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A reversible mapping is the product of two involutions. In this Letter we introduce a local version of reversibility in which this
product property is satisfied up to a certain order in an expansion around a fixed point. We derive some necessary conditions for
local reversibility, and given an example how these conditions may be applied as negative criteria to show that a given mapping

is not globally reversible.

1. A dynamical system (not necessarily Hamilto-
nian or symplectic) is called reversible if there is an
involution in phase space which reverses the direc-
tion of time [1]. Historically, reversibility of dy-
namical systems has played, and still plays, an im-
portant role in physics. Many of the equations of
physics are time-reversible. This was first noticed by
Loschmidt for particles moving in a velocity-inde-
pendent forcefield. Boltzmann soon realised the im-
portance of time-reversibility and showed that the
Maxwell equations are also reversible (if one also
takes B—~—B) [2]. Also the Einstein equations are
reversible [3]. A very readable account of the role
of time reversal in physics is given in ref. [4].

Only more recently has reversibility been studied
in dynamical systems that are not Hamiltonian or
symplectic. Moser proved that Kolmogorov—-Ar-
nol’d-Moser tori also exist in reversible non-Ham-
iltonian flows [5,6]. Further important work was
done by Devaney who gave a coordinate invariant
definition of reversibility [1]. Very recently revers-
ible systems that are not symplectic or Hamiltonian
have come to the fore in a variety of contexts [7-
20].

Whereas it is easy to check if a certain system is
reversible under a given involution, the more im-
portant question: “Is there an involution under which
a given system is reversible?” is more difficult to an-
swer. Apart from the classification of dynamical sys-
tems this question is of interest because reversibility
is heuristically found to be a necessary condition for
a dynamical system to be integrable [21]. In this
Letter we address the above question for the case of
mappings of the plane. (These mappings can be
thought of e.g. as arising from a Poincaré section of
the flow of an ordinary differential equation.)

In section 2 we introduce the new concept of local
reversibility. A mapping is defined to be locally re-
versible if, to a certain order, its Taylor expansion
about a fixed point is equal to the composition of the
expansions of two involutions about a common fixed
point. In section 3 we give an example showing how
the necessary conditions of a local reversibility may
be used as negative criteria to show that a given sys-
tem is not reversible. Some aspects of the relation-
ships between local reversibility and a local form of
measure preservation are discussed in section 4.
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2. Definition. A mapping L: R>->R? is reversible if
it can be written as the composition of two
involutions

L=w.V, (1)
where
VeV=Id, W.W=Id. (2)

Some general properties of reversible mappings are:

(i) if L is reversible, so is L, Vz,eZ;

(i1) if V is a reversing involution of L, so is
L?V, Yz,eZ;

(ii1) reversibility is invariant under coordinate
transformations.

Very generally we now take the (orientation re-
versing) involution W to be

W=T-1UT, (3)
where U is given by
U x'=x, y'=-y (4)

and T is an arbitrary coordinate transformation (lo-
cally such a T exists if dW=U, it is given by
T=U+W). Eq. (1) can then be rewritten

ToL=U-T-V. (5)

We assume the mapping L has a symmetric fixed
point Xy, i.e. a point for which Lxy=Vxo=x,. (It is
sufficient for a fixed point to be symmetric if it has
Jacobian determinant equal to 1 (see below) and if
there is no other fixed point with the same eigen-
values.) Without loss of generality we take
Xo=Tx,=0 and use the following formal expansion
for the mapping L about the fixed point 0,

L: X' =Ax+By+Ex?*+Fxy+Gy?+ Lx*+ Mx?y
+Nxy*+0y*+...,
V' =Cx+Dy+ Hx*+Jxy+ Ky?+ Px*+ Qx?y
+Rxy?+Sy>+.... (6)

For T and V we use analogous general expansions
with coefficients a, ..., s and 4, ..., § respectively, in-
stead of 4, ..., S. Equating like terms on the left hand
side and the right hand side of eq. (5) it is then a
matter of straightforward albeit rather tedious al-
gebra to eliminate a,..., s and 4, ... § from the ensuing
equations, and thus obtain necessary conditions on
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the coefficients of the mapping L ensuring the ex-
istence of solutions for ¥ and T satisfying eq. (5) up
to n'th order terms in x and y. If these conditions are
satisfied we call the mapping L locally reversible up
to order # at the fixed point 0. In this Letter we pres-
ent the results up to and including the order n=3.
(We restrict ourselves to the case that the involution
V is orientation reversing.) Our aim will be to show
a system is not globally reversible, by showing it is
not locally reversible.

