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We derive a hierarchy of integrable mappings (integrable ordinary difference equations)
corresponding to solutions of the initial-value problem of an integrable partial difference
equation with periodic initial data. For each n €N this hierarchy contains at least one
integrable mapping R” — R". The integrals of these mappings are constructed using the Lax
pair of the underlying partial difference equation. Our approach is illustrated for the
integrable partial difference analogues of the sine-Gordon and the (modified) Korteweg—de
Vries equations.

1. Introduction

We study the infinite hierarchy of integrable difference equations, labelled
by two integers z,, z, EZ,
VnVn+len+z2Vn+z1+z2 _pq(VnVn+zl+22 - Vn+zlvn+zz) =1, (1)
V, p, g €R. In eq. (1) the subscripts denote the values of the independent
variable, n €7, V is the dependent variable, and p and g are arbitrary
constants. For given z, and z,, eq. (1) is equivalent to a mapping
R*"*2— R*1"*2 In this paper we derive an algorithm for calculating integrals of
the mapping (1). Using the elegant procedure of ref. [1] this algorithm is
constructed from the Lax representation of the integrable partial difference
equation from which eq. (1) is derived. This procedure was first used in ref. [1]

0378-4371/91/$03.50 © 1991 — Elsevier Science Publishers B.V. (North-Holland)



244 G.R.W. Quispel et al. | Integrable mapping and soliton equations

to obtain the integrals of a family of mappings associated with a class of
periodic solutions of the initial value problem of the two-dimensional lattice
version of the Korteweg—de Vries equation.

Integrable dynamical systems with one or more continuous or two or more
discrete independent variables have been extensively studied, cf. refs. [2-13].
In this paper we study integrable systems with one discrete variable. This is an
area that only recently has received some attention, [1, 14-22]. We hope that
this paper may be useful towards the construction of a general theory of
integrable ordinary difference equations. The outline of this paper is as
follows. In section 2 the hierarchy of integrable ordinary difference equations
(1) is derived from an integrable partial difference equation called the AA-sine
Gordon (AA-SG) equation by considering travelling wave solutions. It is shown
that eq. (1) is reversible and (anti) measure-preserving. In section 3 it is shown
that eq. (1) represents a solution of the initial-value problem of the AA-SG
with periodic initial data. In section 4 the algorithm for constructing integrals
of eq. (1) is derived. The integrals for the cases z, =1, z,=1; z, =1, z, =2;
z, =1, z, =3 are explicitly given in section 5. In appendix A the algorithm for
constructing integrals of the hierarchy of integrable mappings of the AA-
modified-Korteweg—de Vries (AA-MKdV) equation is derived, and the inte-
grals for the cases z, =1, z, =2; z, = 1, z, = 3 are explicitly given. In appendix
B we give a generating expression for the invariants of the integrable mappings
of the AA-SG hierarchy and of the AA-MKdV hierarchy for general z,, z, €Z.
Finally in appendix C we give the integrals for mappings of the AA-Korteweg—
de Vries hierarchy for general z, and z,. Similar results for a slightly different
class of solutions of a AA-equation which is a mixed version of the lattice
MKdV and the discrete-time Toda equation, can be found in ref. [1].

2. Hierarchy of integrable AA-sine Gordon mappings

Consider the AA-sine Gordon equation [11, 23]

Vl,mVI Vl,m+1V1+1,m+1 _pq(‘/l,m‘/l+1,m+1 _Vl+1,mV1,m+1):1 (2)

+1,m

for fields V, ,, defined at the sites (/, m) of a two-dimensional lattice Z”. Eq. (2)
follows as the compatibility condition from the two relations

(p- k)( ‘(;I;':((I/?)) = (—kgv pvjf,j,l/’f;,,m) ( ‘I;II:((]/?)) ’

I,m
(q_ k*])<‘/1,m+l(k)) _ qV1>m+1/V1’m _kiz/‘/[’m ‘/l,m(k)
U1>m+l(k) 7‘/I,m+1 q Ul,m(k) ’
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for wave functions V, , (k), U, (k) depending on a spectral parameter k at the
sites of 77

Eq. (3) is called the Lax representation of eq. (2). Eq. (2) has been shown
to be integrable by the direct linearization method [11], i.e. solutions can be
obtained solving only linear integral equations.

Introducing (complex) fields O, ,, via V, , = e¥%m eq. (2) can be expressed
as

]
SIHZ(@z.m + @/+1,m,+1 + @l+l,m + @1,m+1)

— pq Sin%(@/m"' @l+l,m+1_ @l+l,m_@1,m+l)20' (4)

By considering two continuum limits, g—» and p—, eq. (4) reduces to
4.9,0 = sin O, which is the well-known sine-Gordon (SG) equation. Eq. (2) is
therefore an integrable two-dimensional lattice version of the SG equation
which we call the AA-SG equation.

