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The properties of quasiperiodic motions in Hamiltonian, volume preserving, and reversible
systems are summarized. KAM theorems concerning lower-dimensional invariant tori are
announced for G-reversible mappings A such that the fixed point manifolds Fix(G) and
Fix(AG) of the reversing involutions G and AG are of different dimensions. The case where the
manifold Fix(G) itself consists of several connected components of different dimensions is also

briefly discussed.

I. INTRODUCTION

In the studies of the behavior of dynamical systems,
invariant tori filled up with quasiperiodic motions continue
to receive much attention. Their importance stems, in the
long run, from the fact that any finite-dimensional con-
nected compact abelian Lie group is a torus.”? Equilibrium
points and closed trajectories of vector fields as well as
fixed points of mappings can be considered as extreme par-
ticular cases of invariant tori. The properties of invariant
tori are very sensitive to what structures (symmetries) the
dynamical system in question is assumed to preserve. In-
variant tori of a system that possesses no symmetry and
satisfies no conservation law (such systems are often said
to be dissipative) are generically isolated in the phase
space, and one cannot expect the motion on those tori to be
quasiperiodic.> On the contrary, dissipation-free or sym-
metric (Hamiltonian, volume preserving, reversible, etc.)
systems often exhibit smooth or Cantor families of invari-
ant tori with quasiperiodic dynamics. The latter case is the
subject of the Kolmogorov-Arnold-Moser (KAM) the-
ory.

The KAM theory is always and justifiably referred to
as a branch of the perturbation theory. Nevertheless, the
central KAM results can be reformulated in an entirely
nonperturbative manner. The most abstract form of the
KAM theorems is that for some integers d;,...,d,,, k, m and
some structure (characterized by integers d,,...,d,) in the
phase space, a typical dynamical system preserving this
structure admits k-parameter Cantor families of reducible
invariant m-tori supporting Diophantine quasiperiodic mo-
tions, the (k-+m)-dimensional Lebesgue measure of the
union of these tori being positive.

Here and henceforth, the word “typical” means the
following: there is a manifold M of class CX equipped with
the structure under consideration such that in the space of
all C” systems on M preserving this structure, systems pos-
sessing families of invariant tori described above constitute
a set with nonempty interior in the C" topology. We will
not be interested in the values of R and r and shall only
suppose that R and r are sufficiently large. In many cases,
KAM theorems have in fact been proven in the real ana-
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lytic category only. As a rule, the KAM technique pro-
vides invariant tori which are analytic (C*, finitely
smooth) if the system in question is analytic (C*, finitely
smooth, respectively).

Recall also the meaning of the words “reducible” and
“Diophantine.” Given a vector field ¥ on an
N-dimensional manifold M, a F-invariant m-torus in M
with guasiperiodic motions is said to be reducible (to be
more precise, the variational equations along the torus are
said to be reducible) if near this torus, one can introduce
coordinates

(@ mod 2m,....9,, mod 27, X{,... Xy m) (1

in which the torus takes the form (x=0) and the field ¥
determines the system of differential equations of the Flo-

quet type

dx
—=0x+0(|x|?), (2)

do 0
P7al ), dt

where o is the frequency vector and () a constant matrix.
Quasiperiodic motion dg/dt=w on the torus (x=0) is
called Diophantine if the frequencies w,,...,w,, are strongly
incommensurable, i.e., they satisfy the Diophantine condi-
tion

(@014 + gm0 > (g |+ + [gm]) T

for all geZ™\ {0} where ¢ and ¥ are some positive con-
stants. Analogously, given a mapping 4: MM, an
A-invariant m-torus in M with quasiperiodic dynamics is
said to be reducible if near this torus, there exist coordi-
nates (1) in which the torus takes the form (x=0) and the
mapping A, the form

A @'=p+0+0(x), x'=0Qx+0(|x|?), (3)

where @ and () are constants. The Diophantine condition
on the frequency vector o in the discrete-time case is

|27Tq0+qlml+"'+qmwm| >C(|q1| +“.+|qm|)_y

for all (gq,...,4,,) €Z™\{0}, g€Z where ¢ and ¥ are some
positive constants.
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Finally, the words “k-parameter Cantor family” mean
a family of objects parametrized over a Cantor set in R*
(i.e., a closed set in R¥ whose complement is everywhere
dense) of positive measure (cf. Ref. 4),

Remark. The term “reducible” is sometimes used in a
completely different sense, namely, an invariant manifold is
said to be reducible if it contains an orbit not everywhere
dense. An m-torus supporting a paralle] motion with fre-
quencies @y,...,,, is reducible in that sense if it is resonant,
i.e., the numbers wy,...,0,, (for flows) or 7, w(,...,,, (for
mappings) are rationally dependent.

Almost all the results in the KAM theory pertain to
Hamiltonian vector fields, exact symplectic diffeomor-
phisms, globally volume preserving vector fields and dif-
feomorphisms, and reversible vector fields and diffeomor-
phisms. The present paper continues the series of
articles®® in which lower-dimensional invariant tori in re-
versible systems were studied.

Recall that a vector field ¥ on a manifold M is said to
be reversible with respect to an involution G of this mani-
fold (G: M—M, G*=id) if G transforms ¥ into the oppo-
site field —V, i.e., G(x(—1¢)) is a solution of the equation
dx/dt=V(x) whenever x(¢) is a solution. Analogously, an
invertible mapping 4: M — M is said to be reversible with
respect to an involution G of M if G conjugates A with A,
ie., GAG:A"_, in which case the involution G casts the
forward orbit of a point x under the mapping 4 into the
backward orbit of the point G(x). References 11-15
present a general survey on reversible systems as well as
various examples and physical applications, Refs. 14 and
15 containing also an extensive bibliography.

Reversible dynamical systems combine the properties
of Hamiltonian and dissipative systems, in particular, the
phase space of a reversible system is often divided into
regions with conservative dynamics and regions displaying
entirely dissipative motion.'>!* Moreover, the conservative
and dissipative features of reversible systems may interact
via symmetry-breaking bifurcations.!>!?

Although the behavior exhibited by reversible systems
in “conservative” regions of the phase space is very similar
to that of Hamiltonian systems,'* there is an important
difference between reversible and Hamiltonian realms that
manifests itself just in the conservative properties of revers-
ible vector fields and mappings. According to the Darboux
theorem,? all the symplectic structures in a given even
phase space dimension are locally equivalent (note that all
the volume elements in a given dimension are also locally
equivalent). On the other hand, involutions differ in their
types.” 191214 Namely, a smooth involution G is said to be
of type (g,p) at a fixed point O if the linear part of G at 0
has the eigenvalue 1 of multiplicity p and the eigenvalue
—1 of multiplicity g. Thus, whereas symplectic structures
and volume elements have the only local invariant (the
phase space dimension), involutions are described by two
invariants (the numbers p and gq). The situation is slightly
relieved by the fact that these two integers constitute a
complete collection of local invariants of the involution.
Indeed, any involution is conjugate around a fixed point to
its linear part (this is in fact true for a smooth action of any

compact group and is usually referred to as the Bochner
theorem™!®). If an involution G is of type (g,p) at a fixed
point O, one can introduce local coordinates xeRP and
yeR? near 0 in which G takes the form G: x'=x, y'=—y.
As a consequence, through O there passes the smooth
p-dimensional manifold (y=0) consisting of fixed points of
G. At each of these fixed points, the involution G is of type
(g.p). :

It is easy to prove that the fixed point set of any con-
tinuous involution of RY is nonempty (cf. Ref. 21 where
the case N=2 has been analyzed in detail). This is not
necessarily true for involutions of other manifolds, e.g., the
rotation ¢’ =@+ of a circle is an involution without fixed
points. The type of such an involution cannot be well de-
fined (cf. Sec. V below).

