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1. Introduction

Consider a general dynamical system in n dimensions as follows
= f(z,p), xe€R" with n>1, (1)

where p € RP is a vector of parameters. Our main objective is to find conditions on
the parameters such that the system above possesses a first integral. In this paper, we
concentrate on finding integrals of Lotka-Volterra systems with constant terms.

The Lotka-Volterra system (LV) has been the subject of intensive studies during
the past century. The interaction of two species in an ecosystem [1], a metamorphosis
of turbulence in plasma physics [2], hydrodynamic equations [3], autocatalytic chemical
reactions [4] and many more, are of Lotka-Volterra type. Nevertheless, the dynamics
of such systems is far from being understood. Finding first integrals of LV systems, or
any dynamical system, gives global information about the long-term behaviour of such
systems.

In two-dimensional systems, the existence of a first integral implies that the system
is completely integrable because the phase portraits are completely characterized. For
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three-dimensional systems, the existence of a first integral means that there cannot be
chaotic motion as the solutions will live inside the level sets of such an integral function.
Here we include constant terms to generalize LV systems. The constant term can be
considered as a constant rate harvesting. Dynamics and bifurcation analysis of such a
system have been studied in [5].

Many different methods have been developed to study the existence of first integrals
of LV systems. Perhaps one of the earliest attempts to study the existence of first
integrals was published by Cair6 et al. [6], who studied the integrability of n-dimensional
Lotka-Volterra equations using the Carleman embedding method. They sought an
invariant that may be time-dependent. Cair6 and Llibre [7] used a polynomial inverse
integrating factor to find a condition for the existence of the first integral. The
Darboux method that uses the relationship between algebraic curves and integrability
of differential equations has been introduced by Cairé and Llibre [8] to study two-
dimensional LV systems. Cairé et al. [9] used the same method to search for a first
integral of two-dimensional quadratic systems.

The Darboux method has also been used to derive an integral for three-dimensional
LV systems [10] and for the so-called ABC systems, which correspond to particular cases
of three-dimensional LV. The ABC systems were among the first three-dimensional
models that were investigated. =~ Grammaticos et al. [11] derived first integrals
using the Frobenius Integrabilty Theorem method (first introduced by Strelcyn and
Wojciechowski [12]). Ollagnier [13] has found polynomial first integrals of the ABC
system. Gao and Liu [14] presented a method that basically relies on changing variables
to transform three-dimensional LV systems to two-dimensional ones. The existence
of first integrals follows from integrating the two-dimensional systems. Gao [15] used
a direct integration method to find first integrals of three-dimensional Lotka-Volterra
systems. A new algorithm presented by Gonzalez-Gascon and Peralta Salas [16] also
used three-dimensional LV systems as a test case.

The approach closest to the work presented here uses the idea of associating a
Hamiltonian to a first integral of a vector field. It was introduced by Nutku [17]. A
generalization of this idea to two-dimensional vector fields having a first integral was
provided by Cairé and Feix [18]. They showed that, through time rescaling, the first
integral can be considered as a Hamiltonian. Subsequently, Cairo et al. [19] and Hua
et al. [20] used an Ansatz for their Hamiltonian functions. They assumed that a first
integral (or an invariant) H is a product of functions, H = P(z,y)(Q(z,y))"(R(z,y))",
where P, (), R are first degree polynomials, and derived conditions for two-dimensional
quadratic systems to have a first integral.

Another Hamiltonian method that has been used works as follows. A general
system (1) is said to have a Hamiltonian structure if and only if it can be written
as & = f(z) = S()VH(z), where S is a skew-symmetric matrix and H is a smooth
function. The matrix function S must satisfy the Jacobi identity [21]. Plank [22] has
used this property to find a Hamiltonian function for two-dimensional LV systems, while
Gao [21], using the same property, has derived conditions for three-dimensional systems
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not to be chaotic.

In this paper, we will not impose the Jacobi identity on the matrix S since we only
want H to be a first integral. Thus, it is sufficient to ensure that f(x) can be written
as S(x)VH(z). Consider the following proposition.

Proposition 1.1 (McLachlan et al. 1999 [23]). Let f € C"(R",R"), r > 1, n> 1, be a
vector field and H € C'(R"™,R) be a first integral of the vector field f (i.e. f-VH =0) for

allz. Then there is a skew-symmetric matriz function S(x) on the domain {x : VH # 0}
such that f = SVH.