Travelling wave solutions of eq. (2) are obtained by the ansatz

‘/},m = Vn > (5)
where
n=z/l+z,m, (6)

z, and z, being relatively prime integers. From (2) we then obtain

VnVn+12Vn+lerz tzyt+zy - pq(VnVn+zl+zz - Vn +lerz +zz) = 1 ° (1)
Eq. (1) is invariant under z, — —z,, p— —p and under z, <> z,. Furthermore,
from (5) and (6) it is clear that V, satisfies the periodicity property

=V, (7)

l+2z5,m—z,

This will be used in section 3 to solve an initial-value problem for the AA-SG
(2).

Eq. (1) represents an infinite hierarchy of mappings labelled by z, and z,.
For fixed z, and z,, eq. (1) is a mapping from R* 72— R*"%

This feature is different in the case of integrable DA-equations for time
dependent fields V, (¢) defined at the sites n of the one-dimensional chain Z. In
that case a travelling-wave ansatz for solutions yields one mapping for each
DA-equation [15, 16]. The fact that we have an infinite hierarchy of mappings
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associated with one AA-equation is presumably related to the fact that one
integrable AA-equation yields an infinite hierarchy of DA-equations via appro-
priate continuum limits [12].

Eq. (1) is equivalent to the mapping
1—-pqV, V.

4 Z1 22

Ve = Vo(V.V. —pq)’

zy+z,-2 _Vzl-#zzfl >

Ly (8)

vV, =V,
Vo =V

It is not difficult to show that the mapping L is reversible, cf. refs. [24-28],
LGL=G, 9)

where the involution G is given by

Vzl+zzf1:VO >
zl+zzf2:vl >
G: 1 (10)
Vl[ :Vzl+zz 2
VO :‘/214—22A1

The Jacobian determinant of L is given by

v v}
v, R
DetdL = Det - L
8V21+zz—1 aVzl+z2—1
vy o aVzﬁzzq
1-pqV,V,, Ve
ViV, ) C V., )
where

e = (—1)lrzrl (12)

with the square brackets denoting the integer part.
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Eq. (11) can be rewritten in the form

!

betdr = o TVo Vi Ve ) 1)
€ =&
F(Vo, Vi, oo Vzl+zzf1)
with
F[Vo, Vi, . ’Vzl+z2—1]:V0V1"'Vz1+z2—1 . (14)

Eq. (13) shows that the mapping L is (anti) measure preserving [29, 30].

3. Standard staircase

In this section we will show that any travelling wave solution of the form (5),
(6) corresponds to the solution of a certain initial value problem of the AA-sine
Gordon equation (2). To this end we construct a “‘standard staircase” on the
2D square lattice. Here we shall assume that z, > z, without loss of generality.

We start in a point A € Z? which without loss of generality can be taken to
be at the origin (/ = m =0). The point A corresponds to V,. Go one step to the
right (! =1, m =0). This point corresponds to Vzl' Now we go down as many
steps as possible without getting negative subscripts on the V’s. The last point
will be V, .oq.,- Then we go one step to the right (V, . (nod.,) and repeat
the procedure. Going down, the last point will be V,, (,04.,)- The whole
procedure of going one step to the right and going down is then repeated z,
times, after which we arrive at a point B with coordinates [ =z,, m=—z,,
which again corresponds to V. The staircase leading from A to B is then
repeated periodically by a subsequent shift consisting of z, steps in the
horizontal direction, combined with z, steps in the vertical direction. In this
way we obtain the standard staircase.

An example with z, =12, z, =5 is given in fig. 1. Note that on the part
ranging from A to B every V, with 1=n=<2z + z,—1 occurs once and only
once.

Starting from the standard staircase with initial values of V given at the
points of the staircase one can obtain a complete solution of the AA-SG
equation (2) above and to the right (or below and to the left) of the staircase
by repeated use of eq. (2). The periodicity property (7) holds not only on the
staircase, but also for solutions obtained above (or below) the staircase. This
implies that the initial-value problem for the partial difference equation (2)
with initial data on a periodic standard staircase, is solved by the ordinary
difference equation (1).



248 G.R.W. Quispel et al. | Integrable mapping and soliton equations

M

0 12
&
?

2

’T‘ by S

0
L
1

Fig. 1. Standard staircase for z, =12, z, =5. The integers denote the subscript n of the travelling
wave solution V, at the lattice sites.

