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Abstract. Using the direct linearization method we construct lattice versions of the
hierarchy of Gel’fand-Dikii equations, the first members being the lattice K4V equation
and the lattice Boussinesq equation. The (local) initial value problem on the lattice
of this family of equations is formulaled, giving rise to intcgrable multi-dimensional
mappings. The involutivity of the invariants of these mappings is established on the basis
of a novel classical r-matrix structure,

1. Introduction

Integrable lattice equations are cxact space and time discretizations of integrable
PDEs, [1-3], ie. integrable partial difference equations. A typical example of such an
integrable lattice equation is the lattice potential Kdv equation, [4, 5]

(P —q+ Up m+1 — u’n+1,m)(p +q- Uiyt om+1 + un,m) - P2 - CI? (11)

in which u = u,, ,,, is the dynamical (ficld) variable at the site (1, m) of a rectangular
lattice, (n,m € Z), and p,q € € are the lattice parameters, measuring the lattice
spacing in the n- and m-directions respectively. Lattice equations such as equation
(1.1) carry many of the characteristics endemic in continuous integrable systems, such
as the existence of a Lax or Zakharov-Shabat system, an inverse scattering scheme
and a sufficient number of integrals of the (discrete) time-flow in involution with
respect to a proper symplectic form. An interesting application is the construction of
integrable mappings, i.e. systems with a finite number of degrees of freedom in which
the evolution is given in terms of discrete time-steps, cf [6-8]. Integrable mappings
were investigated also in the recent literature, cf [9-14].

In [6-8] we constructed a family of exactly integrable finite-dimensional mappings
from the lattice Kdv equation (1.1) by considering ‘local’ initial value problems on
so-called ‘staircases’ on the lattice. These mappings are Lagrangian as a consequence
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of the existence of an action principle, which can be derived from the following actipp
of the Kdv lattice, [7]

S = Z [un,m(un+l,m - un,m+1) + eé]n(é + Un,m+1 — un+1,m)] (12)
n,meL

(where ¢ = p + q, 6 = p — g). From the Lagrangian property one can derive 3
symplectic or Poisson structure in terms of which the¢ mapping is a canonical trans.
formation. The complete integrability in the sense of Liouville, ¢f [10], has becn
established by obtaining a complete sct of invariants of the mapping which are in
involution with respect to this Poisson structure, [6-8].

Equation (1.1) has the property that it is local around a plaquette on the lattice,
i.e. the variables involved in the equation are the variables 1 on the four different sites
around a simple plaquette on the rectangular lattice. In this paper we are interested
in integrable lattices of a slightly more general type, namely examples where the
equation involves not only the variables around a simple plaquette, but also next-
nearest and in general farther neighbours. An example of such a lattice equation is
the following one that we refer to as the lattice Boussinesq (BSQ) equation

p’—-4° P’ — g

— U u
n,m+1 “n4l,m42
p—q- Un+1,m+1 Uny2,m p—q+ Upom+2 ~ Yngl,m4l ’

+ Unt+1,m Unt2,m+1 + Up42,m+2 (P** g+ Unti,m+2 un+‘2,m+1)
+ un,m (P_ q+ un,m+1 - u'n.+],m)

=(2p+ q) (Upp1,m + Ungrms2) — (P + 20) (Uy 1ngr + Upto mti):
13)

This equation reduces to thc continuum (potential) BSQ cquation after a suitable
continuum limit. Similar to the lattice Kdv, the lattice BSQ (1.3) can be obtained from
an action, namely (e = p? + pg+q¢%, §=p—q)

S = Z [66 ]Il (6 + un.m+l - un+1,m)
n,mek

- (P + qd + un,m) (]J + q- un+1,m+l)(6 + un,m+1 - un+1,m)
+ q un,m “‘n,m+l - P Up,m un+1.m] (14)

the Euler-Lagrange equations of which yields the lattice BSQ equation (1.3).

Equations (1.1) and (1.3) are the lowest order members of a hierarchy of lat-
tice equations of what we will call the lattice Gel'fand-Dikii (GD) hierarchy, whose
higher-order members are generally formed by coupled systcms of partial difference
equations. It is this class of lattice systems that we study in this paper. These lattice
equations go by suitable continuum limits to the corresponding PDEs of the usual
continuous Gel'fand-Dikii hicrarchy, cf e.g. [15-17]. The GD class of equations have
recently been shown to arise in connection with string theory in zero dimension and
two-dimensional quantum gravity, [18], cf also [19,20]. Furthermore, we investigate
in this paper the mapping reductions of the lattice Gb hierarchy, leading to a large
class of integrable rational mappings. Wc prove the integrability of these mappings
in the sense of Liouville on the basis of the associated r-matrix structure.
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The outline of this paper is as follows. In section 2 we introduce the lattice GD
hierarchy starting from the direct linearization mecthod (DLM). The structure of the
Lax operators of the members of the hierarchy is explained. In section 3 we show
how to reduce the lattice in order to obtain integrable mappings, and present their
symplectic structure. In section 4 we introduce a novel (so-called non-ultralocal)
r-matrix structure which is suitable for the canonical structure of the mappings in
the GD class. Finally, in section 5 we go over to a description in terms of a global
Lax representation (the ‘big’ Lax) which leads to the proper variables in which the
mappings and their invariants are most conveniently expressed. The involutivity of
the invariants of the mappings is proven on the basis of the r-matrix structure.