As a consequence, there is also a skew symmetric matrix function 7'(z) on the
domain {x : f # 0} such that VH = Tf. We are going to use this idea to find
first integrals and the associated constraints on the parameters for two- and three-
dimensional LV systems with constant terms. We call the matrix 7" an integrating
factor matrix if and only if

curl(Tf) = 0. (2)
Making an Ansatz concerning the integrating factor matrix 7', we obtain both an integral
and the conditions on the parameters for its existence. The meaning of curl depends on
the dimension of the system. For two dimensional systems, curl(7T'f) is the scalar
OTf) O0Tf)2 _
0xy B or,
where (T'F); is the ¢ — th component of the vector T'f. In three-dimensional systems,
curl(Tf) =V x T'f as usual.
In Secs. 2 and 3 we will discuss the results of applying the integrating factor

0,

matrix approach to two- and three-dimensional Lotka-Volterra systems with constant
terms, respectively. In either case , we will impose some conditions on the integrating
factor matrix. We will assume, that its entries can be written as a product of functions
of a single variable. In the three-dimensional case, we use two different forms of the
matrix. These assumptions are restrictive, and we do not claim to present the most
general class of first integrals which can be found with the proposed method. However,
the most general form of the integrating factor matrix will lead to conditions in the form
of coupled, nonlinear partial differential equations. The analysis of these equations is
work in progress. We emphasize, that with the simplifying conditions used in the current
paper, we reproduce many known first integrals and uncover several new ones both in
two and three dimensions Each section is concluded with a comparison to earlier results
from the literature.

2. Two-dimensional LV systems with constant terms

In this section, we consider integrals of the two-dimensional Lotka-Volterra system with
constant terms:

T = f1(131,l’2) = Il(b1 + a1 + (112$2) + eq,

Ty = fox1, ) = T2(be + an 1 + anzs) + e, (3)
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where b;, a;; (1,7 = 1,2) are arbitrary parameters and e;, s are the constant terms. We
choose an integrating factor matrix as follows,

T(Zﬂl,l’g) = ( 25 _OR > 5 (4)

where the function R = R(z1,22) is to be determined later on. The matrix T'(zy, z2)
is an integrating factor if and only if the curl of T'f is zero, where f = (f1, f2). As
is mentioned before, in the two dimensional case, this condition is equivalent to the

following,
ORf1) | O(Rfs) _
or + 0y 0. (5)
The associated first integral H is given by
H(l’l,l‘g) = /R([L’l,l‘g)fl(flfl,JTg) dQTQ +h(l‘1), (6)

where h(xy) is found by imposing 0H/dx, = —Rf>.
Let us assume that R is separable, i.e. R(z1,72) = A(x1)B(x2). We have the
following lemma.

Lemma 2.1. Let fi and fy be the functions given in the vector field (3), then the
condition (5) determines the forms of A(xy) and B(xz) to be,

axy — QX

Afy) = exp(E0)2, 792 B(ay) = expl

v/a21 7
12 a1 )x2 ’ ( )

where a, B and v are constants to be determined later on.

Proof. We substitute R into (5) to obtain
1dA 1 dB

Zd_:tlamxlIQ + Ed—@agll’lZEQ + F(l‘l) + G(Ig) == 0, (8)
where
A
F(x,) = Zl(blh + anzi® +e1) + by + 2a1121 + as 1,
B
G(l’g) = ﬁ(bg.fg + a22m22 + 62) + b2 -+ 2&22.%2 + Q1229. (9)
Applying 0?/(0x103) to both sides of equation (8), we obtain a separable differential
equation in terms of A(x;) and B(xs), which can be solved explicitly. O

We then substitute A(x;) and B(x2) to the equation (8) to obtain

YTy + F(ZEl) + 51‘2 + G(Ig) = O, (10)
or,
yr1+ F(21) = ¢, Baa + G(x2) = —(, (11)
where ( is a constant. Finally, we obtain the following set of equations:
b b
(% + & + bl) + (’Y + E + ﬁall + 2@11 + (121)131 + O-/Cl11x12 + 661 = (:7 (12)

Q12 a2 a12 12 a2 1221
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and respectively,

ae b ab a aa e
(——2 + B —+ bg) -+ (ﬁ _ =z —+ a2 —+ 2@22 —+ &12)1‘2 — 221‘22 + e = —C(].?))
21 21 21 21 21 212
The expression above is satisfied if and only if the parameters satisfy the following
conditions:
0= a1 _ [0705)) (14)
a2 21
o= e _ e (15)
12 a21
ab a
0:7‘1‘_1‘1‘611—1-2&11—0—&21 (16)
a2 a12
ab a
0=0-224 202 4 90 +ap (17)
21 21
ae b ae b
a12 a2 21 21

Let us introduce [y := (/ajo + 1 and ly := v/ag; + 1. When o = 0, the system (15-18)
is equivalent to the following system of equation:

el = ey, (19)
ealy = ey, (20)
liai + lzaz = —ayy, (21)
l1a1a + laazs = —aso, (22)
bily + boly = 0, (23)

which is more comfortable to work on and closely related to Plank [22]. As a
consequence, in the case of @ = 0, our problem can be divided into three different
subcases, depending on the value of the constant terms. In the following we give the
corresponding conditions along with the resulting integrals for the cases ey, ey # 0,
e1 # 0,e0 = 0 and e; = es = 0 separately. The case e; = 0, es # 0 follows by symmetry
considerations. We note that the case corresponding to the original Lotka-Volterra
system where e; = es = 0, has been discussed by various people. However we have
included a discussion of this case including some previously unknown special solutions.
The case where a # 0 is discussed in the subsection (2.4).
To start with, let us consider (19-23) as an overdetermined linear system:

Al =, (24)

where [ = (ly,l3) and the matrix A and the vector r are to be determined later. The
system has a solution only if the vector r is orthogonal to the left null space of the
matrix A.