For the mapping introduced in eq. (8) we have
V’ = ‘/I-#p],mfpz ’ (15)

I,m
with (I, m) corresponding to the points on the staircase ranging from A to B
and where the translation on R® over (p,, p,) corresponds to the shift
V,—>V ie. z,p, —z,p,=1. (In fig. 1 we have the special case p, =3,

n+1>
p=7)

More generally one might consider a mapping satisfying (15) but now with
z,p, — z,p, = q (g >1). This mapping is simply L? with L defined by (8). All
integrals of the mapping L are integrals under L“.

So far we have considered standard staircases with z, > z,. The standard
staircases with z, >z, follow from the ones with z, > z, by interchanging z,
and z,, or equivalently by a reflection around the diagonal [/ — m = constant
passing through B and by interchanging B and A.

Hence, we have shown that the hierarchy of difference equations (1)
corresponds to the solution of the initial-value problem of the AA-SG equation
(2) on a standard staircase satisfying the periodicity property (7).

Finally we note that the construction of standard staircases associated with
travelling wave solutions of partial difference equations is by no means
restricted to integrable AA-equations. In fact, one may consider a general
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AA-equation of the type

1/l+1,}11+1:h(‘/ ‘/1+1,m’ ‘/],m+1) . (16)

I,m>

With the travelling wave solutions of type (5), (6) one can associate the
mapping

’

V. =h(V, V. VL),

z1+z,—1
Vz,1+zz~2 = ‘/zli-zz—l b
(17)
|14 =V,,
Vo =V,

which in general is not integrable. The travelling wave solutions are directly
related to the initial value problem of the AA-equation associated with a
standard staircase going from P(0, 0) to Q(z,, —z,) and periodically repeated.

4. Construction of integrals

In ref. [1] the mappings associated with the solutions of the AA-Korteweg—de
Vries equation (AA-KdV) satistying V, ,, =V, p,,_,» P =2, 3, were investigated
with the use of the Lax representation of the AA-KdV. It was possible to
construct a number of integrals equal to half the dimension of the mapping. In
this section we shall apply the method of ref. [1] to the hierarchy of mappings
associated with the AA-SG equation. (The AA-MKdV and the AA-KdV equa-
tions are treated in appendix A and C, respectively.)

For this purpose the Lax representation (3) is written as

o n{l) el
(18)
g @) el ),
with
M5 (k) = (—kl;/vn p‘—/‘j+/ ‘l/) ’
Mvm(k)_<qvn+zz/vn HW) "
m Vi a )
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Consider now a standard staircase going from a point A with coordinates (/,
m) via intermediate points A,, A,,..., A, ,, , with coordinates (/+ i,
m —i,) to the point B with coordinates (/ + z,, m — z,). An example is given
in fig. 2.

With every step to the right from (I +i, m—i,) to ({+i, +1, m—1i,) we
associate the matrix

Stenm-n ()= MI% L, () (20a)

I+iy,m—iy
and with every step down from (/ +i,, m — i,) to (I + i,, m — i, — 1) the matrix

Spanym (k) =M (k). (20b)

[+iy,m—iy—1

For the staircase going from A to B we form the product

L2 = 11 8,0y s (B) (21)

iy

over the points A, A, ..., A, ., _, (but not over B), with coordinates ( + i,

m — i,). The symbol ~ denotes that the matrices on the right-hand side of

(21) are ordered from the right to the left. So the matrix S associated with 4

occurs on the right. Left of this matrix we have the matrix associated with A,

and so on. (The matrix A on the extreme left corresponds to A, ., _;.)
From eqs. (18) and (21) it follows that

Viermoy(K) ) L (V,,,,,ac)) |

(p—Kk)*(q— kul)_z’(UHzm_z’(k) 1o (k) U, (k) (22)

Because of the periodicity condition for the potentials V, , (but not necessarily
for the wave functions V,, (k), U,,,(k)) we have

A Ay Ag
As Ao Ay Ay
Ao A Ag
\ ™ & |
1 by Ay
A14
1 Lf>
B
Fig. 2. Standard staircase from A to B with intermediate points A, A,, . . ., A, o With z, =5,

z,=12.
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ML ()= M (23)

l+zy,m—zy

and therefore

Livi, (k)= Misi(k) - L7y (k) - Misy (k) (242)

I+l m

and similarly

z1 z, (k) Mvert(k) LZ‘ zz(k) Mverl 1’ (24b)

lm+1

Combining (24a), (24b), it follows that

Li, , (ky=R-Lj2(k)-R™ (25)
for any p, and p,, in which the matrix R is composed of matrices M"" and
M. As a consequence Tr L;'*2(k) is invariant under all translations on Z°,
and therefore also under mappmg (8). Hence, we will omit the subscrips [, m
denoting the lattice sites.

The invariants of the mapping derived by eq. (8) can thus be found
evaluating Tr L*""%(k), with the matrices M"*" and M"*"* given by (19), over
the standard staircase ranging from A to B. As the spectral parameter k
occurring in the Lax representation (3) is an arbitrary complex constant, the
integrals of the mapping L are given as the coefficients in the expansion of
Tr L°*2(k) in powers of k.

