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1 Context and Ba
kgroundVariational prin
iples are a 
entral 
on
ept in the analysis of physi
allyimportant models. The basi
 philosophy we take here is that numeri
alapproximations whi
h seek to mimi
 the underlying physi
s should have, ofthemselves, a variational stru
ture to their formulation and analysis.There are several themes in 
lassi
al and modern resear
h that inform thisarti
le; the variational 
al
ulus, geometri
 integration, algebrai
 topology,and symboli
 analysis. We 
onsider these topi
s in turn.1.1 Variational prin
iplesThe 
entral tool in the mathemati
al analysis of variational prin
iples isthe variational 
al
ulus ([O℄ xx4.1, 5.4). This 
al
ulus is also the 
orre
tsetting for understanding the all-important theorem of Noether, whi
hgives a 
onservation law for every variational symmetry.A variational 
al
ulus is formulated in terms of a \lo
ally exa
t di�erential
omplex". The most famous example of this 
on
ept is the grad{
url{divsequen
e of operators. Exa
tness means that if one operator in thesequen
e sends an expression to zero, then that expression is in the imageof the previous operator in the sequen
e, at least lo
ally. So, if the 
url ofa ve
tor �eld is zero, then lo
ally it is the gradient of a fun
tion, and soforth. For this standard sequen
e, the extended sequen
egrad{
url{div{Euler-Lagrange{Helmholtz is still exa
t. This extendedsequen
e is known as the 
ontinuous variational 
omplex. With itsattendant 
on
epts and 
al
ulations, it answers questions su
h as,1. Is my equation an Euler-Lagrange equation1, and if so, what is theLagrangian?2. Is a given expression a total divergen
e, i.e. a 
onservation law?3. What are the 
onservation laws that arise from the symmetries of theLagrangian?It is now re
ognized that in order to obtain a stable numeri
al s
heme, it isimportant to mimi
 this exa
tness.1As the equation is pre
isely given. For equations only equivalent to an Euler-Lagrangeequation, the problem is still open, although some parti
ular 
ases have been solved [AD℄,[AT℄, [CPST℄, [D℄, [F℄, [J℄. 2



\In many 
ontexts it is not enough that the numeri
al s
hemebe 
lose to the original problem in a quantitative sense for it toinherit stability : : : the exa
tness properties of dis
retedi�erential 
omplexes and their relation to di�erential
omplexes asso
iated with the PDE are 
ru
ial tools inestablishing the stability of numeri
al methods." [A℄Sin
e exa
tness and variational prin
iples are both important, it makessense to investigate exa
t variational 
omplexes for dis
retized systems.Su
h 
omplexes are known for di�eren
e systems [HM℄, [K℄. Althoughthere 
annot be a \top down" analogue of the 
ontinuous variational
omplex, as there is no tangent stru
ture on a dis
rete latti
e, thedi�eren
e variational 
al
ulus has theorems whi
h are amazingly analogousto those of the 
ontinuous 
ase.1.2 Geometri
 IntegrationIn re
ent years the area of numeri
al di�erential equations has undergone aquiet revolution 
alled geometri
 integration [HLW℄, [IMNZ℄, [M
Q℄,[M
Q2℄. This arose from the 
on
uen
e of two developments. The �rst isthe in
reased awareness of the importan
e of geometri
 features ofdi�erential equations, not only symple
ti
 stru
ture, butvolume-preservation, �rst integrals, symmetries, foliations and 
onta
tstru
ture. The se
ond development of 
ourse has been the exponentialgrowth in 
omputer speed over the last de
ades. Together these twodevelopments have made geometri
 integration (the exa
t preservation ofgeometri
 features up to round-o� error) both desirable and a�ordable.\The motivation for developing stru
ture preserving algorithmsfor spe
ial 
lasses of problems 
ame independently from su
hdi�erent areas of resear
h as astronomy, mole
ular dynami
s,me
hani
s, theoreti
al physi
s and numeri
al analysis : : : Itturned out that the preservation of geometri
 properties of the
ow not only produ
es an improved qualitative behaviour, butalso allows for more a

