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1 INTRODUCTION

The presence of symmetries is common in many dynamical systems of interest,
endowing the system with certain simplifying features. A lot of attention has been
given to continuous symmetries, since they give rise to conservation laws allowing one
to reduce the number of degrees of freedom. During the past two decades attention
has been directed to discrete symmetries as well, often in the context of bifurcation
problems (Sattinger, 1979; Vanderbauwhede, 1982; Golubitsky et al., 1988).

There are two types of discrete symmetries. Symmetries are transformations in
phase space that -leave the equations of motion invariant. Reversing symmetries leave
the equations of motion invariant if the direction of time is also reversed (Lamb 1992).
It 1s the latter case which is of primary interest here. For a review of systems with time
reversal symmetry see Roberts and Quispel (1992).

When a discrete symmetry has a simple geometric interpretation in phase space its
presence is quite manifest in the phase portrait. It has been realised recently (Lamb,
1993a; D’Ariano et al., 1992; Hoveijn, 1992) that it is possible to see manifest discrete
symmetry in the phase portrait in the absence of a symmetry. An example of this
is shown in Figure 1. The map which gives rise to this phase portrait, Eqn. (3.1),
possesses symmetry properties only if considered on a proper time scale: i.e. it is only
certain iterates of the map which possess the symmetry. This phenomenon can also be
observed in various well known dynamical systems that occur in the context of problems
in physics, e.g. the standard map (Chirikov, 1979), web maps (Lamb, 1993a; Zaslavsky
et al., 1991; Hoveijn, 1992), a class of trace maps (Roberts and Baake, 1993), and the
kicked rotator (D’Ariano et al., 1992). This last example will be discussed in section 4.

The outline of the rest of this paper is as follows. In the next section we briefly
review the concepts of symmetries and reversing symmetries of dynamical systems and
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Figure 1. Phase portrait of (3.1) with A = —0.2 and x = 0.34 on [-2,2] x [—2,2]

present some standard results. Section 3 contains our main results. There we consider
dynamical systems that possess symmetry properties only if considered on certain time
scales. We discuss a generalization of the method for obtaining periodic orbits to

systems with these k-symmetries.
Throughout this paper we confine ourselves to systems with discrete time, i.e.

mappings. These occur as Poincaré sections of dynamical systems with continuous

time, as well as in problems of a truly discrete nature.
The reader who is interested in a more extended motivation and theoretical treat-

ment of k-symmetries may wish to consult Lamb and Quispel (1993) of which the

present paper 1s an abridged version.

2 SYMMETRIES AND REVERSING SYMMETRIES

Let us first review some familiar concepts and results both in order to make our
presentation more self contained, but also so that we may make a comparison with

results of the next section.
We consider a discrete dynamical system, i.e. a map on a state space §2

L:Q — Q. (2.1)

Let us first give some notation.
The map M is a symmetry of L if

MoL=LoM. (2.2)
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The map S is a reversing symmetry of L if
SoL=L"08. (2.3)

The set G of symmetries of L is called the symmetry group of L.} We denote the set

comprising both the symmetries and the reversing symmetries the reversing symmetry

group E. Discussion of the group structure of £ and G can be found in Lamb (1992).
We denote the orbit of a point xq by

I'(x0) = {x € Qx = L"xo,n € Z} , (2.4)
and the set of fixed points of a map A: Q@ — Q by
Fix(A) = {x € Q | Ax = x}. (2.5)

The presence of discrete symmetries naturally has consequences for the dynamics. For
instance, given an invariant set A C 2 it follows that UA is also an invariant set if U
is a discrete symmetry of the equations of motion. If A = UA also, then we say that
A i1s a symmetric invariant set. A more fruitful consequence of reversing symmetries
is that their presence permits one to readily locate symmetric periodic orbits via the
. Fixed Set Iteration (FSI) Method (DeVogelaere (1958), Pifia and Jiménez Lara (1987),
Pifia and Cantoral (1989), Ichikawa et al. (1989), Richter et al. (1990), D’Ariano et al.
(1992), Roberts and Quispel (1992), Lamb (1992)). Prior to stating the method let us
first present some Lemmas which are of independent interest.

Lemma 1 I'(xq) is symmetric with respect to the reversing symmetry S if and only if
Xo € Fix(L™ 0 S) for some value of m € Z.

Proof.
For all n € Z we have

Sxo=L"™x9 = L"0 Sxo=L"""x9 = SoLl "%y = L™ xg. (26)
The converse follows by definition. O

Lemma 2 Let S be a reversing symmetry of L and m € Z, then xo € Fix(L™0S) =
xo € Fix(S?).

Proof.
L™oSxy =%x0 = LmoS0Llm0Sxy=%9 & SZXOZXO. a

Now we present the fixed set iteration (FSI) method.

