together

We now know what happens to stable and unstable fixed points in integrable
systerns under small nonintegrable perturbations. It should be noted that the
K.AM. theorem stated above is global in nature. We must next treat the local
K.AM. theorem. This says that near a generic elliptic fixed point of a noninte-
grable map an analogous result holds where ¢ now represents the distance from the
fixed point. The Poincaré-Birkhoff theorem also holds near a generic elliptic fixed
point. So we get all the phenomena that operate at the “global” level, occurring on

successively smaller scales. This incredibly complicated state of affairs is indicated
schematically in Figure 15.

Figure 15: Schematic representation of the repeated application of the K.A.M.
and Poincaré-Birkhoff theorems show order and chaos on all scales.
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An example of a perturbation of the integrable map  Eq.(29) actually exhibiting
all fhese phenomena is given by .

2ky 2
. 1
14 y? € (31)

The phase plots of this map are given in Figures 16(a) and 16(b).

4. Measuring Chaos Numerically
4.1 Lyapunov Ezponents

As mentioned above, one of the hallmarks of chaos is sensitivity to initial
conditions. It is desirable to construct some practical measure of chaos so that given
a particular orbit in phase space, one can make a statement concerning the behavior
of the orbit. How is sensitivity measured? If a region is chaotic, nearby points
separate exponentially fast on average. This is what we mean by “sensitivity to
initial conditions”. The exponential growth rates are called Lyapunov ezponents*.

Lyapunov Exponents in 1-D
Let z and y be two nearby initial points

IL™(z) = L"(y)| = |z — ylezp(An) . (32)

We rearrange Eq.(32) to give

<|L"(I) L ()|

)—n\ as n—o oo . (33)
|z -yl

n

In a bounded region z and ¥ must be very close. So we impose the limit as |[z—y| — 0
and the resulting quantity defines the Lyapunov exponent (A) of the orbit through
the point y

Mi= lim ~ lim ln(w> ) (34)

n=-00 1 |z~y|-0 lz — vl

The bracketed term is simply the Newton quotient so that in the limit |z —y| — 0
we have the following approximation

* Note that the definition of Lyapunov exponents is valid also for non-Hamiltonian systems.
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Figure 16: Plots of the perturbed mapping Eq.(31) with € = 0.09 and k = 1.36;
(a) the same set of initial conditions as for Figure 1 and (b) an enlargement of (a)
with & more finely spaced set of initia] conditions in the vicinity of the hyperbolic

fixed point at the origin. The dense chaotic region is generated by a single initial
condition.
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D) - = 2Oy e
. - H y
Ezample: A special case of the logistic map L : R+ R is
L:y=4y(1-y) , (36)
and its explicit solution for y € [0, 1] is given by
1 1
L' y) = 3~ 3 cos[2" - arccos(1 — 2y)] . (37)
Calculate the Lyapunov exponent using Eq.(34)
1 (125 (z -y
A=lm —In| ——F«>——
Rk =yl
. 1. |DLy)
=m0 Ty
. D(3 cos[2” - arccos(1 — 2y)])
= lim =In
n—oo n Dy
~ lim lln ey sin[2" - arccos(1 — 2y)| ‘
n—oo n y — y?
=ln2 . (38)

It is of course extremely unusual that the solution of a mapping can be given
in closed form, and therefore usually we must rely on numerical methods in the
calculation of Lyapunov exponents.

Lyapunov Exponents in m-D

Lyapunov exponents can be extended to m-dimensions (m>1): we have a
spectrum of Lyapunov exponents (Figure 17):

MM 22 (39)

Claim - We can still calculate Ay as follows

M= lim ~ lim 1n(———|m(")_r’"(y>|) : - (40)

n—00 1 |x—y|—0 |x —y|
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Az

A

Ay

As A4

Figure 17: Schematic representation of the averaged eigenvectors (“Lyapunov
vectors”) at a point along a trajectory. The lengths of these vectors represent the
Lyapunov exponents,

Proof : As |x —y| —= 0 we have

1) - ') = P2 (- y)

As n — oo, LD(Y) has eigenvalues 1™ ¢*2" on average. Expand the difference
x — Y in terms of the basis of eigenvectors e, ez, ...