urate long-term integration than withgeneral-purpose methods."[HLW℄
3



1.3 Numeri
al Analysis and Simpli
ial Spa
esThe in
uen
e of algebrai
 topology, in parti
ular 
lassi
al 
onstru
tions ofsimpli
ial spa
es, 
hains and 
o
hains, boundary and 
oboundaryoperators, is of in
reasing interest to both physi
ists and numeri
alanalysts [CS℄, [Hi℄, [M℄, [SMGS℄, [T℄. The interplay of su
h notions withphysi
al quantities and systems is in
reasingly being explored as a way toensure that the 
orre
t geometry of a problem is en
oded in thedis
retization. Indeed, some authors argue that the original models arealready dis
rete, that is, formulated on the level of a small 
ell. Thepro
ess of obtaining a 
ontinuum limit and then dis
retizing using anall-purpose numeri
al integrator is in fa
t removing the all-importantgeometry. Worse, this pro
ess 
an lead to a proliferation of \models" ofthe original, of no physi
al signi�
an
e.Just as one has a de Rham sequen
e for a smooth spa
e whi
h allows oneto de�ne and des
ribe global features of gradient 
ows and 
onservationlaws, so one has a mat
hing simpli
ial 
omplex for the triangulated spa
e.The de Rham 
omplex of a spa
e 
aptures the same global topologi
alinformation of an orientable manifold, as the simpli
ial 
omplex of itstriangulation. Most importantly, one has a dis
rete Stokes' Theorem,allowing 
onservation laws to be exa
tly satis�ed at the 
ellular level.1.4 Can we use symboli
 algebra to study numeri
almethods?Symboli
 
omputation has been used with great su

ess in obtainingsymmetries and 
onservation laws of di�erential systems, and mu
hprogress has been made using these and other, stri
tly algebrai
,te
hniques in on-line symboli
 integrators. The potential use of symboli

omputation to address the following questions is intriguing, and shouldlead to in
reased understanding of dis
rete systems in general.� Can one design a numeri
al method, automati
ally, to inherit avariational prin
iple and sele
ted 
onservation laws?� Can one obtain symmetries and hen
e 
onservation laws,automati
ally, of variational numeri
al methods?4



These questions are beginning to be answered for �nite di�eren
e models,(see [HM℄, [MH℄). In parti
ular, it is ne
essary to fully understand 
ertain\no go" theorems, su
h as the Ge and Marsden result that symple
ti
ityand energy 
an generally not both be 
onserved [GeM℄. Their result holdswhen energy is the only integral; there is mu
h that needs to beunderstood.For 1-D problems, one 
an design s
hemes to inherit invarian
e under agiven Lie symmetry group [O2℄ although su
h s
hemes are ne
essarily highorder for high dimensional groups. The theory of moving frames ([FO℄,[M℄) will play a 
entral role in any developments 
on
erning the automati
derivation of su
h s
hemes for higher dimensional problems.The 
omputation of 
onservation laws for variational dis
rete systems([Do℄, [GH℄, [HSSW℄, [Hy2℄), with and without a dis
rete version ofNoether's theorem, is also in
reasingly well understood. Even for smoothsystems, however, the eÆ
ient 
omputation of 
onserved densities is stillbeing studied [W℄. Meanwhile, the dire
t 
omputation of symmetries fordis
rete systems has at least three di�erent underlying philosophies, andhen
e theories ( 
f. [Hy℄, [LTW℄, [QS℄). Note that Noether's theorem 
anbe applied only on
e you know the symmetries of the Lagrangian.1.5 Road map of the arti
leIn x2 we dis
uss the relationship between exa
t di�erential 
omplexes andthe Finite Element (FE) Method. We take as our starting point the arti
leof D. Arnold [A℄, and dis
uss the relationship in terms of proje
tion maps.In x3 we dis
uss the 
ontinuous variational 
omplex and in parti
ular, weaddress the question, what is the Euler-Lagrange (EL) operator? Thisdis
ussion will be pivotal to motivating what follows. In x4 we look at theproje
tions of Lagrangians as they are used in pra
ti
e, and 
onsider thequestion, What is the EL operator for an FE method? For 1-dimensionalproblems, this turns out to be easily answered. However, the exampleshighlight what 
an go wrong, and in some 
ases, be �xed. This se
tion
on
ludes with a 
onje
ture as to when a sensible EL system be obtained.In x5 we look at higher dimensional base spa
es. Here, the EL operatordepends on the mesh. In x6 we give a theoreti
al treatment of a variational
omplex for FE approximation s
hemes. This highlights the importantproblems still needing to to be addressed, whi
h are summarized in x7.5