2.1. The case ey,es # 0

We have the case where both the constant terms e; and ey are non-zero. Then by (19)
and (20), this implies that [; = [, = 1. Moreover, we can simplify the other conditions



An integrating factor matriz method to find first integrals 6

to:
b1 + bg = O, 2a11 + a9 = O, and aig + 2&22 = 0. (25)

If the Lotka-Volterra system (3) with non-zero constant terms e and f satisfies conditions
(25), then it has a first integral that is given by:

2 2
H = bll‘lﬂfz + A11T1 T2 — A22T1T9 + e1T9 — esx7. (26)

2.2. The case e # 0, e3 =0

One of the constant terms, e; is not zero. This means that the free parameter [; must be
1 by (19). We now have a linear system like (24) with a 3 by 1 matrix A and a vector r
in R3 with only one unknown l,. Without loss of generality, we assume that the matrix
A is of rank 1, when A has rank zero we have a trivial integral H = x5 since @5 = 0.
Using the fact that this system must be solvable, we can again find the conditions for
the existence of the first integral. As we assume that ay; # 0, the solvability conditions
are given by:

2a11029

P aoy —ayp =0, and 2bya;; — biag; =0, (27)
and we have ly = —2ay1/a9;. If [ is not zero then the first integral is given by:
H = 1,2(—byxy — %xﬁ — Q9a%1To + %) (28)
However, in the case where the exponent [, is zero, the integral is given by:
H = —byx; — %xlg — Qw1 Ty + €1 In |xo. (29)

Note, that expression (28) is also obtained as a limit of result (26) but the conditions
stated in the case e; # 0 and e; = 0 are more general than those obtained in the limit.

2.8. The case e1 =0 and eg =0

Finally, if e; = eo = 0 equations (19) and (20) are trivial and we have a linear system
of the form (24) with a 3 by 2 matrix A and a vector e in R? from (21-23).

If A is of maximal rank then the solvability condition of the linear system (24) is
given by :

bla22(a21 - an) + 52011((112 - CL22) =0. (30)
If our system satisfies this condition then

A22\ Q21 — Q11 a11\Q12 — Q22
( ) and ly = ( ) .
A11Q22 — A12G21 a11G22 — A12021

I =

When neither [; nor [ are zero, the first integral is given by:
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However, either [; or Iy may be zero and if [; = 0, I3 # 0 and Iy # —1 then we have
by = age = 0, ay; # as and an integral that is given by:
by a1 ai2
H=22(—+—1 4+ ———1,). 33
2 (lg lQ 1 (lg + 1) 2) ( )
But when [; = 0 and [, = —1, this implies by = 0 and as; = aq1. It follows that the
integral is given by:
b
H:a121n|m2| —02211'1|1’1| ——1—a11ﬂ. (34)
T2 T2
Finally, when both [; and [, are zero, which implies a;; = ass = 0, the first integral is
given by:
H = bl In ‘1’2’ + A19T2 — bQ In |[L’1’ — A21%1. (35)
We remark that the case when [, = 0, [; # 0, [; # —1 and the case when I, =0, [; = —1
follow by symmetry considerations.

Now let us assume that A has rank one. Excluding the trivial case in which one
column vector is zero, we assume that

(a117 ai2, bl)T = )\(a'217 22, 52)T7 (36)
for some A # 0. This leads to the following integral:
H = x12,", where A = a1 /ay. (37)

2.4. The case where o # 0
This implies a;; = ase = 0, due to conditions (14). Consider conditions (16) and (17).
Eliminating « in both equations gives:

(B + ai2)braz + (v + az1)bzais = 0. (38)
Consider now condition (18). After some algebraic manipulation we get:

(B + aiz)brag + (v + ag1)ba12 = a(eaa12 — €1a21), (39)
and due to the fact that a # 0, we have

€al12 — €1A921 = 0. (40)
Finally conditions (15) gives the following three sub-cases:

(a)fy:ﬁ:(], (b)f}/#oaﬁzoa and(c)fy,ﬁ#() (41)
The case where § # 0 and 7 = 0 follows by symmetry. Note that the conditions in
subcases (b) and (c) imply that e; = e; = 0. These subcases are already discussed and
the integrals are equivalent to the integral in equation (35). The only case remaining

is when v = § = 0 that gives b; 4+ by = 0, provided ajsa9; # 0. We then obtain the
following first integral:

H = elonm=an2/b (o) 4 qop7,),
or, equivalently,

H = (911 — A19T9 + bg ln(el + algl'lflfg). (42)
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2.5. Further notes regarding the known integrals of two-dimensional LV systems and
quadratic systems

Many attempts have been made to study the integrability of two-dimensional LV systems
and general quadratic systems. Different first integrals were found using different
methods, some similar to those found in this discussion.