The existence of involutions G of different types [i.e.,
with different dimensions of the fixed point manifold
Fix(G)] for one and the same value of the phase space
dimension is of great importance for the reversible KAM
theory because the regions with conservative features of the
motion in reversible systems are located around the fixed
point manifolds of the reversing involutions.

Thus, speaking of a reversible vector field one should
always specify the type of the reversing involution. The
situation for reversible diffeomorphisms is twice as deli-
cate. The reason is that any reversible mapping has in fact
infinitely many reversing involutions (provided that no
power of this mapping is the identity).'*** If a mapping 4
is reversible with respect to an involution G, then one can
easily verify that all the mappings 4/G=GA~/ for j an
integer are also involutions which reverse 4. The equality
A=(4’*'G) (4’G) shows that the mapping 4 can be de-
composed into the product of two involutions in infinitely
many ways. The set {4/G} is sometimes called a family of
symmetries of A, all the involutions in this family enjoying
equal rights. At first sight, a G-reversible mapping 4 is to
be characterized by pointing out the types of all its sym-
metries A’G. Fortunately, the types of only two of these
reversing involutions, namely G and AG, are to be taken
into account.

Suppose, for instance, that a mapping 4 and its revers-
ing involution G have a common fixed point 0. Denote by
A, and Gy, respectively, the linearizations of 4 and G at 0.
Let (g.,p.) be the type of the restriction of G| to the e-root
space of 4;, where £¢= =+ 1 [the (% 1)-root spaces of 4, are
invariant under G,, see Ref. 23]. Then the type of the
involution 4/G at 0 is equal to

(g1 +g_y+Lp1+p_+1)

for j even and to

(g1 +p_1+lp1+g_1+1)

for j odd*® where 2/ is the difference between the phase
space dimension and the sum p,;+p_;+4¢,+¢_,. More
generally, the fixed point manifolds Fix(4/G) of the invo-
lutions 4’G can be obtained from those of G and AG by
taking their images under powers of 4 (see Refs. 15 and
22):
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Fix(4%G) =4/[Fix(G)],
Fix (4% +1G) =A4/[Fix(4G) ).

Thus, if the involution G is of type (g,p), so is 4’G for any
even j, and if the involution AG is of type (Q,P), so is A'G
for any odd j.

To summarize, G-reversible vector fields ¥ can be clas-
sified according to the types of their reversing involutions
G, and G-reversible mappings 4 according to the types of
the two involutions G and AG. We shall not consider the
so-called multiply reversible!® fields ¥ possessing more
than one reversing involution G, and mappings 4 possess-
ing more than one family of symmetries {4/G}.

The fixed time shift F' along the trajectories of a
G-reversible vector field is reversible with respect to the
same involution G, and vice versa. The involutions F'G and
G are always of the same type. More generally, let F: be
the flow map for the time from 7 to ¢ of a nonautonomous
differential equation dx/dt=V(tx). Let G be a phase
space involution and assume that G{x(—¢)) is a solution of
the equation whenever x(¢) is a solution [the latter condi-
tion is equivalent to that for each ¢ the involution G trans-
forms vector field ¥'(¢, - ) into the field — ¥ (—¢, - }]. Then
GF:G=F_! (see Refs. 12 and 13). Now suppose that the
function V'(¢,x) is periodic in time with period 27". Then

F¥T = FFl =GF - GF} =GFGF) =G(F}) " \GF} .

Consequently, the succession map F %T is G-rever-
sible,lz’”'23 the involutions F(ZJTG and G being of the same
type.

Nevertheless, it is very easy to construct examples of
involutions G and G-reversible mappings 4 such that the
involutions 4G and G have different types. Indeed, it suf-
fices to set A =GG where G is an arbitrary involution of the
type which is not equal to that of G.

Most studies of reversible systems to date have been
restricted to the case where the reversing involution is of
the “isosceles” type (p,p). There are also some papers on
the reversible KAM theory which deal with vector
fields”>'2 142425 and diffeomorphisms®'®12132 reversible
with respect to involutions of types (q,p) with p=£4q.

However, until now all the theorems concerning
quasiperiodic motions in reversible diffeomorphisms have
been confined to G-reversible mappings 4 such that the
involutions G and AG are of the same type. In the present
paper, we remedy this situation by announcing a theorem
on the existence of invariant tori for reversible mappings 4
which are the products of two involutions AG and G of

different types.

Il. GENERIC FAMILIES OF INVARIANT TORI
A. Hamiltonian systems

The essence of the Hamiltonian KAM theory for vec-
tor fields on finite-dimensional symplectic manifolds is the
following statement.

Principle 1. For each 0<m<2n—1, a typical Hamil-
tonian vector field with » degrees of freedom possesses
k-parameter Cantor families of reducible invariant m-tori

filled up with Diophantine quasiperiodic motions, where
k==min(m,2n-—-m). These tori are isotropic for m<n and
coisotropic for m>n (Lagrangian for m=n). The (k+m)-
dimensional Lebesgue measure of the union of the tori is
positive.

Recall that a submanifold L of a symplectic manifold
M is said to be isotropic if the restriction to L of the sym-
plectic structure vanishes (i.e., at any point x€ L, the tan-
gent space 7, L to L lies in its skew-orthogonal comple-
ment ), and is said to be coisotropic if at any point x € L, the
tangent space 7,L contains its skew-orthogonal comple-
ment.

The literature devoted to the “classical” dimension
m==n in Principle 1 is now immense, see Ref. 27 for a
review and a large bibliography. Lower-dimensional tori
(2<m < n) are considered, e.g., in Refs. 4, 25, and 28-43 in
various contexts; Moson,“’ Huitema,”® and Broer,
Huitema, and Takens*? dealing with families of vector
fields rather than individual fields. The case m > n has been
analyzed in Refs. 44 and 45. The cases m=0 (equilibria)
and m=1 (periodic trajectories) are trivial since they in-
volve neither small divisors ¢ @+ - - +¢,,0, nor arith-
metical conditions on the frequencies w,,...,®,. One-
parameter families of invariant m-tori for m=1 and
m=2n—1 are smooth rather than Cantor (see Ref. 45 for
the nontrivial case m=2n—1).

The matrix {2 in Eq. (2) has eigenvalue 0 of multiplic-
ity k at each torus (for m > 0). For lower-dimensional tori
(m<n), the remaining 2(n—m) eigenvalues of the matrix
Q occur in pairs A, —A. Both the hyperbolic case (Re A0
for all the nonzero eigenvalues A) and the nonhyperbolic
case (some of these eigenvalues are purely imaginary) are
possible. From each hyperbolic torus, there issue two
n-dimensional Lagrangian invariant manifolds
(whiskers)****%% consisting of trajectories approaching
the torus as {— + o Or t— — 0.

The Hamiltonian KAM principle for mappings is of
the same form as that for vector fields.

Principle 2. For each 0<m<2n— 1, a typical exact sym-
plectic diffecomorphism of an exact symplectic 2n-
dimensional manifold possesses k-parameter Cantor fami-
lies of reducible invariant m-tori with Diophantine
quasiperiodic dynamics, where A=min(m,2n—m). These
tori have the same isotropicity and measure properties as in
the case of Hamiltonian vector fields (see Principle 1).

