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Abstract

We obtain a novel family of general n-dimensional volume-preserving integrators which can be used to numerically
integrate divergence free vector fields. The ABC map and the method of Thyagaraja and Haas [Phys. Fluids 28 (1985) 1005]

occur as special cases.

1. Introduction

In recent years there has been a great interest in
constructing numerical integration schemes for ordi-
nary differential equations (ODEs) in such a way
that some qualitative geometrical property of the
solution of the ODE is exactly preserved. This has
resulted in a lot of work on integration schemes that
preserve the Hamiltonian structure of the ODEs (the
so-called symplectic integrators) [1-3], integrals such
as momentum [4], symmetries and time-reversing
symmetries [5], or energy [4].

In this Letter we are interested in preserving the
source free structure of divergence free ODEs,
through the construction of volume-preserving inte-
grators (VPIs). Volume preservation is a key feature
of large classes of physical systems, and to capture
this feature in a numerical scheme is a difficult
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problem. Among other things, it is important to
preserve this source free structure as it gives rise to
the existence of invariant tori [6]. This has applica-
tions, e.g., in hydrodynamics [7].

Some of the first people to study VPIs were
Thyagaraja and Haas [8]. They constructed VPIs for
source free vector fields in three dimensions (cf. also
Ref. [9]). Very recently, Feng and Wang developed
another method, which works in any dimension and
reduces the n-dimensional integration to the integra-
tion of two-dimensional (Hamiltonian) vector fields,
using the so-called splitting method [10].

The contents of this Letter are as follows. In
Section 2 we derive a new three-dimensional VPI, as
an example of our method. In Section 3 we derive
the main result, a family of general n-dimensional
VPIs, which provide an alternative to Feng and
Wang’s method. The ABC map [11] and the method
of Thyagaraja and Haas occur as special cases. An
extended paper on this topic will be published else-
where [12].
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2. A three-dimensional volume-preserving inte-
grator

Consider a map R* — R? represented implicitly
by the equations

x; = fi( *], x5, x3), (1a)
x'2=f2(x'1, X2 x3), (lb)
xy = f3(xy, x5, x3). (1c)

It is easy to show that (1) is volume-preserving iff

! !
dx;  0x}, x5

- 2

’ - .
0x]  0x, x5

(For the interpretation of the notation used here, see
below.)

This determines f; as a function of the generating
functions f, and f; (up to an integration constant),
and can be used to construct VPIs by projecting any
integration method onto the space of VPIs (care must
be taken to preserve the order of integration in this
projection). As an example we here derive a first-
order VPI from the explicit Euler method. Consider
the ODE in R?,

dx

— = u(x). (3)
We assume that (3) is divergence free, i.e.
V.v=0. (4)
The explicit Euler method for integrating (3) is given
by

xXp=x,+1o,(x, x5, X3), (5a)
xy=x,+ 10,(x;, X, X3), (5b)
xXy=x3+ 105(x, X5, X3), (5¢)

where 7 denotes the time step. The integrator (5),
however, is not volume-preserving. This can be
remedied in the following way.

To obtain (5b) into the required form (1b) we first
invert (5a) to first order in 7, i.e.

x; =xy = T0y( X}, Xy, X3). (6)

To obtain (5¢) into the required form (1c) we invert
(5a) and (5b) to zeroth order in 7, i.e.

X, =X, xX,=Xx5. (7)

We now use (6) and (7) to obtain (1b) and (1c) to
first order in 7 (for this we only need the zeroth
order from (6)),

xh=x, + Tu,( Xy, x5, x3), (8a)
xy=x;+ Tus(x), x5, x3). (8b)

Finally, x, is obtained from (8) by integration in
accordance with (2),

X1 ax’2 ax’3
7 !
X, (X5 Xg, X3) = ax. ox X1
2 0X3
X ) v
=[1+=—=21++— dxj.
0x, 0x,4

)

At this point the reader should beware. Since (2) is
an identity, the integrand in (9) should be expressed
as a function of x}, x, and x;, i.e. (9) should be
interpreted as

x,(x), X3, X3) =fx}[1 +70y,( %), X5, x3)]
x[1+ Tu35( X%,
+1o,(x, X5, %3), x5)] dxg,
(10)
where e.g.