The first integral (26) along with its conditions (25) was probably first found by
Frommer in 1934 (see Artés and Llibre [24]). It was also derived by Cairé et al., who
used the Hamiltonian method and by Hua et al., who studied the connection between
the existence of a first integral and the Painlevé property in a general quadratic system.
In the latter work, the form of the first integral and the vector field are different, but
through some invertible transformations it is not hard to check that the result is actually
equivalent.

Many first integrals were known for the case e; = 0 and e, = 0. For instance,
(32-35) were derived by Nutku [17], Plank [22] and Cairé et al. [7,9,25] using various
methods. We remark that the first integral (35) that has constraints a;; = age = 0 was
first derived by Volterra himself as a constant of motion (see the book by Hofbauer and
Sigmund [1]). To our best knowledge, the other first integrals presented here are new.

3. Three-dimensional LV systems with constant terms

We consider the following three-dimensional LV systems with constant terms:

Ty = fi(zy, 22, 23) = 21(by + anwy + arpry + ar33) + ey,

Ty = fo(T1, T2, 13) = w2(ba + a2171 + a2¥2 + ag3T3) + €3,

T3 = f3(21, T2, 23) = w3(b3 + az1 71 + azrs + aszxs) + e3, (43)
where b;, a;; (i,j = 1,2, 3) are arbitrary parameters and e; (i = 1,2, 3) are the constant

terms. In this section, in order to find integrals of the system above we shall make the
following two Ansatzs for the skew-symmetric matrix 7,

0 —a _6,
Ti(x1, 20, 23) =R | o 0 — |, (44)
ﬁ/ ,y/ O
respectively,
0 —ax3 —fx
Ty(x1,29,23) = R | axs 0 —vry |, (45)

Bra 1 0

where o, o/, 3,0',7,7 € R are arbitrary parameters. We also use an ansatz for the
function R, namely R = R(x1, 2o, 23) = 2/ 'a2 22" where the I; (i = 1,2,3) are
free parameters that are to be determined later on. As discussed in the introduction,
this Ansatz is restrictive. However, a more general treatise falls outside the scope of the

present paper.
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The matrices T;(x1, o, x3) (1 = 1,2) are integrating factors if and only if curl(7;f) =
0, where f= (fi, fo, f3)T. In the three-dimensional case, this condition is equivalent to
i j k
where
VH, =Tf (i=1,2) (47)

In order to find the first integral H;, we expand the above expression with respect to
the matrix 77 as follows,

0H,

8_:151 == —R()é,fz — Rﬁ/fg, (48)

oOH

8721 = ROé/fl — R’Y/fg, (49)

0H

S =RAfi+ R fo. (50)
x3

and the associated first integral Hy(z1, xo,x3) is given by
Hl(xl, Ta, I‘g) = /(Rﬁlfl —+ R’}//fg) dl’g + h([El, .TQ), (51)

where h(z1, x2) is found by imposing (48) and (49). The computation of Hs is completely
analogous.

In the following, we shall derive integrals for the cases ey, e, e3 # 0; e1,e9 # 0, e3 =
0;e1#0,e0 =e3=0; and e; = e = e3 = 0.

3.1. The case e1,e3,€e3 # 0

A bit of algebra shows that if ey, ey, e3 # 0, the integrating factor matrix 75 does not
yield any solutions, so, in this case, we will only use 7). We substitute expressions
(48-50) in the condition (46) and obtain

0 0
a—@(Rﬁ/fl + Ry fa) — 6_3:3(R0/f1 — RY'f3)
0 0
8_x3(_RO/f2 — Rﬁ,f;;) — 8_£L‘1(R6,f1 + R’)/,fQ) = 0 (52)
0 0
8_301<Ra/f1 — Ry f3) — 8_952(_R0/f2 — RO f3)

Finally, we substitute the vector field (43) and the function R into the above vector.
For the first component we find

'z e
ﬁx - [(lo = 1)b1 + (Io — Danzy + leapzs + (lo — V)ayses + (I — 1>m_1] +
2 1
e
”yl[lgbg + l2a21.’13'1 + (lg -+ 1)&221'2 + lzaggl'g + (lg — 1)1.—2] —
2
o'z e
! [(lg — 1)b1 + (lg — 1)(1111]1 —+ (lg — 1)@121’2 + l3a13x3 + (l3 — 1)—1] -+

T3 T
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) e
Y [lgbg + 13a31$1 + l3a32$2 + (13 + 1)(133$3 + (lg — 1)$—3] =0 (53)
3

and the other two components yield similar equations. We now want to find conditions
on the parameters (o, 3,7, 1;, aij, b;, e;) such that a solution exists. The results for this
case are summarized in the following lemma.

