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Abstract. We show that an autonomous difference equation, of arbitrary order and with one or
more independent variables, can be linearized by a point transformation if and only if it admits
a symmetry vector field whose coefficient function is the product of two functions, one of the
dependent variable u and one of the independent variables x: X(x,u) = A(x)G(u)%A The
factor depending on the independent variables, A, is required to satisfy some non-degeneracy
conditions. This result is derived using a discrete jet space formalism for partial and ordinary
difference equations, analogous to that used for the study of differential equations.

AMS classification scheme numbers: 39A12, S8F37

1. Introduction and examples

With the ever increasing ubiquity of computer-based simulations in mathematics,
engineering and physics, the study of difference equations and other discrete models has
assumed greater importance. Primarily this is due to the fact that computers can typically
only solve discrete equations, but there are also fields of study where discrete structures are
inherent, for example lattices in physics and cell structures in biology. On the other hand,
since the time of Lie we have built up a very deep understanding of differential systems and
their properties. It is therefore natural to attempt to transfer some of that understanding
to analogous areas in the discrete theory. For example, integrable partial differential
equations have been generalized to integrable partial difference equations [1, 11], integrable
ordinary difference equations have been generalised to integrable mappings [2, 4, 12, 13, 14]
and attempts have been made to find discrete analogues of the Painlevé equations and
the Painlevé property [10, 15]. In particular, Lie’s theory of continuous symmetries of
differential equations has been shown to be applicable to difference equations [16].

This article summarises a further investigation of the réle of Lie symmetries of difference
equations. The results presented are rather surprising when held alongside the familiar
differential theory. It is well known that if a system of n first-order ordinary differential
equations (first-order ODE’s) admit a k-parameter, solvable Lie group of symmetries,
then the original system can be reduced to n — k ODE’s and k quadratures. A partial
analogue of this result, restricted to autonomous symmetries, was given by Maeda [8] in
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1986. Essentially the existence of such symmetries implies the possibility of a coordinate
transformation in which some of the equations become linear with constant coefficients. In
the case of a single first order ordinary difference equation (OAE) and a single autonomous
symmetry, Maeda gives the linearizing transformation explicitly, but matters appear to be
far more complicated for higher order OAE’s or systems of several first order OAE’s. In
any case, to linearise a single OAE of order N one would expect to require N independent
symmetries. Yet consider the second-order OAE

2u(x + 1) 4+ u)[u?(x+1)—1]
1 —u?(x+ 1)+ 2u(x)u(x + 1)

u(x +2) = x € R. €9)

The vector field
d
X(x,u) :=x(1+u®)—
du
can be shown to be a symmetry vector field of (1). Note that X has the special form
d
X(x,u)=AKx)Gu)—
du

in this case with A(x) = x, G(u) = 1 + u>.
Suppose then that we introduce the new dependent variable w defined by

¥ d
“’(”)::/ G(i:)

so for equation (1)

w(u) := arctan u.
Substituting this into (1) yields the (locally) transformed OAE

wkx +2) —2wkx+1)+wk) = km. 2)
In fact for this example the linearizing transformation can be made global if w is taken to be
a coordinate on the cylinder constructed as a quotient of the C by the relation z ~ z + k7,

k € Z. The effect of this is that w is only defined mod m. The general solution of (2) is
just

k
w(x) =alx)x + b(x) + Enxz modnr x eR

where a, b are unit periodic functions, that is a(x +1) = a(x) and b(x + 1) = b(x) Vx € R.
It should be noted that the function A(x) = x which is a factor of the symmetry vector field
is a solution of the homogeneous part of the linearised equation (2). Moreover, observe that
A is not the solution of any first-order, homogeneous, linear, constant coefficient OAE: the
significance of this will become clear with the statement of the general result.

Thus the original equation (1) has general solution

u(x) = tan (gnxz +a(x)x + b(x)) x € R.

Given a single symmetry for a second-order equation we expect only a reduction of
order by one, to a first order OAE [3], whereas here we have completely solved the problem
by reducing it to a linear, constant coefficient equation that can be solved by elementary
means [7].