Recall that a symplectic manifold M is said to be exact
if the symplectic structure @ is exact: @ =d¢£, and a sym-
plectic mapping A: M- M is called exact (or globally)
symplectic if the 1-form A¥£—£ is not only closed, but
even exact.

The “classical” case m=n in Principle 2 has been well
studied. 324547 [ ower-dimensional tori (1<m<n) were
considered by Zehnder.>>*® The theorems on quasiperiodic
motions with small numbers of frequencies in Hamiltonian
differential equations periodic in time****** can be imme-
diately reduced to statements on lower-dimensional tori of
symplectic diffeomorphisms. The case m >n has not been
explored yet in the literature (as far as the authors know)
except for (2n—1)-tori for which the condition of exact
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symplecticity can in fact be replaced by a much weaker
condition of global volume preservation5 1-53 (see below).
Principle 2 for n <m <2n—1 should therefore be treated as
a conjecture. The case m=0 (fixed points) is trivial.

The matrix {2 in Eq. (3) has eigenvalue 1 of multiplic-
ity k at each torus (for m >0). For lower-dimensional tori
(m <n), the remaining 2(n—m) eigenvalues of the matrix
Q come in pairs 4, 17",

The existence of invariant m-tori with m > n seems to
require only (m—n+-1)-exactness of the symplectic struc-
ture and the mapping (see the Appendix for the definition
of s-exactness for s> 1). To be more precise, we conjecture
the following.

Principle 2. Let 2<s<n. Then for each n+s
—1<m<2n—1, a typical s-exact symplectic diffeomor-
phism of an s-exact symplectic 2n-dimensional manifold
possesses (2n—m)-parameter Cantor families of coisotro-
pic reducible invariant m-tori with Diophantine quasiperi-
odic motions. The 2n-dimensional Lebesgue measure of the
union of the tori is positive.

This conjecture has been proven for m=2n—1 (see
Refs. 51-53) in which case the condition of n-exact sym-
plecticity can in fact be relaxed to that of global volume
preservation.

B. Volume preserving systems

The KAM principles for volume preserving vector
fields and mappings will be formulated here simulta-
neously.

Principles 3 and 4. Typical globally volume preserving
vector fields and diffeomorphisms on an N-dimensional
manifold (N>3) possess one-parameter Cantor families of
reducible invariant (N —1)-tori with Diophantine quasi-
periodic dynamics. The N-dimensional Lebesgue measure
of the union of these tori is positive.

Recall that if o is a volume element on an
N-dimensional manifold M then a divergence-free vector
field ¥ on M is said to be globally volume preserving if the
(N—1)-form ipo=0c(V,*) is not only closed but even ex-
act. If the form ¢ is exact: o=dr, then a mapping
A: M- M is called globally volume preserving if the form
A*7—7 is exact.

The number 2 in Eq. (2) for volume preserving flows
is equal to zero. The number & in Eq. (3) for volume
preserving mappings is equal to unity.

Invariant tori of codimension one of globally volume
preserving vector fields are considered in Refs. 25 and 42
(however, these works deal with families of vector fields
rather than individual fields). The case of mappings has
been studied in Ref. 51 for N=3 and in Refs. 52 and 53 for
N arbitrary. As is stated in Ref. 52, the global volume
preservation property of the mapping can be weakened to
the so-called intersection property (the analogous fact con-
cerning diffeomorphisms of the plane is well known*®).

C. Reversible systems

Speaking of invariant tori of reversible systems, we will
always suppose that the tori in question are also invariant

under the reversing involution G. Coordinate frames (1)
near such tori will be assumed to possess the additional
property that the involution G in these coordinates takes
the form

G:. ¢'=—¢, x'=Rx,
where R is an involutive matrix.

Principle 5. Let p and ¢ be non-negative integers. For
each m in the range

0<m<q for pxgq,
I<mgg for p=qg—1,

g—p+1<m<q for 1<p<qg—2,

in the phase space of a typical vector field ¥ reversible with
respect to an involution G of type (q,p), there are (m+p
—g)-parameter Cantor families of reducible m-tori invari-
ant under the involution G and the flow of the field V.
These tori are filled up with Diophantine quasiperiodic
motions. The (2m+ p—q)-dimensional Lebesgue measure
of the union of the tori is positive.

The cases m=0 (equilibria) and m=1 (periodic tra-
jectories) here are trivial and (m+p—q)-parameter fami-
lies of invariant m-tori for m< 1 are in fact smooth rather
than Cantor. As far as m-tori with m>2 are concerned, the
reversible KAM theorems for vector fields were first for-
mulated and proven in the case m=g=p, see Refs. 29, 30,
32, 49, and 54. This case attracted much attention later on
as well. 263%%5% Invariant g-tori for p> g have been con-
structed and analyzed in Refs. 12-14, 25, and for p<q in
Refs. 24 and 25. Lower-dimensional invariant tori (of di-
mensions m <g) of reversible flows in the p=¢ framework
were studied in many papers (see Refs. 5, 6, 14, 36, 43, 57,
and 58). The existence of invariant m-tori with m <g has
been proven for p> g as well’™ (see also Ref. 43). To the
authors’ knowledge, the case where m < ¢ and p < ¢ has not
been considered yet except for some remarks in Ref. 43 and
the very recent research of Huitema.>

The matrix §} in Eq. (2) has eigenvalue 0 of multiplic-
ity m+p—gq at each torus (for m > g—p). The remaining
2(g—m) eigenvalues of the matrix @ (for m <gq) occur in
pairs A, —A.

The reversible KAM principle for mappings is more
complicated than that for vector fields.

Principle 6. Let p, g, P, Q be non-negative integers and
p+g=P+Q. For each m in the range

0<m<min(q,Q) for p4+Prq+Q, 4)
Yg+Q—p—P)+1<m<min(q,Q) for p+P<g+0,
(5)

a typical diffeomorphism A decomposable into the product
of two involutions of types (g¢,p) and (Q,P) possesses
k-parameter Cantor families of reducible invariant m-tori
supporting Diophantine quasiperiodic dynamics, where

k=3(p+P—q—Q)+m. (6)
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These tori are also invariant under both the involutions.
The (k+m)-dimensional Lebesgue measure of the union
of the tori is positive. '

In dimension m=0 (fixed points) this principle is triv-
ial and k-parameter families of fixed points are in fact
smooth rather than Cantor.

As was emphasized in Sec. I, until now all the studies
of invariant tori in reversible mappings have been re-
stricted to the case p=P, ¢g=0. Invariant g-tori for p>q
were found in Refs. 12, 13, 15, and 26. Invariant m-tori
with m < ¢ (lower-dimensional tori) have been examined in
Refs. 6 and 6063 for p==¢ and in Refs. 8 and 10 for p> q.
The existence of invariant tori for p <¢ remains a conjec-
ture.

The present paper is devoted to the case where p, P, g,
0, and m<min(q,Q) are arbitrary. Nevertheless, we con-
fine ourselves with the mappings for which p+P>g+ Q.

To describe the spectrum of the matrix ) in Eq. (3), it
is convenient to set P=p—r, Q=qg-+r where we suppose
for definiteness that r>0. Relations (4)—(6) can be rewrit-
ten as

O<m<q for pzq-+r,
g—p+r+l<mgqg for p<qg+r,
k=m+4p—q—r.