5. Integrals for the sine-Gordon mapping

In this section we discuss the invariants of the mapping L given in eq. (8)
associated with the AA-SG equation for the cases z, =1, z, = 1, 2, 3. For more
general z, and z,, see appendix B.
1)z,=1, z,=1

The mapping in this case is

v _L=paVi
Vo(Vf - pq) ’

V=V,

(26)

and the invariant is given by
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2 s (QVIV KTV ( p -V, )
(¢—k HTrL (k)—Tr( v, q —kzvf{‘ pV.IV,
1% 17N .
:PQ[VT+<V?> ]_VOV]_(VOVI) h (27)

The mapping (26) with invariant (27) is a special case of the 18-parameter
family of integrable mappings given in refs. [15, 16].
2)z,=1,2z,=2

In this case the mapping

Vr — ]‘ - qu1V2

2 VoViVa = pq) ’
Vi=V,, (28)
Vo=V,

can be reduced to a 2-dimensional mapping. Introducing W, =V,V,,,,i=0, 1,
eq. (28) can be rewritten as

(- l_pqwl m
! Wi —pqg W’
(29)
Wo=Ww,,

and the invariant is

(q° = k) Te L'(k)

g [@VelVa KTV, p VNP Y
v, q =k, IV, pVLIVI)\kTV, pV,/V,

Vi Y 1y, -1 iy, -1 2
=p pq VO+V —VOVl—Vo Vl _VIVZ_Vl Vz +2kq
_ W, W -1 -1 2
=p pq——F—1 Wy, -W, =W, —-W, | +2k’q. (30)

Eq. (29) with the invariant (30) is again a special case of the 18-parameter
family of integrable mappings studied in refs. [15, 16].
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3)z,=1,2,=3
In this case the mapping is
V= 1—pqgV,V;
3_ X7 /v v N\ 2
Vo(V\Vs — pq)
V,=V;,
1 20
Vi=Vi,
and the invariants are obtained from
(g"— k™ *)Tr L' (k)
=Tr gVl Vs kiz/V,% ( pz -V
v, q —k7V, pVilV,
o P -V, P -V
—KIV, pV, IV )\ =K1V, pV,IV,
—_ .2 ‘/3 V3 ! -1
=pprq 70+ v, A A R AY
- (V2V1)71 - vao - (Vlvo)ﬂ}
V. V.V V,\ 7!
el () | ()
k pq VZ VZ Vl N Vl
() ]
+ =4+ -V, —(V,V,) . (32)
‘/() V() 370 370

We see that there are two independent invariants for the four-dimensonal
mapping, i.e. the constant term and the coefficient of k* in the right-hand side
of (32).

Proceeding in this way the invariants for larger values of z, can be evaluated.
For odd values z, =2p + 1 and z, =1 there are p + 1 independent invariants
for the (2p + 2)-dimensional mapping. For even values z, =2p the (2p + 1)-
dimensional mapping in terms of the V’s can be expressed as a 2p-dimensional
mapping in terms of the variables W, =V,V, ,,i=0,...,2p. The evaluation of
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(¢> — k*) Tr L"*(k) leads to p independent invariants, which can be ex-
pressed in terms of the variables W,.

6. Concluding remarks

1) Since the mappings we consider in this paper are reductions of integrable
partial difference equations, we conjecture that the mappings themselves are
also integrable. Supporting evidence is the fact that in those cases where we
explicitly calculate the integrals of the mappings, their number is equal to half
the dimension of the system of difference equations. This is analogous to the
case of integrable Hamiltonian ordinary differential equations. Recently inter-
esting results have been obtained for Lagrangian and Hamiltonian structures of
certain types of discrete-time systems [17-20]. In particular, an analog of the
Liouville—Arnold theorem has been proved for Lagrangian mappings by
Veselov. In ref. [21] the complete integrability for the class of mappings
considered in ref. [1] has been proved by establishing the Lagrangian and
Hamiltonian structures of these mappings, and in ref. [21] similar results were
obtained for a class of discrete-time Toda lattices on the basis of an r-matrix
formalism. It would be gratifying to obtain similar results for the general class
of mappings studied in this paper.

2) We have restricted the discussion to standard staircases from A to B. It is
also possible to consider non-standard staircases and define a mapping by an
arbitrary translation in Z> of this non-standard staircase. The integrals for such
a non-standard mapping can be obtained from those of the standard mapping
using eq. (1) and the fact that eq. (2) represents the compatibility condition of
the Lax representation (3).