To see how this works before attempting to prove the most general result, consider an
arbitrary autonomous second-order OAE

uwe = Fuqy, u) 3)
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where we have introduced the notation
uy(x) ==ulx + j) x € R.
Let X be a vector field with factorizable coefficient function as before,
)
X(x,u):=Ax)G(u)—.
ou

The appropriate prolongation of X (see section 2) is

X (x,u) = A(x)G(u)~ +A(x + 1>G<um>L + A+ DG we) 5

so X is a symmetry vector field of (3) iff
X — F([u)lug=rF =0
or in full with F([u]) substituted for u y),

oF oF
A(x +2)Go F([u]) = A(x + 1)G(u(1>)m([u]) + A(X)G(u)a—u([u])- C))

Provided that A # 0 we can separate variables:
oF _ _AGx+D oF A(x +2)
G(u)w([u]) =TT A0 G(u(n)au(l) ([u]) + TAG) GoF(u) )

and differentiating with respect to x yields

A A
( /;“) G ) g () =( f) G o F([u)

or (assuming that A is not unit perlodic)
(Ap/A) _ _Guw) BF
(Aqy/AY G o F([u]) duq,

where T'; is a separation constant.
Therefore

([uD) =

BF/Bu(l) _ F1
G(F) — G(uq

so integrating with respect to u(;) we obtain

/F“"D X _r f“m X4 gu).
Gy G()

Substituting I'y G o F([u]) for G(”U))aii) ([u]) in equation (5) and separating, we obtain by

the same procedure

/F([“D d;_=I‘2/u - + h(uq)
G() GQ) @

F([u]) dé’ f“(l) d{ /‘“ d;
- = 1" + +
/ o)y ! G() G()

Making the coordinate transformation

“d
o= [ o

so we have
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as in the example, we have

w(up) =Tw(um) + Fww) + T (6)
or on restricting to solutions and substituting back for u ),

wo F([u]) = TMw(uagy) + Daw(u) + I's.

Note that this is a second-order constant coefficient linear OAE, and can therefore be solved
by elementary methods. It is important to note, however, that it is a linearization of the
invariance condition (4) rather than of the original OAE (3).

However if we assume a priori that X is a symmetry vector field, then (4) (and hence (6))
holds whenever (3) is satisfied. In section 4 it will be shown that the converse is also true,
so (6) is in fact a linear, constant coefficient OAE equivalent to (3).

From the separation procedure we also have

(Ap)/A) =T1(Agy/A)

so integration and comparison with the dependent variable part shows that A will in fact be
a solution of the homogeneous part of the linearised equation (6).

Several questions now arise. First, how general is this result? We will show in section 4
that it holds for autonomous OAE’s and PAE’s of arbitrary order. It also extends to
difference equations with incommensurate spans, as will be shown in section 5.

Second, how important is the condition that the factor A not be unit-periodic and how
does this condition generalize to higher-order OAE’s and PAE’s? It will be seen that the
appropriate condition is that A must not be the solution of a linear difference equation with
order strictly less (in any variable) than the equation we seek to linearize. This will be used
in both of the main theorems of sections 3 and 4.

Finally, is there a converse: do all linearizable PAE’s admit a factorizable symmetry
vector field satisfying appropriate non-degeneracy conditions? Again the answer is
affirmative, as is shown in section 3.

Before attempting to prove these results, we need to introduce some machinery
analogous to the jet spaces widely used in the study of differential equations. The analogous
structure for discrete systems will be called a discrete jet space and is defined in section 2,
along with some other notation and conventions.

A brief announcement of the results contained in this paper can be found in [17].

2. Discrete jet spaces

In this section we define the notion of a discrete jet space, in analogy to the jet spaces
(locally equivalent to jet bundles) familiar in the study of differential equations [9, 18].
The discrete jet space is a differentiable manifold on which one can define vector fields,
giving a more coherent structure to prolongation and coordinate transformation. The more
general concept of a discrete jet bundle could be defined with no extra effort, by allowing
the independent variables to be local coordinate functions on an n-dimensional manifold
M, then defining E to be a line-bundle over M. Since the extra generality will easily be
adduced by those familiar with such techniques, while the uninitiated would likely find the
technology of fibre bundles to be wilfully obscure, we will forgo such indulgence.

We are interested in the case of a single partial difference equation (PAE) with unit
span, or as a special case an ordinary difference equation (OAE). Also, it will be useful to
work in the field of meromorphic functions to avoid problems of division by zero. Thus the
dependent variable will be a coordinate on C, the independent variables coordinates on C",
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n > 1. For convenience the product C* x C will be denoted by E. The notation M(U),
with U C C", will stand for the field of functions meromorphic on U. The ring of analytic
functions on U will be denoted A(U).