The matrix {} in Eq. (3) has eigenvalue 1 of multiplicity k&
(if k> 0) and eigenvalue —1 of multiplicity » (if »>0) at
each torus. The remaining 2(g—m) eigenvalues of the ma-
trix Q (for m <q) come in pairs 4, 17

A family of invariant tori will be said to be strongly
hyperbolic if the spectra of the matrices ) are real at all the
tori. In particular, families of invariant tori of maximal
possible dimension g are always strongly hyperbolic. If
p>q+r (recall that r=p— P=Q—¢>0) then constructing
strongly hyperbolic families of invariant tori can be easily
reduced to the case P=p, Q=gq.

Indeed, consider the square 4> of the original mapping
A. If A is reversible with respect to involution G, the types
of involutions G and 4G being (g,p) and (Q,P)=(g+rp
—r), respectively, then the mapping A? is also reversible
with respect to G, both involutions G and 4*G being of
type (q,p). Suppose that we have found a (p—q-+m)-
parameter strongly hyperbolic Cantor family of m-tori in-
variant under the mapping 42 and the involution G. This
Cantor family turns out to consist of (p—gq)-parameter
smooth families which, in.turn, are parametrized over an
m-dimensional Cantor set ZCR™ of positive measure (for
m =gq this property was announced in Refs. 12 and 26 and
proven in Ref. 13 but it in fact holds for all m<gq, the key
assumption being strong hyperbolicity). All the invariant
tori constituting a given smooth family have the same fre-
quency vector. Now consider any smooth family of m-tori.
These tori T, are parametrized by parameter u over an
open domain UCR?~%. Each torus T, is invariant under
A%, but the original mapping A puts a torus T7 into some
other (generally speaking) torus T'g(,. The next applica-
tion of the mapping A4 casts the torus T, back to the
torus T (the tori T’ are therefore said to be periodically

invariant under A with period 2, cf. Ref. 64). We have
defined an involution g: U— U, and it is not hard to realize
that this involution is of type (7,p—q—r). Bach point u of
the (p—g—r)-dimensional manifold Fix(g) corresponds
to torus T invariant under the original mapping 4. Thus,
we have found a smooth (p—¢q—r)-parameter family of
m-tori invariant under the mapping 4 and the involution
G. Taking the union of all such families over the set = we
will obtain a desired (m—+p—q—r)-parameter Cantor
family of m-tori invariant under 4 and G. This family is
strongly hyperbolic.

Nevertheless, we wish to construct families of invariant
tori with arbitrary reflexive spectra of the matrices Q.
Therefore, in Secs. IIl and IV we formulate precise theo-
rems on the existence of invariant tori in the case r>0
independently of the preceding results®®1%121326 concern-
ing the case r=0.

To conclude the discussion of the general KAM prin-
ciples for symmetric systems, we note that proving Princi-
ples 1 and 2 for m> n, Principles 3 and 4, Principle 5 for
p<gq, and Principle 6 for p+P<g-+Q requires Diophan-
tine approximations on submanifolds of the Euclidean
space?#45265 rather than in open domains.

D. Dissipative systems

To look for invariant tori with quasiperiodic dynamics
in dissipative systems, one has to introduce external pa-
rameters. Consider a smooth s-parameter family of vector
fields ¥,, acR’ We will say that this family is (m,u)-
regular (m>2, pu>0) if for values of a in some Cantor set
Z CR° of positive measure, the field ¥, possesses an invari-
ant isolated m-torus T3 which supports Diophantine
quasiperiodic motions and is reducible, the matrix §} in Eq.
(2) having p pairs of nonreal eigenvalues. For s>m—+p—1
the (m,u)-regular families V, turn out to constitute an
open set in the space of all the families.2>*? The same state-
ment holds for invariant tori of codimension greater than
one of volume preserving vector fields. The situation for
invariant m-tori (m>»1) of diffeomorphisms is entirely
analogous with the estimate s>m+pu.

Let an s-parameter family of vector fields ¥, be (m,u)-
regular. One may distinguish the hyperbolic behavior
[none of the eigenvalues of the matrices  in Eq. (2) for
the tori T, acZ, lie on the imaginary axis] and the non-
hyperbolic behavior (some of the eigenvalues of the matri-
ces {) are purely imaginary). In the hyperbolic case, the
field ¥, possesses an invariant isolated m-torus 7 for all
the values of a, but this torus is only finitely differentiable
for acR°\E (even if the field itself is C* or analytic) and
does not carry quasiperiodic motions. In the nonhyperbolic
case, one cannot expect the field ¥, to admit an invariant
m-torus for acR°\ E.

We enumerate some important aspects of the KAM
theory that have not been touched upon in our very brief
survey but are of great interest in the genericity approach
to KAM phenomena. These aspects are Aubry—Mather
sets (in particular, cantori), the converse KAM theory
which guarantees the nonexistence of invariant tori under
certain conditions (for a recent review on these two topics
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in the case of a symplectic mapping of the plane see Ref.
66), the infinite-dimensional KAM theory developed by
now, with minor exceptions, for Hamiltonian flows
only,38'67‘70 general Bruno’s results on invariant submani-
folds and families of invariant tori of analytic differential
equations,”®’! and the quasiperiodic bifurcation theory.’>"*
One should also mention the quite general formulation of
KAM statements in terms of Lie algebras of vector fields,
Lie groups of diffeomorphisms and artificial
parameters,”>*** a cohomological interpretation of the
solvability of the main equations appearing in the proofs of
KAM results,’”> and KAM theorems for the so-called
weakly reversible systems'>'>7* (for which the reversing
diffeomorphism is not assumed to be an involution).

The Aubry—Mather theory®7>~77 developed mainly for
two-dimensional mappings is of special interest for us be-
cause it pertains to neither small perturbations of integra-
ble systems nor neighborhoods of fixed points. Unfortu-
nately, this theory usually provides invariant sets which are
not necessarily smooth (and, moreover, it is cantoral in-
variant sets that attract major attention). To obtain
smooth invariant tori one should require the closeness to
an integrable mapping or critical element (e.g., a fixed
point, invariant circle, or sufficiently long finite orbit with
“good” behavior’®).

fil. THE MAIN THEOREM

In this section we give a precise formulation of the
theorem on invariant tori for the product of two involu-
tions of different types. We will work in the real analytic
category although this seems to be just an insignificant
technical restriction (nevertheless, the authors are aware
of only two papers®*® containing C* and finitely differen-
tiable KAM theorems for reversible systems).

We will follow the general lines of Refs. 5-10. The
notations in this section are somewhat different from those
in Secs. I and II. In the sequel, the letters », N, m, r, and
k denote fixed non-negative integers, n< N, 2m+r<k, and
the sum k+r is even. For a, beC# we shall write
la|=lay|+-+a, llal*=la|*+-+]a,|?% a-b
=a1by+ " +a,b, . The letters p and g will denote vectors
in Z™ and Z", respectively.

Let £0 be a small parameter and B an N-dimensional
ball in R”. Consider the mapping

@' =p+all)+fi(@lE) +egi(@l,56),
A I'=1+fo(@1.8) +eg (@16 8), (7)
& =QUE+ f1(@L,8) +egs(@,.6.€),

holomorphic in some complex neighborhood ¥ (indepen-
dent of £) of the set

{pe(R27Z)",

Ie BCRY,

E=0ecR*} C (C/27Z)" X CN*F,
Thus, variable ¢ ranges in the domain

{peC™ |Im ;| <¢, 1<j<n}

for some § >0, the vector-valued functions f, g;in Eq. (7)
being 27-periodic in ®; (1<s<3), variable I ranges in some
neighborhood of B in CN and variable £ ranges in some
neighborhood of the origin in C*.

