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Two types of linear inhomogeneous integral equations, which yield solutions of a broad class of
nonlinear evolution equations, are investigated. One type is characterized by a two-fold in-
tegration with an arbitrary measure and contour over a complex variable k, and their complex
conjugates, whereas the other one has a two-fold integration over one and the same contour. The
inhomogeneous term, which may contain an arbitrary function of k, makes it possible to define a
matrix structure on the solutions of the integral equations. The elements of these matrices are
shown to obey a system of partial differential equations, the special form of which depends on
the choice of the dispersion relation occurring in the integral equations. For special elements of
the matrices closed partial differential equations can be derived, such as e.g. the nonlinear
Schrodinger equation and the (real and complex) modified Korteweg-de Vries and sine-Gordon
cquations. The relations between the matrix elements are shown to lead to Miura transformations
between the various partial differential equations.

1. Introduction

The study of nonlinear partial differential equations (PDE’s), that are
solvable by means of the inverse-scattering transform (IST) formalism, has
become of great interest during the last decade. For many integrable PDE’s
the various ingredients of this formalism have been established and exact
solutions, such as e.g. soliton solutions, have been found in a systematic
. way'). One of the underlying difficulties for this method is the choice of

boundary conditions, which have to be taken into account from the very
' beginning. This feature very often obscures the fact that the crucial step of
the inverse problem, i.e., the Gel'fand-Levitan-Marchenko equation, can in
many respects be formulated in a way, which is independent of the choice of
boundary conditions. A common feature of the nonlinear PDE’s solvable via
i the IST is that solutions of these equations can be mapped onto a linear
inhomogeneous integral equation and it is possible to explore these integral
equations from a more general point of view??).

Recently, however, a new type of linear integral equation for the lineariza-
tion of the Korteweg-de Vries equation (KdV) was proposed by Fokas and
Ablowitz®), which enables one to extract complete information on the essen-
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tial nonlinearity of the corresponding PDE, without having to go through the
details of the inverse-scattering formalism, such as e.g. the choice of boun-
dary conditions. The important feature is that the integral equation has a
singular kernel and that it contains an integration with an arbitrary measure
over a complex variable k, over an arbitrary contour in the complex k-plane.
By choosing appropriate measures and contours, the various solutions of the
KdV can be obtained directly from the integral equation.

As a first extension to the approach of Fokas and Ablowitz, one can take
into consideration a more general inhomogeneous term in the integral equa-
tion, leading to a matrix structure, which can be inferred from the solutions.
Taking into account the relations between the matrix elements, it has been
shown that the integral equation of Fokas and Ablowitz provides solutions of
the modified Korteweg-de Vries equation (MKdV) as well®). Secondly, one
can take into consideration different types of integral equations. In refs. 5, 6
we have shown that the solutions of both the nonlinear Schrodinger equation
(NLS) and the equation of motion for the classical Isotropic Heisenberg Spin
Chain (IHSC) in the continuum limit can be found from one and the same
linear integral equation. This has also been shown to be the case for the
Boussinesq equation (BSQ) and the modified Boussinesq equation (MBSQ)).

A major advantage of this way of treating nonlinear PDE’s is that many
relations between different PDE’s become apparent in this context. As a first
example, the Miura transformation connecting e.g. the KdV and the MKdV?),
the NLS and the THSC*'), and the BSQ and the MBSQ'"), can be derived
systematically as a corollary from the integral equations, without having to rely
on rather ad-hoc methods. Another example is the gauge equivalence between
the Lax representations of the NLS and the IHSC'"?), which has been derived
in a systematic way from the integral equation, cf. ref. 6. Similar gauge
equivalences have also been discovered in the context of nonlinear o-
models®). Thirdly, the integral equations lead in a direct way to the associated
linear eigenvalue problems for the PDE’s under consideration, in which the
solutions of the integral equation can be identified with the eigenvectors.
Eliminating the potentials, which are the solutions of the PDE’s, one can
derive a nonlinear (integrable) PDE for the eigenvectors, cf. ref. 14. In this
way the solutions of the classical Heisenberg spin chain with uniaxial aniso-

tropy (AHSC) can be found from the linear integral equation for the NLS as |

well").
The integral equation, which we have proposed in ref. 6 for the linearization
of the nonlinear Schrodinger equation, has the following form

(kx k2t) e—)(lx 2ty

¢ (x, t)+fd)\(l) J’ d)\*(l)m {"(x, f)—

(o}

gitke— kzt) (1.1)
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where n is an integer labelling the different solutions. In eq. (1.1) C and C*
denote an arbitrary contour and its complex conjugate in the complex k-plane,
and dA(k) and dA*(k’) are an arbitrary measure and its complex conjugate. By
choosing different measures and contours we can find different solutions P,

The choice of measures and contours is restricted by two conditions:

(i) The contour C and the measure dA(k) are to be chosen such that the
kernel of the integral equation is properly defined and regular, in the sense
that the solution ¢{”, for given measure and contour, is unique. This means
e.g. that the homogeneous integral equation, i.e. the integral equation with the
right-hand side replaced by zero, has only the zero solution.

(i) The contour and the measure must be such that the differentiations with
respect to x and t can be shifted through the integrals.

Taking into account these conditions, it has been possible to derive PDE’s for
the functions

bun(x, ) = j AN) T 6, 1), (1.2)

defined with respect to the same measure and contour as in eq. (1.1). In
particular we have shown that the function oo satisfies the NLS and that
P01 = $10 and ¢, satisfy the IHSC®). By making use of the factor 1/k" in the
inhomogeneous term of eq. (1.1), we have been able to obtain solutions of
different PDE’s from one and the same integral equation.

In eq. (1.1) we have chosen a very specific dispersion relation w(k) = k? for
the time-dependence occurring in the exponentials. Many of the conclusions,
however, which can be drawn from the integral equation, are independent of
the choice of the dispersion relation. Thus an obvious generalization of the
treatment in ref. 6 is provided, if we choose a more general dispersion. In this
way it is possible to derive from the integral equation a broad class of
nonlinear PDE’s, which may have different dispersive behaviour. All the
time-independent features, however, will remain the same for the equations of
such a class.

The present paper is devoted to the study of two types of linear integral
equations, namely

L ¢, :)+J'dm) f d)\*(l')ﬂ'i(%,(x;)dﬁ"’(x, t)=E1;pk(x, n a3

and

Fawn. (4

() n P Dpr(x, 1) (s
L o{(x, r)+!d/\(l)!d)\(l)——h_'_l,)(;url) of"(x, 1) =
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Eq. (1.3), which from now on will be denoted as type L, is an qbvious
generalization of eq. (1.1), the difference being thatl the exponentials in (1-.1)
are replaced by functions pi(x, t) proportional to e'® k" with the d.lspersu.)n
relation w(k)= k', r being an integer, and satisfying the linear differential
equations

Ciag(x, ) = kpi(x, 1), 18pu(x, )= K'pe(x, 1), (r integer). (1.5

Eq. (1.4) is a new integral equation (type II), in which .the i‘nt_egrations are
performed twice over the same contour C. For both equations it 1s }mde{stood
that the measure and the contour are chosen such that the conditions (i) and
(ii), mentioned above, are satisfied.

The outline of this paper is as follows. In section 2 we derive a set of
algebraic relations and differential equations for the quantities

bune, 0= [ AN 7 6 D, o= [ @ gm0, (19
C (o}
where

t)
W00 = [ an) B i . )
kS
In section 3 the same is done for the integral equation of type II, for which we
have

1 n
Dy (%, 1) = j d)\(k)%,;vi")(x, 1), Wumx )= j dA k) 1 Wi ) (18)
c C
with

w0 = | a2 Dy, 1), a9
C

In section 4 these relations will be used, both for type I and type 11, to give
a general framework in order to derive, for all positive values of r, cf. (1:5?,
closed PDE’s in terms of ¢og and vge only, and we present some explicit
results for r =2, 3, 4, 5. In section 5 also PDE’s for some other values of
(n, m) are derived, together with the Miura transformations, which conr_lec.t
the solutions for different values of n and m. For negative values of r, it is
more difficult to derive closed PDE'’s; some explicit results for the case
r = —1 will be presented in section 6. Finally, in section 7 it is discussed how a
reduction to a class of integral equations with only a single integration can be
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performed, leading e.g. to a generalization of the integral equation given by
Fokas and Ablowitz").

The treatment we give here provides a unifying framework for many partial
differential equations. From the variety of equations, that can be described by
one and the same linear integral equation, many conclusions can be drawn.
The recent results on the connection between the conserved densities'®'”), and
the Lie-Bicklund symmetries'®") for the MKdV on the one hand, and the
ones for the sine-Gordon equation on the other hand, can be regarded as a
direct consequence of the integral equation. Furthermore, in a forthcoming
publication we will show how Bécklund transformations can be derived
immediately from the integral equation by a singular transformation of
measures™). Some of the connections we present here have also been found
by Hirota®"), who showed by a different method that several PDE’s can be
transformed into one and the same bilinear form. The relation between
Hirota’s method and our approach, however, is yet to be clarified. Moreover,
it is not obvious that bilinearization implies exact integrability, cf. ref. 22.