2 Di�erential 
omplexes and the Finite ElementMethodThe fundamental di�erential 
omplex is the de Rham 
omplex, whi
h for a3-dimensional base spa
e is written as:0 �! R �! �0 d�! �1 d�! �2 d�! �3 �! 0: (2.1)The �3p�-dimensional ve
tor spa
e �p is the set of p-forms with 
oeÆ
ientsbeing smooth fun
tions in the 
o-ordinates of the 3-dimensional base spa
e(the independent variables). The linear operator d is the exteriorderivative, whi
h satis�es d2 = 0. One 
an think of �p, p > 0, as being ave
tor �eld with �3p� 
omponents, and d as either the gradient, 
url ordivergen
e operator:0 �! R �! C1(X) grad�! C1(X)3 
url�! C1(X)3 div�! C1(X) �! 0;but this is to rob the forms of mu
h of their meaning. In the 
ontext ofthis arti
le, a p-form is best thought of as the integrand of a p-dimensionalintegral. For example, inherent in the de�nition of the dxi, dxi ^ dxj anddxi ^ dxj ^ dxk are the 
orre
t 
hange of variable formulae learned inundergraduate 
al
ulus for su
h integrands ([CD℄, p. 199).Remark 2.1. The pre
ise 
orresponden
e between forms and ve
tor �eldsor fun
tions depends on the metri
. Assuming the Eu
lidean metri
, as wewill throughout this arti
le, the 
orresponden
e in 3-spa
e is�1 : (f1; f2; f3) $ f1 dx1 + f2 dx2 + f3 dx3�2 : (f1; f2; f3) $ f1 dx2dx3 � f2 dx1dx3 + f3 dx1dx2�3 : f $ fdx1dx2dx3 � fdx:In the following, we will use these inter
hangeably to ease the exposition.De�nition 2.2. Let X be a triangulated spa
e, with the top-dimensionalsimpli
es denoted generi
ally by � . Let �� be the 
hara
teristi
 fun
tion of� . A Finite Element approximation model Fp of �p is a set of p-forms,de�ned pie
ewise on the � ,Fp = f X�i1<���<ip f i1���ip� ��dxi1 � � � dxip j f i1���ip� : � �! Rgsu
h that: 6



1. Fp��� is a �nite dimensional real ve
tor spa
e. The 
oeÆ
ients of thebasis elements on � are 
alled the shape fun
tions, or fun
tionans�atze of the FE approximation, usually the same for all � .2. The �nite number of parameters on whi
h ea
h shape fun
tion f i1���ip�depends, 
an be obtained by spe
i�ed linear fun
tionals, one for ea
hparameter. These fun
tionals are 
alled the degrees of freedom ordata for the FE model.3. Ea
h degree of freedom depends, in some sense, on a (sub)simplex ofsome dimension. Where a sub-simplex is shared by two top-levelsimpli
es in the triangulation, we assume the 
orresponding degreesof freedom for the shape fun
tions in the di�erent simpli
es agree.S
hemes whi
h do not satisfy the third 
ondition are said to benon-
onforming. Stri
tly speaking, it is ne
essary to assign sharedsub-simpli
es to just one � in the sum above, in order to prevent double
ounting at those points.De�nition 2.3. The proje
tion map �p : �p �! Fp is the assignmentto a given form, of a form with 
oeÆ
ients in the ansatz of the shapefun
tion, with those parti
ular 
hoi
es of the parameters su
h that thedata of the fun
tion and its proje
tion are equal.Example 2.4. One of the simplest examples of an FE approximationspa
e in 3-spa
e is that of pie
ewise 
onstant 3-forms. The proje
tionoperator from �3 is: �3(f dx) =X� �� (f dx)��dx;where �� (f dx) = R� f dxR� dx ;that is, the normalised zeroth moment of the 3-form on � .Example 2.5. One of the simplest proje
tion operators de�ned on�0 = C1 is the usual pie
ewise linear interpolant de�ned by the values ofthe fun
tion at the verti
es.Following the dis
ussion in [A℄, we make the following de�nition.De�nition 2.6. A 
oherent di�erential 
omplex F� of FE spa
es, allrelative to the same triangulation of the base spa
e X, is de�ned as a set7