At first order we get the necessary condition on the
mapping L that the determinant of its linear part is
1:

AD—BC=1. (7)

Taking this into account the linear part of L can be
brought into one of the three following Jordan nor-
mal forms,

A 0
w0,
1 B
(2) (O 1>,

-1 B
(3) < 0 1) : (8)
(We will assume in this Letter that B#0.) The nec-
essary conditions that we then derive on the qua-
dratic and cubic coefficients of the mapping L (after
this linear transformation) are given in table 1. It
turns out that in the case that L has two eigenvalues

+1 one has to distinguish two subcases depending
on whether the linear part of Vis

e (3 7).

(2b) (Blf).

So far, we have given the necessary conditions for
local reversibility up to third order. In the next sec-
tion we present an example showing how such con-
ditions may be used to prove a mapping is not glob-
ally reversible. A systematic approach to obtain
conditions at higher order might be to use the theory
of normal forms. For example, in each of the dif-
ferent cases as determined by the linear part of the
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Table 1
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Necessary conditions for local reversibility of a mapping L given by the expansion (6), after a linear transformation to Jordan normal
form. The first column gives the Jordan normal form of the linear part of L in the various cases. In the third column we specify the
necessary conditions at second order. The third order conditions are given in the fourth column.

Case Second order Third order
A 0 . (A—1)(AR+A'M—FJ-2GH)
(0 A_l),A;éil (1) no condition FEF(A-2—241) +JK(247— 4%) =0
1 B (2a) J+2E-2BH=0 if H=0 then
0 1 3B2P—BQ-3BL+2EK+EF—3BEJ=0
(2b) H=0 6B*P—2BQ—6BL+2EK+BEJ

no condition

<-1 B) (3)
0 —1

+6BE*+2BJ*~FJ—JK=0

12BP+4Q+12L+2J*+2EJ+22BEH+10B*H?
+10FH+ 11BHJ+4HK+12E?=0

mapping one could make a transformation to the
corresponding nonlinear normal form [22-24], and
then work out the necessary conditions for local re-
versibility on the coefficients in the normal form. Al-
ternatively, one can start from a reversible system in
normal form (see refs. [25-28] and ref. [9], ch.2),
apply an arbitrary coordinate transformation, and
determine what conditions one gets on the ensuing
mapping. At higher order we expect to obtain extra
conditions when the eigenvalue A4 is a root of unity
(corresponding to extra resonant terms in the nor-
mal form expansion).

3. Consider the mapping
L: w=w+w(z) (modulol),

_ z+ (k/2r) sin(2nw’)
- 1—zh(w")

(cf. ref. [29]). For A(w')=0 and w(z)=zeq. (9)
reduces to the well-known (area-preserving) Chiri-
kov-Taylor or standard map. The mapping (9) is
reversible when A(w') is an odd function or when
w(z) is an odd function [14]. We now consider the
case when /4 and w are not odd but both contain an
even part, i.e.

’

(9)

0(2) =Woaa(2) + 2%,
h(w)=ho+hoaa (W) , (10)

where wo4q and A4q are arbitrary odd functions and
w, and A, are constants. We want to know whether
the mapping (9) with w and 4 given by (10) is re-
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versible.The mapping (9) has fixed points under the
conditions w(z)eZ, (k/2n)sin(2nw)=—z2h(w).
For z=0 we have fixed points at w=0 and w=3. Ex-
panding w and /4 about 0,

w(z)=w, z+ w22+ w323+ 0(z2%) ,

h(w)=ho(1+nw)+0(w?), (11)

the eigenvalues of dL at w=z=0 are determined by
(1—A4)?=kAw, (hence detdL=1). These eigenval-
ues are different from those at w=14, z=0 if kw, #0,
and are in general also different from the eigenvalues
at possible fixed points with z#0. Therefore, if the
mapping (9) is to be reversible, w=z=0 should be
a symmetric fixed point, and the conditions for local
reversibility should all be satisfied.
Applying a diagonalising transformation

_A_‘x+y
To1+A4

(=4 Noir(x=y)
N 1+A4-! ’

(1—A)?=kAw, , (12)

we obtain eq. (6) with

B=C=0, D=A4"",

E_A(.Q—e) _€(4+47") =240
IR 1+4-! ’
G_AQ—A“e _A“‘Q+e
o144t 1+4-1"
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—A~'[2Q+€(A4+471)]

= 1+4-" ’
—1 —1

g,

A"'M+AR
_3Qe(2-A-A"")—€2(A+24+247'+47?)
- 1+4-! ’

(13)
where
—1y2,,,-2
_ —ho(1—A " YHYwi!
14471

With eq. (13) the third-order local reversibility con-
dition of case (1) in table 1 (with A# * 1) reduces
to Qe=0. Therefore, the mapping L is not reversible
if w,hy#0, i.e. when both w(z) and A(w') contain
an even part.