2. Integral equation of type I; constitutive relations

The integral equation (1.3) can be written as a system of two coupled
integral equations, i.e.,

(‘m)*
o+m [ OB =, (=20, 2.12)
2

(me
W0 [ a BT o, 2.1b)
o
By taking the complex conjugate of (1.3) and using (2.1b), it is not difficult to

show that the function ¢{" also obeys an integral equation of type I, but with
a different source term

* *
0 ’ PPy n) n__ PP
0+ n [aa@ [ oy g = [ ava P @)
c c o

The functions ¢, , and ,,,, which will be investigated in this paper, can be
regarded as elements of the infinite-dimensional matrices ® and ¥ resp., i.e.
@) = ums (W = Yums

where n and m can have all integer values.
These matrices have simple symmetry properties, as can be seen as follows.

2.3)
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Eq. (1.6) together with (2.1a) can be rewritten as
_ o 1 f 9 (4 em f . ,pumf'”*)
¢..,m—cjdx(k) ™ [0 (ot 0 [ ae0fZr) e

Interchanging the integrations over C and C* and using (2.1b), yields the
bilinear expression

(n) 4 (n) ()3 g (M)
b= [ anGo PR [aneay RS, @9
¢ * I r
and from (2.5) it is immediately clear that
d=0", (2.6)

where the superscript T denotes the transposed matrix. In a similar way the
bilinear expression for i, can be derived. From (1.6) and (2.1a) we have

- W om R i o
Y Cjcu(k) ' (o +nCJ: dnr2E). @9

Inserting (2.1b) in the first term of the right-hand side yields

(n), g (m)se (m) 4 ()%
o= [ @100 [ drnqyRU b @9
c c*
from which it is obvious that
Y =-v 2.9

where W' is the hermitean conjugate of W.

From eqs. (1.3) and (2.2), or equivalently (2.1a) and (2.1b) one can derive a

set of algebraic relations connecting the different functions ¢{” and y{". For
that purpose we consider the functions k”¢{"(x,t), where p is an integer
Multiplying (1.3) by k”, we have

*
Py (n) (] PP P g (n)
Ko+ [ ana) [ dar) gt e
c* c*

PP 1
o [ an) [ ane ) g 1 =17+ 47 = 10180 = s
L ,

2.10)
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For positive p use can be made of the identity
p=l o
kP17 =(k=17 3 k"~ (p>0), (2.11)
= '

in order to rewrite the last term on the left-hand side of (2.10) in the following
way, using also egs. (2.1b) and (1.6),

=l o ®
n & [ ane) (ks [ av o ok o)
c* c

p-1 *
- % fp-io ) #(]r PPy
n 5 (W1 o+ b f IO e, @12)
Inserting (2.12) in (2.10) we find

*
k"¢L"’+njdA(l) J’ d)\*(z')(k—_’l’,*)ﬁz;’,q_l)zvqsw
(o} c*

1 p-l L p-1 *
=k P ]Zo W k" ip—m ]20 i f dr*(l) Fm%_ (2.13)
o

Thus kP¢{” ot.Jeys an integral equation of type I, but with a different source
term. Comparing eq. (2.13) with egs. (1.3) and (2.2) and using the regularity

condition that the homogeneous integral equation has only the zero solution
we find the relation ’

] . .
kL = g~ 2 Wb+ 6 07, (9> 0). 2.14)

. A similar relation can be derived for el Multiplying (2.1b) with k”, we
ave ’

Py (n) — *(] P qr Ek(ﬂ"‘)* nP llpd’('n)*
kPys; jd)\ ) (kP —1") =T + | dA*(l )"—k-_l'—,. 2.15)
c* c*
Making use of (2.11) in the first term on the right-hand side of (2.15), and
substituting (2.14) in the second term, €q. (2.15) can be rewritten as

p—l

(n=p)x
kPy = J’ d)‘*(l')pk;?l_lt +3 gk ke,
c* I=0

p-1
-n ?-‘s f dA*(l) kﬂ“ 7 Wni@ 7% 4 gt _gfiviomey @.16)
EA
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Using (2.1a) and (2.1b), we immediately have

p-! . :
kPG = P+ > (¢ = b, (0> 0). @.17)
=0
For p <0, we have, instead of (2.11)
~pct . N
kP —1"P =—(k—1) ; ke (p <0), (2.18)
=0
and this vields, by the same line of reasoning
-p7! B N
kP = o™ + 7 )ZO (W + Guip¥ T, (p <0), (2.19)
and
7pv‘ N .
kP = i — ’Z% (& - — ")'l'n,-,-—pl!!(i“)), (p <0). (2.20)

Eqs. (2.14), (2.17), (2.19) and (2.20) can be written in a more compact way,
using the matrices @ and ¥, cf. (2.3), and introducing the vectors &, and Y
with components ¢§” and y§”. We have the algebraic relations

Ky =97 - b~ T Q, - e~ ® - Q-
kP, = J7 - g + @ Q, - b~ - Q- e

(2.212)
(2.21b)

Here J7 denotes the matrix that lowers the superscript of the components oW
and ¢{” by 1, or equivalently it is the transposed of a matrix J, which is
defined by

D = Smnrts @V = Sunsre 222
The matrix @, in (2.21) is given by
p=l . —t—
Q,=3d.0-4"", (p=0), (2.23a)
=0
-pgt e
Q,=- > &-0-9"", (p<0), (2.23b)
=0
where the matrix O is defined by
(0)un = BuoBimos @24 ¢

and where we have identified J™' and J”.
Next we derive differential relations for the ¢§” and ¥{". For that purpose
we suppose a linear differential equation for py of the form

—idpx = k’prs (2.25)
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\x'/here d can be either 3, or —4,, corresponding to p =1 and p =r, respec-
tively, cf. eq. (1.5). Applying —id to the integral equation (1.3), we find

-iag+n [ | d**(")wfmﬁ——n(‘ia‘“ﬂ)
C Cc*

.
+n f A j AN i = 1)1 = k,}_,, o (2.26)
C c*

Using again (2.11) for p =0, and also eq. (2.1b), eq. (2.26) can be rewritten as
*
—i8pP + de I f () PP —iagtn
#84n [ OO | n) iy oo )

1 [y e
= AT ]20 A L .27

From (2.27) we see that —i3¢{™ obeys an integral equation of type I, and by

comparing (2.27) with (1.3), and using the regularity condition, we have the
relation

s n " o j+1-
—i0¢p{" = ¢y P —n ,Z‘o Lo, (p=0). (2.28)

For p <0 we can again use (2.18), from which it follows in the same way that
N n n— ! i
~i0¢{ =™ +m b W, (p <0). (2.29)
=

The relations for " can be obtained by applying —id to (2.1b). We find

(— 17 +ia) .

A , , e
o ~C[ ans) (e = 1 BT [ ans ey
&

(2.30)

‘For p =0, using (2.11) in the first term and (2.14) and (2.28) in the second term

of the right-hand side of (2.30), we find

p-l

—ion = 3 (1k I [ anran gy
2

* (+1-p)s
> ? [ )

p-1
= 20 i, (p=0), (2.31)

where the last step follows from eq. (2.1a). For p <0, by similar manipula-
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tions, we obtain the result

et .
—iopl” =~ 20 hipd i, (0 <0). (2.32)
P

Using the matrices JT and Q,, cf. (2.22) and (2.23), egs. (2.28), (2.29), (2.31)
and (2.32) can be rewritten as

—iddy =Jd7 - b —mP* - Q, - ¢y, (2.33a)

—idfy = ®* - Q, * Py (2.33b)

Taking into account eq. (1.5) with 4 =4,, p=1, or d =—0,, p=r, egs.
(2.33a) and (2.33b) lead to the relations

i, =Jd7 - b —mTF-Q, - Py, (2.34a)
9y = ®* - Q, - Py, (2.34b)
10, =JdT b —nW* - O ¢y, (2.34c)
~id = D*- O+ Py (2.34d)

Egs. (2.34a)-(2.34d) in combination with the algebraic relations (2.21a) and
(2.21b) form the constitutive relations arising from the linear integral equation
(1.3) with (1.5). In fact, (2.21) and (2.34) form the linear problem for the
matrices ® and W, i.e. we have a set of linear equations for the wave
functions ¢, and s, of which the coefficients contain the potentials ® and ¥.
Note that the potentials ® and W can be obtained explicitly from the wave
functions ¢, and ¢ by an integration over the contour C, cf. (1.6) and (2.3).

Multiplying (2.21) and (2.34) by k™™ and integrating over the contour C, we
can derive the algebraic relations and the PDE’s containing only the matrices
® and W. The result is:

QP =JT - O-qV*.Q,-®—nd-Q, VP, (2.35a)
Vo =J" T+@*.Q, - O—nV¥-Q, VP, (2.35b)
-3, @ =J"T- - nW¥*.0- D, (2.35¢)
-, W =®*-0- P, (2.35d)
s ®=Jd"-®d-—n¥*.Q, - P, (2.35¢)
i0,W=a*-Q, - . (2.35f)

Eqgs. (2.35¢)—(2.35f) for fixed r form a system of coupled partial differential
equations, which, in combination with the algebraic relations (2.35a), (2.35b)
for integer p, is completely integrable in the sense that solutions can be found

l§
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from a linear integral equation, cf. (1.3), (1.6), (1.7), (2.3). (The linear integral
equation may be regarded as the spectral decomposition of the associated
linear eigenvalue problem.)