Assume mapping (7) to satisfy the following condi-
tions:

(a) ¢, I', & are real whenever @, I, § are real;

(b) f/1=0(8), /,=0(8), /=0(|£]");

(c) the quantities |g|, 1<s<3, do not exceed in W
some constant independent of ¢;

(d) mapping A, is reversible with respect to the invo-
lution

G: ¢'=—¢ I'=l, &=0% (8)
where Q is a real involutive kX k matrix [in particular,
QUNEQ(I)=Q for all 1];

(e) matrix Q(7) has eigenvalue —1 of multiplicity »
for all I, the (—1)-root space of () lying in the
1-eigenspace of matrix @,

(f) the remaining k —r eigenvalues of {}(I) are simple
and different from 1.

Here two comments should follow. The first one con-
cerns the theory of linear reversible systems developed in
Ref. 23. Recall that if A is an eigenvalue of a matrix M of
multiplicity p then the A-root space of M is the
0-eigenspace of the operator (M —AE)* where E denotes
the identity matrix. The dimension of the A-root space is
always equal to p whereas the dimension of the
A-eigenspace of the matrix M ranges from 1 to g. Now let
a matrix M be reversible with respect to an involutive ma-
trix Q (i.e, MOQM=Q). Suppose that oe{l;—1} is an
eigenvalue of M. The o-root space of M is invariant®® under
Q. We will say that the eigenvalue o of M is perfect if the
o-root space of M wholly lies in either the 1-eigenspace of
Q or the (—1)-eigenspace of Q. If this is the case then the
o-root space of M coincides with the o-eigenspace,” i.e.,
each o-root vector is an eigenvector. Now let M have the
eigenvalue 1 of multiplicity g, eigenvalue — 1 of multiplic-
ity b, and assume both these eigenvalues to be perfect. If all
the remaining eigenvalues of M are simple then M is diag-
onalizable over C. Moreover, all the Q-reversible matrices
sufficiently close to M are diagonalizable and have the ei-
genvalues 1 and — 1 of multiplicities @ and b, respectively,
both these eigenvalues being perfect.?

Consequently, the structure of the spectra of the ma-
trices () described in conditions (e) and (f) above is
one of the typical possibilities. A small perturbation of the
family of matrices Q(J) would lead to a new family with
the same structure of the spectra (provided that the per-
turbed matrices are still reversible with respect to Q).
Moreover, all the matrices {2(/) are diagonalizable over C.

The second comment is how to create reversible map-
pings of the form (7). Consider the involution

P: o'=—@+o(), I'=I, &=Q()Q¢

and an arbitrary mapping of the form
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¢ =@+ f1(p.LE) +e8 (@),
KE: r =I+.]:2(¢’I’§) +£§2(¢!I’§’E),
§,=§+f3(¢11’§)+£§3(¢,I’§,E):

where the holomorphic vector-valued functions f; and g
(1<s<3) are real whenever @, I, £ are real, f,=0(§),
f2=0(£), f3=0(|€|?), and g, are bounded from above in
V¥ uniformly in £. Then the mapping

A4,=K7'PK.G

is reversible with respect to G and of the desired form (7).

Conditions (e) and (f) above imply23 that the type of
the linear involution &’'=Q¢ is [;(k—r),;(k+r)] whereas
the linear involution &' =Q(I)Q¢ is of type [F(k+r),5(k
—7r)]. The involutions G (8) and 4,G are therefore of
types

[n45(k—r) N+5(k+7)]

and

[n+ik+r) N+i(k—P)],

respectively. The (n+4N)-dimensional surface (£=0) is
foliated into n-tori (£=0, I =const) invariant under map-
ping A4, and involution G. These tori carry parallel dynam-
ics with frequency vectors @(/) and are reducible [if
*Ff 2 (@,1,0)/3& dp=0]. Our goal is a persistence result for
these tori as £ becomes positive.

The Greek letters a and S in this section will denote
integers in the range 1<a<k, 1<B<k.

Let the frequency map w: B—R", I->»(I) be a sub-
mersion, i.e., rank [dw([)/dI]==n everywhere in B (the
nondegeneracy condition). Then one can construct, at
least locally near any point in B, a G¥~"-valued holomor-
phic function y(I) such that the mapping I—[w(1),y(1)]
is a local diffeomorphism and y () is real whenever [ is
real.

Denote by A;([),...,A;(I) the eigenvalues of the matrix
Q) A)=---=A,I)=~-1] and by C,(I) the infi-
mum of numbers C such that

|arg A (I+J) —arg A,(1) | <Cllo(T+J) —ao (1)

whenever y(/+J)=y () and JeRY is sufficiently small
[here arg designates the phase: A= |A|exp(i-arg1)]. Of
course, the constants C,(/) depend on the choice of the
function y near the point /€ B under consideration. It is
clear that the C,(I) are bounded uniformly from above on
B. If eigenvalue A, ([) is real then C,(/)=0 [in particular,
Ci(I)="---=C,(I)=0].

Theorem 1. Suppose that conditions (a)-~(f) above are
satisfied, the frequency map I—w(I) is a submersion
throughout B, and the following nonresonance conditions
are fulfilled for any point /e B (cf. Refs. 5 and 6):

explig- o(I)]5#A4(1)
for ||g||<Co(D),
explig - o (1) ]F#AL (1) /Ap(I)
for 0<||q||<Co(I)+Cg(I) (recall that geZ").

Then, for all sufficiently small values of &, mapping (7)
and involution (8) possess common invariant analytic real
tori 7', of dimension #. These tori are close to the invariant
n-tori (§=0, I=const) of the unperturbed mapping 4,,
the motions on the perturbed tori being Diophantine
quasiperiodic with frequency vectors close to w(/). More-
over, the tori T', are reducible. Denote by =, the union of
those varieties I1(7",) lying in (R/27Z)"X B where I is
the projection

I1: (@,1,E)—(9,0)

and (R/27Z)" is the domain over which real variable ¢
ranges. Then

’ mes(E,) _
o amTvol(B)

mes being the (n+ N)-dimensional Lebesgue measure and
vol( B) the N-dimensional volume of the ball B,

Theorem 1 can be proven by the standard Kolmogorov
method of constructing a rapidly convergent infinite se-
quence of coordinate transformations commuting with the
reversing involution G, the definition domains of these
transformations shrinking down to the perturbed n-torus
sought for. Nevertheless, the iterative KAM procedure in
the setup of Theorem 1 is very cumbersome and tedious. A
detailed proof will be published elsewhere.

We should emphasize that one cannot predict which
invariant tori (£==0, I=const) of 4, will survive the per-
turbation, except for the case where the spectra of the ma-
trices ()(/) are real (strongly hyperbolic tori, see Sec. II).
If all the eigenvalues A,(7),...,A;(I) of Q(I) are real for all
I<c B then each torus (§=0, I=const) with Diophantine
frequency vector w(J) persists under the perturbation.
Moreover, the perturbed n-tori in the strongly hyperbolic
case are organized into analytic (N - »n)-parameter fami-
lies, each family consisting of the tori with the same fre-
quency vector.

The persistence of all the tori (£=0, I=const) with
Diophantine frequency vectors w(J) seems to take place in
the general hyperbolic case [none of the eigenvalues
Arp1I),...,A5(I) lie on the unit circle] also. However, in
the absence of strong hyperbolicity some of these tori may
give rise to finitely differentiable perturbed tori rather than
analytic ones (cf. Ref. 34).