of 
hoi
es of FE spa
es Fi and proje
tion maps �i su
h that the followingdiagram 
ommutes,0 �! R �! �0 d�! �1 d�! �2 d�! �3 �! 0?y�0 ?y�1 ?y�2 ?y�30 �! R �! F0 d�! F1 d�! F2 d�! F3 �! 0:(2.2)We will motivate this de�nition at the end of x3.Remark 2.7. In the literature, the spa
es Fi are denoted as:F0 =Wh; F1 = Qh; F2 = Sh; F3 = Vh;where h is a real parameter indi
ating the \size" or \diameter" of thetriangulation. Here we use an index to denote the dimension of the formsthe spa
e in
ludes, for simpli
ity of the exposition.Even though the respe
tive proje
tion operators are sometimes referred toas vertex, edge, fa
e et
 operators, it is not ne
essarily the 
ase that thedata for these spa
es depends respe
tively only on fun
tion values onverti
es, edges, fa
es and so on. It is also important to note that thefun
tions in these spa
es are de�ned pie
ewise on the top dimensionalsimpli
es. The exterior derivative in the lower sequen
e is usually taken tobe de�ned only in the interior of the top dimensional simpli
es, be
ausethe forms are only pie
ewise smooth. When trying to prove theoremsabout su
h forms rigorously, 
on
erning their lo
al and global properties,the 
orre
t algebrai
 setting involves lo
ally smooth forms together with anobje
t whi
h en
odes how the mesh is put together. We will dis
uss thisfurther in xx5,6. Using weak or distributional derivatives 
an lead totrouble for the appli
ations in this arti
le, see Example 4.2.Example 2.8. The zeroth order Raviart and Thomas s
heme Let �be a 3-simplex with fa
es �i, edges ei and verti
es vi. For a p-form !de�ned on � , the proje
tion map takes ! to the pie
ewise linear p-formwith the same zeroth moments on the p-dimensional sub-simpli
es of � .So, letting a and b be 
onstants, a, b be 
onstant ve
tor �elds, and writingthe shape fun
tions as ve
tor �elds, 8



Spa
e Dim Shape DataF0 4 a+ b�x f 7! f(vi)F1 6 a+ b� x ! 7! Rei !F2 4 a+ bx ! 7! R�i !F3 1 a ! 7! R� !where \Dim" denotes the dimension of the spa
e per simplex � . Stokes'theorem ([CD℄ p. 212�), Z�� ! = Z� d!;where �� is the boundary of the simplex �, implies that the diagram
ommutes. For example, if f 2 �0 � C1(X;R) and e is the edge runningfrom vertex v1 to v2, thenRe�Q(df) = Re df = R�e f = f(v2)� f(v1)= (gradient of linear fun
tion with valuesf(vi) at vi) � (v2 � v1)= Re d�W (f):Sin
e forms in the Fi with equal data are equal, �Q(df) = d�W (f).Remark 2.9. The de Rham map is the pairing,h�; !i 7! Z� !;where � is a p-simplex, ! 2 �p, extended linearly in both arguments. Thismap is used to show that the global topologi
al information inherent in thede Rham and simpli
ial 
ohomology theories is equivalent for orientablemanifolds ([CD℄ p. 226). In fa
t, the 
oherent FE di�erential 
omplexgiven by the zeroth order Raviart and Thomas s
heme, and the simpli
ial
omplex with real 
oeÆ
ients, are isomorphi
.By 
ommutativity, that is, �p+1d(!) = d�p(!), and Stokes' Theorem, the
hoi
e of data at the Fp+1 level di
tates to some extent the 
hoi
e of dataat the Fp level.
9