If f € M(U), then the sub-set of U on which it vanishes is called the zero-set of f
and is denoted by Z(f):

Z(f)={xeU|f(x)=0}

Let N* := N U {0}, that is the natural numbers and zero. The n-tuple @ € (N*)", with
components (a!, ..., a"), will be used as a composite index. If u € M(C"), then we define

U (x) =ulx + o) Vx e C"

with the addition defined by the obvious embedding (N*)" < C". Written out in
components this becomes

u(a)(xl,...,x”) =ux' 4o, X" V&, .. XM e
A partial ordering < can be defined on (N*)" as follows. If «, 8 € (N*)", then we say
a<xBIdye N st.at+y =8.

It is clear that < is transitive and that Va € (N*)", (0,...,0) < .

Definition 1. Let Q be a finite subset of (N*)" with the property that if B € Q and o < /3
then o € Q. We call such a set Q a prolongation set.

A prolongation set O can be used to define an equivalence relation on M(C"). Let
u,v e M(C") and x € C". Then we say that u is equivalent to v at x (or u ~, v) iff
U@ (X)) =ve(x) VYo e Q.
The discrete Q-jet space is then defined to be the union of quotients
J2(E) = Urecs M(C")/ ~

where the subscript A distinguishes the discrete jet space from the continuous version. The
element of J AQ(E) determined by u € M(C") (the equivalence class of u) is called the
Q-jet of u and is denoted by [u]p, or when no confusion can arise simply [u].

The equivalence classes [#]p can be shown to be invariant under smooth changes of
coordinates which are fibre preserving and mesh preserving, which is to say that they must
be of the form

y= ¢(x) x,yeC
w=0(x,u) xeC, u,weC

(fibre preserving), and satisfy
yta=¢x)+a=9¢(x+a) Vo€ Q

(mesh preserving).
With the above definitions and a suitable choice of prolongation set Q, any partial
difference equation (PAE) can be defined as a submanifold @ of J AQ(E ). Given coordinates

for J AQ (E), @ can be realised as the zero set of some function
F:J2(E) — C
so that the PAE becomes an algebraic equation in the coordinates of J f (E):

F(x,[ulg) =0.
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It will always be assumed that Q is chosen for a given PAE so that the PAE cannot be
written on any sub-prolongation set P C Q.
In order to deal with various types of degeneracies, the following definitions are made.

Definition 2. We say that F : E — C has maximal rank if there exists a vector field X on
E such that

X(F)|r=0 # 0.

This definition is equivalent to that given by Olver [9] in the context of differential
equations, when restricted to our case of a single equation. We assume that all the equations
considered have maximal rank.

Definition 3. If Q is a prolongation set and |Q| = M, then it is always possible to define
a complete (in general non-unique) ordering o on Q, Q@ = {x(0),...,a(M — 1)}, which
respects the partial ordering < defined earlier: if j < k, thena (k) £ o(j). Such an ordering
will be called good.

Note that for any good ordering on any prolongation set Q, «(0) = (0, ..., 0).

Definition 4. Let Q be a prolongation set with good ordering o and |Q| = M. We say that
a function A € M(C") is Q-periodic if there exist constants ay, . . ., ay—1, not all zero, such
that

M-1
0= Z a; Aa(j)-
j=0
We say A is minimally Q-periodic if A is not periodic on any prolongation set P C Q.

We also need to define a class of functions whose role in the study of difference equations
is analogous to that of constant functions for differential equations.

Definition 5. A function u : C* — C is said to be totally unit periodic on Q if
U)=U Yo € Q.
3. Factorizable symmetries
A projectable vector field (one that generates a fibre preserving flow)
X, ) = & (0~ + ()
X, u) = — ,U)—
ax/ 7 du

on E has a Q-prolongation X(@) defined by

; a a
xX@ R =&/ — sU@)) 7 ——-
() = E/ ()= + ) + o, g D
aeQ
It follows that X is a point symmetry v.f. of a PAE F(x, [u]g) = 0 iff

XDF|p_o=0.

To prove the following theorem, we need a lemma on the properties of linear, constant
coefficient PAE’s.



Factorizable symmetries and difference equations 449

Lemma 1. Given a homogeneous, linear, constant coefficient PAE written on J AQ(E ) in the
form

M-1
0=F(ul) =Y _ ajuuy) (7)
=
with « a good ordering on Q, there is a solution A € M(C™) which is minimally Q-periodic.