Remark. Instead of eq. (1.5) one can also consider a more general dispersion
relation

w(k) = Z Ak (2.36)
leading to

g = w(k)pp. (2.37)
In this case (2.35¢) and (2.35f) can be rewritten as

i9,0=0Wd) - &—n¥*.Q- P, (2.38a)

iJW=0*-Q P, (2.38b)
in which the matrix Q is given by

Q= 2 Q. (2.39)

3. Integral equation of type II; constitutive relations

The analysis, given in the preceding section for the integral equation of type
I, can be done with only minor modifications for the integral equation of type
II, given in eq. (1.4). As in section 2 we rewrite eq. (1.4) as a system of two
coupled integral equations

(n)
. i
u*k>+J'd)\(l)",:‘i'[ = % P (.1a)
C
J’d)\(l) ’,’(“jr'l = (3.1b)

Here it is not useful to introduce a quantity m = %1, since a factor 7 in
front of the second term of the left-hand side of (1.4) can be included in the
measure dA(l). The integral equation for the quantity w{" is again of type II,
but has a different source term

" Y. S oo
Wi [ ana) [ ) g Pt i fdx(l) e 32
C (o}
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We define matrices V and W by

(V)n,m = Unms (Mn,m = Wims (33)
cf. (1.8). These matrices are symmetric, i.e.

V=VT, W=W", 3.9
as follows from the bilinear expressions

Dy = J d)\(k) (u(") 4 wiPwim) (3.5)
and

(n) (m)+ w(n) (m)
W = [ ar (k) j dn(p PR (3.6

which can be derived in an analogous way as (2.5) and (2.8).
The algebraic relations for v{” and w{” can be derived as follows. From
(1.4) one has

p,.(n r PrPr (o [ P = < —
kPo ’+fd)«(l)IdA(l)———f(k+l,3(;,+l) ’+jdx(1)fdm)(k+[,)(l =
C C

X [(K? — (1P + (=1 = 1) of" = 755 P 3.7

We now use the relations
kP — (=1 = (k +1) ,,2; KPEI-TY, (p >0, (.8)

and J
kP — (=1 = =(k + 1) g K1, (p <), (.9)

Then eq. (3.7) can be reyvritten as

Ko+ [ ) [ an) gy Py o
C

1
= kP Pr

p) . .
-2 (Wu‘—ikﬂil_lpk

=0

(=1 f da() (—kﬁ'ﬁ'ﬂ.—p) (3.10)
C
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for p <0, and

“’+jdA(1)J’dA(1)m of?

= s o (1) 20 1 (Wi

+ 1) Uiy jdk(l)ﬁn), G.11)
C

for p <0, cf. eq. (1.8). From eqgs. (3.10) and (3.11), we can conclude, on
account of the regularity condition, that

p—1 .
K70 = 0P = 3 (S (ol 10w, (0 20), (1)
=0
and
Kool = o+ (-1 2 D Wy 4 (10, W), (0 <0).
(3.13)
Introducing the matrix R, by
2 SO (=YL (= 0), (3.14a)
and
- .
R, == 3 970N, (<0, (3.14b)
eqs. (3.12) and (3.13) can be combined to
kPo, =J" -+ (—=1’W R, -0, +V- R, - w, (3.15)

for all integer p, where v, and w, are vectors with components v{" and w{".
The algebraic relations for wi” can be derived multiplying (3.1b) by k?, i.e.

m Piv [Py
Kewi = Cf D e D) B jdm) Bl 3.1
Using (3.8) and (3.12) for p =0, and (3.9) and (3.13) for p <0, we find
kPw (n)_( 1)" (n V)+Z( l)j(vn v(]+! p) ( l)pw WUH p)) (P 20)’

3.17)
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and
kpw(n)__( 1)" ("‘F)+( l)p 2( 1)( Dyoje pv(y+l)+( l)pw i pw(nl))

(p<0). (3.18)

In matrix notation egs. (3.17) and (3.18) yield
KPwi = (—=J7 - w + W R, c w, —(=1)’V - R, - 1y, (3.19)

for all integer p.

In order to derive differential relations for v{" and w{”, we can take again
(2.25), but now we must assume p to be odd, in order that id(por) contains a
factor (k +1'). Applying —id to the integral equation (1.4), we have

—1au<">+J’dA(1)fd)\(r)?(“ff)’("”,ﬂ) (—iavf”)
JdA(I)JdA(!’) FrD +l)(k"+l"‘)v<"’—k—,},—,,pk. (3.20)

For odd values of p, we can use eq. (3.8) or (3.9) in the last term of the
left-hand side of (3.20). Applying (3.1b) and the regularlty condition for the
integral equation (1.4), we obtain

o=t
—jov" =0 ﬁ"‘"’~z}(—l)’w,, I (p odd, p >0), (3.21)
=
and
—joo{ = p{ P~ 2 —1)'w,j-,08™", (p odd, p <0), (3.22)

and egs. (3.21) and (3.22) can be combined to
—idv, =J" -0, —W:R, v, (p odd), (3.23)

for odd values of p. Applying —id to eq. (3.1b) we can derive an equation for
—iaw{", which yields

—idwe =V R, * v, (p odd). (3.24)
Taking into account eq. (1.5) for the factors py(x, t), we have the relations

g =Jd" -0 —W-R, v, (rodd), (3.25a)

igwy =V R, v, (rodd), (3.25b)
—~W-0:uy, (3.25¢)
—id,w, =V-0-1, (3.25d)

~id,0, = J7 vy
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which, in combination with the algebraic relations (3.15) and (3.19), form the
constitutive relations of the linear problem associated with the integral
equation (1.4).

Multiplying (3.15), (3.19) and (3.25) by k™™ and integrating over the contour
C, we obtain the equations

V-9 =J" .V+(-1YW-R,-V+V-R, W, (3.26a)
W-J"=(=JT -W+W-R,-W—(-1)’V-R, - V, (3.26b)
-ig,V=JT-V-W-.0.V, (3.26¢)
~ia,W=V-0-V, (3.26d)
iaV=Jd"-V-W-R,-V, (rodd), (3.26¢)
iaW=V-R,-V, (rodd). (3.26f)

Again, a more general dispersion relation can be taken into account.
Choosing,

idpc = w(k)py, (3.27)
where (k) is an odd meromorphic function of k, i.e.

(k) = Z AkY, (A, =0, if r even), (3.28)
we find

iaV=0W"-V-W-R-V, (3.29a)
and

igW=V-R:V, (3.29b)
where

R= Z MR, (A, =0, if r even). (3.30)

4. Partial differential equations

In this section we present, for positive values of r, a method for deriving
matrix partial differential equations in terms of only @, in the case of the
integral equation of type I, and in terms of only V, in the case of the integral
equation of type II, without involving the matrices J or J™. From the form of
these matrix PDE’s, one immediately has partial differential equations con-
taining only the (0,0) components of the matrices ® and V, i.e. the functions
doo and vgg.
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4.1. Matrix PDE’s for type I

In order to get rid of the matrices J7, we first derive a recursive relation for
the quantity

FO=J" ¢y~ q¥* Q- by =K'+ P - Q- by .1
cf. (2.21a), occurring in the right-hand side of (2.33a).
Using (2.34c) and the recursion relation
Q,=J:Q,,+0-J""'=Q, "+ 0, 4.2)

cf. (2.23a), (2.23b), which is valid for positive, as well as negative values of p,
we obtain

FP =d7 - (iauby + nT* - 0 ) — W @70+ Q) i

4.3)
We rewrite eq. (4.3), using also (2.35d), as
FP = —ia, ™" b — nP* - Quuy v ) —imd (W* - Qi - D)
TR LR PN L RN o RY ')
— W Qe (— i+ WO )
=~ (g FPV -G .0 P —n®- 0GP, (4.4
where we have introduced the vector
GP=—d" g+ kY W Q=D Qyp - b, @.5)
cf. (2.21b), which occurs in (2.34b), and the matrix
GP=—J" W+W - +qV¥-Q,c ¥=0*Q, P, 4.6)

cf. (2.35b), (2.35f), which can be obtained from (4.5), after an integration over
the contour C.