Example 2.10. Consider the one-dimensional problem,0 �! R �! �0 d�! �1 �! 0?y�0 ?y�10 �! R �! F0 d�! F1 �! 0where the proje
tion �1 is to the pie
ewise 
onstant 1-form!��e 7! Re  e!Re  e dx dxand the  e are weight fun
tions. Then sin
e we require that the derivativeof a 0-form in F0 lie in F1, the elements of F0 
an be at most pie
ewiselinear. Further, the proje
tion map �0 on the edge e needs to involve themoment with respe
t to the weight fun
tion d e=dx, as well as the valuesof the 0-form at the verti
es. Indeed, we have thatu �! uxdx?y ?yXe (aex+ be)�e �! Xe ae�ewhere ae = Re  eux dxRe  e dx = 1Re  e dx � euj�e � Ze  e;xudx� :The 
onstants be are then 
hosen to make the elements in F0 pie
ewise
ontinuous. While we have written the integrations to be over e, this is notne
essary. There are examples where the intervals of integration forneighbouring edges overlap to some small extent.Example 2.11. Suppose the data for the proje
tion map for �p in
ludesthe �rst degree moments on the p-simplex �. Let x denote a generi

o-ordinate on X. Then sin
e we have the identityZ� xd! = Z�(d(x!)� dx ^ !) = Z�� x! � Z� dx ^ !the data for �p�1 will involve the �rst order moments on the p� 1simpli
es, as well as the quantities R� dx ^ !, whi
h are the zerothmoments of the 
omponents of the form on p-dimensional simpli
es. One10



sees this in the data for the �rst order Raviart and Thomas s
heme, wherethe shape fun
tions are pie
ewise quadrati
 [A℄.Theorem 2.12. The de Rham 
omplex, restri
ted to a top-level simplex,is exa
t, that is, ker d���p = im d���p�1 : (2.3)This result is known as Poin
ar�e's Lemma and is proved ([CD℄ p. 224) byprodu
ing a sequen
e of maps hp : �p �! �p�1, su
h thatdhp + hp+1d = id���p :The maps hp are 
alled homotopy maps. For then, if d! = 0, we have(dhp + hp+1d)! = dhp! = !. This shows that ker d � im d while d2 = 0shows the 
onverse. In fa
t, whenever the base spa
e X is di�eomorphi
 tothe unit sphere, then the de Rham sequen
e on X is exa
t.Theorem 2.13. Let a 
oherent FE di�erential 
omplex F� be given, sothat the diagram (2.2) 
ommutes. If the upper sequen
e in (2.2) is exa
t,then so is the lower sequen
e;ker d��Fp = im d��Fp�1 :Proof: For both upper and lower sequen
es we have that d2 = 0, so weneed only produ
e homotopy operators for the lower sequen
e. If thehomotopy operators for the upper sequen
e are hi, then the homotopyoperators for the lower sequen
e are �ihi+1 : Fp+1 �! Fp, where we areusing impli
itly that Fp � �p on every simplex. For(d�i�1hi +�ihi+1d)! = �i(dhi + hi+1d)!= �i!= !; as ! 2 Fi. �When designing 
oherent FE di�erential 
omplexes, the fa
t that they
onsist of �nite dimensional ve
tor spa
es means that the following usefultheorem applies:Theorem 2.14. If F� is an exa
t 
omplex, then P(�1)ndim(Fn) = 0.11



Note that R � F�1 is in
luded in this sum. Putting the above resultstogether, we have that the alternating sum of the dimensions of thefun
tion spa
es on ea
h � add to zero. Thus for the zeroth order Raviartand Thomas s
heme, we have indeed that 1� 4 + 6� 4 + 1 = 0. Thetheorem 
an be used to 
he
k that the 
orre
t amount of data at ea
h levelhas been obtained. Of 
ourse, the 
onverse is not true!3 The variational 
omplex for smooth formsThe variational 
omplex is a theoreti
al tool for studying Lagrangiansystems and their 
onservation laws. A detailed dis
ussion with proofs 
anbe found in Olver's text [O℄. We de�ne the basi
 obje
ts for laterreferen
e, and 
onsider in some depth the derivation of the 
ontinuousEuler-Lagrange operator. This is the map we wish to develop in the
ontext of a FE approximation s
heme, as a �rst step in asking whether afull variational 
omplex for a given FE s
heme exists.The �rst half of the variational 
omplex is similar to the de Rham
omplex, but with one major di�eren
e. The 
oeÆ
ient fun
tions in �p arenow fun
tions not just of the independent variables, but of the dependentvariables and their derivatives. We assume that these fun
tions are smoothfun
tions with a �nite number of arguments, but we do not spe
ify anybounds in the degree of the derivatives. Moreover, the exterior derivative istaken to be a total exterior derivative, whi
h we now denote by D. So, forexample, we haveD(yuxdx) = (yuxy + ux)dy ^ dx+ yuxzdz ^ dx:De�nition 3.1. Forms in the dependent variables and their derivatives,regarded as separate indeterminants, are known as verti
al forms. Thespa
e of verti
al p-forms is denoted by b�p. The verti
al derivativebd : b�p �! b�p+1 operates in the natural way,, but treats the independentvariables as 
onstants, for example,bd((uux + 3xuxx)du) = udux ^ du+ 3duxx ^ du:Theorem 3.2. ([O℄ x5.4 p. 344) The verti
al 
omplexb�0 bd�! b�1 bd�! b�2 bd�! � � � (3.1)12