2. Lattice Gel’fand-Dikii hierarchy

Many integrable lattice equations have been found and studied by means of the direct
linearization method (DLM), cf e.g. [4,5]. The DLM, which is based on the use of
linear singular integral equations (generalizing the ones that occur in the Ricmann-
Hilbert formulation of the inversc scattering transform), has been introduced by
Fokas and Ablowitz in [21] order to treat thc initial value problem of the second
Painlevé equation Pu, cf also [22]. In [23], we gencralized this approach to include
equations of Boussinesq (BsQ) type, and along this line one can extend the DLM to the
equations in the GD hierarchy. Furthermore, the DLM provides a very convenient tool
for introducing Bécklund transformations, cf [24], whose Bianchi identities lead to
the lattice equations by a suitable reinterpretation of the variables, [4,5]. Therefore,
this approach is very suitable for obtaining a lattice analogue of the GD hierarchy.
For this purpose we introduce the intcgral equation, [23]

Uy

uy +pk/cd>\(13) 5= Prc @2.1)

k—-w

The integral in equation (2.1) is performed over an arbitrary contour in the complex
£-plane, k and ¢ playing the role of spectral parameters. The ‘wavefunction’ u,, is to
be solved from thc linear integral equation under suitable conditions on the measure
dA(£) and contour C, the main restriction being that they must be chosen such that
the solution of the integral equation is unique given the inhomogeneous term. The
object ¢; on the RHS in (2.1) is an infinite-component vector whose components are
powers of k, ie. ¢, = (cgc‘)), c(k') = k*, i € Z, and as a consequence, the solutions of
(2.1) are also infinite-component vectors u, = (ul’), i € Z, where each u{") is the
solution of (2.1) with the corresponding factor k* in the inhomogeneous term. The
parameter w, which is a root of unity w = exp (27i/N), (N = 2,3,...), specifies
the various members of the GD hierarchy. For N = 2 we obtain Kdv-type equations,
whereas for N = 3 the equations are of Boussinesq-type. '

The inhomogeneous term contains a ‘plane-wave factor’ p, that can be chosen
to depend on additional variables, namely the space and time variables of the system
that one is interested in. One may take e.g. continuous variables = and %, in which
case p, is a plane-wave factor leading, for general N, to the Gel'fand-Dikii (GD)
hierarchy, [15], cf also [16,17]. In this article, we are interested in two-dimensional
lattice equations, for which the p,, and therefore also the u,, depend on two inte-
gers (n,m) labelling the lattice sites. For the investigation of the lattice equations
associated with the GD hierarchy it is convenient to impose special transformation
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properties (corresponding to Bicklund transformations) for the factors py, which cap -
be interpreted as translations on a two-dimensional lattice. For this purpose, let yg
consider the transformation

Ptk
p+wkp’v

P 5k = (2-2) '
with p € C, f [4,5]. From the integral equation (2.1) with p, and w, replaced by
Py and ﬁk, one obtains a linear (spectrd]) problem relating the infinite-component
vectors i, and u,. The coefficients in these relations contain an infinite-sized (Z x 7)
potential matrix U, with entries u("9), (i, € Z), associated with the solution u, of
(2.1) by an integration over the same contour with the same measure, ie.

U=/cdx(e)ulp[*'c[ @.3)

where the superscript t denotes transposition, i.¢. the integrand in (2.3) is a dyadic
expression. Making use of the above mentioned uniqueness condition on the measure
and contour, the following linear rclations involving w; and i, can be derived

(p+wk)i,=(p+A-U -Q> Cu (2.4a)
Lli(p+w"k)}uk = [lﬁ:(z)+wj1\)] iy,
—Zw’U [H +w“A} [H(p+w1A] i,.  (2.4b)
7=2 j=itl

The A and ‘A in equation (2.40) are indcx-raising operators, acting on the left of u,
and U by (A -uk)(i) = u{"* and (A - U)“9 = u(+13) respectively, and on the
right by (U - *A)*") = w(ii+1) and O is a projection matrix singling out the central
(zero) component in the infinite-component description, ie. (O - uk)(i) = ui,o)éi,o
From (2.1) one can also derive an algcbraic equation given by

RN wp = AN cu = > U (w'A) 0 AN .5)

Integrating equations (2.4a), (2.4b) over the contour ', using (2.3), one immediately
obtains a coupled system for the infinite-component matrix U, namely

U-(p+wA)=(p+A)-U-0U-0-U (2.6a)
N ) N-1 ) ~
U [H(p-}-w’ tA)} = [H(p-{-uﬂA)} -U
j=2 =1
J N-1 ’ : N~
-~ w’iU'[ (p+w“A] [H p+wJA] 0 (2.6b)
i=1 j=2 j=it+l
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and in addition the algebraic equation

N-1
U-AN =AY U= Y U (w'A)Y - 0-AN""77 .U, @27

i=0

Equations (2.4)—(2.7) have been derived from (2.1) by using the transformation
. 2) Using a sccond transformation similar to (2.2) but with p replaced by ¢ and ~
by one obtains a second set of linear relations involving infinite-component vectors
iy, mstead of i, and an infinite-component potential matrix U instead of 0. Using
these two transformations one can eliminate the index-raising matrices A and ‘A
from the equations for U to find a coupled set of nonlinear equations involving a
finite number of components u(*/), with i = 0, j = 0,1,...,N -1 and j = 0,
i=0,1,...,N —1 . Equivalently one can work out the compatibility conditions
for the set of linear relations for 4, and 4, to find the same set of relations for the
potentials u(%3). Thus we obtain a coupled system of partial difference equations,
after reinterpreting the transformed variables as follows, this system can be interpreted
as a coupled system of partial difference equations by making the identifications

i) = ) ald) = () altd) = (1) 200 =)

(2.8)

in which the potentials are assumed to live on a two-dimensional lattice whose sites
are labelled by (n,m), n,m € Z, and the lattice translations in the n- and m-
direction correspond to the transformations v — & and u — 4 resepctively. The
parameters p and g play the role of thc lattice parameters measuring the lattice
width between neighbouring sites in the n- and m-dircction respectively.