m
X—-y= Za;e;
=1

Eq.(40) becomes

i 1 An

hm ~ lim In M = lim — hm In el

n—oo N ai—0 | 2oy aieil n—oon =0 \ | 1L, aiei]
=

It is also possible to calculate the other Lyapunov exponents Az, As, ..., A through
repeated orthonormalisation of the eigenvectors®. In Hamiltonian systems the Lya-
punov exponents occur in pairs (A\; = ~Apn_i41, m=2n,and 1 €1 < n) and it is

.ﬂ'} L
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only’ necessary to calcu.la;é, ‘B exponents. :Under certaid: mathemahcal conditions
Iryapunov exponents arf; gp?;mttmt for a.ll m'blts in a given ehnm:c reglon"

Example 1: ’I‘he Reetrxcted Three body problan

'We have seen how chaos is often ‘created by a (nomntegrable) perturbat:on of
an integrable system. The retricted three-body problem is a nice illustration of this
idea. We can start with the integrable two-body problem (with one large body and
one small body) and then introduce a second large body, initially at large distance
so that the interaction is weak. By moving the the second large body closer to the
pair we create a competition between the forces of the two larger bodies resulting
in the motion of the smaller body becoming chaotic (Figure 18).

Integrable Q PY
perturb

e () O
further perturb

Chaotic

O
@

Figure 18: Schematic diagram of the restricted three-body problem.

We present some results of the work of Gonczi and Froeschle (1981) who studied
the development of stochasticity in the planar restricted three-body problem via
Lyapunov exponents®. They observe that if there exist p (approximate) integrals
in a region where an orbit lies, then 2p Lyapunov exponents vanish. This behavior
is indicated in Figure 19 which clearly illustrates a transition from an ordered
region (d < 0.25) where there are three isolating integrals and all three exponents
are small, to a chaotic region where two of the exponents are large in relation to
the third indicating the disappearance of two integrals. This problem has three
degrees-of-freedom so only three Lyapunov exponents are required.
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Example 2: Non-integrable area preserving mapping L.

The Lyapunov exponexit of the mapping L. (Eq(31))1s ;'Sidtt"ed:'i"ﬁ i“}gdre 20.
We plot the Lyapunov exponent of 13 orbits as a function of their initial conditions
occurring along the —0.12 to 0.0 portion of the line y = z (see Figure 16(b)).

Again one observes a transition from ordered to chaotic behavior at z &2 —0.07 as
the hyperbolic fixed point (at ¢ = y = 0) is approached.

4.2 Symplectic Integration

If we want to perform an accurate numerical integration of a Hamiltonian sys-
tem of ODE’s (to find out whether it has sensitive dependence on initial conditions,
for instance), it is essential to preserve the symplectic structure of the equations.
If we do not do this, all the above theorems lose their validity, and spurious dissi-
pation effects arise. The question thus arises whether it is possible to approximate
Hamiltonian flows by symplectic maps? Recalling Hamilton's equation (Eq.(4)) it
is convenient to rewrite this as

dz 0H 0
Since H is has no explicit time-dependence, Eq.(41) has the formal solution
2(t) = e'42(0) , (42)
where
O0H 0
W 4
“" 32(0) 32(0) (43)

The problem now becomes how to approximate e*4. We could use a series expansion
of the exponential operator to rewrite Eq.(42) as

z(t) = z(0) + tAz(0) + };A2Z(0) +.. . (44)

There is however a problem with this series solution in that its truncation invariably

yields a map z(0) — z(t) which is not symplectic. To remedy this, assume that we
can decompose the Hamiltonian H

= o
[ P FUT S ———— - = ———

Figure 19: Lyapunov exponents A; for i = 1,

...3 are plotted against the dist
ratio d (from Gonezi and Froeschle (1981)). ¢ e

0. 1201‘

/\1 0.080-

|

[s] .(]-‘H.)-I
0.000 S T T
-0.120 -0.090 ~0.060 -.0 -020

X
Figure 20: Lyapunov exponent A; versus distance z. A transition occurs at

z x~ ~0.07.