dvs(a, b, ¢)

ac a=d,b=e,c=f

U3,3(d’ e, f)=

The integration constant in (10) should be adjusted
such that (10) agrees with (6) to first order in 7. To
this end we use the fact that v is divergence free (cf.
Eq. (4)) to rewrite (10), yielding

x;=x) = 10y( X}, Xy, X3)
x1
+f [TU3,3(X,1, x, + 1oy (X, Xy, x3),%5)

- ’”)3,3(",1’ X2 x3)

+720,5,( X4, X5, X3)055( %y, X,

+1u,( X, xy, x3), x3)] dx), (11a)
xh=x, + 1v,( X, x5, X3), (11b)
xXy=x,+ Tus( X, X5, x5). (11c¢)
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Note that the integrand is O(r?), and that (11a)
agrees with (6) to first order in 7 provided we also
take the integration constant O(7?).

We point out that standard methods use only the
vector field. Then there are multiderivative methods,
etc. In this sense our method is slightly unusual, as it
uses an integral. (There are no known VPIs, how-
ever, using only the vector field.)

3. The general n-dimensional method

Define a partition I of the set of integers
{1,...,n} (12)
into k subsets
(1,0}, i+ 1,0, i, +1,..., 1}

(13)
(with 1<, <i, <i<n). Define also the corre-
spondingly partition of the vector

x=(x4,...,x,) (14)
into k vectors

X = (215 %) (15a)
with

LX)y =0, k=1 (15b)

Zj+1 T (xij+1"'
(where i, =0, i, = n). Note that the dimension of
z; may be different for different values of j.

For a given partition 7, consider a map R” — R”",
represented implicitly by the equations
2 =fi(21225- 05 24),
G f(Fhe Gz 2 J= 2k

(16)

It is not difficult to show that (16) is volume-preserv-
ing iff

k
Dét= [ [ (Det;), (17)
j=2
where
0z
Dét:=Det( ,l’l ), 1<, m<iy, (18a)
Zl,m
0z’
Det, := Det| —2% |,
! 0z, ,,

l<l,m<ij—i,,, j=2,....k. (18b)

As an example, let us indicate how (16) can be used
to obtain VPIs in the case i; =i, starting from the

explicit Euler method.
Consider the ODE

dx

5 v(x). (19)
We assume (19) is divergence free, i.e.

V-v=0. (20)

We now use the above general partition, with i, = 1,
to rewrite the ODE (19) in terms of the vectors z;
dz; .
E—=vj(zl,...,zk), j=1,...,k (21)
(where it is understood that z, =z, = x,, and that v
is partitioned in the same way as x).

The Euler method for integrating (21) is given by

=z, +70,(2,--, %), j=1....k (22)
To make this into a VPI, we invert the first compo-

nent equation of (22) (i.e. j=1) to first order in 7,
as an intermediate step, i.e.

zi=2y—T1u,(2, 25,0, 24)- (23)
Analogously to Section 2, we obtain

[k
’ 1 ’
zl(zl,zz,...,zk)=f (I—IZ(Detj) dzj, (24a)
j=
=z, +70,(2, Zh s Loty Zjae s Th)s
J=2,...,k, (24b)

where Det; is defined by (18b), and it should be
remembered that the integrand in (24a) must be
expressed in terms ofz}, z,,..., Z,, and the integra-
tion constant should be taken such that (24a) agrees
to first order with (23).

For i, =2 and n=3, Eq. (24) reduces to the
method described in Section 2. For i, =n=3 Eq.
(24) reduces to the method of Thyagaraja and Haas
[8], (cf. also Ref. [9)).

Note that (24) becomes particularly simple if the
integrand reduces to a constant. An example for
which this special case occurs is the ODE

dx,
T3 =a;x; +fil(x5,...,%,), ...,
dx,
=anxn+fn(x1""’xn-l)’ (25)

dr
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where the constants a,,. .., a, satisfy

n

Y a,=0, (26a)
i=1

and the functions f,..., f, satisfy
3f;

= 0

0x;

(26b)

(no summation is implied in (26b)). We choose the
partition i, =j (j=1,...,n— 1) to obtain
v x,+ 7fi(x5,...5 %)

' i (1+7a))

xp= (14 7a;) %+ Tfi(Xhs oy XX 1505 Xa)s
j=2,....n (27)

(the x; and z; are identical in this case). The ABC
flow of hydrodynamics [13] is an example of the
very special case n=3, a,=a,=a;=0 and (27)
then reduces to the so-called ABC map [11].