From the linear relations (2.4), (2.5) one can derive a Zakharov-Shabat type of
linear problem for this system of partial difference equations, namely

(P+wk)p, =Ly v, (g+ wk)p, = M -, (2.9)
in which
(o
“
u
Pr = ,
u(anl) .2 10
p— 7(0,0) 1 2 )
_a(lvo) ) p 1
Ek = E ., e
____ﬂ'(N—-?,O) 0 P p 1
kN 4 % WwlV=2,,(0,N=2) 00 p 4 u®0)

and where the matrix M, is a similar matrix obtained after the replacements p + ¢
and "+ ~. The term * = wN~1ON-1 _ 7(N=-1,0) in the left-lower corner of the
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matrix £, is such that the determinant det(£,) = p™ — (—k)", as may be checkeq
from cquations (2.9), (2.10), i.c. we have the expression

N2 NelN=1-j o
* == Z (- p)N 1- J(u(ho) — W u(O»J z Z (~p) N 1=j=1 ,,,00, 1),&(_7—1,0).
Jj=0 i=1 =0

(2.11)
For later use, we need a factorization of the Lax matrix (2.10) which is as follows
Ly =AM AN B (AN =k - (=p™) (2.12)

in which A(A,) depends on the spectral parameter
N-1
AQX) = AEn, + Y Epiy (2.13)
i=1
where the matrices E, ; are the standard generators of GLy, ie. (E; ;)g,; =6, ;6 .
The matrices A(p) and B(p) depend on the potentials u{*/), through

N-~1

A(p) =1+ ) (W ' VEN v+ PEjy ;) (2.142)
j=1
N-1 . j-1 ‘ o

B(p) =1- ) ((=p) + Y (=) "7 ulE,,, .. (2.14b)
i=1 1=0

In equation (2.12) we have the freedom to multiply the matrix A from the right by
an arbitrary (spectral parameter indepcndent) matrix

N-~1
C=1+ Z CijEij

i>3=1

and the matrix B {rom the left by A(/\p)“C“lA(/\P), (where the dependence on
the spectral parameter drops out).

For N = 2, the compatibility of the system (2.9) leads to a lattice version of the
(potential) Kdv equation, which was studied in a number of papers, cf [6-8]. The
compatibility relations of the system (2.9) for N > 3 leads to the coupled systcm of
equations

2 G+L0) _ G+50) (p—q+i—1) ﬁ(];o)

— palh0) 4 g 00 (2.15a)
w (@@ _ g@i+D) = (p— g4 i~ @) u®) — q @) 4 p ) (2.15b)

j=0,...,N-3




The lattice Gel'fand-Dikii hicrarchy 603
together with u = u(%:9)

(p — g+ i —a)(Z" 7Y N2y 0N-2)

2 (N -3,0)

=(p+a+uw)[(p~q+i-a)u ~ paN=20 4 qa(N=3%0)]
N-3
+ 3 [(=p) N1 (@0 — o yl0))
3=0

—(=q)N-1-i (ﬁ(.‘i»o) - wju(O.J'))
_wju(O,j)((~p)N-2-jﬁ - (__q)N"?—jﬁ)]

N-zN-1-j _ -
_ Z Z wiyl0d) [(__p)N"l"J—la(J*lyo) _ (,_q)N—l—J—ta(J—l.O)]_
i=2 i=0

(2.15¢)

Using equations (2.15a), (2.15b) in combination with (2.15c} one can eliminate
uN=20) and 40N=2) by using the following identity

(121(N~2'0) - wN_zu(o’N_z))A - (ﬁ(N_z'O) — W72y (0N =20y

= (,a(N—-?,O) _ ﬂ(N—z‘O)):-f-(JJN_Z(fL(O’N_Z) . ,a(_O,N——Q)) (2.16)

and find a coupled system of equations in terms of w99, w(®3) ;= 0,... N -3,
(N > 3). We shall refer to this system of equations as the lattice GD hicrarchy.
In the simplest case N = 3 we get a scalar equation in terms of u, ., = uﬁﬁ',?)
which is precisely equation (1.3). It is this equation that we reler to as the lattice
(potential) Boussinesq (BSQ) equation, as by appropriate continuum limits we recover
the potential BSQ equation from (1.3). The DL for the continuum BSQ equation was

studied in [23].

Remark.. A different ZS system which gives rise to equations that we will identify
with the lattice modified GD equations (or ‘Toda~GD’ equations) is given in appendix
A, together with the Miura transtormation relating them to the systems in the GD
hierarchy. In the special case N = 3 this leads to an interesting new lattice equation
which is the discrete analogue of the modified BSQ (MBSQ) equation, presented first
in [23].

3. Mapping reduction

As an application let us now consider some ((inite-dimensional) integrable mappings
associated with the various members of the lattice GD hierarchy. In the spirit of [6]
we can construct integrable mappings from any of the lattice cquations by considering
appropriate periodic initial value problems on the lattice.

Let us now consider initial value problems for the latticc G hierarchy of equations
that were presented in the previous section. One way of doing this is to give initial
data on a horizontal line and consider cither decaying, cf [25], or periodic boundary
conditions, which in either case leads to a non-local scheme. Another way, cf [6],
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(0,0 )
m &)———!r ul [ ] [
w?
° — uf ®
“gw]
° ° — U,(sw)
u(_;,J)
o R . _”gq')

Figure 1, Configuration of initial data on a staircase in the lattice.

which gives rise to a local iteration scheme, is to assign initial data on a ‘staircase’.
By a staircase we mean a sequence of neighbouring lattice sites with m and n non-
decreasing, as e.g. illustrated in figure 1. From the fact that the compatibility of the
Lax representation (2.9), (2.10) at each site involves only the values of the potentials,
w09 w0 (7,5 =0,..., N~2), at the four lattice sites around a simple plaquette,
it follows that the information on these staircases cvolves through the lattice along
parallel staircases. Furthermore, because of the ‘convexity’ of the staircase the initial-
value problem is well-posed. To be specific, we consider a staircase consisting of P
alternating horizontal and vertical steps, associated with periodic initial conditions of

the type

(i) = (0
UptPm+P = ”S:,fn)
Starting from such initial conditions it is immediatcly seen that the same periodicity
applies to downward iterates of the same staircase, as 4 consequence of the form of
the equation. Taking such a standard staircase through the origin (n,m) = (0,0),
we assign initial data as follows (cf figure 1)

(8:7) —. o (8s3) () .0
un:n) =1 Uogp u1L+l,'h. e 24l

with the same periodicity property, i.e.

6,3) me 4 (d)
uSL’J) -~ un+2P
and we can use the lattice equations to calculate the ‘updated’ variables, i.¢. the value
of the variables ug’,f ) and ug',;ﬂr)l after a one time-step evolution in the m-direction,
namely

(i) Y )

W0 =, .
2n = “n,n+41 In+l — 1L7L+],TL+]'
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»X Figure 2. Compalibility condition leading to the zs
(2n 4 2) system for the mapping.