)
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H=Hy+H, , (45)

and thus - .
A=A+ 4, , (46)

where Ay and A; are such that we do know e*4¢ and e*4*. Claim - For small time
(integration) step 7 the product e™0e™ 41 is a symplectic approximation to e™4.
Proof:

1. We first show that the exponential product is an approximation to e™,

e'ere'rAl — eTAo+TA1+%r2[Ao,A1]+...

=4+ 0(?)

where [ , ] denotes the Lie bracket.

2. Secondly we show that the approximation is symplectic. By assumption eT4o
and e are symplectic, by the group property of symplectic maps, so is their
product.

Several comments are in order. The approximation improves for Ho >> H) (one
can think of H, as a small perturbation term in the Hamiltonian). The method
described is a very crude example of an integration scheme which preserves the
symplectic structure. There exist very sophisticated methods of generating higher
order symplectic integrators®:19,

4.9 Is the Solar System Stable?

We now present an application of the techniques discussed in this section.
They are applied to a very famous problem in celestial mechanics which attempts
to determine the stability of the configuration of planets in the solar system!!. It
has long been known that there exist initial conditions leading to chaotic orbits of
the n-body system. What interests us here is the question whether the actual orbit
of the solar system (i.e. that’s us!) is chaotic. As a starting point the Hamiltonian
for a classical system of n-bodies in a gravitational force field is

n—1
S M L o

‘ T
i Y

where ri; is the Euclidean distance between the bodies i and j. To obtain an
accurate symplectic integrator Eq.(47) can be written as the sum of n decoupled
Kepler Hamiltonians, plus a (small) interaction Haniiltonian. Introducing Jacobi
variables H is rewritten as

H'\—‘H0+H1;_~ b o aberolitsOc-bas ay

- n~1 72 j
= R pi_ Gmimg
- m‘ZGET 4)'

i=1

Hl___'i‘lgm,.mo(l_L)_ D G_"’:ﬂ , - (49)

! .
=1 i Tio 0gi<; '
where
T omyr;
1 X J=0 """
ro= - | , riji=ri-r] 02i>;
Ej=0 my
. i—1 i n—1
g T E,‘:o m;j . ’
m; = ———— 0<i<n, m,,=§ m;
Ej:o mJ =0
v

We now present the work Sussman and Wisdom (1990) who have performed
extensive numerical simulations of the solar system using symplectic integrators!?,
They choose a time step 7 = 7.2 days and integrate the system forward in time
for 36 billion days ~ 100 million years. Initial condition differed by 1 millimeter in
the z coordinate of Pluto. The result is indicated in Figure 21. There is a clear
piecewise linear increase in the logarithm of the separation (d,) of the two orbits
which indicates sensitive dependence on initial conditions.

0 4 T T T

asl . . . .
Q 20 40 60 - 100
Tima (10* years)

Figure 21: Logarithm of the distance between the two orbits Ind, versus time
indicating sensitivity to initial conditions (from Sussman & Wisdom (1990)).
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5. Conclusions and Outlook

' The above study is not the only indication of chaoa in the solar system. If the
planets are not treated as point particles, but as rotating ng1d bodies, it is found
that their axis of rotation moves chaotically. Studies are also underway to find the
mechanisms explaining the discovered sensitivity to initial conditions.

Surveying the field of chaotic dynamical systems in general, I believe it is
fair to say that we are starting to obtain results for systems that are relevant
to applications in the natural sciences. Many areas are begining to show future
promise. To name just a few. Studies in the control of chaos show ways in which
chaos can be used to our advantage, instead of as a nuisance!® to be avoided.
Another area where a lot of research is going on is Quantum Chaos!!. In quantum
theory there is a smallest length scale (k) which is not present in classical systems,
The theory of Quantum Chaos studies the implications this has for the possible
occurrence of chaos in quantum systems.

Finally, initial steps have been set on the path to understanding chaos and
turbulent behavior in systems with an infinite number of degrees of freedom. In the
conservative case!® this has relevance for the foundations of statistical mechanics,
in the dissipative!® case there beckons the still not well understood problem of
hydrodynamic turbulence.
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