3) A more general reduction of AA-equations is given by

Vi =Vai > (33)
where
n=z,l+z,m, z,, z, relatively prime ,
(34)

k=z)+z,m
with

Vn,k:Vn,k+P> P:1,2,3,4 (35)
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and
212, — 2,2, =1. (36)

The examples treated in this paper all have P = 1. In ref. [1] mappings derived
from the AA-KdV are treated for general P and z, =z, =1.

4) We have treated the simplest type of integrable partial difference

equation,
1/l-*—l,m-i-lzh(‘/l,m7 ‘/]+1,m’ ‘/l,m-#l)' (16)

More complicated integrable partial difference equations also exist [31, 32]. An
example is the AA-Boussinesq equation [31], for which

‘/}+2,m+2

= h(Vl,ma V1+1,ma V1+2,ma Vz,m+17 V1+1,m+1> V1+1,m+2> V/+2,m+1’ V/,m+2) .

Such examples may be formulated in terms of a generalized staircase con-
struction.

5) Very recently, the travelling wave solutions of integrable AAA-equations
for (scalar) fields V,,, , at the sites (I, m, n) of 7° have been studied [32].
However, the relation with the initial value problem on suitably defined
staircases, and the construction of invariants on the basis of Lax representa-
tions is as yet an open problem. It would also be of interest to investigate the
matrix-valued AAA-equations of ref. [13].

6) Eq. (1) is also well defined if z, and z, are arbitrary (irrational) real
numbers. The integrability of eq. (1) in this more general case has not yet been
established.

7) Presumably, the methods used in this paper can be extended to find
integrals of mappings derived from integrable DA-equations [15, 16], cf. also
ref. [20] for some interesting results on completely integrable mappings of this
type.

8) All examples of integrable mappings in this paper are reversible and (anti)
measure preserving. We have heuristically found that both these properties are
very common in integrable dynamical systems in general. In particular the
property of reversibility can sometimes be used to find integrals of integrable
difference equations (cf. e.g. refs. [15, 16]) and of integrable differential
equations.
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Appendix A

In this appendix we discuss integrable mappings related to the AA-MKdV
equation and give their integrals for z, =1, z, =2 and for z; =1, z,=3 in
explicit form. A generating expression for the integrals of general z,, z, EZ is
given in appendix B.

The Lax representation for the AA-MKdV equation is

w-0(g o)==, o i),

S - L (A1)
@-0(g770)~ (v, o b))

The compatibility of both relations (A.1) yields

P(Vl,mvz,m+1 - V1+1,mV1+1,m+1) = Q(Vz,mVHl,m - Vl,m+1V1+1,m+1) . (A.2)

Eq. (A.2) is the AA-MKdV equation (performing two suitable continuum
limits it can be transformed into the well-known MKdV equation). The
solutions of the AA-MKdYV can be obtained from a linear integral equation [6].

For travelling wave solutions of the type (5), (6), we obtain the mapping

, PV, aqVv.,
zyt+zy—1 pVZ1 _ quz 0>
L: p Vzl+2272 = V21+22*1 H (A3)
Vi =V,
v, =v,.

This mapping is again reversible, i.e. we have LGL = G, where the involution
G is given by (10). Measure preservation follows in a similar way as in the case
of the AA-SG, cf. eq. (13).
Introducing the variables
Vit

=0, =01,z 1, (A.4)

1
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eq. (A.3) reduces to the following (z, + z, — 1)-dimensional mapping (taking
z,=z,):

pazzfl...azl_q ~1
a = ana. -« -
zi+2,-2 p—qa, . -a, (aa, a21+22"2) ’

I :4 azl.+zz<3 - azl+2272 ’ (AS)
r a
a 2
’
ag a,

The invariants of the mapping can be found evaluating Tr L*"*(k), as
defined in eq. (21), but now with the matrices M"*(k) and M**"(k) given by

hor _ p 7Vn+z
Mz (i, o, )
(A.6)
Mvert k) = q ‘VVl*Zz
Lm ( )7 —kz/Vn an+zz/Vn ’
As examples we treat the cases z, = 1 and z, =2, 3. (For z, = z,, the mapping

(A.3) is trivial.)
For z, =1, z, =2 we have the mapping

,_ Pt ™4

-1
a a,a 5
1 p—qa, ( 0 1)
(A7)
a,=4a,
and the invariant is given by
(q° = k) Tr L"(k)
e B N B
KTV, qV! Vo )\ =KV, pVLIV J\ =K1V, pVi1V,
= ZPZ(] + kz[qalao + q(alao)_l —plag + a(;l ta + al-l)] . (A.8)

For z,=1, z, =3, the mapping (A.5) can be reduced to a 2-dimensional
mapping in terms of the variables
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b,:=aa,,,, i=0,1;

pby—q ,
b= b, , A.9
1 p;qbl 0 ( )
by=b,.

