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We report an 18-parameter family of integrable reversible mappings of the plane. These mappings are shown to occur in soliton
theory and in statistical mechanics. We conjecture that all autonomous reductions of differential-difference soliton equations are

integrable mappings.

In the theory of nonlinear dynamical systems in-
finite-dimensional integrable equations (solitons)
and low-dimensional mappings (*“‘chaos”) have re-
ceived a lot of attention. In this paper we attempt to
make a link between these two areas. This link is
provided by the observation that simple (e.g. sta-
tionary) solutions to many different soliton equa-
tions lead to integrable mappings. In this Letter we
give some examples of integrable mappings and how
they arise. We also report an 18-parameter family of
integrable planar mappings. Finally we conjecture
that generally simple solutions of differential-dif-
ference (DA) soliton equations lead to integrable
mappings.

Consider the DA isotropic Heisenberg spin chain

[1]:

gs _ Snxsn+l _ Sn—lXSn (1)
™" 148,-S,. 1+S,_,-S,’

This differential-difference soliton equation can be
reduced to a difference equation assuming a simple
time-dependence

S, (t)=(cos ¢, cos wt, cos ¢, sin wt, sinp,) ,

X, =tan 3¢, . (2)

We then obtain the 2D mapping

Xy =[2X+wx2+2x,—w
— X (=xp—0Xx;+wx,+1)]
X [=x}—wxi+wx,+1
— Xp_ (X3 —2x3 —wx2-2x,)]"" . (3)

This symmetric mapping turns out to be integrable.
Its one-parameter family of invariant curves is given
by the symmetric biquadratic relation

(I+2K) x5 x5 41 + (1 +K) (X7 X4 1 +X,X24 1)
+ (1+K)(x; +X3+1)+2Kxnxn+1
+ (1 +K) (X, +X,s 1)+ 1+2K=0, (4)

where K is the invariant parametrizing the family of
curves.

As a second example consider a discrete modified
Korteweg-de Vries equation [2]:

d
E Xy = ( 1 +-x;21)[xn—l —Xn+1

+ 3 (Xpi2 +x,)(1+x%40)
—3(xatx,_)(A+x7-0)] . (5)

Stationary solutions of this equation are given by
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Fig. 1. Representative orbits of some points (x, y) of the map-
ping (7). Here K, =0.1, K, =4 and the area shown is — 15<x<15,
—15<y<l1s.

Xpr — 3 (X +X02)(L+X741)
=xnvl_%(xn—2+xn)(1+x%z—l) . (6)

Note that this defines a 4D mapping. By inspection
this mapping can be integrated to a 2D mapping

_ 2x2n——l +2K2 —x2n—2(1+x%n—l)

xﬂ_ 3
: 1+x%n—l
2%y, + 2K, — X2, (1+x3,)
Xons1 = —> IH_;% l 2 (7)

where K|, K, are integration constants. This map-
ping also turns out to be integrable. Its one-param-
eter family of invariant curves is given by the
asymmetric biquadratic relation

2 .2 2 2
X3, X3,11 FX3, F X341 — 2X0n X201
= 2K X251 — 2K %5, + K3 =0, (8)

where Kj; is the third integration constant. (See fig.
1.)

Both mappings (3) and (7) are reversible [3], i.e.
they can be written as the product of two involu-
tions. They are both special cases of an 18-parameter
family of integrable reversible mappings of the plane
that we have found *'

#! The case f; =g,; f,=4>; fs=g3;=0 was discovered by McMillan
[4].
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x,zfl(y)*sz(y)
L) =xf(0)°
. &i(xX) —ye(x)
= () () )

where
() =(AX) X (A X),
g(x)=(AIX) X (Al X) , (10)
with
X2
X=|lx |,
1
oy Bo Yo
Ay={dy & (o,
Ko 4 Mo
o B
A=ld, & (. (11)
K Al

Each member of this family possesses a one-param-
eter family of invariant curves given by the biqua-
dratic relation

(oo + Ko )x?y?> + (Bo +KB1) X7 y+ (o + Ky 1) x?
+ (6o +KS6 ) xy* + (e +Ke ) xy+ (Lo + K )X

+ (%o +Kic,)y? + (Ao +KA)y+ (1o + Kuy ) =0 .
(12)

This equation can be parametrized in terms of ellip-
tic functions #? yielding the final integration con-
stant. It describes periodic, quasiperiodic and
solitonic behaviour.

Other examples of differential-difference equa-
tions that possess solutions described by (9)-(12)
include the DAKdV, DAMKdV, DANLS, DAAHSC
[6]. This leads us to make the following conjecture:

Consider a differential-difference equation. Then
every autonomous difference equation obtained by an
exact reduction of the DAE is an integrable mapping.

Some remarks:

#2 See e.g. ref. [5], where it is also shown that in general some of
the arbitrary parameters may be removed by applying bilinear
transformations.
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(1) This conjecture is a discrete analogue of the
Painlevé conjecture of Ablowitz et al. [7]. Our con-
jecture is weaker however since we only consider au-
tonomous reductions. The connection with the even
stronger Painlevé property for DAEs [8] is presently
being investigated.

(2) What the above conjecture really says is that
starting from a DAE integrable in the (continuous)
time variable after a reduction the resulting differ-
ence equation is integrable in the (discrete) space
variable.

(3) One should note that the reverse of the above
conjecture does not necessarily hold.

Finally we give an application of integrable map-
pings to the Yang-Baxter equation in statistical me-
chanics. In the solution of the hard hexagon model
occurs the following equation for the scaled
Boltzmann weights

Equation #3:

07=00,_10,41=30""0, 20,2
Transformation:

Xp=0,410,1/0% ;
Mapping:

X1 Xn 1 X2+0—02x,=0;
Invariant:

x2x2, +Kx, X, +02(x, + X0 ) —0=0.

We conclude this Letter by noting that the map-
ping (9) is reversible for arbitrary fand g, though in

# Eq. (13.102) of ref. [9]. Actually for the hard hexagon model
one also imposes 6,=6,,,s.
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general it is not area-preserving. Nevertheless, a KAM
theorem holds near typical elliptic fixed points [10].
A basic difference with area-preserving systems how-
ever is the fact that reversible systems can also have
attractors. We hope to report on this in the near fu-
ture [6,11].

We thank R.J. Baxter, P.J. Forrester, N. Joshi and
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AC03-84-ER 40182.
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