Theorem 3 I'(xo) is a symmetric periodic orbit with respect to a reversing symmetry

S if and only if there are n,m € Z (n # m) such that xo € Fix(L" 0 S)N Fix(L™ 0 5).

Proof.
xo € Fix(L"oS)NFix(L™ 0 )5) (2.7)
= L ™oL™oSo0L™o SXO = Xo (28)
= L"™o0S8%=xp as$Sisasymmetry (2.9)
= L""xg=Xo. via Lemma 2 (2.10)

'We assume that both the map and the (reversing) symmetries are invertible.
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f The symmetry of the orbit follows from the premise and Lemma 1. Conversely, if the s

% l orbit is symmetric with respect to a reversing symmetry .S, then there is an n in Z such

‘ l that L7"xo = Sxo. Since the orbit is periodic it follows directly that L?~"x, = Sx,. O j
The use of Theorem (3) is made easier by the fact that

Fix(L* o0 S) = L*(Fix(S)) (2.11) |
Fix(L**'0S) = L*(Fix(LoS)) (2.12)

when S is a reversing symmetry.
In the case that a periodic orbit is symmetric with respect to more that one |

reversing symmetry other results exist (Lamb and Quispel, 1993).

3 K-SYMMETRIES AND REVERSING K-SYMMETRIES

We come now to the main concern of this paper: the concept of a k-symmetry. Let |

us motivate our discussion with an example.
Let us consider the map L of the plane given by

T R AT

u I ¢’ = Asin(rz) —y + &sin [tz — & sin [ry — TAsin(rz)]] (3.1)
"l ¥ = —z+&sin[ry — wAsin(7z)] — Asin(7z’) -

where k£, A € IR are parameters. Admittedly this map is contrived but it provides a |
] convenient example with which to illustrate our discussion. An example from a physical
| application is discussed in the next section.
i A cursory view of the phase portrait of the map L, Figure 1, shows clear evidence
5 of discrete symmetry.?2 The phase portrait is symmetric under reflection in both the z }
_ ‘] and the y axes. One can readily show that these reflections are neither symmetries nor
] iL reversing symmetries. In fact one can readily show that the mirrors in the z-axis, Mz, =

1 gg and y-axis, M,, satisfy
il |
M, = L*oM,olL?

i | M, = L*oM,oL’
P i This study motivates us to look for maps M and S satifying either
,_ Mol¥—=_1FoM (3.2) :
fu or : |
Sol*=L"%0S§ (3-3) |

We denote the set of all symmetries of L¥ by Gi. Similarly the set of all symmetries of 5

L* together with its reversing symmetries is denoted by &j.
In order to make a precise definition of the concept of both k-symmetry and k- §

symmetric orbits we define a map ¢, as follows
¢r(M) = LoMolL™! (3.4) |
éL(S) = LoSol

2There is also translational invariance in this example. In fact, the phase portrait has crystallo-
graphic symmetry and possesses a stochastic web. For some dxscussxons of the last phenomenon see
e.g. Zaslavsky et al. (1991), Hoveijn (1992), and Lamb (1993a, 1993b).
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Note that if M is a symmetry of L* then so is ¢p(M). Similarly il S is a reversing
symmetry of L* then so is #1(S). In the above example ¢p(M,) = M,.
The map ¢, enjoys the following properties

i) Gp(Mo M) = Gp(M)o (),

(i) $(S03) = 65(S)odr"(3), (35
(i) 63(MoS) = $i(M)og}(9),

(V) @p(SoM) = $i(S)odr (M)

Vn € Z. Note that ¢ is a group automorphism of G, but not of &.
We first present the

Definition 4 U € &; is called a (reversing) k-symmetry of L if k is the smallest
positive integer such that

o (U) =U. (3.6)
We denote this as #1,(U) = k.

If U is an element of & then it is certainly an element of &; if kisa multiple of k. This
definition avoids the ambiguity which may possibly arise from this fact.

Let us now look at how k-symmetry manifests itself. Suppose I' is an invariant set
of L. If U was a (reversing) symmetry then it would follow that UI" would also be an
invariant set. If UT' = I" we would say that the invariant set was symmetric. The most
natural definition of a k-symmetric invariant set would mirror this definition excepting
that U would now be a k-symmetry. For the k-symmetric case however the situation
is more complicated and this definition is inappropriate. As an example of what can
happen suppose Xg is a fixed point of L, then if U is a (reversing) k-symmetry iof L it
follows that Uxg in general belongs to a periodic orbit of period k. This orbit is given
by {¢2(U)xo:i=1,...,k —1}. More importantly suppose ' is an invariant set and
U is a (reversing) k-symmetry, then UT' need not be an invariant set. In the general
case one can see that S2)} ¢% (U)T is an invariant set but it is in general a union of
orbits. Because of these difficulties the “natural” definition of a k-symmetric orbit is
too strong. Of course a choice of definition is dictated by its utility. It turns out that
useful results can be demonstrated for k-symmetric orbits defined in the following sense

Definition 5 An orbit I'(xo) ts k-symmetric with respect to a (reversing) k-symmetry
U if for all x; € I'(xo) there is an integer p such that ¢} (U)x; € I'(%o).