Proof. A characteristic polynomial, analogous to that for a linear differential equation, can
be obtained for (7) by substituting the test solution

u(x) = u* = ,u’l‘] ,ui Vx € C".
First consider the case n = 1, that is an OAE. In this case the lemma requires that there
is at least one solution of F = 0 which is not the solution of any OAE of lower order.
Solutions to linear, homogeneous, constant coefficient OAE’s are found by the same
elementary method used for linear constant coefficient ordinary differential equations: that

is we substitute a trial solution of the form u(x) = u*, x € C to obtain a characteristic
equation [7] which can be factorized as

[T =rpm =o. | ®)
j=1

A set of eigenfunctions { fi, ..., f;} can then be constructed, each of the form
fix) =x"r} vx eC

with m; being an integer one less than the multiplicity of the root r;. It can then be checked
that the solution

U= ij
j=1

can only be the solution of an OAE whose characteristic equation contains the left-hand
side of (8) as a factor, but this cannot be the case for an OAE of lower order and the lemma

is proved for n = 1.
Assume now that n > 2. For each n-tuple u solving the characteristic equation
M—

1
S(,LL) = Z ajua(l) =0

=0
there is an independent solution of (7) given by
fux)=p* VxeC".

Now let g be a solution constructed as a sum of eigen-solutions derived from the
characteristic equation,

K
&= Z Sutwo-
k=1

Here u(k) € Z(S), k =1, ..., K are distinct points.

Suppose then that P is a sub-prolongation set of Q and H : JY(E) — C such that
H([g]) = 0. Let the characteristic polynomial for H be S’. From the fact that each (k)
is a simultaneous eigenfunction of all the shift operators u — wu (), H([g]) = O implies
that H([ fu]) =0, k=1, ..., K. Consequently, u(k) € Z(§"), k=1,..., K.
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Since H is necessarily a polynomial with monomials drawn from a pre-determined (by
the fact that P C Q) finite set, while Z(S) contains co-dimension one submanifolds of
C", we can choose K in the definition of g to be sufficiently large to force Z(S) € Z(S').
However since the degree of any Weierstrass polynomial from S’ is strictly smaller than
the order of the Weierstrass polynomial of S in the same coordinates, Z(S) ¢ Z(S’), so
Z(S) = Z(S8'). From the Nullstellansatz for germs of analytic sets [6], it follows that S and
S’ can differ by at most the multiplicity of their prime factors.

Suppose therefore that 7 is a prime factor which occurs with multiplicity m in S and
consider the zero-set Z(x). Choose a point p € Z(mw) which is regular (i.e. p is not
contained in the discriminant locus of Z(m), so there is an open neighbourhood U of p
such that Z(w) N U is an n — 1 dimensional complex sub-manifold of C"). At least one
coordinate vector field % must satisfy ai“jm p # 0: without loss of generality assume
Jj = n, so that 7 is normalized with respect to u, (see [19]).

As p is a regular point of Z(x) and 7 is prime, there is an open neighbourhood U of
p in C” such that & can be written in the form

() =o(u)(n — (1, .. -y Un—1))

on U, where o is a nowhere-zero analytic function on U and 7 is an analytic function on
C* 1N U such that T(py, ..., pr_1) = pn. If we set wj=p;, j=1,...,n—1 and leave
i free, then S is equivalent to the characteristic polynomial S of an OAE obtained by
fixing x1, ..., Xp—1:

S(ua) = (tn — pa)™.
It follows that the function f; defined by
fi(x) ;= xm1ph .. pe Vx € C"

n

is a solution of F = 0, but not of any PAE whose characteristic polynomial does not contain
7 with multiplicity > m. Under the action of the shift operators appearing in F, f; maps
to a sum, with positive coefficients, of solutions of the same form (with x, having an equal
or lower power, as for an ODE). So g + f], with g defined as above, can be the solution
of a constant coefficient linear PAE only if both g and 7 are solutions.