The factorization of the Lax representation ol the lattice, i.e. equation (2.12),
together with (2.14), and a similar equation with p — ¢ and " — " for M., can be
shown to lead to a reduction of variables, which will turn out to be the canonical
variables of the system. It is in terms of thesc variables that a mapping reduction
‘is most casily obtained. In fact, considering the configuration of translations on the
lattice as indicated in figure 2, we can derive a discrete-time Zakharov-Shabat (Z$)
system from the Lax rcpresentation of the lattice. Using equation (2.12) we have

A2n+2(q)AqBl2n+2(q)A2n+1(q)AqB'_)n+'_'((1)A2n(p)ApB‘ln+l (p)A'_)n—l(q)

= Al2n+1((1)Aqu2n+2(q)A,2n(p)ApB{_’n+l(Z))Al’n(q)Aq B{Zu(q}A2n——1(Q)~
3.1)

This relation, after a recombination of factors, and with the use of A, L ,(q) =
A, 2(q) leads to the zs system

L. (k) - M, (k) = M, (k) -L,(k) (3.2
with the identifications
Ln = V2n : V.‘Zn—l Mn = A?nUn (33)

in which A, = A(},), introducing also for later use parameters A, = A, , (Pg_y =
Py Paqn = 9), and

V,=A, W, U, = B5,(90)A,, 1(q). (-4
The matrices W,, which contain the canonical variables ol the system, are given by
N

W, =B, 00(0py2)An(Payy) =14 3 v, 5(n)E; (3.5)

i>j=1
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where

N=j=1 (ON=-7-1) 4 Pat1dj,n-1 G69)

vy, (n) = w
;1(n) = ~(=Ppys) Z( Pnya) UG P bia (.60)

for j=2,...,N~1 and
vya(n) = “(“pn+2)N_1 + w22 Z( “Pay P It Ezzfz) (3.6c)
Vi1 E g =2 N2 (3.64)

v,; =0 (3.6e)

otherwise. As we will show in scction 4, it is in these variables v that the Yang-Baxter
structure is obtained. For the matrix M, we have the following expression

N-1

M, =A,, [1-{- Z (vi1(2n = 2)E; | 4+ vy ;(2n - DEy ;) + w(n)Ey,
j=2
N-2
+q Y Ej;+(a-p)E,, 3.7)
j=2

where the ‘corner’ field w(n) is determined by the compatibility conditions of the zs
system, leading to

w(n) = viy; (20 = 2) + qui,s(2n —2) - poya(2n—1)

+ (vﬁV,N_l(?.n —2) = vy po (2= 1)) (v o(2n — 2) = pbyy 5).

3.8)

The ZS system can be considered to be the consistency condition for the following
linear system

bpp1 = Vo, o1 =M, - by (3.9)

where ¢, = (qﬁ(l) (2), . ,d)ﬁlN)), and using the identification (3.3). We impose the
following commutation relations between the fields v, ;

{“i,j(") ’ vk,?(m)} = 5n,m+15k.j+15i,N‘51,1 - 6171.n+16i,1+16k,N6]’,1' (3.10)

As we shall show in section 5, these commutation relations are precisely such that
- the mapping coming from the zs system is symplectic. In order to do that we have
to work out the compatibility equations from the Zs system (leading to the mapping),
ie. equation (3.2). However, not all the v-variables are relevant: the mapping is
most naturally expressed in terms of special combinations of the variables v; ; which
we will introduce in section 5. On the other hand, the variables v, ; are the most
natural ones in order to establish the integrability of the mappings, as a consequence
of a Yang-Baxter structure that we will develop in the next section.
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4. Non-ultralocal Yang-Baxter structure

In this section we will focuss on the integrability of the mappings constructed in the
previous section.

A first step is the construction of invariants of the mapping. This is done by
introducing the monodromy matrix

P
T= H L, =T(w) (4.1)
n=1

in which ~ indicates that the factors in the product are arranged from the right to
the left, and where u = X, = k" — (=p,,)"V. Due to the periodicity of the initial
data over P steps along the staircase of figure 1, it is immediately established that T
~ transforms as

T =Mp,, T M “2)

where My ; = M, due to the periodicity requirement. Clearly, the trace of powers of
the monodromy matrix is invariant under the mapping, and by expanding in powers of
the spectral parameter k™ we obtain a sufficient number of functionally independent
invariants,

A next step is to establish involutivity of the invariants with respect to a properly
chosen symplectic structure. We show in this section that the Poisson structure (3.10)
leads to a novel Yang-Baxter structure, from which it is manifest that the traces of
the monodromy matrix are in involution. The construction of such a Yang-Baxter
structure proceeds as follows.

From equation (3.10) we immediately derive the [ollowing Poisson brackets be-
tween the matrices W, t

{Wn+1 @ Wn} = (Wn—H ® l)s(l ® Wn) (43)
where
N-1
s = Z Envi @By @4
i=1

and W, was given in (3.5). The Poisson brackeis (4.3) between the matrices W,
at adjacent sites on the staircase are the only non-trivial ones. We now have the
following identity

AW AW)) P(AW) @A) ™) = P+ (p—~p)(st = s7) 4.5)
in which
N
P=Y"E QFE;, (4.6)
3,7=1
T In this section ® denotes the matricial tensor product, i.e. (A ©@ B);xy,; = Ay, Byy. The notation

{A © B} denotes thc matricial tensor product of A and B where we take the Poisson brackets between
the corresponding entries in the tensor product, cf e.g. [26].
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and
1 N-—
st =sT(u,p) = 1@ A(W)) s (1@ A()™Y) = Z En:®E; v (4.7a)
o
sT=s"(p )= (Ao ) s(A(p) ' oL) = ~ Z E:n®EN,- (4.7b)

L

. i=1

—

Using (3.3) and (3.4) we find the fundamecntal Poisson structurc for the matrices L,

LW 8L (W)} =6, i (La(p) @1) sT (1oL, (1)
bnr1m (10 L (1) s (L (1) @1)
= bpm [ (L) @ L, (1) = (L(w) ® L, (1)) r7]. (48)
Equation (4.8) is easily deduced from (4.3), taking

P
wo—

P o= () = :

4.9
rH=rt(p, ') = () + st (i) = s, p)

and where use has been made of the fact that the the Poisson brackets between the
matrices W at the same site are trivial.