Thus, for example, a fixed point of the map L is k-symmetric with respect to U
if ¢4 (U)xo = Xo for some 7. In general it means that for each point x; € T one of the
elements of the set {¢% (U)x;}52) must be in the original orbit.

As mentioned in the introduction, the presence of k-symmetries is reflected in the
symmetries observed in the global phase portrait of a dynamical system. In fact, if
P € Q is the set of all (points on) periodic orbits of L, and C € Q is the set of all
(points on) chaotic orbits of L, then for all U € &y,

Up = P, (3.7)

vc = C. (3.8)
In fact, in Lamb (1993a), symmetry properties of stochastic webs were understood in
the spirit of (3.8).2

3For discussions on the way (reversing) symmetries manifest themselves in the global phase portrait,
see e.g. also Chossat and Golubitsky (1988), Kimball and Dumas (1990), and Lamb (1993b).
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Let us now present the analog of the F5I method. First we present the analog of

the lemmas of the last section.

Lemma 6 I'(xq) is k-symmetric with respect to the reversing k-symmetry S if and only
if 3m,n € Z such that xo € Fix(L™ o ¢}(5)).

Proof.

Xo=L"o¢i(S)x0 & Vp € Z ¢7 P(S)o LPxo= L™ "x000 (3.9)
Once again the fixed sets of interest here can be obtained via iteration of a few

fixed sets

Fix(L™ 0 ¢1(S)) = L™(Fix(¢%"(5)) (3.10)
Fix(L*™* 0 ¢2(S)) = L™(Fix(L o ¢it"(S))) (3.11)

Lemma 7 xg € Fix(L™0S) = xg € Fix(¢7*(5) 0 .5).

Proof.
LmOSXOZXO = LmOSOLmOSXO:XOD

Now we state a generalisation of the FSI method for systems with reversing k-

symmetries.

Theorem 8 Suppose I' is a periodic orbit of a map L that is k-symmetric with respect
to a reversing k-symmetry S. Then all points of ' lie on intersections of iterates of

Fix(¢7(S)) and/or Fix(L o 3 (S)) for integer value of p and q.
Proof. If ' is k-symmetric then 3 m, n such that
7(S)xo = L%y = Xo € Fix(L™ 0 ¢7(5)) (3.12)
Suppose the period of the k-symmetric orbit is p then
#r(S)xo =L ™xg = SF(S)xo=L " Pxo = xo € Fix(L™?o¢}(S)) (3.13)

Thus
Xo € Fix(L™ 0 ¢7(5)) N Fix(L”“”3 0 ¢7(5)) (3.14)

Using (3.10) and (3.11) the result follows. O
The converse of Theorem 8, i.e. that all intersections of iterates of Fix(4%(9))

and/or Fix(¢1(S)) for all p,q € Z are periodic points, can be established with some
mild technical conditions (see Lamb and Quispel (1993)).

4 EXAMPLE

There are a number of examples of dynamical systems, arising in physics, which
possess (reversing) k-symmetries. Here we shall present the example of a kicked rotator.
Other examples are discussed in Lamb and Quispel (1993). A detailed discussion of

these examples is beyond the scope of the present paper.
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The equations of motion (of the components of the angular momentum of the
rotator) for a kicked rotator can be written as (D’Ariano et al., 1992)

e

~

L: y' = ycos(kz) — zsin(kz), (4.1)
2/ = xcos(kz) + ysin(kz).

L possesses the reversing symmetry P,

' = z,
P y o=y, (4.2)
= .
Consider the maps
= —ux, ' =z,
Iy : Sy = —y, and [, : { ¢y = —y, (4.3)
' = =z, Z —z.

and I, = [y 0 [,.
L further possesses the symmetry I, . Moreover, L? possesses I, as a symmetry
(D’Ariano et al. 1992) , implying that I, is a 2-symmetry of L. In fact,

¢L(I:ry) - 1yz~ (44)
We find that these symmetries satisfy
¢L([rz) - ]1‘27 (45)
2([@) = ‘/’L(]yZ) = Loy, (4'6)
¢L(P:L‘Z) = Py, (47)
¢L(sz o ]1'2) = FPro -[1‘27 (48)
¢%,(sz OIzy) = (f)L(sz O[yz) = Py, Ola:y' (49)

It would be very interesting to study k-symmetric periodic orbits in the spirit of The-
orem 8.