The choice of integrator, i.e. the choice of parti-
tion, may be adjusted to the ODE we wish to inte-
grate. For instance, consider the ODE

dx,

F=vl(xi+l,...,xn), ey

dx;

Ft_zvi(xwlv“’xn)’

dx;,,

P =0 (X5 X)), e,

dx,

> =0,(Xq5-005 X;)s (28)

for some i, with 1 <i<n. It is easy to see that (28)
is divergence free. Choosing the partition k =2 and
iy =1, 1e.

2 =%, %) = (X1 X)) (29)
the ODE (28) can be rewritten as

dz, dz,
E—=V1(Zz)’ —d_t“="2(zl)a (30)
and we obtain the VPI
=2+ 710:(2,), Z =2, + T0,(2)). (31)

Eq. (31) is equivalent to the so-called first-order
splitting method. In the special case that (28) is

Hamiltonian, (31) corresponds to a generating func-
tion of the second or third kind.

4. Discussion

In this section we compare our method with that
of Feng and Wang [10]. Their method relies on the
decomposition of a source-free vectorfield into a
sum of essentially 2-D source-free fields, for which
essentially area-preserving algorithms can be con-
structed. For example, a 3-D source-free ODE can
always be written as follows,

dx, b, b,

— = (32)

In this example, the vector field can thus be split into
two 2-D source-free vectorfields as follows,

3 0 by 0 ob; 0
v—=|—T——-—T 7T
-1 ox;

0x, ox,

(33)

Each of the two vector fields on the r.h.s. of (33) is
then integrated, e.g., by the implicit midpoint-rule.

Comparing Feng and Wang’s method to our own,
we see that:

(i) Both methods require the evaluation of inte-
grals.

(ii) Both methods are implicit.

In some cases (see e.g. Egs. (27) and (31)) the
integral(s) can be evaluated analytically and inverted
explicitly. Of course this will not be true in general.
For vector fields consisting for example only of
polynomials, trigonometric functions and /or expo-
nentials, however, the integral(s) can always be
evaluated analytically (although the resulting map
will in general be implicit), thus removing the major
drawback. The comparative usefulness of VPIs whose
integrals cannot be evaluated analytically awaits fu-
ture analysis.
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We do not claim that our method is better than
that of Feng and Wang, it is just different. With the
view to future applications (e.g. integrators that pre-
serve both volume and symmetries), it would seem
that the larger our arsenal of methods the better.

Acknowledgement

I am grateful to R.I. McLachlan for pointing out
Refs. [7,10] to me, and for very useful correspon-
dence and comments on the manuscript. I thank G.S.
Turner for useful discussions.

References

[1] H. Yoshida, Phys. Lett. A 150 (1990) 262.
[2] M. Sanz-Serna and M.P. Calvo, Numerical Hamiltonian
problems (Chapman and Hall, London, 1994).

[3] R.I. McLachlan and P. Atela, Nonlinearity 5 (1992) 341;
R.I. McLachlan and C. Scovel, A survey of open problems in
symplectic integration, preprint.

[4] J.E. Marsden, Lectures in mechanics (CUP, 1992).

[5] R.I McLachlan, G.R.-W. Quispel and G.S. Turner, Numerical
integrators that preserve symmetries and reversing symme-
tries, in preparation.

[6] Z. Xia, Ergod. Th. Dynam. Sys. 12 (1992) 621.

[7] O.H. Hald, Phys. Fluids 19 (1976) 914.

[8] A. Thyagaraja and F.A. Haas, Phys. Fluids 28 (1985) 1005.

[9] C. Scovel, in: The geometry of Hamiltonian systems, ed. T.
Ratiu (Springer, Berlin, 1991).

[10] Feng Kang and Wang Dao-Lin, in: Contemporary mathemat-
ics, Vol. 163, eds. Z. Shi and C. Yang (1994).

[11] M. Feingold, L.P. Kadanoff and O. Piro, J. Stat. Phys. 50
(1988) 529.

[12] G.R.-W. Quispel and G.S. Turner, in preparation.

[13] T. Dombre, U. Frisch, J.M. Greene, M. Henon, A. Mehr and
AM. Soward, J. Fluid Mech. 167 (1986) 353.