Next we express G in terms of F{. Differentiating (4.5) with respect to x,
we find, using (2.34d) and (2.35d),

—10, GV =k =" +q¥-Q,) D*- O P +n®P*-O- ®-Q, ¥, 47
Inserting in eq. (4.7), eq. (4.1), and the matrix
FO=J7 .- n¥*-Q, P, (4.8)

which can be obtained from (4.1), after an integration over the contour C, we
find

~i3,GP=®*-0-FP - F"*.0- ¢ (4.9)
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Eq. (4.9) can be formally solved and inserted in (4.4), which leads to
F = [FP™), (4.10)

where the action of the operator {2 on an arbitrary vector a,, with components
ai, is defined as

Qa]=-ida —in® -0 3;(D*-0-a,—A*- 0 )
+ind;'(@ -0 -A*~A-0-®%) .0 ¢, 4.11)

and the elements of the associated matrix A are given by
(A = tas [ Ar() i o @1

In eq. (4.11) 35' denotes an integration over x, in which the integration
constant has yet to be determined. In appendix A, it will be shown that po
undetermined integration constants appear in the right-hand side of (4.10). For
every p >0, the vector F{" = —iad, can be evaluated using

2l

and no integration constant will occur in the final result.
The linear problem corresponding to (2.21) and (2.33), for positive r, i.e.
w(k)= k', (r>0) and id,p, = k'py in (1.5), can be expressed as

FP = (4.13)

iy = F = Q'[ 1], (4.14a)
oy =GP =i3;"(®*-0- Q'[d] ~ Q'[D]*-O - b)), (4.14b)
—19,y = ke + ® - O - s, (4.14c)
—idaly =®* - O - Py, (4.14d)

in which the action of the operator £2 on an arbitrary matrix A is defined as

QA= —id,A—in®-0-3;(P*-O-A—A*-0O - D)

+ind (@ -0 -A*—A-0- D% -0 ) (4.15)
The corresponding PDE can be expressed as
i9,® = Q'[P], (4.16)

as follows by integrating (4.14a) over the contour C. Furthermore, from the
form of the operator (2 or from the relations (A.5), (A.6) and (4.4) it is obvious
that the (0, 0) element of the matrix relation (4.16) leads to a closed partial
differential equation, containing only ¢q,. The corresponding linear problem is
given by the n = 0 component of (4.14a)~(4.14d).
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In order to obtain the PDE for ¢ for a specific value of r in an explicit
form, one first has to evaluate the vector F{’ = Q'[d]). The vectors F{ and
G, for positive r, can be found, either by using (4.10) a number of times in
such a way that the “integrations’ 33! can be cancelled in every step, or by
applying the recursion relations (A.5) and (A.6), in combination with (4.4). The
results for r = 1,2,3,4,5 are presented in appendix B. The PDE’s for ¢ for
r=2,3,4,5 can be found, integrating (B.2)-(B.5) over the contour C, and
inserting the result in (4.16). We find

r=2, idboo+ azd’o,o + 2"1|¢0,0|2¢0,0 =0, @17
F=3, &poo— 33bgo— 6ﬂl¢0.0\23x¢0.0 =0, (4.18)
=4, idupoo— ai‘bo,o - ﬂ(8‘¢0,0\23§¢0,0+ 6¢5",o(3x¢0,0)2
+ 24’%,032‘17’5,0 + 41 axd’0.0Vd’b,ﬂ) + 6|¢0,014¢o,0 =0, (4- 19)
r=5, 8ot 3§¢0.o+ lon[ld)o,olzaid’n,o + (63%‘0)(6@’6,0)%,0
+ Poo(020% N 3:boo) + 2% o(0xb00) O 1oo + |8xbol* 3Pl
+ 30]4’0,0“@4’0,0 =0. (4.20)

Eq. (4.17), for r =2, is the nonlinear Schrodinger equation (NLS); eq. (4.18),
for r =3, may be called the complex modified Korteweg—de Vries equation,
whereas eqs. (4.19) and (4.20), for r=4 and r =35, respectively, have to our
knowledge not been given before in the literature.

Remarks

(i) By applying the operator 27 to the functions ¢, extra factors k? and I"”
are introduced in the integrands of the bilinear expression (2.5). In fact, using
the property

[arto i o+ | dA*(z')# Y SE =0, @21)
C Cc*

and egs. (2.33) and (2.21a), one can show that

—i0¢pum = f dr (k) k? pi¢5(">¢1"‘>—n jdA*(l’)l'";lg PP, (4.22)
k h
(o} c*

and furthermore we have — 9 ® = (°[®]. Operators {2 were already formulated
in a different context in ref. 23, see also ref. 24,

(ii) As was noted at the end of section 2, it is also possible to choose a more
general dispersion relation w(k)=2,Ak" in the integral equation, cf. eq.
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(2.38). Taking into account only positive powers of k, i.e. A, =0 for r <0, we
obtain PDE’s of the form

ia,d = 20 AT D] 4.23)

=

All PDE’s of the form (4.23) are completely integrable in the sense that
solutions can be found from the linear integral equation (1.3) with the
dispersion relation w(k) =2, A,k". The (0, 0) element of (4.23) leads to a closed
PDE for ¢y, the solutions of which can be obtained from (1.3) and (1.6) with

n=m=0. An example of such a PDE is Hirota’s equation®), which can be
obtained, taking A, = 0 for r# 2,3, i.e.

idipoo+ )\zaid)o.o - i)\aaid)o,o = ’2"1)\1\ ¢'0,0l2¢’o,o + 6i)\371[¢0,0|26x¢0,0- (4.24)

4.2. Matrix PDE’s for type II

The elimination of the matrices J in the case of the integral equation of
type II, proceeds in a similar way as in the previous subsection. We define the
quantities

Y =Jd7 o +(-1W- R, -0, = k"0, —V R, - wj, (4.25)

and

ZP=k"w ~ (" - w —W-R, - w,=—(=1)’V R, - v, (4.26)

for all integer p, cf. (3.15) and (3.19). Then, for all odd r, we have the
equations

g = YD, (4.272)
igw, = Z{. (4.27b)
In an analogous way as before we can derive the recursion relation

Y =-ig,YP " +V-0-Z0 "= (=120 0 o, (4.28)
and the relation

-i8,ZP =—-(-1Y" -0 5, +V-0-YP, (4.29)
where

YO =JT .V 4 (-1)’W-R, -V, (4.30)

and

ZP=W.§ (-4 -W-W-R, - W. @.31)
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In the derivation of (4.28) and (4.29) we have made use of the recursion
relation

R,,,rlzJ~Fl,,+0-(—JT)":—Rl7 -JT+JP -0, (4.32)

and eqs. (3.25¢), (3.25d), (3.26d), (4.25), (4.26), (4.30) and (4.31).
From egs. (4.28) and (4.29) it can be inferred that

QYP], (p even), (4.33)
) .
0= {0 1vp ol ( odd),

where

Q% a) = —ida +iV-0-3;(V- 0O aq,xA-0:1)

+{3;'\(V-0O-A+xA-0-V)-0-p, 4.34)

and, in a similar way as before it can be shown that the integrations 8;' do not
yield undetermined constants in (4.33), cf. appendix A.

The linear problem, corresponding to (3.15), (3.19) and (3.25), can be
expressed as, cf. (4.27a) and (4.27b),

g = Y= Q"0 n], (rodd), (4.35a)

iw =2ZP =10;'(V-0-YP+Y?-0-v), (rodd), (4.35b)

—idw, = kv, =V -0 w, (4.35¢)

—idw =V -0- 0 (4.35d)
and we have the matrix PDE

ia,V=(Q Q"0 V], (rodd), (4.36)
in which

OA] = —io,A+iV-0-3;'(V-0O-AtA-0-V)

+ig;'(V-O-AxA-0-V)-0:V, 4.37)

for an arbitrary A. From the form of the operators 0%, 0, or from the
recursion relations (A.8), (A.9) and (4.29), it is clear that the (0, 0) element of
(4.36) yields a closed PDE containing only v, and the n =0 component of
(4.35a)—(4.35d) is the associated linear problem.

As an example we write down the PDE’s obeyed by vy, for the values
r=3,5. Using the explicit expressions for Y and YY), given in egs. (C.2a)
and (C.3a) of appendix C, we find

r=3, 0wge— 83000= —6V50d:Vogs (4.38)
r=5, dwopt aivo,o = 10[1’%,03)3:1’0,0 + 400,0(3;(1)0,0)3;2:00‘0
+ (311’0,0)]] = 3005,09xV00- (4.39)
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Eq. (4.38) is the modified Korteweg~de Vries equation (MKdV) and (4.39) is a
higher-order MKdV type of equation. (Note that (4.20) may be regarded as a
complex version of (4.39)). As in the previous subsection one may also
consider linear combinations of PDE’s, corresponding to a dispersion relation
w(k) =Z, A k", r >0, but now w(k) must be an odd function of k.

5. Miura transformations

In section 4 matrix partial differential equations for positive r were derived,
from which immediately PDE’s for the (0,0) element of ® and V could be
deduced. In this section we will consider the possibility of deriving closed
equations for other elements of the matrices ® and V. One could attempt to
derive these equations by applying J and J™ a number of times to the integral
equation, and solving the matrices O+ ® -0 and O-V -0 via the relations
(2.35) and (3.26). For general ¢,,, cf. (1.6), or v,,,, cf. (1.8), this procedure is
quite intricate and it is not obvious that a closed PDE containing only one
specific ¢,,, or v,, can be derived. In this section we shall derive explicit
PDE’s for the (0,1), (1,0) and (1, 1) elements, restricting ourselves to the
choice of sign n =1 in eq. (1.3). This is relatively easy, because the algebraic
relations (2.35a), (2.35b), or (3.26a), (3.26b), reduce in this case to relations

containing only two matrix elements, rather than three, which is the usual
situation.