The invariant follows from

(q° = K*) Tr L (k)
-T q Vo p -V
NV, qvyv, )\ =K1V, pViiv,

«( P -V, )( p Vi )
—KIv, pVy Vi \ =K1V, pViIV,
=2p°q —2k* + K*{pg[by+ b, + by + b, + byb, + (byb,) ']
—pi(by+ b, + by + b+ bbby + b b)) . (A.10)

More generally, for z, =1 and z, =2p, the 2p-dimensional mapping (A.5) has
p invariants. For z, =1 and z,=2p + 1 the mapping can be reduced to a
2p-dimensional mapping in terms of the fields b,:=a,a,,,, i=0,..., 2z, 2,
and there are p invariants that can be expressed in terms of the b,. The
invariants for general z, and z, are treated in appendix B.

Finally it should be noted that the AA-MKdV is equivalent to the AA-SG. In
fact with the substitution

{ Vi leven,
Vi lyt o doad,

(A.11)

p=p .

eq. (A.2) changes into the AA-SG given in eq. (2). Furthermore for even z,,
the periodicity condition (7) is invariant under the substitution (A.11). There-
fore, the mapping (A.3) for the AA-MKdV is equivalent to the mapping (8) for
the AA-SG, in the case of even z,, cf. also egs. (A.7), (A.8) and (29) and (30)
in the special case z,=2. For odd z,, eq. (7) is not invariant and both
mappings are different.

Appendix B

In this appendix we evaluate Tr L*"**(k) for the SG hierarchy of mappings,
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and for the MKdV hierarchy of mappings, for general z, and z,. For this
purpose we consider the staircase as indicated in fig. 2 from (0,0) to (z,, —z,)
with the initial data

W,=Vay,  i=0,1,...,2,+2,-1, (B.1)

where n(A;) denotes the value of n=z,/ + z,m at the point with coordinates
(I, m) corresponding to A;. A horizontal step from A; to A,,, corresponds to
the matrix, cf. (19),

p _m+1 )

(k)= M""(k :< S
S](k) J ( ) __k_/vvj pw+l/‘/‘/]

K =p> (0 0 —p/W,, 1
=-W, [ < >+< ] j . (B.2)
TLWWLL AL 0 AT (WW L) Wy
A vertical step going down from A, to A, corresponds to the matrix, cf. (19),
qW,/ W, fk'z/Wm)"

__(1_q2k2)‘1 [ 204 2,2 (0 0) ’ qkz‘/Vjﬂ 1 ]
- el g (S ew |

] j+1
(B.3)

S.(ky=M""" (k) = (

Both expressions can be replaced by a single one, introduce variables p, and
p; such that

=1, p,=p, for a horizontal step from A, to A, ,
(B.4)

p=-1, p= —qk®, for avertical step from A0 A, .
Then

(1 _ qzkz)%(lfpj)sj(k) _ _W%(l—P,‘)W%_(Jrll*P]n)Hj (BS)
with

H = (k- p)(WW,,) S +Z,

p,
0 0) _ijj+]1 1
= = —p; - B.6
S- (1 0 % (p?(W,-W,-H) o-pW, p’) (B.6)

and Tr L**2(k), cf. (21), is given by
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zytzy—1
(1— @Ky Tr L2(k) = (1— ¢’k Tr - [] 8(k)
j=0
zyt+zy—1 z : 1
- (_1)21+Zz H W 2t pp-1) Tr H H (B7)
j=0

To evaluate TrIl H. we use an expansion in terms of the matrices S_ in
(B.6). Because S° =0 we only can have matrices S _ at values j belonging to a

subset V with integers i, i,, . . ., [,y satisfying
i, =0, Ly <z +z,—1,

(B.8)

—i,=2, v=1,2,...,0(V) (=0 +tzt+2z,),

N '
zy+zy—1 zy+zy—1

H H =Tr H Z
j=0 j=0

+§ l_V[ P—pWW, )" ﬁ>[<ﬂlz])s] (B.9)

v=

N
I

in which it is understood that Z,,, ,, =Z,.
With the use of the property

Tr 1} A -S_ )= H (A )0 (B.10)

for general s =1 and 2 X 2 matrices A, , eq. (B.9) can be simplified to

N N
z+tz,—1 z1+z,—1

[l H =Tr 1 Z
j=0 j=0

N\

+§HV )W W, ) ﬁ(ﬂl )12. (B.11)

j=i,+1

p=1

The matrix elements in (B.11) can be obtained with the relation

15 (T ol ).
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This gives

N\
zy+z,—1 zyt+z,-1

r [z == H (P W, LT W0+ p YW o1

j=0

e 1 ifi, ., —i,=2,
1
I z.) Y i Y
<j=iv+‘ 12 - 11 (p/+1W/f]z WO p)W i, —i, =3,

j=i,+1

(B.13)

Inserting (B.13), (B.11), (B.9) into (B.7) we find the general expression

z1+z,—1

=gy L = 11 v

zyt+z,-1

( l—[ (pt+l n(A,+7)Vni(A,-)+pi)

i=0

+2 H (k_ P )Vn(AI+1) ZJ(A‘]._,) H (pisiV n(A VP(A y TP ))
vy ey (B.14)
with V and p; given by (B.8) and (B.4).