The above process can be repeated for each prime factor of S, to obtain solutions
f]f, The sum

g=) f
k=0

is then a solution of F = 0 which can be a solution of H = 0 if and only if §’ contains
every prime factor of S with equal or greater multiplicity. However this is impossible since
the degree of S’ must be less than the degree of S, so g is a minimally Q-periodic solution
of F =0. U

Theorem 2. Suppose there exist coordinates
(y,w): E—>C"xC

such that a given PAE has coordinate form H(y, [wlg) = 0 with H : JAQ(E) —> C linear
in [w]p,

H(y,[wlg) =c+ anw(a)-
aeQ
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Then in any other coordinate system (x, u), where the PAE has the coordinate representation
F(x,[ulp) = 0 and satisfying

JoF 0 o

— = =1,...,n
ax/ J
x(y+a)=x()+a  VaeQ
d

w_

Jw

(that is in which F is autonomous and the transformation is mesh and fibre preserving), there
is a factorizable symmetry vector field for Z(F):

]
X(x,u)= A(x)G(u)E

with A € M(C"). Moreover if H is linear with constant coefficients and constant
inhomogeneous term, then there will always be such a symmetry vector field with A minimally
Q-periodic.

Proof. The mesh preservation condition eliminates the possibility of a similarity type
transformation setting some coefficients to zero. The allowed transformations of the
independent variables therefore have no effect on the linearity of the PAE, and so there is
no loss of generality in assuming that the transformation from (y, w) to (x, u) (and hence
the inverse transform also) has the form
X =y

that is the transformation restricted to the independent variables is just the identity. Thus
if we are given the PAE F(x, [u]lp) = O we can define its representation in the (y, w)
coordinates by defining H : JAQ(E) — C to be

H(y, [wlg) := F(y, [u(y, w)lp)
then setting H(y, [w]p) = 0. This new expression is linear in [w]y iff

oH ac
Cq = a =0 Va,ﬁeQ'
auj(o{) Bw(ﬂ)
However from our assumption
dH _ JIF Bu(ﬁ) _ JIF (3u)
Wy s gy AWy digy W (@)-

Since we are assuming H to be linear in [w]p, the above equation can be re-arranged to
give

(8w) 1 9F
'@ ¢, Q)
Also, with H linear we have

H(y, [wlg) = c() + Y _ ca(MWee-

ae@

Suppose now that B € M(C”) is a solution of the homogeneous part of H = 0, and in the
case where c, ¢, are constant, assume in addition that B is a minimally Q-periodic, which
is known to be possible from lemma 1. That implies

> caB(y+a)=0

aeQ

®
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from which it follows that
0
X(y,w) = B(y)—

is a symmetry vector field of Z(H). Consequently X is also a symmetry vector field of
= 0 (this being a different coordinate expression for the same subset of J (E)), with

ow du ou
However if we set « = 0 in equation (9) above we obtain
B(x)co(x) 0
CFJlw)] ou
with F, := 2£ Setting A(x) := B(x)co(x) and G(u) := 1/F,, we have proved the

3u
theorem. O

9 13
X(x,u)= B(X)——B( )——— ()(au) —.

X(x,u) =

4. The converse

Of itself, theorem 2 is not particularly interesting. It allows us to confirm that a given PAE
is not linearizable if we find an inconsistency while searching for a factorizable symmetry.
However, a converse to theorem 2 would make testing for linearizability equivalent to
looking for a factorizable symmetry. We will eventually prove the necessary converse, but
first require some additional tools.

Given A € M(C"), let the functions A” be defined inductively by

a(j)un
Al =A@ 4a()  YreCh
| AqGyup)
p+ a(j)u(p .
Ay =X <—AP ) pu(p+1) = u(p), X.
a(p);u(p)

Here X is a meromorphic vector field on C”, u(p) is a sequence of p vector fields (u(0)
is the empty list) and w(p), X denotes the sequence constructed by appending X to wu(p).

Note that Aa(q) u(py = 0 whenever g < p.

Lemma 3. Let A € M(C") be minimally Q—periodic |Q| = M. Then there exists at least
one sequence [L(p) such that for each p =0,..., M — 2, Aa(p) upy = 0

Proof. Suppose that for all sequences p(p), Aa(p) u(py = 0. From the definition this implies
that for all sequences pu(p — 1) and all meromorphic vector fields X,

p—1
X Aa(p) u(p—1) =0
AP -
a(p—1);u(p-1)

Integrating and multiplying out we now have

p—1
A pytr-ty T A1 AL 1y = O
This process can be iterated until we obtain
Aap) + Ap-1Aa(p-1) + -+ 2oAa) = 0. (10

However p < M — 2 and it can be checked that if «(0), ..., @(M — 1) is a good ordering,
then P := {x(0),...,a(p)} is a prolongation set such that PCcQoif0Og<p<M-1.
Hence (10) implies
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that A is P-periodic, contradicting the assumption that A is minimally Q-periodic, so
there must be at least one sequence w(p) such that As(p), wipy 70 O

Theorem 4. If an autonomous, meromorphic PAE of maximal rank, given by F([ulg) =0,
F:J AQ(E) — C, has a factorizable symmetry vector field
]
X(x,u)=Ax)G(u)—
ou
with A € M(C") minimally Q-periodic, then in the coordinates (y, w) defined by
Y i=x

¥ d
w(x, u) ::f 6—(—{5

the PAE is linear with constant coefficients.