5.1. Partial differential equation for ¢y (type I)

Taking the (1, 1) element of (2.35b) for n =1, p = 1, we have

Wio= o1+ &1 odor — oo, ¢.1
and hence, cf. (2.6) and (2.9),
L= ol + ol = 1. (5.2

Taking the (1,0) element of egs. (2.35¢) and (2.35d), with n =1, we can
express ¢ in terms of ¢, and ¥, i.e.

—idxb10= (1= ¥F o) boo, (5.3a)
—i8.p10= d¥ obog, (5.3B)
and eliminating ¢4, we find

(L= 10 0= b109:07T o (5.4
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Differentiating (5.3a) with respect to x and using (5.2), we have

~0210 =TI 10,9, + (1 W)l In doo), 9

and from (5.3a) and (5.4) we obtain an explicit expression for d, In ¢ in
terms of ¢, i.e.

0.1n g = 22 *""" —’——7‘{’2'?;4:]” 5.6

An explicit expression for 9, In ¢gp in terms of ¢,, can be found using the
PDE for ¢oo and expressing the terms in the right-hand side in terms of
9, In ¢y, as given by (5.6), and of

2
(ool =21l e0)

= ol

cf. (5.3a) and (5.2). For ¢oo we may choose any PDE of the type (4.16), but as
an example we shall restrict ourselves to Hirota’s equation”), with 1 =1,
given in eq. (4.24). From (4.24) 9, In ¢, can be expressed as

19, In oo = = Aa(y"+ y') +iks(y" +3y"y' +y")

ERT
- ld’l,ol

where we have used the abbreviation y =In ¢y, and the primes denote
differentiations with respect to x.

The function ¢, can be expressed in terms of ¢, using (5.6)—(5.8) and the
relation

+i (=2A,+ 6iry"), (5.8)

—I’—d)‘—lz—m exp [ J' {dlx 3, Im In g+ dl; 8, Im In d)”H’ (5.9 ]

{10l

where I' is an arbitrary curve in the (x, t)-plane connecting the points (0, 0)
and (x, t), and (dl,, dl,) is an infinitesimal two-dimensional vector tangent to I'
(According to Stokes’ theorem the right-hand side of (5.9) is independent of
the choice of I').

The PDE for ¢,, can be derived, taking the (1,0) element of (4.23) with
X, =0 for r# 2,3, and using (B.2a) and (B.3a) with n = 1, given in appendix B.
We have

iddo= "/\zailbl,o + i)\laid)l,() -
+ 3iAs| ool 0cbr 0.

2Xa| boo* P10+ 3iksdi o 00 oo
(5.10)
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Inserting (5.6) and (5.7), eq. (5.10) can be rewritten as

1010=—A203b10+1N393h10

‘2>\2¢|0|3x¢'|o|2+ 3ir|0. 10 x¢|o+3l)\3¢lo(a 1 0)dibio

[
+3l)\34(710 P10 0:0% )

1=[¢0")

(5.11)

Eq. (5.11) is an integrable PDE, since its solutions can be obtained from the
linear integral equation (1.3) with the dispersion relation w(k) = A,k + A,k and
eq. (5.9) provides the Miura transformation mapping an arbitrary solution of
(5.11) on a solution of Hirota’s equation (5.8), (4.24).

The special case A; =0 of eq. (5.11) has been studied extensively in ref. 6,
where it was also proved that this equation is equivalent to the equation of
motion for the classical Isotropic Heisenberg Spin Chain (IHSC). Eq. (5.11)
for X3 0 has, to our knowledge, not been given before in the literature.

5.2 Partial differential equation for ¢, (type I)

We now proceed with the derivation of a PDE for ¢,.1. From the relations
(2.35¢) and (2.35d) with 5 = 1, we have, taking the (1, 1) element

_iax¢l.l =(1- Y o)dio,

(5.12a)
=0, = Id’n.olz- (5.12b)

Eq. (5.12a), together with (5.2), implies that
1ol = 351 = 40,1, (5.13)

By differentiating (5.12a) with respect to x, and using (5.4), (5.2) and (5.12a),
we have

— 821, = —i(1 — ¢t ) duch, 0+1¢loa |¢|0| — i1l oxbio
' * 1=y
T;)%'Ll‘! (axl[bl,ﬂlz =3, In ¢,y), (5.14)
so that
T vy xbuy - 3 dubif’
9y lﬂl#l.o A1F (U —4a,¢,,H)" 34’” ﬂl‘m)—m (5.15)

The relation for 9, In ¢4, in terms of ¢, can be inferred from (5.15), (5.13)
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and
19,10 dro= —Aaz"+ 2D +iky(z” + 32" + 2%)

Lo o s+ 22+ B iz
L—{¢4l (1=l

with z=1n ¢4 which follows directly from (5.11). The function ¢, can be
expressed in terms of ¢, using (5.13), (5.15), (5.16) and the relation

b= 31— l4axd)1‘1l2)m]m

(5.16)

X exp [i f {dl, Im 3, In ¢+ dl, Im 3, In ¢L0}], (.17
r

cf. also (5.9) for the meaning of I', d, and dl,.
The PDE for ¢,, can be derived taking the (1,1) element of (4.23), and using
the expressions (B2a), (B.3a), given in appendix B. We have

i0p = = AB3pia+ 24)%,0‘1)?;,0)’* 11\3[31(1’1.1 +6(3, In ‘f’l,o)!t'zn,o‘f’ﬁ,oL (5.18)
Using (5.13), (5.15) and the relation
d’%,odfg,o = (ax!bu)axld)l,olz - ld’l.ﬂlzai‘b\,lv (5.19)

which can be inferred from (5.3a), (5.2), (5.12a) and (5.14), in (5.18), we obtain
the PDE for ¢,,, i.e.

1b1s = T3 .08 (1— 40,1 D' — (32101~ Had 1))
2 6(3,19:P 1)’
+ik; [aid)m + 6lax¢l.llzax¢l,l + 1—(—_{“%;;];\]){ ax¢l,\]~

Eq. (5.20) is an integrable PDE in the sense that its solutions can be obtained
from the linear integral equation (1.3) with w(k) = Aok?+ Ask® and n = 1.

Introducing a real 3-dimensional vector §=(S%, 5, 5% with §-S=1, and
identifying

(5.20)

S*=S§*+iS? = —2id. ¢, and S* =F(1 ‘4|3\-d’\.112)”29 (5.20)
eq. (5.20) can be differentiated to give
3,5 = A8 X 328 + A18,[32S +38(3,8) - 3,S]. (5.22)

Eq. (5.22) has been given before by Papanicolaou“) and reduces in the case
A3=0 to the THSC. The Miura transformations (5.17) and (5.9) provide a
mapping of the solutions of the Papanicolaou equation (5.22) on solutions of
the Hirota equation (4.24). (A related mapping was obtained in ref. 26, by
extending the line of reasoning given in ref. 9 for the special case A;=0.)
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5.3. Integral equation of type II

So far we only considered Miura transformations that could be derived from
the relations (2.35) for the integral equation of type I. About the integral
equation of type II we can be very short. In fact, taking the (1,0) and (1, 1)
elements of (3.26¢) and (3.26d), we have

—i8,019= (1~ wg)vg0, (5.23a)
—18,W1 0= 10000, (5.23b) .
=g, =(1—wgv, (5.23¢)
—idwi, = vl (5.23d)
together with the algebraic relation
(L= wio)+ojp=1, (5.24)
cf. (3.26b). From (5.23a) and (5.24), vy, can be solved, giving
Voo = (1—__1%072 = —id,(arcsin v ), (5.25)
1,0,
and from (5.23c) and (5.24) we have
vlp=7:%3(1+ 40,09 (5.26)

Egs. (5.25) and (5.26) imply that in the case of the integral equation of type II,
the transformations from v, to vy and from v, to v, become trivial, so that
the PDE’s for v,, and v, are equivalent to the one for vgy.

6. Complex sine-Gordon equation

Although the relations (2.35), which were derived in section 2 for the
integral equation of type I, and the relations (3.26), which were derived in
section 3 for the integral equation of type II, are valid for all integer r, the
method for finding partial differential equations containing only ¢, which we
developed in section 4, is restricted to positive values of r. For negative r
values the situation is more complicated. For the special case r=-1,
however, it is possible to derive closed PDE’s for the functions ¢o0, o = P10
and ¢, as will be shown in this section. In appendix D, we shall give a
method to derive three coupled equations in ¢g, ¢ and ¢, which applies to
all negative r values.
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6.1. Integral equation of type I

In the case r = —1, taking into account that Q_, = _JT.0-J, cf. eq. (2.23),
we find from egs. (2.34a) and (2.34c), taking n = 1,

00k = [+ WEJT-0-d) (W~ W0 )

—i(3,¥*) - JT-0-d - by, 6.1
which, in view of (2.35b) and (2.35d), can be rewritten as
3. 0pi = + @0 DF- Q- b+ ®@-Q - D0 b (6.2)

From eq. (6.2) we immediately obtain three coupled PDE’s containing only
bog> b1 and ¢,,, viz.

