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An 8-parameter family of integrable quantum mappings, in two quantum variables obeying Heisenberg type of commutation
relations, is derived. These mappings are automorphisms of the quantum algebra possessing an exact quantum invariant. The
classical limit of these mappings yields an area-preserving integrable family of mappings, discovered before by one of the authors.

1. Introduction

Systems that are either “integrable” or “solvable”
are important in many areas of physics and mathe-
matics, e.g. soliton theory, field theory, statistical
mechanics, S-matrix theory, n-particle systems, and
knot theory. Between these areas there are many
connections.

Traditionally, the integrable systems studied were
ordinary differential equations, followed by partial
differential, partial differential-difference and par-
tial difference equations.

Recently there has been a growing interest in ex-
actly integrable mappings [1-17]. In ref. [1] clas-
sical integrable mappings, i.e. integrable finite-di-
mensional dynamical systems with discrete time,
were proposed as a separate area of study. Many of
the well-known features of continuous-time integra-
ble systems carry over to the case of discrete-time
integrable systems [9,10,12,13], whereas — due to
their discreteness — integrable mappings are in a sense
at once more simple and more fundamental than their
continuous-time counterparts. Furthermore, their
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connections with soliton equations have been ex-
ploited to construct their invariants and find asso-
ciated classical Yang-Baxter structures. Finally, they
are increasingly more important for various appli-
cations, notably in the theory of dynamical systems
(perturbations around integrable maps), cellular au-
tomata, the investigation of numerically induced
chaos [18] and - as remarked in ref. [19] - as flows
of integrable ODEs.

In a recent note [20] (cf. alsoref. [21]), a theory
of exactly integrable quantum mappings was pro-
posed, and a class of multi-dimensional quantum
mappings was presented. In the case of two-dimen-
sional mappings (i.e. when the system involves two
quantum variables) one recovers in the classical limit
special cases of the 18-parameter family of integrable
mappings of ref. [1]. This 18-parameter family is a
measure-preserving set of mappings of the plane into
itself whose invariants are biquadratic curves. A nat-
ural question, therefore, is to ask whether the whole
18-parameter family of classical mappings can be de-
formed to an 18-parameter family of quantum map-
pings, retaining integrability. Although a complete
answer to this question remains as yet open, we give
a partial answer in this paper, in the form of an 8-
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parameter family of quantum mappings together with
their exact biquadratic quantum invariants.

Integrable quantum mappings could also be useful
in a more systematic approach to the theory of quan-
tum chaos [22]. In fact, they could be the appro-
priate starting point for the investigation of pertur-
bations, in the study of nearly-integrable quantum
systems.

2. Integrable classical map

Our starting point is the following classical inte-
grable area-preserving mapping [16,1,5],

Lot x'=—x-g(y), y'=-y—h(x'), (1a)
with

g(x)=(Ix*+ex+&) (ax?+ Px+y)~ !,
h(x)=(Bx*+ex+1) (ax?>+dx+x)~'. (1b)

Here x and y are real classical (commuting) vari-
ablesand «, B, 7, 0, €, k, A and £ are 8 real parameters
(that is to say, eq. (1) is an 8-parameter family of
integrable maps; the parameters «, B, y, 0 and k
should be chosen such that the denominators in (1b)
are not identically zero). In eq. (1) and below, a
subscript C denotes a classical quantity, and a sub-
script Q a quantum one.
The classical invariant of the map L is

Ic(x, y) = ax?®y?+ fx2y+yx2+ dxy?
+exy+Ex+ryi+iy. (2)

The map L is not only integrable and area-preserv-
ing, but also reversible [23], i.e.

LC=HC°GC’ (3)

where He and G¢ are involutions (i.e. HeoHe=
GeoGe=I1d) given by

Ge: xX'=—x-g(), ¥y =y, (4a)
He: xX'=x, y=—y—h(x). (4b)

Each of these involutions also preserves the invar-
iant I, i.e.

le(x)=Ic(Ge(x)), Ic(x)=Ic(Hc(x)) , ()

where x:= (x, y).
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Although one can simply think of x and y as co-
ordinates in R?, for the sequel it may be more ap-
propriate to think of x and y as canonically conjugate
variables, satisfying the Poisson bracket relation

{xyp=1. (6)

It follows that the mapping L is a canonical trans-
formation, whereas the involutions G and H. are
anti-canonical transformations.

