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THE DERIVATIVE NONLINEAR SCHRODINGER EQUATION
AND THE MASSIVE THIRRING MODEL
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The linearization and Bicklund transformations are obtained for a class of nonlinear partial differential equations, which
contains the derivative nonlinear Schrédinger equation and the equations for the massive Thirring model.

1. Integral equation. Consider the integral equation

80 (x, 7) + 1K) f (@) f e ?:it;f;;”_x )w il ¢§”>(x £ = (k") el =w®] (g integer)
c* (1)

in which the integrations are performed over an arbitrary contour C and its complex conjugate C* in the complex
k plane with an arbitrary measure dA(k) and its complex conjugate dA™ (k). The measure dA(k) and the contour C
are to be chosen in such a way that the integral equation has a unique solution ¢ (x 1), n being an integer [1-5].
The dispersion w(k) is a meromorphic function w(k) = Z,A,k7 (r integer), Wthh can be specified in order to ob-
tain various (integrable) partial differential equations (PDES). Integral equations of the type (1) with f(k) = 1 have
been investigated systematically in refs. [2—4], leading e.g. to solutions of the nonlinear Schrédinger equation
(NLS), the isotropic Heisenberg spin chain (IHSC) and various other PDEs, see also refs. [1,5] for linear integral
equations containing only one integration over a contour.

In this letter we shall investigate the case that f(k) = k and in a more extended publication [6] the case of gen-
eral meromorphic f(k) will be treated.

We introduce vectors ¢k(x z‘) and VY, (x, 7) with components (b;c”)(x, t) and

w(k)t]

VG, 1) = f (R o (x, 1), )

and matrices (I) and ¥ with elements

8, mCx, )= fd?\(k) k_mfj),,((”)(x, 1, Vpm = f dak) k™ gl/,(c”)(x, t) (n,m integers). 3)
C C

- From the integral equation (1), taking into account the uniqueness of its solution, and following the line of reason-
Ing given in refs. [2—4], one can derive the constitutive relations

-0, =(1-¥"-0)4T-¢,, —id ¥, =k, —3Ty, +‘I"O'JT"}'k’ (42,b)
kp¢k :(JT)p'¢k “T*'Qp'JT"bk __(p.Qp.JT. v, _ﬂq;.op.qﬁ‘.o.(t,k, (4¢)
B, = ()P, — QT — @70, 870 ¥, + @0 Tk 1, (4d)
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for all integer p, independent of the dispersion w(k), and
b= LN 0T 9 ~¥7-0 9T, it = D Ky, — (T ¥, + ¥0 Ty, ], (de, )

depending on the dispersion relation w(k) =Z N k7. In (4) A*, AT and AT denote the complex conjugate, the
hermitean adjoint and the transposed matrix of a matrix A respectively;J and JT are index-raising and index-lower-:
ing matrices, i.e. ( Dnm=0mn+1 (JT)n’m =8, m+1; Ois a projection matrix (0),m =8,,08m 0 and the ma-
trix Q,, is given by

: Ipl -1

Q, = (sgnp) ]Z()) J(p—lpl)/2+/.O.(JT)(p+Ipl)/2—1—1 (5)

for all integers p. From eq. (1) one can also derive the symmetry relations
(])T-J:JT.(D’ woyt :ly.o.\}l'f', JT.\{I.JT + gt =~JT'(D*-JT-O'(D'JT, (6)
from which one immediately has |1 — lllo,o 2=1, ¢_11= $o,0 and 11/8’0 + w—l,l = —¢i171¢0,1. Using (3) one
can integrate eqs. (4) over the contour C, replacing kP¢y, and kp Y, by ®-JP and ¥-J” respectively, in order to ob-
tain matrix equations in terms of ® and P,

2. Fartial differential equations. One can use the integrated versions of eqs. (4) in order to derive closed PDEs
in terms of the elements of the matrix ®. All these PDEs are completely integrable in the sense that solutions for
these PDEs, such as e.g. soliton solutions, can be found immediately from the linear integral equation (1) by ap-

propriate choices of measure and contour.
In particular it is straightforward to derive closed PDEs for the matrix elements ¢g o and $0,1, making use of

(6) and simple relations like —i0,¢p,; = (1 — wao)gbo,o and i0, In(1 — Yo,0) = lqbo’ol’z. More specifically, taking
w(k) = Ayk? + X3k we have

. 2 _ o a3 — 2 2,42 ’ 2
(19, +2, 37 3000y, =21, 18,0y | 9. %o,1 +6A510. 65 ;1 (9,9, 110,80 1170, 1), ™

~ 2 o a3 s 2 * 2
(19, + 2,07 — i, 0)%0,0 = 210, 10, o170, &) o + 3R3%0,0(3, %4 0)

+33100 128304 ~ 116,013, 8g.0)- (8)
Eq. (7) for X3 =0 is a “potential” form of the derivative nonlinear Schrédinger equation (DNLS), i.e. 10,q + a)%q
=213, (lg12q) with g = 0, %0,1, Which has been treated within the inverse scattering formalism [7];eq. (7) for A,
=0 may be regarded as a derivative version of the complex modified Korteweg—de Vries equation (CMKdV), cf.
ref. [4], and in the general case with Ay, A3 #0 as a derivative version of Hirota’s equation [4,8]. Eq. (8) for A3
=0 is a new derivative nonlinear Schrodinger equation, which has been introduced in ref. [9]. For this equation
multisoliton solutions were found in ref. [10] and the prolongation algebra was treated in ref. [11].