Lemma 3.1. The vector field (43) with ey, ea, e3 # 0 has a first integral in the following
cases:

(1) if the conditions by + by = 0, 2a11 + ag1 = 0, 2a2 + a;a = 0, a13 = as3 = 0 are
satisfied, then the integral is given by
H = b2 + a10309 — 92125 + €179 — ey, (54)
(ii) if the conditions by+by = 0, by+bs = 0, 2a11+a2 = 0, 2a1;+a3z; = 0, 2a+a2 = 0,
2a33 + a13 = 0, and a12a13 + a12a03 + a13a32 = 0 are satisfied then the integral is
given by
H = — 2bjassz 173 — 2b1a90T 1Ty — 20110330703 + 2110900505
+ 2a§3x1x§ + 2a§2x1x3 + 4a99a3321T2T3
+ 2(e3as3 + e2a92) 1 — 2€1a3373 + 2€1 a7, (55)
(iii) if the conditions b; = 0 and a;; = —2a;; for i # j and i,j = 1,2,3 are satisfied,
then the integral is given by
H = a%laggmfmg — a%lagg.f%l’g — a11a§2x1x§ + a11a§3x1x§ + CL§2CL33$§ZE3
- CL226L§3I2$§ + (—a11a22€2 + arrasses)rr + (a1a22e1 — G22033€3) T2
+ (axzaszes — arjazzer)rs. (56)
All other first integrals that can be found using Ansatz (44) are related to these three
cases through a permutation of the coordinates x; and coefficients {a;;, b;, e;}.

Proof. First considering terms proportional to x?/z; for i # j we find that I; = I, =
I3 = 1. Consequently, we get the following conditions on the parameters,

Oél(bl + bz) = O,

S O O v ot Ot
N = O © 00

S DD D
S Ot

—d'arz + farn + 7' (az + az) =0,
agg + ' (ar12 + age) + v'ax =0,
o (a13 + ags) + fazy —v'az = 0.

Il
OOQOOOO
e e e e e e e e e e e e
=) (=]
~ w
M O~ ) — ' Y~ ' Y ~— ~— ~—

o
oo
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(i)

(iii)

We start with the case where o/ # 0,6 = 4 = 0. From (57-68) the following
conditions immediately apply:

by 4+ by = 0,2a11 + ay =0, (69)
2a99 + a12 = 0, a13 = ag3 = 0, (70)
and using (51) we obtain the first integral (54).
We turn to the case where o/, 3" # 0,7 = 0. From (57-65), the following conditions
immediately apply,
by + by = 0,2a11 + as; = 0,2a1; + az; =0, (71)
by + b3 = 0,2a99 + a12 = 0, 2a33 + a3 = 0. (72)

While, o/ and 3’ can be computed from the following linear homogeneous equations
due to (66-68),

O/alg — ﬁ,alg = 0, (73)
& ass + B'(ar2 + az) =0, (74)
O/(CL13 + CL23) + 6/(]32 = 0 (75)

The solvability condition of the linear system above is given by,

12013 + A12023 + a13a32 = 0. (76)
If the above condition is satisfied, we obtain the first integral (55) due to (51).
Finally we consider the case o/, 3’7" # 0. From the equations (57-65), we have

by + by = 0,2a11 + a1 = 0,2a22 + a2 = 0, (77)
by + b3 = 0,2a11 + az; = 0,2a33 + a3 = 0, (78)
by + b3 = 0,2a2 + azs = 0,2a33 + as3 = 0. (79)

We simplify the equations above to
b;=0 and a;; =—2a;, i#j, (i,j=12,3). (80)

The parameters o', 3’ and +' can be computed from the equations (66-68), giving
us the following homogenous linear system,

—a13 a2 (a21 + as1) «Q
23 (ay2 + ass) ao1 B = 0. (81)
(ay3 + aszs) aso —asy Y

Substituting (80) to the above linear system, we have the following solutions,

@ =anaxpp, [=—anagsp, Y= a2az3p. (82)
Then if all the parameters of the Lotka-Volterra systems (43) satisfy conditions
above, the system (43) admits the first integral (56).

We have ordered the solutions according to o # 0, o/,3" # 0 and o/, 5,7 # 0. A
straightforward computation shows that any other combination yields one of the first

integrals (54-56) with the coordinates and coefficients permuted. For instance, if we
take o/ =4/ = 0 and ' # 0, we find the first integral (54) with the indices permuted
according to {1,2,3} — {1,3,2}. O



An integrating factor matriz method to find first integrals 12

We remark that the first integral given in Lemma 3.1 point 1 is the same integral
that is given in the two-dimensional case. This can be guessed as the first two equations
of (43) are independent of x3.

In the next three subsections, we now turn to the case where there is at least one
constant term equal to zero. As it turns out, the first integrals found with Ansatz (44)
can all be obtained as limits of the results given in Lemma 3.1. New first integrals can
be found using Ansatz (45). Condition (46) leads to

Bily + Bls, =0,

Bsly + Bols =0,

Bsly — Byl =0,

Azl + Agsly =0,

Azoly + Agplz =0,

Azily — Aplz =0,

Al + Anly = —Aq,

Aol + Agaly = — A,

Azl + Aglz = — Az,

Agzly + Aggls = —Ags,

Agply — Aply = —As,

Aszly — Agsls = Asg,

vea(ly — 1) /xe = ves(ls — 1) /x3 = (Ble — als)ey /x = 0,
Bei(ly — 1))z = Pes(ls — 1) /x3 = (ads + vly)ea/zy = 0,
aer(ly — 1) /z1 = aea(ly — 1) /xe = (Bl — vyl1)es /x5 = 0.