3,010 = (1~ 2|10 doos (6.3a)
8,0ih10= (1= |d’|,o|z)¢|,o_ d’o,od’*\‘,o(bl.h (6.3b)
3,81, = (1~ 2|¢|,0|2)¢|,|- (6.3c)

Also for other negative r, it is possible to derive three coupled eql.}ations, as
will be shown in appendix D. For r= —1, it is rather easy to derive closed
PDE’s containing only $og, d102and ¢u,.

In fact, taking the (0, 0) element of (2.35¢) for r=—1, we have

idioo = A= ¢odio 6.4)
which, in combination with the algebraic relation (5.2), yields
M’l.o‘z =3=3(1-4 514’0,0\2)”2- (6.5)

Inserting (6.5) in (6.3a) and differentiating the result with respect to t, we
obtain

o 9,:X (6.6)
X=FAT= ™

with
X = 28boo- ©n

Eq. (6.6) can be called the complex sine-Gordon equati(?n, since for real
x =sin 6 it reduces to 9,9,0 = Fsin 6. Eq. (6.6) has been‘g;ven before in eq.
(3.5) of ref. 27, where it has been inferred from gxe equations for the redllglced
nonlinear O(4) o-model, derived by Pohlmeyer™) and Lund and Regge ).. A
bilinearization of (6.6) was given in ref. 21, while the inverse scatteljmg
scheme was formulated in ref. 30. (In our approach, the Gel'fand-Levitan

equation can be obtained directly from the linear integral equation, as shown |
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in appendix A of ref. 6 by a line of reasoning, which is independent of the
value of r.)

Using eq. (5.3a) for ¢, and the equation

2
bii= IL—_%.O}T 6.9

which follows from the (1,0) element of (2.34e) for r=—1, in combination
with the algebraic relation (5.2), eq. (6.3b) leads to

it + OB 4= (1161401 ©9)

Eq. (6.9) was for the first time given by Getmanov®') and can be shown to be
related to the reduced nonlinear O(4) o-model, cf. ref. 27.
Finally, inserting (5.13) into (6.3c), we obtain

3= F (1= 430, P (6.10)

which, after differentiating with respect to x, leads to the complex sine-
Gordon equation (6.6) with x = 20,¢,,, and 9, < a,.

Remarks

(1) From egs. (2.34) and (2.21), for r=—1, one can derive the Lax

representations®) for the complex sine-Gordon equation. Some details of the
derivation will be given in appendix E.

(i) In appendix D, it will be shown, that for all negative values of r, one can
derive three coupled equations in @0, $o1= P10 and ¢y,.

6.2. Integral equation of type II

From the integral equation of type II, using R_;=JT-0-J, cf. (3.14), we
find from (3.26a) and (3.26b)
0,00, =W -W-JT-0-J) - W+ 0, ~W-0-0)+i(8,W) - WJT-0-J)- v,
6.11)
which, in view of (3.26b) and (3.26d) can be rewritten as

390 =0 —V:0:V:-J"-0:-J-0—V-J"-0:J:V-0-0,. (6.12)

Multiplying (6.12) by k™™, and integrating over the contour C, and taking the
(0, 0) element of the resulting matrix equation, we have

3,800 = (1 = 2070):

(6.13)
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From the (0, 0) element of (3.26¢) we have

18,000 = v1o(1 = Wi0), (6.14)
which, in combination with the algebraic relation

ot (1—wi' =1, (6.15)
yields

ol =331+ 4(3w00) 1" (6.16)
Inserting (6.16) in (6.13), we obtain a closed PDE for vgg, viz.

8,0,000 = Fol1 +4(3,000) 1%, 6.17)
which, after substituting

u = arcsin 2i3;vg, (6.18)
becomes the sine-Gordon equation

3,0, = Fsin u. (6.19)

In a similar way as before one may derive closed PDE’s for vioand vy. We
shall not write down the result, because the Miura transformatl?ns (5.25) and
(5.26) are trivial, so that the PDE’s for v, and v, are equivalent to the
sine-Gordon equation.

7. The Korteweg—de Vries equation and the modified nonlinear
Schridinger equation

7.1. Reduction of the integral equation of type II

In this section we will show how the integral equation of type FI reduces to
another type of integral equation with only ome integration, instead of a
two-fold integration. For that purpose we consider egs. (3.1), cf. eq. (1.4), and
introduce the quantity

.0

Then egs. (3.1a) and (3.1b) can be combined into a single integral equation, i.e.

g = ol — iwi.

. u? 1
ufl +ipe J AW 7= 7 e
C

72

Eq. (7.2) can be regarded as a generalization of the integral equation, given by,
Fokas and Ablowitz") for n =0, cf. also ref. 5.
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The relations for u{" can be found by combining the relations for the
quantities v{"” and w{”, which we have given in section 3. From eqs. (3.15) and
(3.19), we find

kP =J" - w, +iU-R, - w, (p even), (7.3)
for all even integers p, where u, denotes the vector with components u{’ and
the matrix U is defined by

W = st = [ NG o, 7.4
o}
and from (7.1) we find
U=V-iw=U", (7.5)
cf, also (3.4). From eqs. (3.23) and (3.24) we obtain
—igu, =d" c v, —iU-R, - v}, (p 0dd), (7.6)

for odd integer p. Making use of (3.15) and (3.19), but now for odd p-values,
we have

kP =247 -0, —Jd” -y +iU R, - w, —2iU + R, - v, (p odd), 7.7

leading, in combination with (7.6) to

(k* +2id)ug = —Jd7 - w +iU R, - w, (p odd). (1.8)

Taking into account eq. (1.5) for the factors pc(x,t), eq. (7.8) can be
expressed as

(k+2i0)m = ~Jd7 - +iU - O - uy, (7.9

(7.10)

Egs. (7.3), (7.9) and (7.10) are the constitutive relations associated with the
integral equation and may be also derived directly from (7.2). Eq. (7.3) for
p =2, and eq. (7.9), can be combined in order to eliminate JT and this gives

(k +i8,)idue = —(3,U) - O * uy,

210, = k' +J7 - u, —iU - R, -y, (r odd).

(7.11)
where we have also used the relation

—2i3,U=U-J+JT-U-iU-0-U, (7.12)

which can be derived multiplying (7.9) by k™ and integrating over the
contour C.

As an example we consider the special value r =3, corresponding to the
dispersion relation (k) = k*. In that case, eq. (7.10) can be further evaluated,
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using egs. (C.2a) and (C.2b) of appendix C and the identification

i, = YP —1ZP. (7.13)
The result is

(8, — )y = —3(3;U) - O+ i, (7.14)
and integrating over C we obtain

(3, - a)U = —3(8,U)- 0+ 3, U. (7.15)
The (0, 0) element of (7.15) is given by

(8, — 8o+ 3(B:ito0)’ =0, (7.16)

which is the potential Korteweg—de Vries equation, i.e. O satisfies the

KdVv. 4

The Miura transformation, mapping the solutions voo of the led\f/ t(})lr;
solutions ;U of the KdV, can be inferred from the (0, 0) element o
matrix relation

7.17)
aU=aV+V-0-V, (

hich follows from (7.5) and (3.26d).
" 11\ PDE for u;, can be obtained, taking the (1,0) element of (7.15). We have

(7.18)
(8, — 8DU10= —3(d.t1,0)IxUo0:

The factor dyUgo can be eliminated from (7.18), using the (0, 1) element of the
matrix relation

(7.19)
U =i,V -J+ (30U,

which follows by integrating (7.11) over the contour C. From (7.19) we have

192 (7.20)
d.ugo=(+ Uyg) 0xUios
and (7.18) can be expressed as
—3(3u )ai“m (7.21)
(8 — 31)“1,0 = RO ES,

i+ U

Eq. (7.21) is equivalent to (4.38), which is the MKJdV, as a consequence of the |

relation

(7.22)
Voo = 8 In (i+ui0),

which can be inferred from the (1, 0) element of (7.5), tog&t}l{l:rvwith ﬂ;els(;,g
lutions of the can

element of (3.26d). As a result, the so KdV o

inferred from the integral equation of Fokas and Ablowitz, 1.e. (7t2) witl
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n =0, using

Vo=, In i+ [ dA(k) uPk™"|. (1.23)
e e

Also for u,,, one can derive a PDE, which is equivalent to the MKdV.

Remark.

For the case r =5, taking into account the n = 0 components of the vectors
Y and Z given in eqs. (C.3a) and (C.3b) of appendix C and performing an
integration over the contour C, it can be shown that

dyltgg = ‘i(Ym - izm)o.o

= — 93U+ 1003310 0) oo + 5(82Ug0)” — 10(3,Ug0)’. (7.24)

Eq. (7.24) is a (potential) higher-order Korteweg-de Vries equation, and the
higher-order KdV for v = d,u,, has already been given in ref. 32. The (0,0)
element of (7.17) provides again the Miura transformation mapping a solution
of (4.39) on a solution of (7.24). Eq. (7.24) may also be derived using the
constitutive relations associated with the integral equation (7.2).