Proof. The symmetry v.f. X has prolongation
d
Ot (a(jy)

M-1
X =" A+ @())Gu@(y)

j=0
so the invariance condition satisfied by A and G is

M—1 9F
D AG 4 )G (@) 7 ([u])|r=o = 0. (11)
=0 Bu(a)

Now assume that the chosen good ordering on Q satisfies 0 F /duqm~1y) 7 0. This is always

possible by choice of Q and the maximal rank condition. Equation (11) then becomes

= aF
D Al + (k)G uay) 5 ——(uDlr—o = 0. (12)
k=0 U k)

Note that if we split off the first term and divide by A(x + «(1)), which is not identically
zero by the result of lemma 3, the left hand side of the equation can be made independent
of x:

Mo A k aF
|F:OZZMG

-G aly g =
(@ay) Ax +a(1)) . (k))au(a(k))|F ’

O (1)) =

Now although we are restricted to the subset Z(F), the autonomy of F implies that the x/
remain independent of the u (. Therefore differentiating the above equation with respect to
any of the x/ gives zero on the left-hand side. Since we have assumed that A is not totally
periodic on_Q, there is at least one vector field X on C" with which we can differentiate
without annihilating the right-hand side as well. Thus equation (12) reduces to

M—1 . oF
Ay x X G W@un)) 77— lFr=0=0. 13)
k; a(k),X ( (k)) au(a(k))([u]) F=0

From lemma 3 we know that @ (p) can be chosen so that
Al 20 VP <M1 (14)
so the process of division and differentiation can be continued until we have completely

separated variables and equation (13) has been reduced to

AN ®) G(“mw—z»)%([ﬂ)
’ = : | F=0- (15)
([uD)

M2 F=0 = aF
A2 um—2 (%) G (U@ Tugury
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Consequently each side of equation (15) is equal to a constant we denote as I'y;—;. Re-
arranging the right-hand side using the constraint F = 0 we have

1 6u(a(M_1)) 1
= M-1"_—"" <
G (UaM-1))) Ot aM—2)) G (U@m—-2))

which is then intégrated with respect to uym—2)) to give
UaM-1) d;’ f”(d(M—Z)) dé‘
—— =TI'm- —— + Qa2 ([u]) (16)
/ 6o~ M Gy

the function €2,(y»—2) being independent of uyar—2).
The step preceding equation (15) in the reduction process is

M-1
0
E AN -3 () G (k) ([uD)|F=0 = 0. (17)
L Patrun= @) g F

Using the separation of equation (15) we can substitute I"M,lG(u(a(M_l)))au("’(s_m([u]) in
place of G(u(a(M_z)))#;'m([u]). The result is then separable:

M-3 M-3
Pr-18a—2um-3 ) + Aoy 1y umr-3 ) |
F=0

Cyo= —
M=-3
A3y um—3X)

G(ua(M—3))#}\I;—3)) (]
= aF IF:O. (18)
G(u(a(M—l)))m ([u])

Integrating the right-hand side as in equation (16), we see that
/“(H(M—l)) d;’ U@(M-3) d{ Q [
& rM_z/ L QyTuD). (19)
G(©) Gy~
Continuing in this way produces the sequence of equations

/«u(u(M—l)) d¢ . /“MM‘z»d_§+Qa(M~2)([u])
(@) )

’ U(a(M-1)) dé‘ fu(ﬂ(l)) dé‘
< _r = 1 .
f ) 1 o (u])

In each case, ©,) is independent of uq ).
Defining the new variable

w(u) = /u d_g' 20)
G()
the above sequence of equations becomes
M=2
w(@m-1) = Y, Tes1w(iaay) + Q).
k=0