Equation (4.8) forms a so-called non-ultralocal Poisson structure, cf [26]. In the
discrete case fundamental Poisson brackets similar to (4.8) have been presentcd in
e.g. [27,28]. For integrable time-discrete systems, notably in the case of mappings of
Kdv type (ie. the case N = 2), they werc presented first in [8]. In the continuum
case non-ultralocal Poisson brackets have becn studied in a number of papers, cf e.g.
[29-31]. In fact, equations (4.9) and (4.7) form a new solution of the non-ultralocal
version of the classical Yang-Baxter equations (CYBES) which read

[Tf; s r-ihS] + [rliz ’ 7'::;3] + [ 1%5 , T )3] =0 (410a)
together with
[s32, s3] = [, 5] + [k, s3] (4.100)

Equations (4.10a), (4.10b) ensure that the Jacobi identities for the Poisson bracket
(4.8) are satisfied. To ensure the skew- -Ssymmetry of the bracket (4.8), we have the
relation

sT(uyu') = Pst(u', )P (411
whereas both % are anti-symmetric
r(p, ') = = Pr¥ (', 1) P, (4.12)

The cancellation mechanism when calculating the Poisson brackets between the
monodromy matrices (4.1) makes use of the rclation (4.9) between the v+ and the
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s*, from which it follows that the terms coming from the shifted Kronecker-deltas
in (4.8) cancel against the s-terms coming from the difterence between r+ and r—,
- Jeading to the result

(T 8T} =—rt (T(W)@T()) + (T(r)@ T(u)) 7~
+ (T st1eT(w))-1oT(n))s (T(v)a1). (4.13)

As a consequence of (4.13), taking the trace over both components of the tensor
product and using (4.9), the right-hand side of (4.13) vanishes identically, and we find
for al n,m e N
{Te(T()™), Tr(T(W)™) } =0 (4.14)

implying that the integrals of the mapping are in involution. For involutivity of the
invariants, it is clearly sufficient to prove that the Poisson bracket between the trace
of the monodromy matrix (4.1) for diffcrent values of u, u and p’ say, vanishes.
Thus, we establish integrability in the sense of Arnol’d-Darboux-Liouville, applying
the general result of [10].

We mention that the classical Poisson structure given above can be deformed into
a non-ultralocal quantum Yang-Baxter structure, lcading to an appropriate quantiza-
tion scheme of the mappings decfincd in the previous section, cf [32], cf also [33] for
the case of mappings of Kdv type. Similar quantum structures were investigated in
[28] in the case of the Toda lattice.

5. Big Lax and max

In order to obtain the final reduction of the mapping it is convenient to work with a
representation in terms of a ‘big’ Lax pair, i.e. involving matrices of the size of the
number of steps over a one-period staircase. Thus, we introduce 2P x 2P matrices
L and M, for the various members (N = 2,3,...) of the GD hierarchy

L=-3) + Nzl eXel 4 A M=%, +D. G.1)
a=1
Equation (5.1) is expressed in terms of powers «, (o = 1,...,N), of the 2P x 2P
matrix X, , which is the analogue of the (N x N) matrix A(X), ie.
0o 1
D01
,=1: (5.2)
: 0 1
n e e ... O
and the matrices X(®), D and A are diagonal matrices with
X(®) = diag (X{™; ..., X{2) (e=1,...,N=1)

A = diag{A; —A5,0,25 = A,0,. .., Aop ) = Ayp,0) Aan = Aonin (5.3)
D = diag(d,,0,d;,0,...,dyp_;,0).

The usefulness of the big Lax representation in connection with the mappings cor-
responding to the various members of the lattice GD hierarchy, that were derived in
section 3, stems from the following result.
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Proposition 5.1. The zs system (3.2) for L, and M, given by equation (3.3) and
(3.7) is equivalent to the Lax cquation

U=M.L.-M™! (5.4)

in which L and M are given by (5.1) together with (5.3). Equation (5.4) is the
consistency condition for the following linear problcm

L- P+ pud=0 ®'= M. . (5.5)

Furthermore, (5.4) gives rise to the following (/N — 1) x 2P-dimensional rational
mapping

ng)—il = Xgi) + d?n——l—ongi-‘-L)

Xé:)l + ngi;)ld?n-l-l = X'.(ZZ-)i-l + d2n~—a/\,'ga+l)

n+1l

N-1 N~1
‘an—l 4 = X%n ) - dZn—N

N-1 N-1
Xén V= X§n+1) + dypyr — dongion
in which
)‘211—1 B )‘2

Ay = 57— d

-0 n=1,...,P. G.7)
1
X5

2n

In the proof of this proposition use will bc made of the following lemma.

Lemma. There exists a gauge transformation between the Zakharov-Shabat system

(3.2) and a similar system containing only the reduced variables x5 of equation
5.1

Proof. The gauge transformation simplifies the matrices W, of equation (3.5) with

variables v; ;(n) in the lower triangular part to matrices with variables X { ocurring
only in the first column. This is achieved by the following gauge translormation

V,=_,-V, -T;}, (5-8)
in which
N=1
V,=A, (1 + > XS;”EN_HH) (5.9a)
a=1
Nz
Fn = H I"(na-l-)l——a (59b)
a=l
‘N~a
nga) =1+ Z Vigajtal?)E ;- (5.9¢)

1>5=1
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Furthermore, we have

N

M, =T ,M 5! ,=A,, (1 + ) a,.,].Ei,].) (5.10)
i>j=1
and the gauge-transformed zs equations, i.e.
(k) - M, (k) = M, (k) - L (k) G-11)

yiclds a system of equations only in terms of the entries N in the matrix V
identifying

n

I—"n. = \_,211 : \7217.—1 (512)

analogous to equation (3.3). The proof of the identity (5.8) in the lemma is based on
a succession of ordered n-dependent Gaussian eliminations, and we refer to appendix
B for the details.