7.2. The modified nonlinear Schrédinger equation

In this subsection we consider the integral equation of type I, (1.3) in the

. case that m =—1. In that case it is possible to express the constitutive

relations in terms of the vector

P = it iy (7.252)

and the corresponding matrix

P=®+iV. (7.25b)

From the algebraic relations (2.21a), (2.21b) and egs. (2.34a)-(2.34d) with
n=-1, we have

—id,p =J7 - i +iP*- O - oy,

(7.26a)
(~k—id)pe=—id"- Yy —P- O s, (7.26b)

and
o =47 - by +iP*- Q, - by .27

Considering, as an example, the dispersion relation w(k)= A,k*+ A3k,



132 F.W. NIJHOFF et al.
leading to

300 = (A K>+ AskD)p, D= =20+ 3iN40,, (7.28)
eq. (7.27) can be expressed as

(19, + ;02— ix;8)p, = (3,P*)- O Dy + 3X3(8,P) - 0 - an, (7.29)

which can be derived, using eqgs. (B.2a), (B.2b), (B.3a) and (B.3b) of appendix
B with n =—1. .

From the n = 1 component of (2.26a), (2.26b) with m = —1, one can solve
¢© and ¢, in terms of p}’ and p,,. The result is

o _ —i0pl

= 7.30a)
CE Thiphy (
and
o _iCk—10)pi (7.30b)
0= .
1—ipio
Inserting (7.30a) in (7.29) we obtain
(.01 030
(19, + X202~ A9 Dp Y = 2iA, 1J'r‘;p“
: : apy _ 0P <P k ] 731a
+ainato[-ia (T ) e 1 (7.31a)
and from (7.30a), (7.30b) and the n =0 component of (2.34d) we have
3 (( k—id, )P“)> @B.ptoap (1.31b)
*\ 1-ipi, [T—ip

The relations (7.31a) and (7.31b) form the linear problem associated with the
PDE for p,, which after substituting

g=1-ip;o 732
can be expressed as
L (3.9)
Go,-+rs02~ ko) = 2288l —sia .90 (2. () + @ar). o

The Miura transformation mapping solutions p,o of (7.33), cf. (7.32), on
solutions of equation (4.24) with n = —1, can be found integrating (7.30a) over
the contour C.

For A;=0, A, =1, eq. (7.33) reduces to

. 2|9.q)*
(i3, +9Dq = Jchﬂy

(7.34)
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which is the modified nonlinear Schrédinger equation (MNLS). Note in this
connection that the substitution q =Va yields eq. (3.7) of ref. 15 in the
limiting case s >0, A—0. In ref. 15 we have also shown that the correspond-
ing potential equation, in terms of one real variable f, i.e.

f fw fnl+f )
+o\Fm -5 )=0,
(f f 7
has similarity solutions of the type f = 8t + F(x/V't), satisfying Painlevé IV.
For some details on the derivation of (7.35) from (7.34) we refer to appendix
F.

The considerations given above imply in particular that the MNLS and the
potential MNLS are completely integrable, since solutions can be obtained
from the linear integral equations (2.1a), (2.1b). Furthermore, on substituting
s = 3 In g, eq. (7.34) for the MNLS can be expressed as

(7.35)

18,5 + 9% = {28,]s*— 8.7}, (7.36)

which may be regarded as a complex extension of the Burgers equation.
In the special case A, = 0, A3 = 1, the substitution s = 4, In q in (7.33) leads to
85 — 335 = 8,[3(3,8)(s — §*) + 57 = 3s*|s[* + 6| s (s* — )], 737

which is an integrable complex version of the modified Korteweg-de Vries
equation, which differs from the complex MKdV given in (4.18). )

Remark.

The vector p, can be solved directly from the integral equation

1

P~ ipy f dax(’ ) ; =ppk, (7.38a)

which can be inferred from (2.1a) and (2.1b), or equivalently from the integral
equation

P - fdw) J’ arr() g 2EE—pio "pkﬂfd)\*(k,)_mp_fv__
(k- )(l Dl TR k™ (k — k")
(7.38b)

Note that only eq. (7.38b) can be used for a direct derivation of the con-
stitutive relations, since eq. (7.38a) is not of the right type for that purpose.
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Appendix A

In order to show that the integration constants drop out in eq. (4.10), we

consider the relation
CP == =¥ - 0)- Iy + K W - J - Qe

which can be found from (4.5), inserting (4.2). From the algebraic relations
(2.21b) for ks, and (2.35b) for ¥ -J, we find

GP == W 0) (kK ="+ - Q- )
+@* -0 (k" 'ty + P -Q,_ - )

(A1)

=WT—q¥-0)- Gy +®*.0-FP V. (A2
Assuming, by induction, that G™" can be written in the form
GP" =3 (3:0%) -0 GY ™, (A3
g
we have from (A.2) and the complex conjugate of (2.35¢)
6P =i3 (01970 ¢+ @*- 0 Fy
#1323 (§) @ 0-@ren-0-6¢7, e
implying with (2.35d) that indeed

GP = 2 (3:9%) -0 - GP?, (A.5)

with the recursion relation
Gip,s) - iG(,(p*l.s»l) + F;(pAl)s:‘O

+in 3 3 (1) ()@ @0 e 0. 6. a9

iSs+tumt \E

Egs. (A.5) and (A.6), in combination with (4.4), show that F{ and G{, for
positive p, can be evaluated in a recursive way starting from F{® = ¢, and
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G = 0. This implies in particular that no undetermined integration constants
will appear in the right-hand side of (4.10).

In a similar way, in the case of the integral equation of type I, we have the
relation

ZP=-{W"-W.0)- Z0"+ V.0 YP, (A7)
from which it can be shown by induction that

ZP =3 (3:V)-0- Z{, (A.8)
where Z{* satisfies the recursion relation

ZPo =iz V-0 Y

. t—1 -
iy s (")( )(a; SYY.0-(30V) . 0 - ZP, (A9)
t=s5+1 u=t t A

Eq (A.9), in combination with (A.8) and (4.28) shows that the vectors Y% and
), for posmve p, can be evaluated in a recursive way, so that the integration
arlsmg from 4" will not produce an undetermined constant in (4.33).

Appendix B

In this appendix we give the explicit expressions for the vectors F® and
G, for p=1,2,3,4,5, defined by (4.1) and (4.5), in the case of the integral
equation of type I. The results are

p=1, F=—iod,

(B.1a)
GP=®*-0- ¢, (B.1b)
p=2 FP=-0g~2n®-0-0*.0-¢, (B.2a)
G =i(8.9%) - 0 - ¢ ~i®*- O - 8., (B.2b)
p=3, FQ=idly+3in(3,D)-0-®* -0,
+3in®-0-d*.0- 5.4, (B.3a)
G'=—(3:0%) - O~ ¢ —®* - 0 2, +(3,9*) - O - o,
~370*-0-D-0-D*. 0 ¢, (B.3b)
p=4, F’=0d+n[4i®)-0-D*-0-P+4d-0-D*- 0 ',

260 (310%) - 0 ¢ +2(3,8) - O (3,0%)- O -
T2P -0 (3,9%) 0 % +6(3,D)-0-B*.0- 3.,
+60-0-9* 0. D-0-D*-0- ¢, (B.4a)
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Appendix C

In this appendix we give the explicit expressions for the vectors /
ZP, for p=1,3,5, defined by (4.25) and (4.26) in the case of the integral ,

F.W. NIJHOFF et al.

G =— i(ai‘b*) L0+ 1(6?,}‘1)*) <00,y

S —
GP =

(8, ®%)- O - 82y +iD* - O - d3di
+in[*4(5x¢*)-0~d>-0-41*-0-¢k
+2®* -0 (3,D)-O-D* -0
—2@*'0:®'0‘(6,®*)'0'¢k
+40* .00 -0 D*-0- 3., (B.4b)
—ia§¢k—5in[(airb)-o~d>*-o~¢k+d>-o-®*oo-ai¢k
+(6§‘1>)-0-(6x‘1>*)'0'¢k+‘1>-0-(3,‘1>*)-0-6id>k
+(a,r1))-0~(a§rb*)-o~<1>k+tl>-o-(a§<I>"‘)-o~a,¢>k
+2(a§®)-o-¢*-o-a,¢k+2(a,@)-o-q:*-o-a§¢k
+2(3,®) - O - (3,D*) - O - dxi]
—10i[(3,®) - 0 - ®*- 0 - D -0-P*- 0 &y
+®-0-®*-0-®-0-®*- 0y
+‘I"0"1’*'0'(5:((1’)'0"1)*'0'4%]:

(3%0*) - O - +@*- O+ 3l — (830%) - O+ dxhy
—(3:@%) + O+ iy +(3:@%)- O a2y
+57[(32@*)-0-@-0- 2% 0 by
+@*.0-®-0 D0 3y
+(I)*'O~(B§®)-O-(I)*-O'd)k
+®%-0-D-0-(320%) 0"
+(3,8%)-0-®-0-(3,D*) 0
+®*-0-(3,D)- 0 D*- 0 &y
—(3,®%) -0+ ®-0:-D*-0- 4,