Theorem 1 admits also a more quantitative formula-
tion (cf. Refs. 6 and 7).

1,

V. EXCITATION OF ELLIPTIC NORMAL MODES

If some of the “nontrivial” eigenvalues A, (1),
A (I} of the matrix Q(7) in Eq. (7) lie on the unit circle
then one may excite the corresponding normal modes and
find, near the surface (§=0), invariant tori of 4, and G of
dimensions greater than ». Note that the existence of such
tori is not obvious at all even for e=0. The possibility of
the excitation of normal modes around a smooth family of
reducible invariant tori of positive dimension in reversible
systems was first conjectured in Ref. 79. Precise theorems
have been announced in Ref. 9 for reversible vector fields

CHAOS, Vol. 3, No. 4, 1993




764 G. R. W. Quispel and M. B. Sevryuk: KAM theorems for product

and in Ref. 10 for reversible diffeomorphisms which are the
products of two involutions of the same type. In this sec-
tion, we generalize the construction of Ref. 10 to the prod-
ucts of two involutions of different types.

A technical tool to study the excitation of normal
modes is the partial Birkhoff normal form (the word “nor-
mal” has been used in this sentence twice in two entirely
different meanings!). The normal form theory around fixed
points of mappings and equilibrium points or periodic tra-
jectories of vector fields has been expounded in innumera-
ble works, see, e.g., Refs. 3, 13, 20, 32, 39, 43, 55, and 80
(we have listed here some books only). Normal forms
around a reducible invariant torus of arbitrary positive di-
mension are also very useful and have been developed for
dissipa’tive,”'”’81 Hami]tonian,”'so'82 and reversible™'° sys-
tems.

The Greek letters ¢« and B in this section will denote
integers in the range 1<a<k—2m, 1<fB<k—2m,

Consider again mapping 4, (7) satisfying the condi-
tions (a)-(f). Suppose that the -eigenvalues
Ak _omy 1) sesd (1) of the matrix (1) are of the form

Ag—smy2j—1(I) =exp[if;(I)],

/lk—2m+2j(1) =exp| "'"’iej(I) 1

where 0<6;(/) <m (1<j<m). Recall that A,(I)=""-
=A,(I)=-1. Some of the remaining -eigenvalues
Ay (D)seeshg_ap (1) may also be of modulus unity. Let /
be an arbitrary positive integer. Assume that for some
point I e B the vectors @=w(l;) eR”", 0=6(1,)€R", and
the numbers A,=A1,(l,) €C satisfy the following nonreso-
nance conditions (¢ and ¥ being positive constants):

lexpli(g- w+p-0)]—1|>c(|q| +1)77 9
for |g|+ |p| >0 and |p| <2142,

lexp[i(g-w+p 0)]—Ay | >c(|g|+1)77 (10)
for |p|<4l+1,

|expli(g-w+p-0)] —A/Ag|>c(]g|+1)77 (11)

for |g|+|p| >0 and |p|<2L

Recall that peZ™ and g€Z".

Normal Form Lemma. Under these conditions, near
the n-torus (§=0, I=1,)C (R/27Z)"XRY+* there exist
the coordinates [ye (R/27Z)", ucRY, zeC”, weRk_z’"] in
which the unperturbed mapping 4, and the involution &
(8) take, respectively, the forms

¢,=¢+(0(10+u) +F(P:u)+A1(¢:u,z,w),

u'=u+A2(1/1,u,z,w),
(12)

Aol Z}=Zjexp[i9j(10+u)+iHj(p,u)]+A3j(¢,u,Z,lU),

w'=[A(lo+u) +S(p,u) Jw+ Ay(u,zw)
(1<j<m) and

G Vv=—¢Y, u=u z'=%Z, w=Rw. (13)

Here
(g) peR™ with p,=|z;|? (1<j<m);

(h) the vector-valued functions F and H and the
matrix-valued function S are polynomials in p and u of
degree not greater than / with real coefficients, these poly-
nomials vanishing at p=0,

(i) the residual vector-valucd functions A, (1<v<4)
satisfy the conditions

ApnA;=0(|z| +|w|), AyA=0(|z|*+|w|?),

AW, Pu izt ) =0(AH1+M)  as 10,
where _

7(1)=0, 7(2)=2, 7(3)=1, 7(4)=2I+1;

(j) the new coordinates ¥, u, z, w depend analytically
on @ and are polynomials in /, §;

(k) ¢=¢, u=I—1I;, z=0 and w=0 for £=0;

(1) the real (k—2m) X (k—2m) matrix R in Eq. (13)
is involutive and A(J)RA(I)=R for all I;

(m) the eigenvalues of the matrix A(I) are
A1) oA _2m(I), the (—1)-root space of A(I) lying in
the 1-eigenspace of matrix R.

If the frequency map I>w(I) is a submersion and the
left-hand sides of inequalities (9)-(11) do not vanish in B
identically for all g, p, a, 3 in the ranges pointed out, then,
for each fixed value of y> n, the Lebesgue measure of the
set of points Jy€ B subject to these inequalities tends to the
volume vol(B) of the ball B as ¢—0 (in Ref. 10 we re-
quired > n—1 which in fact seems to be insufficient).

Note that the linear involutions w’'=Rw and
w' =A(I)Rw are of types

[3(k—r) —m(k+r)—m]
and

[3(k+r)—m3(k—r)—m],
respectively.

Now suppose that in mapping (12), the (n+m) X (N
+m) Jacobi matrix

dw(Iy) F(0,0)
oI ap

b= 90(I,) AH(0,0) (14)
aI dp

has the maximal possible rank m-n (a nondegeneracy
condition guaranteeing the necessary amplitude-frequency
modulation ). One can augment D by additional N —n lines
and obtain a nonsingular (N+m) X (N+m) matrix. De-
note by X the (N —n) X (N +m) matrix consisting of these
N—n lines and define linear operators A: R™"-RY,
7: R™T"SR” by the relation

() ()= (o)
X/ \n(»))\0)
here A(y) and n(y) are column vectors, yeR™"”, and

0eRY " Of course, the operators # and 7 depend on the
choice of the matrix X.
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Recall that the matrices A([J) are diagonalizable over
C. Let a matrix LeGL(k—2m,C) diagonalize A(ly), i.e.,

LA(Iy) L~ '=diag[ — 1,...,— LA, 1(Z0) e i—2m(To) ]

Define the linear operator ¥: R™*"-gl(k—2m,C) by the
equality

LIAUZo+R()+S((»),0)] L!

=LA L'+ Y(») +0(|y|?)

and denote the elements of the matrix Y(y) by Y,5(»). Set
C,=0

if A,(I) is real (in particular, for 1<a<r) and

C,=max | Y,,(y)|
=1
otherwise. Let 8> 0 be a small radius.

Theorem 2. Assume that the mapping A4, (7) satisfies
conditions (a)—(f), the hypotheses of the Normal Form
Lemma are met for some point /o€ B with /=3, the matrix
D (14) is of rank m+n, and the following inequalities
(additional nonresonance conditions) hold:

expli(g-w+p-0))£4,

for [lg|*+|lpl*<CE.
expli(q-o+p-0)]15£4,/1g

for 0 <||g|*+[IPIP< (| Aa| ~'Co+ 4] ~'Cp).