Here, we have introduced

o o0 00 0 o 0o oo
© o0 ~J O Ot =~ W

O O O © O ©
S Ot s W N

A~~~ N N N N N /N /N /N /N /N /N /N /N /N
Ne) O
-~ (=)
M O '~ N~ N ~ — ~— ~— ~—

By = by — bzy Ay = a0 — asyy

By = bya + b33 Agi = agi + azi

B3 = b8+ bay Az = a8 + azy. (98)
Note that

B+ Byy— Bsa =0

A+ Agy — Az;a =0 V.

3.2. The case e1,e3 # 0,e3 =0
Given that ej,es # 0,e3 = 0, we conclude that [; = I = 1 due to conditions (95-97),
and [3 must satisfy the following equations:

B —aly =als+v=0. (99)
The results are described in the following lemma. We omit the proof, which is
straightforward and analogous to that of Lemma 3.1.



An integrating factor matriz method to find first integrals 13

Lemma 3.2. The vector field (43) with ey, e5 # 0,e3 = 0 has the following first integrals:
(i) H = byx179 + a117309 — 201173 + €179 — eax1, under conditions
b1 -+ bg = 2&11 + a9 = 2&22 + 19 = 0 and a13 = Q93 = 0,’
(ii) H = (a13 — a23)T17273/2 + €10973 — eaw1x3, under conditions
a1z — a3 # 0, by + b3 = by + b3 =0, az + az; = a;; —az =0,
(99 + Q39 = Q13 — Q39 = 0, and a13 + Q93 + 2&33 = 0,’
(iii) H = (e1xy — eax1)x, where I3 is a solution of
b1 — b3lz = aiy + azilz = aip + aszls = a3 + assls = 0.
under conditions bg + a§1 + a§2 + a§3 #0,b—by=0, ay; —ag =0
and bsay; — brag; =0 fori=1,2,3
These are all first integrals that can be found using Ansatz (45).

We also remark that the first integral given in Lemma 3.2 point 1 is trivial as it
follows directly from the two-dimensional case.

3.8. The case ey # 0,e5 = e3 =0

In this case, it immediately follows that /; = 1 due to conditions (96) and (97), and we
have also the following equation to satisfy condition (95),

612 - Oélg =0. (100)
All results for this case are given in the following lemma,

Lemma 3.3. The vector field (43) with ey # 0,ea = ez = 0 has the following first
integrals:

1. H = —Byx;— Ag12?/2+ ey In|zy|+ Bey In |x3|, where o, B are solutions of Asy = 0,
Aoz = 0, under conditions
by = a1 = ayp = a1z = 0 and azasz — azzazy = 0,

2. H = —ag3x1x3 + €1 In |x5|, under conditions
by = a9y = a9 =0, agg3 #0 and by + b3 = ay; +ag; =0 fori=1,2,3;

3. H = fln|zs| + aln|zy|, where o, 5 are solutions of By =0 and Ay = 0,
for i =1,2,3 under the condition (by, asi, ass, azs)” = X(bs, a1, ase, ass)” for some
A€ER;

4. H = Aszxixs+ Per In|z3| — vey In|zy|, where 3,7 are solutions of B3 =0, Ag; =0,
Aszs = 0, under conditions
Azs #0, by +b3 =ay;+as; =0 fori=1,23 and (b, a11, a12)T = A(ba, agy, as) for
some A € R;

5. H = (a13 + ags)rs — (a2 + agx)xs + eq In |x3| — ey In|zs|, under conditions
a1o +azs # 0, a13 +ass # 0, by + by = by +b3 =0, a1 + asy = a1 +azy =0 and
a1g + age = ai3 + asz = 0;
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6. H = —agzix2as + e12? /1y, where ly = —(ays + ass)/ass, under conditions
as3 # 0, a1z +asz3 # 0, by = ag; = asg = 0 and by + by = ayq + az1 = ayz + azs = 0;

7. H = (by + apzy)z 220 4 eqa2al? | where Iy, Iy are solutions of byly + bsls = —by,
asils + asils = —2aq1, agsls + azsls = assly + asgzls = 0, under conditions

a1y = a13 = 0, ap(—bras + 2bsan1) + asa(—2baan + bragn) = 0 and azs(—braz +
2b3a11) + ass(—2bgary + brag) = 0;

1 .
8 H = (a13+ a33)x1$l22x133+ + elxl;xg”, where Iy, l3 are given below

Iy = y(ai3 + ass) s = _5(%3 + ass3)
Aps Ags ’
and (3,7 are solutions of equations By =0, Az; =0, Ass = 0 under the conditions
Ay # 0, Az # 0, a1z +azs # 0, by +b3 = ann +az1 = ap +ax = 0 and
(b1, a11,a12)” = (b, agy, ase)? for some A € R;
9. H = ((a1g + ag)xa/ls + (a1 + ags)ws/(Is + 1))zia2al? + ejalal? /ls, where o =
—(a12 + age)/(age — asz) and ly = —ly, under conditions
arp + ag # 0, ags —azg # 0, a;3 +asz # 0, ags —azz # 0, by + b3 = by — b3 = 0,
an + az = ag; — az; = 0 and (ay3 + as3)(age — asz) — (@12 + ag)(as — asz) = 0.