3. Integrable quantum map

We assume that our integrable quantum map has
the same form as the classical map,

Lot X'=—X—g(Y), Y==Y-h(X'), (7a)

with
g(X)=(6X*+eX+&) (aX*+ pX+y)~ !,
B(X)= (BX2+eX+2) (aX>+6X+Kk)~",  (7Tb)

where «, B, 7, J, €, k, A, € again denote 8 real param-
eters. The only difference between (7) and (1) is
thatin (7) X and Y no longer commute, but are now
Hermitian operators satisfying the canonical com-
mutation relation

[X, Y]=iA, (8)

and, e.g., (aX?+ BX+y)~! denotes the operator in-
verse of aX?+ BX+7. It follows that the mapping Lq
is a unitary transformation.

To find the quantum invariant of L, we write it
in the following form:

Io=I-+inf(X,Y), 9)

where (X, Y) denotes the quantum correction to
the invariant, and is to be determined. The map Lq
can again be factorized in terms of involutions Gq
and Hq, which have the same form as their classical
counterparts,

Gq: X'=—-X-g(Y), Y=Y,
Hy: X'=X, Y=-Y-h(X),

(10a)
(10b)

as Gq and H,, are anti-unitary transformations *', it

#1 For a discussion of anti-unitary and anti-canonical transfor-
mations see ref. [24] and references therein.
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is natural to look for a quantum invariant of the
mapping L, satisfying

Io(X) =15(Go (X)) , (11a)
Io(X)=I§(Hq(X)), (11b)

where the superscript asterisk denotes complex con-
jugation. Using the form (9) for the invariant, eq.
(11a) yields

Ic(X, V) +inf(X, Y)=Ic(X', Y ) —ihf *(X', Y") ,
(12)

where X’ and Y’ are given by eq. (10a). Using the
commutation relation (8), we obtain the following
functional equation for the quantum correction f( X,
Y):

—2aYg(Y)—PBg(Y)+20Y+¢€

+AX, V)+f*(—X—g(Y),Y)=0. (13a)
Similarly, eq. (11b) leads to
—2aXh(X)—0h(X)+28X+e

+(X, Y)+f*(X, - Y-h(X))=0. (13b)

These two equations for the quantum correction f( X,
Y) are solved by

AX,Y)=—2aXY—BX—35Y—le. (14)

Inserting this in eq. (9) we get the quantum invar-
iant of the map (7),(8),

Io=aX?Y?+ BX?Y+yX?+0XY >+ XY+ EX+KY?
+AY+ih(=2aXY—BX—6Y—1Le) . (15)

Using the fact that the operators X and Y are Her-
mitian #? it is easy to verify that the quantum in-
variant /q is also Hermitian. This means that we can
equivalently write the quantum invariant in an ex-
plicitly Hermitian form:

Io=4a(X?Y?+Y°X?) + 1 B(X?Y+YX?) +9X?
+16(XY? 4+ Y?X) + 1e(XY+YX)
+EX+KY?+HAY .

This way of writing the quantum invariant has the

advantage that Io (X, Y)=I§ (X, Y).

#2 Note that the Hermiticity of X and Y has not been used to
derive eq. (15).
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Some previously discovered integrable quantum
maps obtain as special cases of eq. (7). The (second
iterate of ) the quantum McMillan map [20] ob-
tains for a=1, f=0, y=—¢&2, §=0, e= —2&5, =0,
k= —&?, A=0. The (inverse of ) the quantum Bous-
sinesq map [21] obtains for =0, f=1, y=0, =0,
e=—f é=—F, k=—1, A=a.

4. Conclusions and outlook

In this Letter we have presented an 8-parameter
family of exactly integrable two-dimensional quan-
tum mappings, which is the quantum analogue of an
interesting subfamily of the classical 18-parameter
family of Quispel et al. [15,17]. At the quantum level
these mappings can be interpreted to give rise to an
iterative set of automorphisms of the Heisenberg al-
gebra, possessing an exact invariant.

Of course one should make it clear what one means
by quantum integrability of mappings. As has been
pointed out by Kruskal and co-workers [25], it is
not even trivial to define integrability for a classical
system. One should be even more careful at the
quantum level. In refs. [21,22] quantum integra-
bility is a consequence of the existence of a well-de-
fined (non-ultralocal) quantum Yang-Baxter struc-
ture, which provides the system with a construction
of commuting families of operators which are in-
variant under the mapping, and hence the mapping
- being a unitary transformation, preserving the
quantum algebra — also allows for an invariant dia-
gonalization procedure of this family. In this Letter
we have used the term integrable for a two-dimen-
sional quantum map in analogy with the classical
case. Nevertheless, we expect the 8-parameter family
of quantum maps given above, to possess enough
structure to be exactly integrable, as is true for the
special cases cited before. These questions are under
investigation.

Time-reversal symmetry (reversibility) plays a
significant role in many classical chaotic dynamical
systems [23]. In classical integrable systems revers-
ibility is even more ubiquitous. We expect reversi-
bility to play an equally important role in integrable
quantum systems.
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