The proof of proposition 5.1 proceeds via a number of steps, which we will briefly
summarize here.

1. In order to prove the first part of proposition 5.1 we start from the relation (3.9)
after the gauge-transformation (5.8), ie.

$n+l = vn ('—b‘n. ("7){2 Mné'_'n——l (5]3)
with
¢n = Fn—lé’n' (514)

Note that I, in equation (5.90),(5.9¢) is such that

1) = o) (5.15)
From equation (5.13) with the specnal form of V, as given in cquation (5.92) we
have

) = XN gD 4 glath) (a=1,...,N—=1) 5.16)

- N —

¢"("-+)l = A'n. ¢’§n,1)
From equation (5.16) we immcdiatcly obtain that

Aol + Z X bide = Hlny = 0 (5.17)

Equation (5.17) is equivalent to the L-part of the big Lax representation. In fact,
introducing the 2 P-dimensional vector

o =(6{",...,¢) (5.18)
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together with the ansatz

itap = 18D (5:19)
we have L® = —p® with L given by (5.1).

2. To derive the M-part we first note with the explicit form of M, in equation (5.10)
that

1 _ 1 S(2)
gn)l—l = U2,1¢'(zn)—1 + (b'(l'n.)—l

ool l | (5.20)
(g 1(n) — Xf(fn——_l ))d’(zn)-] + d’(zn)

I

In the same way, we find with the use of equation (5.16) for o« = 1,2 and
equation (5.13)

o’ = Xgn 1" oh s +
N~ _ (N~ ~ _ S(N=
= ¢’g1)+1 + (Xén—;)l + ua,-z('”') - ’\'.(Zn 1))45(2;) + (“3,1('”-) - u3,2(")/\§n~11)
= XD XN, () - XD g (5.21)

2n—1 2n-1

with the form

N-2
L, = Z E it AonpEnoin + A Enn + Agn’\'é!nv—_ll)EN,l
i=1
N-2 Ne; N-—1 . N
+ Z ’Y'gn—_lz-l)Ei,l + Z '\".(Z-{:—l)(Ei.'l + ’\'I(lvz:ll)Ei,l) (522)
t=1 i=1

it is easy to work out the (/V,3)-, (NV,2)- and (N, 1)-clements of the compati-
bility relation (5.11) yielding

Agngz = Aoy T 1
XD = XV 4y, (n) (5.23)
‘XgnN-——lz) + X%ﬁ_l)xég:ll) = X'g:’:l”,am(”) + 'as,l(n)
Inserting (5.23) into (5.21) yiclds
68) = oy, (5.24)
which in combination with (5.20) gives the M-part of the big Lax representation.

3. The mapping (5.6) in terms of the Xt (x=1,2,...,.N-1,n=1,...,2P)
together with (5.7) can be found from cquation (5.4) together with (5.1). The
same mapping together with the entries of the matrix M,, can be found from the
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Zs condition (5.11) in combination with (5.10) and (5.22). The entries @; ;(n) of
(5.10) are given by

T, (n) = X5 (i=1,...,N-1) (5.254)
4 (n) = Mnop=2 T {p=1,3,...N~3 if N is even
NoprLN - X0 p=1,3,...,N—2 il N is odd
(5.25b)
A —
Gy () = X571 4 "’\‘—él)“ (5.25¢)
“A2n
@; ;(n) =0 otherwise. (5.25d)

With this we have proven proposition 5.1. A next stcp is to establish the canonical
nature of the mapping, which is given by the following:

Proposition 5.2. The mapping (5.6) is symplectic with respect to the following Poisson
bracket structure

{X,,(Ia),XSf)}ZO a+3>N
{X’(’a) ’ Xﬁf)} = 6ﬂym+01 = S a+pg=N (5.26)
(X, XY =6, py g XEHA) — 6 Xio+d) a+B<N

N, Mo

in which
n,m

_ {1 n=m (mod 2/P)
0 otherwise

The proof of proposition 4.2 consists of two steps. Firstly, one should verify the
Poisson brackets (5.26) on the basis of the explicit relation between the variables

{*) and the variables v; j(n) of the previous section. Sccondly, one needs to
establish that the mapping (5 6) leaves the Poisson brackets (5.26) invariant. The
details of this can be found in appendix C.

As a consequence of the gauge transformation (5.9) the traces of powers of the

monodromy matrix are expressed in terms of the variables X4, leading to invariants
by expansion in the spectral parameter p. Alternatively, using the identityt

detyprzp (L + 11) = dety, v (T = 741) (.27)

we can find invariants from the characteristic polynomial of the big Lax matrix.
We shall defer the problem of the actual counting of independent invariants of the
mapping to a future study. The investigation of the lower-dimensional examples
indicate that this is actually the case. Since these invariants arc involution according
to equation (4.14) the mapping (5.6) is then completely integrable in the sense of

+ In fact, both sides of (5.27) are polynomials of order N in the parameter 7, and due o the gauge
transformation (1aking into account equations (5.15) and (5.19)), we have that the condition for the
left-hand side to vanish is the same as the one under which the right-hand side vanishes.
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Arnol’d-Liouville, cf [10). In principle they can be used to integrate the discrete-time
dynamics. The explicit construction of the finite-gap solutions, cf e.g. [34], is under
current investigation.

Let us finish this section by working out an explicit example of the above construc-
tion, namely the mappings of ‘least period’ in the GD hierarchy. For mappings coming
from the lattice Kav equation the case of period P = 1 leads 1o trivial resultsi. For
the other members of the GD hierarchy this is no longer the case. The ‘big’ Lax
matrix for P = 1 is actually smaller than the corresponding ‘small’ Zs matrix, and is
for N = 3 given by

_ (X + X —-7}+Yg) _ {4 1) 5.8
L“(—n2+nﬁ X, + Ay M= n 0 (-28)

whose determinant leads to the following Casimirs

Ci=X + X, Co=Y, + Y, + X,X, (5.29)
and to the following invariant

I=(M=-2)X, + Y,Y. (5.30)

Eliminating X, and Y, from the resulting mapping, using the Casimirs C| and C,
we arrive at the following 2-dimensional rational mapping of the plane

Ay = A

X' =C, - X+ 77

YVi=C,-Y - X(C, - X) (531
with X = X, and Y = Y, carrying the following invariant
I=Y(Cy=Y~C/ X+ X% + (A - 2)X. (5.32)

A continuous-time interpolating flow to this mapping is generated by (5.32) together
with the Poisson brackets {X,Y} = 1. For any member of the GD hierarchy with
N > 2, we can thus give a ‘lowest-dimensional’ mapping by considering period
P =1, and surprisingly enough they give actually the senme mapping (5.31) for all N.
This mapping is a special case of the 18-parameter family of mappings of the plane
presented in [9].