Recall that here w=w(1ly), 0=0(Iy), and A,=A,(1,).
Then, in any real neighborhood of the n-torus

(§=0, I=Iy)=(z=0, w=0, u=0), (15)

for all sufficiently small values of &, mapping (7) and in-
volution (8) possess common invariant analytic real tori
T, of dimension m+n. These tori are close to the tori
(w=0, u=const, |z;|==const>0, 1<j<m), the motions
on the tori T, being Diophantine quasiperiodic with fre-
quency vectors close to (w,8). Moreover, these tori are
reducible. Let Us be the §-neighborhood of the torus (15)
in the (n+N+2m)-dimensional surface (w=0). Denote
by E.s the union of those varieties II(T,) lying in Ug
where Il is the projection

II: (Yuzw)—(Yu,z).
Then

mes(Ea;)
m ———=
6480 mes(Us)

s

mes being the (n+N+2m)-dimensional Lebesgue mea-
sure.

Most likely, analogous theorems hold for exact sym-
plectic mappings and Hamiltonian vector fields, but some
partial results only are known. Namely, Bruno® examined
the following problem. Consider an analytic Hamiltonian
differential equation dx/dt="V (x) with n degrees of free-
dom, the Hamilton function depending analytically on a
parameter ¢€R°’. Suppose that for a=aq, this equation pos-
sesses a reducible invariant m-torus 7', with Diophantine
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quasiperiodic dynamics (1<m<n), the matrix £} in Eq.
(2) for this torus having precisely /<n-—m pairs of non-
zero purely imaginary eigenvalues. Assume that s>/— 1.
Bruno has proven® that under suitable nonresonance and
nondegeneracy conditions, for each integer 7 in the range
0<r</ the system

dx da
Z=Va®), 7=0
possesses an (s+ 1—/4r)-parameter analytic family of an-
alytic reducible invariant (m+-r)-tori which adjoins the
torus T,. The tori in this family support Diophantine
quasiperiodic motions, the corresponding matrices £} in
Eq. (2) having /—r pairs of nonzero purely imaginary
eigenvalues.

Actually, the motion near T is much more compli-
cated than Bruno’s theorem® describes, because the (s+1
~l+4r)-parameter analytic families of invariant (m+r)-
tori mentioned above are in fact generically embedded in
(s+m+r)-parameter Cantor families. To the best of the
authors’ knowledge, this statement has not been proven yet
although it gives rise to no doubt.

V. INDEFINITE INVOLUTIONS

The type of an involution is a local characteristic of
that involution near a fixed point. The fixed point manifold
Fix(G) of an involution G: M M may be disconnected
and consist of several connected components of different
dimensions, even in the case where the manifold M itself is
connected. Throughout Secs. I and 11, we tacitly supposed
that the fixed point manifold of any involution involved has
the same dimension at all of its points. However, this is not
necessarily true for an arbitrary involution.

An appropriate example can be constructed very eas-
ily. Let >0, m, and n be non-negative integers. Consider
the (7+1)-dimensional manifold- M, obtained from the
layer

{(xp)eR™*!: xeR,—1<x<1, yeR"}

by identifying (— 1,y) and (1,—y) for all yeR" (for r==1,
manifold M is the standard Mdbius strip) and the mani-
fold M of dimension 2m+n4r41 defined as

M=MyxC"XR". (16)

Let z and w be the coordinates in C™ and R”", respectively.
The mapping

G: x'=—x, Y=~y 2'=Z w'=tw (17)

(e==*1) is a well-defined involution on M. The corre-
sponding fixed point manifold Fix(G) consists of two con-
nected components Fix;(G) and Fix,(G).

If e=1 then

Fix;(G) = (x=0,y=0,zeR"™),
Fixy(G) =(x= 1 1,zeR™),

dim Fix;(G)=m+n, dim Fix,(G)=m+n+r.
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The involution G has the type (m-+r+1,m+n) at any
point of Fix,(G) and the type (m+ 1,m+n+r) at any
point of Fix,(G). '

If e= —1 then

Fix;(G) = (x=0,p=0,zeR",w=0),
Fix,(G) = (x= + 1,ze R”,w=0),

dim Fix(G)=m, dim Fix,(G)=m+r.

The involution G has the type (m+n+r+1,m) at any
point of Fix,(G) and the type (m+n+1,m+r) at any
point of Fix,(G).

Now let M be an arbitrary connected manifold and G:
M — M an arbitrary smooth involution. We will call G in-
definite if Fix(G) is empty or consists of connected com-
ponents of different dimensions.

Lemma 1. Let ¢ and b be two fixed points of involution
G and A: [0;1]-M an arbitrary path such that A(0)=c
and A(1)=b. Let the types of involution G at the points a
and b be equal to (¢,p) and (¢+r,p—r), respectively. De-
fine the loop A: [—1;1]— M by the equalities A(?) =A(?)
for 0<t<1 and A(t) =G(A(~—1)) for —1<t<0. Then the
loop A is orientation preserving if and only if r is even.

Proof. For 0<t<1, choose the orientations &, of the
tangent spaces T M =T, ,M to depend continuously
on t The orientations £, of the tangent spaces
TounM = Tp(—nM induced from §, via G also depend
continuously on ¢. The two orientations &, and §, of 7 .M
coincide if g is even, and the two orientations £, and &, of
T M coincide if g+ is even.

Corollary. If the difference in the dimensions of two
connected components of Fix(G) is odd then the manifold
M is not orientable.

In particular, it is obvious that manifold (16) is ori-
entable for r even and nonorientable for r odd.

Let ¥ be a G-reversible vector field on M. It is well
known'!"132683 that any symmetric (ie., invariant under
G) closed trajectory of V intersects Fix(G) at two points,
and any trajectory of ¥ which intersects Fix(G) at two
points is closed and symmetric. In the sequel, we shall use
the words “symmetric cycle” instead of “symmetric closed
trajectory.” If I' is a symmetric cycle of V of period 2T
then on I', one can introduce an angular coordinate ¢ mod
27 such that the field V determines on T" the differential
equation dg/dt=m/T, the restriction to I" of the involu-
tion G takes the form ¢’ = — ¢, and ' intersects Fix(G) at
the points =0 and p=1.

The monodromy operator® of a symmetric cycle of a
reversible vector field is reversible,!’~!>?683 and its deter-
minant is therefore equal to +1.

Let a symmetric cycle T of a G-reversible vector field V'
intersect Fix(G) at two points @ and . We will say that I'
is of type (g,p) (Q,P) if the types of G at the points a and
b are (g,p) and (Q,P).

Lemma 2. The monodromy operator of a symmetric
cycle of type (¢,p) (g+r,p—r) has determinant (—1)".

This lemma first obtained in Ref. 83 immediately fol-
lows from Lemma 1.

Theorem 3. Symmetric cycles of type (¢,p) (Q,P) of 5
G-reversible vector field ¥ are generically organized intg
smooth k-parameter families structurally stable with re.
spect to small G-reversible perturbations of V, where

k=3(p+P—q—Q) +1. (18)

If the number k (18) is negative then a symmetric cycle of
V of type (¢,p)(Q,P) can be removed by an arbitrarily
slight G-reversible perturbation of the field V.