+@* .0 (3,D) -0 (3:D*) -0+ Pl

+1()[II>*-O-<I)~O~(I>*~O-(IJ-O-CI)*-0~¢k]. (B.Sb)

Y and

equation of type IL. The results are

p=1

Y = —id.0

ZP=V-0-1v,

(C.1a)
(C.1b)

(B.52) ‘

{
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p=3

p=5,

Appendix D

where

Y =ialv, —3i(3,V):O:V:0-0,-3iV-0:V-0: 3.0,

)
Zy =

O6=-0,=J"-0-4,
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(C.2a)

ZP=-V-0-8%—(3V)- 0 -1, +(3,V) - O+ 3,1,

+3V-0:V-0-V:0-uy, (C.2b)

Y = —jalp, +5i[(aV)-O-V-O v, +V-0-V-0:3p,

+(AN) 0 (3, V)0 0, +V-0-(3,V)-O- 3%,
+(@V) 0 (@V) -0 1, +V-0:(3V)- 0+ 3,
+2(3V)-0-V-0- 3,0, +2(8,V)-0-V-0: 3,
+2(8,V) - 0-(3,V) - O+ a0,
—10i[(3,V)-O:V-0:V-0:V-0:p,
+V:-0:V:0:(3,V):0:V:-0-1,

+V:0:V:-0:V-0:-V-0-9,1,], (C.3a)

(3V) -0 -5, +V -0 3%, ~(3V) - O - 3,0

— (V)0 3o +(dW) - O - 82,
~5[(8V)-0-V-0-V-0-p,+V-0:V-0-V.0- 3,
+V-0-(3V):0-V-0-0,+V-0-V-0-(3V)- 0 -,
+(3V)-0-V-0-(3,V)-0-
+V.0-(3,V)-0-V-0-
—@&V):-0:V-0-V-0-3n,

+V 0+ (V) -0-(3,V): O ;]

+10V-0:V:0:V:0:V-0:V-0-v, (C.3b)

The expressions for the vectors Y, Z®, Y, 2{®, which have been used in

the derivation of (C.2) and (C.3), respectively, have no direct meaning, in
connection with a PDE, and are not given here.

In this appendix we shall show how three coupled equations for ¢gs, ¢
and ¢, can be derived for negative values of r, (n = 1).
In fact, using (4.2) for p = —1, we have

J-0=0-4, J7-0=0-J,

D.1H

(é)m.n = 8p,18n1- (D.2)
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Inserting (D.2) in (4.2) we obtain a relation connecting p and p + 1, viz.

Q,=Q,  J-"-0=J7-Q,,

6.J47""

(D.3)

Hence eq. {4.4), which has been derived using (4.2) and which therefore is
valid for negative values of p as well, together with (4.5) and (4.6), leads to

FP=—-i3FP"—d.0-d*-JT- Q, - 6-J™. &

~®-(Q,-J—J"-0)- ¥ 0 ¢, (D.4)
Next we use (2.35a) for p =—1, i.e.
O JT=J - P+¥*.0-D+®-0- W, (D.5)
giving
FP =i FP0—®-0-(J - ®*+W-0-*+d*- 0 -\y*)-o -
—<1>-Q,,-(<1>*-.JT—~1r-6-q>* .0V 0- ¢,
+®-0-0* - 0" -+ DI -O-D*-0- &,
=—ia,F‘kP*”—(q)-.J+<1>~o-\1r)-o-q>*-Qp-qbk
+®.0.(I)*.6.(JT”.¢’(__\11*.QP.(bk)
~®-Q, - ®*-0-{UT P, ~T*-0- )
(@I +D-Q, ¥)-0-D*-0- ¢y (D.6)

Inserting (2.34c), (2.35¢) with the algebraic relation (2.35a), (4.1), (4.8), (4.5)
and (4.6), we have

FP=—ia F¢—(~is, @) - O- G“”—
' +lI)-O-¢I)*'6-F(p) F?.0

G 6 (~id.d)

cD* .0 Py D.7)
Hence, using also (4.9), which again is valid for negative values of p as well,
we finally get

F{™ = OIF ), D.5)

in which the action of the operator 1 on an arbitrary vector g is defined by,
cf. (4.12),

Ola] =i85"[a + (—ia,®) - O -
+[~i05' (@O A*—

~(I)'0-d>*-()~ak

[87'(0* - 0 - a, — A*- O - )]
A0 9] O (~id. Py

~A-0.-0%.0-¢,]. (D.9)

The equation for @, cf. (4.16), in the case of negative r, can be expressed in
the form

ia, ® = QV[d], (D.10)
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in which the action of the operator ) on an arbitrary matrix A is defined by

O[A] = i3,'[A+(=ia, D) - O  [105'(®* - O -A—A* -0 - )]
+[~ia;(D-O-A*—A-0-®*)]- 0 - (~is, D)

~®-0-9*-0-A-A-0-0*.0-9]. D.11)

Hence, the right-hand side of (D.10) can be, in principle, evaluated starting
with A= ®, and from (D.2) in combination with (2.24), it is clear that (D.10)
will lead to 3 coupled equations containing only ¢gg, b1 and ¢;.

Appendix E

The Lax representations for the complex sine-Gordon equation can be
expressed as

i = U™ y (E.1a)
fox i =v®. Xﬁ"), (n=0,1), (E.1b)
where x{”, for n =0, 1, is a two-dimensional vector with components
(n). T (m)
XM= (i@) o Hitkxk IU(M:"’)' (B.2)

We shall now evaluate the 2 x 2-matrices U®, V@, U™ and V. From (2.34c)
and (2.34d), in combination with the n = 0 component of (2.21a), we have

“10.01 = kol + ool

—10 = ¢ 0, &
leading with (E.2) to eq. (E.1a) with
1k )
o_ (2 0.0)
- (%,

In order to find VO, we consider the 'n =1 component of the algebraic
relations (2.21a), (2.21b), which can be expressed as

k<b“’ ==yt )l = drov?, (E.5a)
U = ¢t edP+ (1~ P, (E.5b)

Egs. (E.5a) and (E.5b) provide a direct relation between the vectors x{’ and

X2, viz.

k=g x?, (B.6)
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where

AR

is a unitary matrix. Taking the n =0 component of (2.34a) and (2.34b), we
have

(E.7)

9y P=01- Uy u)qb“), (E.8a)
iatdf‘f’ =— ¢, (E.8b)
which, in combination with (E.2) and (E.7), lead to
1. - 0
(o) = (00 Ot ©9)
or to (E.1b) with
C Po 0).g_ } 1 . E.10
v {2( — ot 0) g-1(=5-9" 050, (E.10)

where o, is the Pauli matrix (¢ %).
Using (6.4) and (6.5), the right-hand side of (E.10) can be evaluated to be

1+ 4aded)”  2idioo
0= : ’ . E.11
v 2k ( '2i6,¢!}'§,0 "‘(1 - 4|a|¢0,0‘2)‘/2) ( )
From (2.34c) and (2.34d), taking the n = 1 component we have
—10,0P = (1- ¥io¥, (E:12a)
—iap = &1 0917, (E.12b)
or
— M _ - llf*t‘,o 0> () E.13
Ge—iox? = (' y41e g) P E13)
Eq. (E.13) leads to the first equation of (E.1) with
a_ 1 2(1 ‘l’fﬁ) 0 - _1}:1'( . ca-! (E‘14)
U —ﬂ({( 26%, 0) kg 039
which with (5.12a) and (5.13) can be rewritten as
o _ 1 (A EEROY b *216 ) (E.15)
v =3 VAR
Finally, from (2.34a), (2.34b) and (2.21a) for p = —1 we have
8,60 = % P - d>1,1¢(k“, (E.16a)
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i3’ = — 1100, (E.16b)
or
L B 1) . kgl _d)l,l [0)]
(Zk + 16,) x= (~¢’f‘1 0 )xk , (E.17)
Jeading to (E.1b) with
lkfl ___d)
W (2 11

The gauge equivalence') between the Lax representations (E.1), for n =0
and n =1, can be formulated in a straightforward way, using (E.6). We have,
eg.

g =k7ia(g- xM =i(a@) - g7 - x+g-V?-g7" - x¥, (E.19)
leading to
v¥=is9)-g"'+g-V®-g" (E.20)

and in a similar way it can be shown that

u®=—i(3.9)-g"'+g- U g™". (E21)

Appendix F

In order to derive (7.35), one can insert q = k €%, (x >0, y real) in (7.34).
After taking the imaginary and real part one has

23’ = —i8.(k*y),

(F.1)
and
" KIZ
Y=o =23y (F.2)

where also dots and primes have been used to denote the differentiations with
respect to x and t, respectively.
Introducing a real function f, so that

w2=2f", (F.3)
we have from (F.1)
|
Y= ik (F.9
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and from (F.2)

The potential MNLS (7.35) follows immediately from the compatibility rela-
tion a,y = a,y".
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