6. Conclusions

The big Lax representation is convenient to notc the analogy between the GD map-
pings and the conventional continuous GD hicrarchy. In fact, the shift matrix ¥, can
be viewed as the direct analogue of the differential operator 8 that occurs in the Nth
order linear differential system that is at the basis of the GO hicrarchy, [15-17]. The
big Lax representation (5.1) is the discrete analogue of that system. Of course we
could have started right away by posing (5.1) as the starting point of our investigation.

t The first non-trivial mapping in the Kdav-case N = 2 occurs for period P = 2, leading to two-
dimensional rational mapping which is actually the McMillan map, |35]. The Kdv situation was extensively
covered in [6,7], and we will not go into that casc explicitly here.
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We have not chosen to do so, because we wanted to make clear the relations between
this discrete hierarchy of mappings and the original lattice equations that are derived
from the DLT method. As we have pointed out in this paper these relations are far
from trivial, and the lattice discretization opens up some new ways of thought on this
type of systems. First of all, it is at the intermediate level of the variables v; ;(n) that
the r-matrix structure is most easily expressed, and in terms of which mvolut1v1ty of
invariants is established. It is at this level also that thc quantization of the lattice GD
hierarchy can be accomplished, leading to a hierarchy of exactly integrable quantum
mappings [32], cf also [33].

It is at the level of the big Lax representation that the connection with the work
of Moser and Veselov [13] can be most casily established. Considering the Lax
representation (5.1) from the point of view of factorization problems and @ R-type of
mechanisms, cf also [12], we have in the discrete GD hierarchy a situation completely
analogous to the continuous case, where Darboux type of factorizations of the Nth-
order differential system leads to the introduction of Miura transformations, [36-38].
In the present case this would lead to the problem of finding a factorization of the
form

N
=~ (=, + D@ (6.1)
a=l

in which the D(*) are diagonal matrices, for the big Lax matrix (5.1). Equation (6.1)
leads to expressions of the variables X7, (%) in terms of the entries d$? of the matrices
D(™), which can be interpreted as a system of Miura transformations between the
GD mappings (5.6) and a system of mappings in terms of the variables d$. In fact,
identifying the matrix D) with the matrix D in thc M-part of the Lax pair, we obtain
the mapping by a cyclic permutation of factorst, leading to

W R |
U=-T[ (2,+0) =[] (3,+0) 62)
a=2 a=]

posing the periodicity condition D(V+®) = D{(®). In general the inversion of the
relations between the variables Xff‘) and the variables dﬁ{’) is non-unique, so one
can expect that the mapping resulting from (6.2) is a correspondence rather than a
single-valued discrete-time flow, cf also [13]. It is of interest w investigatc these
Miura relations between the X,(f’) and dgf) variables more closely, in particular
in connection with the possiblc occurrence of a bi-hamiltonian structures and the
emergence of discrete W-algebras, cf also [39], in these systems. Furthermore, it
would be of interest to extend the results on mappings to mappings coming from
lattice equations in 2 + 1 dimensions, notably the lattice KP equation, ¢f [40]. These
questions are under current investigation.

Appendix A

In this appendix we present some results on a modified GD hierarchy which is gauge-
related to the hierarchy given in section 2. From cquations (2.4a), (2.4b) together

1 Note that in the QR-algorithm we have the special case of the interchangement of factors.
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with (2.6a), (2.6b), one derives the following Lax system

(p+ wk)y, = Ly -, (q+ wh)h, = My, 4, (A1)
in which
v
U
P = “S:I)
W9
(A.2)
p—7r )
0 p— w00 1
0 —gh0 P 1
Lk - .
0 —gN=-30 0 e P 1
(kN = (=r)V) /v * —sN=2) o () 5 s

and similarly for M replacing “by "and p by ¢q. In (A.2) x is detcrmined by the
condition that det(L;) = (p™ —~ (—=£&)V)%/v. The fields s() in (A.2) are given by
. ) : : . ,

() = v v = (=)~ W ((r+ A" U "AT)

v

(0,0)

and v = v(®. Therc is a gauge transformation connecting the two Lax systems,
namely

’l)(N_” U(N"‘-)) U(l) 'U(.OJ
1 o . 0 0
P = Ug -y U, =K. 1 R : (A3)
' 0 0
1 0

in which K is a diagonal matrix
K= diag(kV — (-7)".1,1,---,1).

For general N the compatibility equations for the system containing (A.2) and a
similar linear problem with p replaced by ¢ and ~ by " Icads to a coupled system of
equations referred to as the ‘modified lattice GD hiertarchy’. We will not give any
specifics here on this system of equations for gencral N, However, again in the
special case of N = 3 one finds a closed scalar equation which one could consider to
be a mixed Toda-MBSQ equation. In fact, the compatibility relations of the Lax pair
(A.2) are the following in that case

(Ada)

<] e

L. v
pmqti-i=(p-rz -(¢-7)

o v v
p-g-s+i=(p-r)z —(4-7)% (A.4b)

(p+q—s—ﬁ)(p—q+ﬁ—ﬂ)=(p?+w-+r"’)3—((12+qr+r?)% (A4c)

T
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in which s = s(), leading to the equation

(PP +pr+ 1) b~ (q®+ qr+ )b

; i_(ﬁ+m%ﬂ%?—wk+@+rﬂéé
(p—r)b—(q-1) b (p—7)vo—(g—7)70 v
com0(z-8) ~mm (2-5) ~

Equation (A.5) is a new integrable lattice equation that leads in appropriate contin-
uum limits to the modified BSQ equation, ¢f also [23]. The relations (A.4) can be
considered to constitute the Miura relations between the lattice BSQ equation (1.3)
and the equation (A.5).