5 CONCLUDING REMARKS

In this paper we generalized the concepts of (reversing) symmetries to (reversing)
k-symmetries.

In setting up the frame-work for (reversing) k-symmetry groups, we carefully in-
sisted that k € Z be finite. We have chosen not to adopt the notion of “commutation
of a group G with a map L”, as used by MacKay and others (MacKay, 1984; Llibre and
MacKay, 1992; Roberts and Baake, 1993) which permits £ to be (formally) infinite. A
group G commutes with a map L if

YU e€G,3U €@, suchthat UoL = LoU. (5.1)

Although from a group theoretical point of view (5.1) is a nice equivalence relation, this
equivalence does not automatically include important dynamical features. In particular,
an U € G satisfying (5.1) does not have to preserve the set of periodic orbits and the
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set of chaotic orbits, in contrast to (3.7) and (3.8). For instance, the group Aut(Q),
consisting of all invertible maps of the state space into itself, commutes with every
L € Aut(f2). Of course, this observation does not reveal much about the dynamics of
L. The closure of the orbits under ¢y is essential for the preservation of dynamical

features such as periodic and chaotic orbits.

ACKNOWLEDGMENTS

This paper was written with the assistance of C.Pisani. This investigation is part
of the research program of the Australian Research Council.

REFERENCES

Chirikov, B.V.; 1979, A universal instability of many-dimensional oscillator systems, Phys. Rep. 216:63

Chossat, P., and Golubitsky, M., 1988, Symmetry-increasing bifurcation of chaotic attractors, Physica
D 32:423

D’Ariano, G.M., Evangelista, L.R., and Saraceno, M., 1992, Classical and quantum structures in the
kicked-top model, Phys. Rev. A 45:3646

DeVogelaere, R., 1958, On the structure of symmetric periodic solutions of conservative systems, with
applications, in: “Contributions to the Theory of Nonlinear Oscillations” Vol. 4, ed. S.Lefschetz,
Princeton University Press, Princeton. .

Golubitsky, M., Stewart, I., and Schaeffer, D.G., 1988, “Singularities and Groups in Bifurcation The-
ory”, Vol. 2, Applied Mathematical Sciences, Vol. 69, Springer, New York.

Hoveijn, 1., 1992, Symplectic reversible maps, tiles and chaos, Chaos, Solitons and Fractals 2:81

Kimball, J.C., and Dumas, H.S., 1990, Symmetry in regular motion: relation to chaos, Phys.Lell.A
144:201

Lamb, J.S.W., 1992, Reversing symmetries in dynamical systems, J. Phys.A 25:925

Lamb, J.S.W., 1993a, Crystallographic symmetries of stochastic webs, J.Phys.A 26 (in press)

Lamb, J.S.W.; 1993b, Stochastic webs with fourfold rotation symmetry, this volume

Lamb, J.S.W., and Quispel, G.R.W., 1993, Reversing k-Symmetries in Dynamical Systems, preprint

Llibre, J. and MacKay, R.S., 1992, Pseudo Anosov homeomorphisms on a sphere with four punctures
have all periods, preprint

MacKay, R.S., 1984, Equivariant universality classes, Phys.Lell.A 106:99

Pifia, E. and Jiménez Lara, L., 1987, On the symmetry lines of the standard mapping, Physica D
26:369

Pifia, E. and Cantoral, E., 1989, Symmetries of the quasi-crystal mapping, Phys.Lett.A 135:190

Ichikawa, Y.H., Kanimura, T., Hatori, T., and Kim, S.Y., 1989, Stochasticity and symmetry of the
standard map, Prog. Theor.Phys.Supp. 98:1

Richter, P.H., Scholz, H., and Wittek, A., 1990, A breathing chaos, Nonlinearity 3:45

Roberts, J.A.G., and Baake, M., 1993, Trace maps as 3-d reversible dynamical systems with an
invariant, preprint

Roberts, J.A.G., and Quispel, G.R.W., 1992, Chaos and time-reversal symmetry. Order and chaos in
reversible dynamical systems, Phys.Rep. 216:63

Sattinger, D.H., 1979, “Group Theoretic Methods in Bifurcation Theory”, Lecture Notes in Mathe-
matics, Vol. 762, Springer, New York.

Vanderbauwhede, A., 1982, “Local Bifurcation and Symmetry”, Research Notes in Mathematics, Vol.
75, Pitman, London.

Zaslavsky. G.M., Sagdeev, R.Z., Usikov, D.A., and Chernikov, A.A., 1991 “Weak Chaos and Quasireg-
ular Patterns”, Cambridge Noulinear Science Series Vol.l, Cambridge University Press, Cam-

bridge.

314

5
=
&
:
»_L‘v
£