Similar considerations can be applied to other
mappings.

4. A mapping L: R2—R? is measure preserving [30]
when there is a function F(x, y) such that the in-
tegral [ dxdy 1/F(x, y) over an arbitrary domain D
is invariant under the mapping, or equivalently, when
there is a function F(x, y) such that F(x', y' ) =J(x,
V)F(x, y) with J(x, y) being the Jacobian deter-
minant of the mapping. If a mapping L is measure
preserving so is L? VzeZ. Furthermore measure
preservation is invariant under coordinate transfor-
mations: for the mapping L=T"'-L.T, the new
function Fis given by F=F/detdT, in which detdT
is the Jacobian determinant of 7.

We can now expand an arbitrary mapping L around
a fixed point x,, which we take to be at x,=0, using
eq. (6). Assuming F(Xx, y) to be analytic, we can ex-
pand it, as well as the Jacobian J(x, y), in a similar
Taylor series starting with nonzero constant term (the
(n—1)st order coefficients J(x, y) being deter-
mined by the #n’th order coefficients of the mapping
L). We can then eliminate the coefficients of the
measure F(x, y), yielding necessary conditions on
the coefficients of the mapping L. If these conditions
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are satisfied we call the mapping L locally measure
preserving up to the order # at the fixed point.

At first order the determinant of the linear part of
L must be unity, i.e. AD— BC=1, the necessary con-
ditions for the quadratic and cubic coefficients are
the ones given in table 1, in the cases (1), (2a), and
(3). Thus local measure preservation up to 3rd or-
der implies local reversibility. (In non-resonant cases
with A7# 1, VneZ, this property is known to hold
to arbitrary order as can be shown e.g. by performing
a transformation to a locally area preserving system
and a subsequent transformation to a Birkhoff nor-
mal form [25,26,30] i.e. x'=y/f(x, y), ¥y =x/f(x,
¥). In resonant cases the situation is less clear and a
systematic investigation of higher orders would be
worthwhile. This problem, however, is outside the
scope of the present Letter.) The converse is not true,
cf. cases (2b) of table 1, in which the condition H=0
for local reversibility is not related to a local form of
measure preservation.

5. Some remarks. (i) The necessary conditions for
local reversibility play a role in the bifurcation anal-
ysis of dynamical systems [20]. In second order, e.g.,
a mapping L with dL as in case (2) is locally re-
versible under the condition H=0, also when there
is no measure preservation, i.e. J+2E—2BH #0. This
case corresponds to a general type of Rimmer bifur-
cation [20] in which there are two bifurcating
solutions, one with Jacobian > 1, the other with Ja-
cobian <1 (see also refs. [31-33]). Such bifurca-
tions are of interest, because of the interplay of dis-
sipative and conservative features. Furthermore, the
condition H=0 for maps with linear part (} %) is a
necessary condition for nonlinear stability of the fixed
point [23,24].

(i1) The case in which both H=0 and J+2E—
2BH =0 are satisfied for a mapping with linear part

4 8) is (in general) related to a period doubling bi-
furcation. In fact, with a mapping L, with dL as in
case (3), both conditions are automatically satisfied
for the mapping L2. The two bifurcating fixed points
of L? both have Jacobian >1 or both <.

(iii) In case 1 with 4% * 1, the Taylor coefficients
after the linear transformations as they appear in ta-
ble 1 are not real. Nevertheless, despite appearances,
the condition given is equivalent to the real
condition.
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(iv) For mappings in R”—-R™ with m>2 and
A"#1, being locally symplectic is in general not
equivalent to being locally reversible, in contrast to
the case m=2.

(v) It would seem that an approach similar to the
one presented in this Letter should be applicable to
derive necessary conditions for reversibility in or-
dinary differential equations. We hope to report on
this in the future.

We thank Paul Taylor of Auckland University for
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have been written. H.W. Capel is grateful to the De-
partment of Theoretical Physics of the Australian
National University for a visiting fellowship. We are
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