Here 2 can depend only on uy—1y, but if au(a:,,l,, |F=o # O then the constraint F = 0
implies that in —I"g := € is constant. Thus we have shown that the coordinate change (20)
reduces the original invariance equation (11) to the linear, constant coefficient PAE

M—2

w(@m-in) = Lo = ) Tepw (i) F=o = 0. (1)
k=0
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However we assumed that X was in fact a symmetry, so the above equation is satisfied.
Consequently if the linearized equation is written in terms of a function H : J AQ (E) — C,
M=2
0=H(wlg) :=wemw-1) —To— Z Crr1 Wy
k=0
then the set relation
Z(H) 2 Z(F)
holds. Since both H and F are meromorphic functions, their zero-sets are analytic sets (see
for example [5]) whose component submanifolds have complex co-dimension down to one
in JAQ(E). Now in the coordinates induced on JAQ(E) by (x,w) on E, H is multi-linear.
Choosing some wy, )y for which
dH
Wk
and dividing by a constant, we can take the linear expression for H to be a first-
order Weierstrass polynomial in wg), which is necessarily irreducible. It follows that
Z(H) = Z(F) (see [6]), so solutions of the original PAE are precisely the solutions of the
linear, constant coefficient PAE H = 0. O

£0

Combining the two theorems, we have proved the following result.

Corollary 5. A meromorphic autonomous partial difference equation of maximal rank
written on the discrete jet space J AQ(E ) can be reduced to a linear equation with constant
coefficients by a fibre and mesh preserving coordinate transformation if and only if it admits
a factorizable symmetry vector field
a
X(x,u)= A(x)G(u)a—
u

with A a minimally Q-periodic meromorphic function of the independent variables.

It can be reduced to a linear equation (with possibly non-constant coefficients) only if
it mits a factorizable symmetry vector field of the same form, but without the requirement
that A be minimally Q-periodic.

As an example, consider the PAE

0= (u(zo),/l + u(zll) + u(“)\/l + u%20)> (\/(1 + ”%01))(1 +u?) + uu(ol))

_ <u(01)\/1 Tt 1+ u§01)) (\/(1 +udo ) (1 +ud,) + u(“)u(zo)) . 22)

Here Q is the set {(0, 0), (0, 1), (1,0), (1, 1), (2, 0)} and there is a symmetry vector field

: d
X(x,y,u) =(1+2"3 sin(wy) + @) sin(mx) + 2)v 1 + uza.

The factor A(x) = 1 + 2*3%sin(wy) + (2)* sin(wrx) + 27 is minimally Q-periodic, so the
transformation '

“ d
w(u) :=/ & = arcsinh u
G()
produces from (22) the linear, constant-coefficient PAE

0= we0) + W — Wer — W. 23)
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5. Incommensurate spans

In studying difference equations, either partial or ordinary, there arises the question of
incommensurate spans. For example consider the OAE

Fu@), u(x+1D,u(x+y)) =0 Vx e C 24)

where y € R\Z. If y is rational, it is straightforward to choose a new mesh whose span is ,
equal to the greatest common divisor of 1 and y. Rescaling this span to 1 then results in
an OAE or PAE of higher order and unit span, which can be dealt with by the methods of
the previous sections. For illustration, if in the example (24) y = 2/3, it can be rewritten
as

Flu(x),u(x+3),u(x+2)=0 Vx e C

with #(x) := u(x/3), x € R. The corresponding procedure for a PAE should be apparent.
In the case where y is irrational, the above procedure cannot be applied. Instead, the
equation (24) can be replaced by the pair of equations

Fu(x,y),u(x+1,y),u(x+y,y) =0 (25)
du
5 =0. (26)

The second of these conditions is preserved by any transformation of the form u — w(u),
such as in the statement of theorem 4.

Now introduce an invertible linear transformation T of the independent variables, with
new independent variables «, 8 defined by («, B) := T (x, y). In these coordinates, with
i :=uo T~!, equation (25) becomes

F(a, B),u(c+a,B+b),u(a+c,+d)=0

where
(a,b) =T(1,0) (c,d)y=T(y,0).

However since u(x, y) = u(x, y+ ) for all x, y, 8 € C, we can instead define
(a,b) =T(1,96) (c,d)=T(y,€)

with &, € chosen to suit our needs. If we impose the requirement thata =d =1,b=¢c =0
then equation (25) transforms to

F@(e, B),u(e+1,8),a(a, B+ 1) =0
and we find that

1 _
renl= =5 4 77

For convenience we choose § = 0, € = 1, so that

a=x—Yy
B=y.