Eq. (8), however, is completely equivalent to eq. (7), cf. also ref. [12] . In fact, one can express @ o in terms
ofg= ax¢0,1 , using
90,01 =lal, 8, Ingy, =0, Ing—ilgl?, 9)
and the relation for In 99,0 in terms of ¢, which can be derived from (8) and (9). The inverse transformation can
be found from (9), i.e. |g| = (#0015 0x Ing =03,(In $o0) + ilgg o 12, and the relation for id; In g in terms of 90,0

which follows from (7). ' )
For w(k) = k! we find from the integrated version of (4), taking into account (6) and the simple relations giv-

en above [13],
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— : 2
axat¢0,1 - ¢O,l + 21[‘250’1! ax¢o’1 5
and the quantities Y1 = ¢O,1(1 — \Z’O,O) and ¥, =¢g o satisfy
_id by = Uy — Wy PUy, 18,0, =y — 9Py, (11)
which are the equations for the massive Thirring model (MTM) [14—16].
Eq.(10), however, is completely equivalent to (11),(13). In fact, using i3, In(1 — \!/0,0) =1%0,0 12,
ia, ]Il(l — 11/0’0) = \QSO’I |2, we find

b =dpp e Yy =@ e x= [ 1,0y, +aligg 1), (12)
r

in which T is an arbitrary curve connecting (0, 0) and (x, ¢) in the two-dimensional space—time plane and d/
=(dl, d1,) is an infinitesimal two-dimensional vector tangent to I'. The inverse transformation reads

>

B0,1 = V1 exp(i Jarw,? +dl,{11/112)) : | (13)
r

|2 V3, which is a semilinear version of the

Eq. (10) may also be rewritten as —id,¢g 1 = Us,i0,Y3 =g 1 — 2ldo 1
k-1, we have another manifestation of

MTM. Furthermore, due to a space—time symmetry of eq. (1) for w(k) =
the MTM, namely ax atl,[/4 = \114 — 21]#/4!28{\[/4, \,[/4 = (1 — ¢0,0)¢0,0'

3. Bdcklund transformations. Bicklund transformations are induced by singular transformations of measures in
the integral equation [17]. Applying the transformation d ) =~ d\(I)=(p - D" = 1)~ d\()in (1), one ob-

tains the following relations between the solutions ¢, (x, ) and \le(x, t) of egs. (1) and (2) with the measure d\(
instead of dA(/) on the one hand, and the solutions @ (x, f) and Y (x, 1) of egs. (1) and (2) on the other hand:

(p-K)$, =pd, —IT-d, +y*0-4T-¢, +®-0-07§, +®-0-0" -0-¢y, (14a)
(0 - W, =p" ¥, —3T-¥, + %097, — (p@®* —p®*)3T-0¢, — (1 ~¥-0)®-0¢,, (14b)
in which ® and ¥ are defined in terms of ‘T’k’ "‘Fk and di(k), cf. (3).

Integrating (14a), (14b) over dA\(k), and using (p* - k) dX(k) = (p — k) d\(k) to evaluate the left-hand sides,
we find

pd—po=&-J_JT-0+¥ .0 0+H-04T-¥+0-0-0"0-D, (152)

PF ¥y =%y 4T ¥+ F-0-4TH (p®* _ p*@")yT0-0—(1-¥-0) 0 -0 . (15b)

From egs. (15a), (15b), in combination with the integrated version of egs. (42)—(4d), one can derive the spatial
part of the Bicklund transformation (BT) for e.g. the PDE for ¢ ;. One obtains after a lengthy calculation

a=-4ip~1(3 By ) p +p" +lal® £i[4Ip® —(p +p" +1a)?]1/2}

+3ip" (8,0, Mo +p" +lal Fildlpl —(p+p" +1aP 1Y, | (16)

a :p*¢0,1 — P$p,1 which is independent of the dispersion w(k). The time-dependent part of the BT for w(k)
=N\yk? + )\3k3 and w(k) =k~1 can be inferred from egs. (7) and (10) respectively, see also ref. [18] for a differ-
ent treatment of the BT of the MTM. Furthermore, one can derive the corresponding (completely integrable)
PDEs for @, which may be called the modified equations of the PDEs (7) and (10). As an example we give the

modified derivative nonlinear Schrodinger equation (MDNLS) (A3 = 0),
20,0)lIpa +5ilad,al> + (3,4 ) (IpIa +%na12axa)2) | (17)

(i3, +22)q =2 (i|a 2?3 a+ IC
tr e 4lpl? ~ laf*

Ip1?
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where we have taken p* = —p for convenience. Note that eq. (16), with 0x%0,1 = 4> axao,l = (p*)—l(axa +pq), &
provides the Miura-transformation mapping solutions of the modified PDE for 4 on solutions of the PDE forqg
= 0,91 Foreq.(17), as well as for other modified PDEs, it is straightforward to derive the corresponding linear:
integrai equations, in the same way as a linear integral equation of type (1) with f(k) = |p|? + k2 was obtained in’
ref. [17] for the anisotropic Heisenberg spin chain (AHSC) from the one for the NLS, but further details will be -
given in ref. [6].

This investigation is part of the research program of the Stichting voor Fundamenteel Onderzoek der Materie *
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