For z, + z, odd, the right-hand side of (B.14) can be expressed in terms of
the varlables wW=VVv.,.,,6i=0,1,...,z +2z,—2 Infact, if p, = p;., we have
{v oy ”) (A)} it with n(A,,,) —n(A;) even, and if p,= —p,., we have
v (A1) n(A )) it with n(A,,,) — n(A;) odd.

For odd z and z, (=z,) one finds nonvanishing contributions from the
powers k*1 7, kZ‘”, e kzz‘”fl, thus providing the 3 (z, + z,) integrals of the
(z, + z,)-dimensional mapping. For z, odd and z, even, nonvanishing contri-
butions arise from the powers k™', k1% ... k™12 but the coefficient of
k*17%2 is a trivial constant. For z, even and z, odd there are nonvanishing
contributions from the powers k™, k177 ... k**17%27! with the coefficient of
k*' being trivial. In both cases with z, +z, odd there are 3(z, +2z,—1)
nontrivial integrals for the (z, + z, — 1)-dimensional mapping in terms of the
variables W, =VV, .

For the MKdV the evaluation of Tr L*"**(k) is also straightforward. We
consider again the staircase of fig. 2 with the notation (B.1). From the Lax
representation (A.6) it follows that the S,(k) for the horizontal step from A; to
A, is still given by (B.2), but for the vertical step from A; to A, we have
now
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S (k —( o W )1
= —ew., qwyw,.,

_ kK> —q’ (0 0) ( q/W,., 1 ﬂ
_ 2 _ 2 1 j
=k =q) Wf+1[Wij 1oo) \@ww., qw) ]

i +1
’1 ] (B.15)
Egs. (B.2) and (B.15) can be combined to
2 11 -1(0 0
(& = s, = ~w,_ | (@~ pww, )7 (0 1)
—pi! Wi 1
i’y ) (8.16)

with p, = p, if p, =1 and p, = —q, if p; = —1. The right-hand side of (B.16) is
the special case of (B.5) and (B.6) with p, =1 and keeping p;. Then from
(B.14) we have the invariant

z1t+zp—1

(k* — ¢°)"1 Tr L*%2(k) = [10 (PictVuts o Vaiay T2

+E H (k2 - P?)V;(iajﬂ)vnm,,l) Ill Y (pi+1V;(14i+z)vn(Ai) +p:)
i i+
vy R (B.17)
with V defined by (B.8) and p; = p or p; = —q depending on whether the step
between A, and A, is a horizontal or vertical step, respectively. From eq.

(B.17) it is clear that the right-hand side can be expressed in terms of the

variables a, =V, ,/V,, i=0,1,..., 2z, + z, — 2. Furthermore when z, + z, is
even, n(A, ,) —n(A,) is even, and (B.17) can be expressed in terms of the
variables b, =a,a,.,, i=0,1,...,z, +z,—3. This is also the case with the

mapping (A.3). For z, +z,=o0dd it can be expressed as a (z,+z, —1)-
dimensional mapping in the variables g, and for z, + z, = even it reduces to a
(z, + z, — 2)-dimensional mapping for the variables b,. Furthermore the right-
hand side of (B.17) yields nonvanishing coefficients of the powers k°,
K ..., k®1"2"Y when z, + z, is odd, and of the powers k°, k°, ..., k"%
when z, + z, is even. The coefficient of k° is always a trivial constant 2p°2g*!
and when z, + z, is even, the coefficient of k1?2 is 2. Therefore we find
3(z, + z, — 1) nontrivial integrals if z, + z, = odd, and 3(z, + z, — 2) nontrivial
integrals if z, + z, = even.

Appendix C

In this appendix we evaluate integrals for mappings of the AA-KdV hierarchy
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for general z, and z,. For the AA-KdV we have the Lax representation

U1+1,m(k) _ hor Ul,m(k)>
(P ">(v,+1,m<k> =ML v,k )
(k) U, (k) (D
Ul,m+1 o vert < I,m >
(q— k)(yﬁyﬂﬂ(@) =M, (k) v, (k) )
with
Mhor k) = P~ U1+1,m 1 >
)=\ =+ (p+ UL )(p = Uir) P+ Ui
(C.2)
MY (k) = [ 2 5 q- Ul,m+1 1 )
I’M( )7 k‘d_q +(q+Ul,m)(q7Ul,m+l) q+Ul,m '
The compatibility of (C.1) yields
(P+q+ U~ Ui a=p+ Uy, U)=q —p°.  (C3)

For the travelling wave solutions of the type (5), (6) we have the mapping

2 2
, _ . q — P
U21+2271_p+q+U0 q_p+U21*Uzz’
LZ U%1+22~2 = U21+zz‘l ’ (C4)
U; =U,,
U ~u,.