It follows that ¥ := % = —y% + %, so the system (25) and (26) can be replaced by
Flu(a,B),ulw+1,8),u(e, B+1)=0 27

Yu=0. (28)
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Equation (27) is now in a form compatible with theorem 4. Although symmetry vector
fields

a
A(a, ﬁ)G(ﬁ)£

will not in general commute with Y, the resulting linearizing transformation

0@ = [ o

w(n) = —
G©)

is generated by the vector field

G () i
i) —
u
which does satisfy
a
[Y,G(u)-=1=0.
ou
Consequently
Yi=0<=Yw=0.
Thus if we define w := w o T, u — w is a transformation linearizing (25) which satisfies
%—ly" = 0, so suppressing the y variable provides a linearization of the original OAE (24).
Note, in particular, that although the linearization procedure is applied to a PAE, the
resulting linear equation is transformed back to an OAE.

The above procedure generalizes immediately to OAE’s of higher order and to PAE’s.
We summarise the general situation without proof in the following proposition.

Proposition 6. Given a PAE with dependent variable u and n independent variables such
that the spans of the kth variable generate a degree Ny field extension of Q, there is a
unit-span PAE with N := ) }_, N independent variables, which together with auxiliary
conditions Yju = 0 for vector fields Y1, ..., Yy is equivalent to the original PAE.

There remains a significant problem for incommensurate-span OAE’s, which is to solve
the resulting linear equation. For example it is not clear how to obtain a general solution to

u(x+«/§)+au(x+1)+bu(x):0 Vx e C

when a, b € C are arbitrary constants. However to finish this section we note that in special
cases solutions can be found. Consider for example the OAE

u(x +14+y)—3ulx+y)—2u(x+1)+6ux)=0 VxeC (29)
where y € R\Z. The distinguishing feature is that (29) can be factorized by setting

v(x) =u(x+1)—3ulx) VxeC.
Equation (29) can then be written as

v(x+y)—2v(x)=0 VxeC.
This is reflected in the characteristic equation of (29), which is

A —2)(A —3)=0. 30)
Thus there is a set of solutions of the form

u(x) = a(x)2%? + B(x)3* VxeC
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where 2177 is taken to be the real root and
ax+y)=akx) Bx+1)=8x) VxeC.

In fact it can be shown that all solutions are of this form.

Note that choosing one of the complex roots for 2!/¥ merely introduces a factor
exp(2mwikx/a) in the first term, but this is a y-periodic function of x and therefore
corresponds to a different choice of «.

6. Concluding remarks

We have shown that for difference equations with an arbitrary number of independent
variables and any order, reducibility to a linear difference equation with constant coefficients
is equivalent to the existence of a single symmetry vector field of a particular type. Note
that in the standard treatment of Lie symmetries of difference equations, as in the continuous
theory on which it is based (see for example [9]), the presence of a single symmetry suffices
only to reduce the order by one (OAE case [8]), or to reduce the number of independent
variables by one (PAE case [15, 20]).

Reduction to a constant coefficient linear difference equation is important for at least
two reasons. In the OAE case, the linear equation can be completely solved by elementary
methods completely analogous to those used for linear constant coefficient ODE’s. In the
PAE case there does not appear to be any similar method for obtaining complete solutions,
although some solutions can be produced, again using methods parallel to those for linear
PDE’s.

The second point is that if an OAE can be globally linearized (if the symmetry vector
field is globally defined without branch-points) then it cannot be chaotic.

Of course the usual caveat must be stated: as in the thery of differential systems, finding
the appropriate symmetry may be no easier than solving the original problem. In particular,
since we require a symmetry vector field

d
X(x,u) = A(x)G(u)a

with A minimally g-periodic, we effectively need to find an appropriate number of
symmetries

]
X,(x,u) = Aq(x)G(u)a

such that each A, satisfies the same linear constant coefficient difference equation as A and
A= Zq A,. In fact this explains the rather mysterious process of completely linearizing
an order M OAE equation by means of a single symmetry: the condition of minimal
Q-periodicity imposes that A may in fact be required to be the sum of M functionally
independent symmetry vector fields corresponding to M independent solutions of the linear
equation. In particular, this is the case when the characteristic equation of the OAE has
distinct roots. However at least in the case of repeated roots we may still get something for
free, as in the example of section 1.
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