We note that the integrals in the lemma 3.3 point 3 and 5 do not depend on the
variable x;. They immediately follow from the two-dimensional case.

3.4. The case eg = ey =e3 =0

Finally, we shall discuss the case where all the constant terms are zero. The equations
(95 - 97) are satisfied immediately. This means we only need to find conditions on the
parameters in order to satisfy equations (83 - 94).

In the following lemma, we describe our results obtained using an integrating factor
matrix of the form 75.

Lemma 3.4. The vector field (43) with e; = e5 = e3 = 0 has the following first integrals:

1. H=oa(byIn|ze| —byln|z1| — agiz1) + (b In |z3] — b3 In |z1| — az1x1) where a, 5 are
solutions of equations Asy = 0 and Asz = 0, under conditions
b1 # 0, a11 = a1 = a13 = 0 and agzaszz — azaasz = 0;

2. H = a(by/z1 — a9 In|x1| +ai1 In|za|) + B(bs/x1 — asy In|z1| + aq1 In |z3]) where a, B
are solutions of equations Asy = 0, Aoz = 0, under conditions
aiy # 0, by = a1p = a13 = 0 and azasz — azpazs = 0,

3. H = As1In|zs| + Ay In|xe| — Aoy In |2y | + Aggaa /1 where a, B, are solutions of
By =0, Ai3 =0 and f 4+ v =0, under conditions
A2+ A2 A£0, Ay #0, by — by = a19 — agy = aj3 — asg = 0 and byasz — bzgayz = 0;

4. H= —(an - a21) In |$3| + (an - agl) In |-T2| - (a21 - Cl31) In |$1| + (a22 - CL32)I2/I1 -
(a13 — asg)xs/x1, under conditions
(an - a31)2 + (an - a21)2 #0, app —azp #0, ags —azz3 #0 and by —b3 =0 — by =
a1z — g = a3 — azz = 0;
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5. H = xfa:g, where 3,7~ are solutions of B3 = 0, A3; = 0, A3y = 0 and Azz = 0,
under conditions
(b1, a11, @12, ar3)T = A(b, az1, aga, ags)” for some A € R;
6. H= a2 28 where a, 3,7 are solutions of By =0, By =0, Ag; = 0 and As; = 0

(i =1,2,3), under conditions
(517 aii, a12, als)T = )\1(b2> 21, A22, @23)T and
(52, 21, 22, CL23)T = )\2(1737 asy, asz, CL33)T for some Ay, As € R;

7a. H = xlllxl; (A12$2/(l2 + 1) + A33ZE3) where ll = —6(-@23 + CL33)/A33, lg = —A13/A33
and «, 3,7 are solutions of Bs = 0, As; = 0, Azs = 0 and o+ 6 = 0, under
conditions
Ass #0, A3 #0, Aoz #0, Az #0, by — by = ax — ag1 = 0 and (b, ar1, ar2)’ =
A(by, asy,asn)’ for some \ € R;

7. H = xlf:vlf(—bgﬁ/ll + Assx3) where ly = —assf/Ass, lo = —(as3y)/Asz and 3, are
solutions of B3 =0, A3y =0, A3y = 0, under conditions
by # 0, az3 # 0, A3z # 0, a1 = az, = 0, and
(bl, ai, alg)T = )\(bg, asy, GQQ)T fOT’ some A\ c R,’

Te. H = a2 ((ay — asz))xy/(l + 1) + (ag2 — aga)xe/lo + (a13 — ags)xs) where l; =
(ag3 — asz)/(a13 — as3), lo = (ass — a13)/(a13 — asg), under conditions
aip —az # 0, apg —azxp # 0, a;3 —azzs # 0, ags —azzs # 0, a;3 — as # 0,
by — by =0y — b3 =0 and a1y — ag = a12 — az = 0;

7d. H = $l11x122<_(b2 + bg)/(ll) — (a21 + agl)l‘l/lg -+ (a13 + (123)33'3), where ll = —(Ggg +
ass)/(ai1s + ag3) and ly = —(asz — ay3)(aiz + ass), under conditions
a3+ agz # 0, by + by = 0, a;y + a1 = 0, app +ax = 0, a2 —az = 0 and
(b1 — b3)agz — (ba + bg)asz = 0;

8a. H = l'llll'l;m?(bl + anxl) where ll = _<allB2>/<a11B2 — blAgl), l2 = —<bloé)/(Bg)7
ls = (018)/(Ba), and «, B are solutions of Asy =0, Az = 0, under conditions
b% + a%l #0, By #0, a11By — b1 As1 #0, a12 = a13 = 0 and axpass — aspass = 0;

8h. H = Z’l11$l22$é3<(112£1}'2/l3 — ajzxs/ly) where

(CLQQ - asz)(azs - CL33) alz(a23 - CL33)