This mapping is reversible since LGL = G with the involution G given by

( U(,) = 7Uzl+22f1 ’
U{ == zy+zy—20
G: W . (C.5)
U;1+z272 = 7U1 b}
U;1+zz—1 =-U,.

Furthermore the mapping is volume preserving, the Jacobian determinant
having absolute value 1.
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Introducing

=:b., ji=0,1,...,z,tz,—2, (C.6)

and taking z, > z,, we obtain the (z; + z, — 1)-dimensional mapping

bz"1+22*2 = _(bO + bl +.. bz]+2272) - (p + Q)

2 2
q9 —p
gq-p+tb +...b,
L: bz"1+2243 = bzl+zz—2 > (C.7)
b, =b,,
b =b,.

To evaluate the invariants we consider again Tr L*""**(k) as given by eq. (21)
along the staircase of fig. 2 with the fields W, = Un(Ar), j=0,1,,...,2z,+z,—
1. A horizontal step from A, to A;,, corresponds to the matrix

s(k):Mh.“(k):< . P W ! ) (C.8)
I J k=p "+ (p+W)(p—-W,.) ptW,

and a vertical step down from A; to A, corresponds to

S, (k) =M (k)

j
1 —q— W, 1 )

- c.9
k2~q2 <k2_q2+(4q+VVj)(~q—‘WjH) ‘CI+"V]~ s ( )

cf. eqs (B.15) and (B.16) with the Lax representation (A.6) replaced by (C.2).
Eqgs. (C.8) and (C.9) can be combined to

(K= ¢*)" "8 (k)= (k= p})-8_+2 (C.10)
with

p; =1, p;=p for a horizontal step from A to A

j+1 0

p=-1, p=—q for a vertical step from A4, to A

j+1 >

and
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pi— Wi 1 ) (C.11)

ZJ': ((pj_ ‘/Vj-f-l)(pj+ VV]) P/+ VV]

Because of (C.10) and (C.11), Tr L*"**(k) can be evaluated following the
treatment of appendix B, cf. egs. (B.8)—(B.13). We find

21+Zz_1
(k2 _ qz)21 Tr L*7(k) = 1_[0 (p]. +piat UH(A]_) - U"(A/u))
+ 2 [T w=p> 11 Pt P+ Uy = Unia, ) - (C.12)
VvV JEV ii+le

The right-hand side of (C.12) can be expressed in terms of the fields b, =
U, - U/+1 for arbltrary z, and z,, and in terms of the fields ¢;=b, + bJH,
]—0 1, ,2z,+z,—3,if z, + z, is even. In fact, we always have n(A )—
n(AHz) =even if z, + z, is even.

The integrals given in eqs. (C.12) and eqs. (B.13) are directly related to
each other via the Miura transformation connecting the solutions of the
AA-KdV and the AA-MKdV. This relation has been mentioned in ref. [1] in
connection with the mappings that can be obtained in the case z, = z, = 1 for
general P, cf. eqs. (33)—(36). From the Lax representation (C.1), (C.2) for the
AA-KdV one finds that V,, = U, (0), i.e. the wave function for the special
value k =0, satisfies the AA-MKdV as given in eq. (A.2), in combination with

the Miura transformation

le+1‘m_qu,m+1 pVI,m+1 _qVH—l,m

- + U + - U +1,m = = >
p q I.m+1 I+1, ‘/I‘m ‘/[+1‘m
(C.13)
cf. eq. (A.2). From egs. (C.13), (C.3) and (A.2) one also finds that
V+ m + V m
2p+ U, —Usym= al ‘2/ L) . (C.14)
I+1,m

Both equations (C.13) and (C.14) can be combined to

pitpiat Un(A/) - Un(Aj”) = (pj+lvn(A/~+7)Vn({4 ) +p/’)vn(A]+1)Vn(A )
(C.15)
Inserting eq. (C.15) into eq. (C.12) one obtains eq. (B.17) with Vn(A ) replaced
by Vn(A 1, but the mapping (A.3) is invariant under the replacement V -V,
so is Tr L*" “2(k). This means that the integrals of the MKdV and the KdV
mappings given in (B.17) and (C.12) are related via the Miura transformation.
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