Proof (cf. Refs. 12 and 13). Consider a symmetric cy-
cle T of V of type (¢,p)(Q,P). Let T intersect Fix(G) at
two points & and b, the dimension of Fix(G) being equal to
p near @ and P near b. The trajectories of ¥ passing through
the points of Fix(G) close to @ form a (p+ 1)-dimensiona!
“tube” @ that generically intersects Fix(G) at b transves-
sally along a smooth surface of dimension

(p+1)+P—(p+9q)

=P—q+1=3(P+p—Q—q)+1=k

(for k>0). The trajectory of ¥ passing through any point
of this surface intersects Fix(G) at two points and is there-
fore a symmetric cycle [of type (g,p)(Q,P)]. For nearby
G-reversible fields the tube ® will still intersect Fix(G)
near b transversally, and the k-parameter family of cycles
will just be slightly distorted.

Expressions (6) and (18) are very much alike al-
though they refer to entirely different situations.

In the definite case (p=P, g=Q) Theorem 3 is well
known!21326838% (gee also Ref. 11 for the simplest case
p=q=P=Q).

The monodromy operator of a symmetric cycle of type
(g,p) (g+r,p—r) has generically eigenvalue 1 of multiplic-
ity k (if k=p—qg—r+1>0) and eigenvalue — 1 of multi-
plicity || (if 420 and r540).

Return to our example [Eqs. (16) and (17)] and con-
sider on manifold M (16) the vector field V determining
the system of differential equations

dx . dy 0 dz dw 0
atT oA @ a

(w/7 being irrational). This field is well defined and re-
versible with respect to involution G (17). The circles

Typ={(xy,z,w): y=0,2=0,w=const= W} (19)
are periodic trajectories of ¥ of period 2 whereas the circles
Pyp={(xpzw): y=+Yz=0,w=const=W} (20)

(Y=consteR’, Y540, the first nonzero component of ¥ is
positive) are periodic trajectories of ¥ of period 4.

If £=1 then all the circles (19) are symmetric cycles of
V. They have the type

(m+1m+n+ry(m+r+1,m+n)

and constitute an n-parameter family which agrees with
Eq. (18). All the circles (20) are also symmetric cycles.
They have the type

(m+1m+n+ry(m+1m+n+tr)
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and constitute an (n+r)-parameter family which also
agrees with Bq. (18). Both families are structurally stable
with respect to small G-reversible perturbations of V.

Let n>0 and £= —1. Then the only symmetric cycle
among circles (19) is I'y. This cycle has the type

(m+n+1m+r)(m+n+r+1,m)

and is not embedded in any smooth family of symmetric
cycles. In other words, I'y constitutes a O-parameter family
[the number (18) being equal to —n]. The symmetry con-
dition for circles (20) is also W =0. The symmetric cycles
Iy, have the type

(m+n+1lm+rY(m+n+1,m4r)

and constitute an r-parameter family [the number (18)
being equal to r—n]. Both families are structurally unsta-
ble. Indeed, the vector field determining the system of dif-
ferential equations

dx dy dz dw
=iz, —r=
dt

a=b T a@ 8

is reversible with respect to G for any §€R" and possesses
no periodic trajectories for any §40.

As we emphasized in Sec. II, the statements concern-
ing smooth families of closed trajectories of vector fields
are in fact trivial, extreme particular cases of the KAM
principles. Theorem 3 is therefore a trivial case of the in-
definite analog of Principle 5. The nontrivial generaliza-
tions of Principles 5 and 6 of Sec. II to indefinite involu-
tions are far beyond the present study. We shall confine
ourselves with the following remark.

Let G: M —-M be a smooth involution and LCM a
G-invariant m-torus such that the restriction of G to L has
the form ¢@'=—¢ for some  coordinates
(¢; mod 2m,...,@,, mod 27) on L. The surface Fix(G) in-
tersects L at 2" points

(p;e{0;m}, 1<j<m). (21)

It turns out that the types of G at these fixed points cannot
be prescribed arbitrarily.

If @ and b are two fixed points of G of the form (21)
then their componentwise sum modulo 277 and component-
wise product divided by # are also points of the form (21).
The set of fixed points of G on L may therefore be treated
as the ring (Z,)™. Denote by {g,,p,) the type of involution
G at a fixed point ae L.

Lemma 3. For any two points a and b of the form
(21), the integer py+p,,s—P,—Pps is even [0 being the
point (@;=0, 1<j<m)].

Proof. For any point a=(@y,....¢,,) of the form (21),
consider the loop

Yot [02]15L, 7,(8)=(t@1,rtPp);

ya(o) =Ya(2) =0.

Denote by [v,] the corresponding element of the funda-
mental group 7 (L,0) =Z" (see Ref. 85). It is clear that

Y.(1)=a,

[Varsl =[Val + (761 =2[Vas].

CHAQS, Vol. 3, No. 4, 1993

On the other hand, v, is orientation preserving (as a loop
in M) if and only if p,—p, is even (according to Lemma
1). Thus, p,.,—po is even if and only if
(Pa—po) + (pp—py) is even which completes the proof,
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APPENDIX: ON s-EXACTNESS

Definition 1. A symplectic manifold (M* ) is said to
be s-exact (1<s<n) if the sth exterior power o° of the
symplectic structure @ is exact: w'=df where £ is a (2s
—1) form.

It is clear that an s-exact symplectic manifold is also
sy-exact for any s+ 1<s;<n.

Definition 2. A symplectic diffeomorphism 4 of an
s-exact symplectic manifold (M*",w,0°=dE) is said to be
S-exact (s<S<n) if the (25—1)-form (A*6—E) A’ is
not only closed but even exact.

It is clear that an S-exact symplectic mapping is also
S-exact for any S+1<8,<n.

I-exact symplectic manifolds and diffeomorphisms are
usually called merely exact.

An S-exact symplectic mapping 4: M—-M of an
s-exact symplectic manifold (M*",0,0°=df) is globally
volume preserving with respect to the exact volume ele-
ment o=w"=d({A0""°). Indeed, if A*w=w and
(A*E—E) Aw® *=dC then

A*¥(EN" %) —EN0" S =d(LNo"5).

Since a volume element on a compact manifold with-
out boundary cannot be exact, a symplectic 2n-dimensional
compact manifold without boundary cannot be s-exact for
any s<n.

Example. Let 0<m<n and M¥=R""Xx(R/
27Z)"*™. Denote by x and ¢ modd 27 the coordinates in
R"" and (R/27Z)"*™, respectively. The 2-form

n—m m

0= Zl dxj/\d¢j+ kzl d¢n—m+2k—1/\d¢n-—m+2k
j= =

is a symplectic structure on M which is not m-exact (for
m>0) but is (m+1)-exact (for m <n). Indeed, the inte-
gral of & over the 2m-dimensional cycle (x=const,
@ =const,...,p,_,=const) does not vanish, and " is
therefore not exact. On the other hand, ®™*! has the form

R
o™= E zcmﬁdxa]/\“./\dxa ADpap,
r=1 ap "

Drog=d@, A+ Ndp, Ndpg A+ Ndgg,




768 G. R. W. Quispel and M. B. Sevryuk: KAM theorems for product

where R=min(n—mm+1), [I=2(m+1-r), 1<y
< L@ <n—m,n—m41<By < - <BKn+m, and C,p
are certain coefficients. Thus, ©™*'=d¢ with

R
£= rgl aEB C,aﬁx,,la'xa,,Z A A dxar/\ Do

A translation
A: MM, A: x'=x+a, @' =@+b

(@ and b modd 27 being constants) is a symplectic diffeo-
morphism of the (m-+1)-exact symplectic manifold M. It
is not hard to verify that this mapping is (m+2)-exact
(for m<n—2) for any a and b. On the other hand, the
diffeomorphism A4 is (m+1)-exact if and only if a=0.
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