Appendix B

To derive equations (5.8) and (5.9) we perform the following iterated Gaussian elim-
ination procedure

N N=-1
V@O =A,+ > o D(n)E_,,; = I‘S{’“’(A”-J— > y}a)('n.)EJ-,l> (B.1)
i>j=1 i=1
where
N-1
<a+1>—( + > vE:{JH(n)Em> (B.2)
i>5=1

leading to the relation
a)(n)-{—zvf:}‘ﬁ_l(n)y] )(n) "“z+1 {n) (z=1,...,N~-1). (B.3)

In order to obtain a gauge-type of transformation we need to multiply (B.1) from the
right by a shifted matrix of the same form. Thus, taking

N-1
Ve = ( o e
1

-1 N-1 ’
Z v (n)E + DT W (= DE . (B.4)

i>3=1

Comparing this with (B.1) for o + 1 we are led to the identifications

o@(n) = t+1]+1(n 1)+ 68,1952 (n) 1<j<ig<N=1
vtV (n) = 6,182, (1) j=1,...,N (B.5)

v () = 0 otherwise
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where the variables 1( )i=1,...N ~ 1 are solved from (B.3). Notice from (B.S)
that the entries v of the matrix V( a+l) appear in one row less (counted from the
last row) than the entries of the preceding matrix vi), except for the corresponding
entry in the first column. Thus, by successive applications of the procedure we can
‘empty’ the matrix V,, in N — 2 steps, except for the first column. In fact, starting
from V¥ = V,,, and applying successive gauge transformations with matrices I‘Sf’),
a=1,...,N —2, we have in this case

(a)(rt)_v,+aj+a(71 a) for2¢<1<igs N~

v =0 for j#1,i=N—-a+1,...,N

in which case (B.2) reduces to (5.9¢). Thus we are led to equation (5.8) together with

(5.9). The resulting entries y( 2)(11) = XY arc obtained by solving (B.3) in the
successive steps.

Appendix C

To derive the commutation relations (5.26) from equations (3.10) for the v-variables,
we start from the Lax representation (3.Y), and we use the (ollowing convenient
operator notation. Introducing a shift-operator o, acting by (o¢), = ¢, ,;, and
omitting the subscript n, we have

et = (o - Vyita) Yoplod — Zv ' Jc’J(J) (€1
for « =1,...,N — 1. Equation (C.1) gives

Plotl) = det (ol - Z (—1)"F 7~’i+1,jEi,j> o1 (C2)

i2j=1

)

in which det denotes an ‘ordered” determinant which must be cvaluated using a row-
(or column-) expansion starting from the last row (column) and continuing with the
other rows (columns) in decreasing order. The result is a highcr-order translation
operator involving terms with powers of o, which, when retained in the proper order,
acts on everything on its right by producing a shift n — n 4+ 1 in the argument of
the corresponding factor v, ;. Using the relation o¢V) = A¢(!) we are led to the
identity

N-1
[/\ - adet <01~ Z (~1)*+Jvl+u 11)]&” = 0. (C.3)
i2j=1

Comparing this with equation (5.17) we find that X(@*+") is determined by the o-fold
principal minors of the diagonal elements of the matrix V, ie.

o a o
X(lat1) — (_1)1\’—'01 — co o det{V). (C.4)
i1<i2;.<ia avil“'l-ix d”i2+1yi’z avin+]»ic
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Having obtained the expressions for the X in terms of the v;; we [irst note that
the Poisson brackets (5.26) can be generated [rom the following ones

{Xgl)’X(l) } =0 for p#+1 (mod 2P)

ntp " ‘ o) , (C.5)
(X2, X0} = {0, X2} = (2L X =0
together with
Xt = (X2, x(V) (eX5)
and X{V) = —1. Equations (C.5) are trivially satisfied using the expressions
N-2 .
XW =on, + ) vy g det (V) (C.7)
J=1

X® = (=N det(VEN=2) 4 o7 det (VBN

N-2
+ ) det(VHimD) o det (VIEHLN-D) (C7)
1=2
with the notation
Vig1,s 1
Viga,i  Vigo,itt i
V(i) = : : . (C9)
1
vj+1,i ’Uj-{r-l,i-{-l PN . .Uj-{-],j

Equation (C.6) can be checked for arbitrary N. To sce how the mechanism works let
us consider as an example the case N = 5, where we find {0~ 1 XD XD} = X (),
Evaluating the bracket {o~! X ) X1} with

0'11)3'2 0

-1
0 07 V5 4

+ (C’—lvs,l)("_lvms) - (‘7—103,1)(0—205,4)

-1
a” vy, 1

-1 -1
T Vg T Ugg

oI X® = (a_lvz,l) ( +

-2
g ’1)4'3

-2 -2
g V53 O "VUsy

+ (0"v4,1)(0‘7v5,4)> (C.10)

and X given by (C.7) for N = 5, it is {ound that

{a“lX(Z),X“)}z— U_lva,-z _10 _ U—]Ua,z _?
1 T,y 0 o7 vg 4
o~ Vy3 1 (2 0 Vg q 0

~1
0 o7 vy

= X®, (C.11)
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Finally from (C.11) we have
{a"lX(s),X(l)} =V + o gy + 0 Mg+ 00, = X (C.12)

To prove that the mapping is symplectic one uses the explicit expressions of \'g‘f’j)_l

and Xéz’) in terms of the X&), which can be derived from (5.6) inserting the relation
for X$2+1" in the expression for X%, For even « c.g. one then finds

2n

- o — e A n—-1 " (L)
ORGE, X0) = (X670, X, + 2t

xib
)‘2 +1 7 H - (2) (A, L 1) Ay -1~ /l) (3)
R D, WP e 2n X
X T NI,
A n ~H o (a o)
= X{g), - Am U e v ey
“Aon42

In a similar way one can justify equation (C.6) with X\ — X{ for odd values
of . Equations (C.5) in terms of the updated variables follow after a tedious but
straightforward calculation.
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