I = I =

and ly + I3 = —1, under conditions

a3 # 0, azz # 0, agg—azy # 0, agz—azz # 0, by = a1y = 0 and by—bs = az—az; = 0;
8c. H= xlll.’ll'l;iﬂé‘s((bl + b2)/(l3) + (&11 + Cl21)331/l3 + (a12 + &22).%2/[3 — (a23 + CL33).’L‘3/11)

where

_ Agp(As — An) I — Ay (A — Ay) I — Agy(Agz — Agg)
T AnAp — AyAp 7 Apndy — AnAn 7 Ay Ay — Ay Ass’
where A11Agy — A1 A1s # 0, Ag1Asg — As1Ass # 0 and a = 3 = v under conditions
B1Agy(Ag1 — A1) +Ba Ay (Arg—Ag) = 0, A13Ag(Ag —Ar), +A23A11(A1—Ag) =
0, B3Agz(Az1 — As1) + By Az (Asz — Ags) = 0 and Asp Agz(Azr — Asi) + Az Asi (Ass —
Agz) = 0 with a = 5 = 7.

l

—aya(ags — ass) + arz(agy — ass) —ay2(as3 — ass) + arz(age — asg)’
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Remark that the integral in the Lemma 3.4 no 5. is the same integral we found in
the two-dimensional LV case.

3.5. On the first integrals of three-dimensional LV systems

We here give some remarks about lemma 3.4, in which we discussed first integrals
of three-dimensional LV systems that have already been extensively discussed in the
literature [7,10,11,13-16,21,22,25,26]. The forms of first integrals obtained in lemma
3.4 (points 1-4) are similar to the ones obtained by Plank (1995) [22], which in fact, are
special cases [27] of invariants found in Cairé and Feix [25]. It is not hard to show that
their integrals are different from the ones we have obtained in this paper.

The other integrals in the lemma 3.4 (points 5-8) have the following general form

2y 0y w5” (a1, o, w3) (101)

where A1, Ao, A3 and A4 are some constants and ¢ is a polynomial function of degree
one in x1,Ts,r3. To our best knowledge, the above general form first appeared as
a first integral in Cairé and Feix [25], except the fact that the first integral in their
paper is time-dependent. Through a time-rescaling (see Hua et al. [20]) they obtained
a time-independent first integral. The existence of first integrals of this form of three-
dimensional LV systems is also extensively investigated by Cair6 [10]. He investigated
a polynomial function ¢ of degree one and two. The integral functions in point 5-6 has
the same form with the ones he found [10, Theorem 2(1)]. The forms of integrals in
point 7 do not seem to have been recognized before, thus these new results extend the
known results on integrals of the form (101). The integral of the form 8a generalizes
integrals obtained in [10, Theorem 2(8-13)]. Finally, integrals of the form 8b and 8c
seem to be new.

4. Conclusion

In this paper, we have derived first integrals for two and three-dimensional LV systems
with constant terms through an integrating factor matrix. We make Ansatzs and obtain
conditions for the existence of first integrals. By our method, the search for integrals in
dynamical systems changes into a linear algebra problem. We note that some conditions
of the two and three LV system with constant terms to have first integrals do not involve
any constant terms. This is good because under such conditions tfirst integrals are
preserved for any constant terms.

In the two-dimensional case, the integrating factor matrix T'(x1, z2) in equation (4),
along with the condition such that T is an integrating factor, turns out to be similar
to the one, used by Plank [22] due to S = T~!'. In the three-dimensional case this
property no longer applies, as a 3 x 3 skew-symmetric matrix is not invertible. Hence,
our analysis generalises the work of Plank’s.

Comparison with Darboux method The Darboux method has been applied to
find first integrals of two-dimensional [8,9] and three-dimensional [10,26] LV systems.
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Compared to this method, our method has advantages in the context of searching for
a first integral of LV systems with constant terms. To apply the Darboux method, one
must seek an algebraic curve of a vector field, and LV systems without constant terms
have natural algebraic curves as the axes are invariant. For systems with constant terms,
this no longer applies.

Comparison with Hamiltonian method The existence of first integrals of two-
dimensional systems has been obtained using Hamiltonian method [18-20]. They
assumed that the integrals are products of two or three polynomial functions of degree
one. The advantage of our method is that we only make a single Ansatz. Gao [15] has
also applied a Hamiltonian method to find first and second integrals of special cases of
three-dimensional LV systems, where the linear terms are absent.

Comparison with Frobenius method The Frobenius method was first introduced by
Strelcyn and Wojciechowski [12] to find a first integral for three-dimensional systems. Tt
has been used to find integrals for LV systems by Grammaticos et al. [11]. Unfortunately,
they only look at a special case of the LV system, which is the so-called ABC system.
Comparison with Carleman embedding method The existence of first integrals
in n-dimensions has been studied [6, 25] through the Carleman embedding method.
However, the integrals that are obtained are time-dependent and are refered to as
moariants.

For future work, it would be a challenging problem to find a more general integrating
factor matrix of a vector field in dimension greater than or equal to two. Several first
integrals with the corresponding conditions have been published in the literature and
we could use these results to endeavour to find the general integrating factor matrix.
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