is exa
t.The se
ond half of the variational 
omplex are the verti
al formsmultiplied by the volume form on the base spa
e, but with the \twist" thatforms are de�ned only up to total divergen
e.De�nition 3.3. Let the total derivative with respe
t to the independentvariable xj , denoted by Dj , a
t linearly on the spa
e of verti
al forms,together with D(! ^ �) = D(!) ^ � + ! ^D(�) and Djbd = bdDj . Then, forexample, Djdu = duxj , Djdxk = 0, and Dj(xjduxk) = duxk + xjduxkxj .De�nition 3.4. We say two verti
al forms on an n-dimensional base spa
eare equivalent if they di�er by a total divergen
e, that is,! � � , ! � � = D1�1 + � � �+Dn�n (3.2)The spa
e of equivalen
e 
lasses is the spa
e of fun
tional p-forms,�p� = b�p=Div(b�p)n:All elements of �1� on a 1-dimensional base spa
e 
an be represented asf(x; u; ux; : : : ) du ^ dx. For example,xuxxdux = D(xuxxdu)�D(xuxx)duand similarly for all f dux���x; note that D(du) = dux et
 and D(dx) = 0.Theorem 3.5. The verti
al derivative bd is well de�ned on equivalen
e
lasses, and hen
e indu
es a map, the variational derivative,Æ : �p� �! �p+1� :The variational 
omplex in 3-spa
e is written as0 �! R �! �0 D�! �1 D�! �2 D�! �3 E�! �1� Æ�! �2� Æ�! � � � (3.3)where E is the Euler-Lagrange operator. The main theorem regarding this
omplex is the following.Theorem 3.6. ([O℄ x5.4) If the base spa
e is di�eomorphi
 to R3 then the
omplex (3.3) is exa
t.This means that an expression is pre
isely an Euler-Lagrange (EL) systemif and only if the Helmholtz operator sends it to zero (it may be that a13



system is only equivalent to an EL system, in whi
h 
ase the test fails). Anexpression is pre
isely a total divergen
e if and only if the Euler-Lagrangeoperator sends it to zero. Moreover, there are operators 
alled homotopyoperators whi
h allow you to answer questions su
h as, \if my system is anEL system, what is the Lagrangian?" and \if my system is a totaldivergen
e, what is it the divergen
e of?" Finally, the 
al
ulations andproofs for Noether's theorem are best given in the language of thevariational 
omplex.The smooth Euler-Lagrange operator on �3 is obtained in a two steppro
ess. First take the verti
al exterior derivative, bd, and then take theproje
tion � onto an equivalen
e 
lass. For example, for the 1-dimensional,degree 2 Lagrangian, L = L(x; u; ux; uxx),bdLdx = ��L�udu+ �L�uxdux + �L�uxxduxx� ^ dx= ��L�u � ddx �L�ux + d2dx2 �L�uxx�du ^ dx+D(A) ^ dxwhere A = � �L�ux � ddx �L�uxx�du+ �L�uxxduxand thenE(L) = � Æ bd(Ldx) = ��L�u � ddx �L�ux + d2dx2 �L�uxx�du ^ dx;where �(!) = != �, and ! �  , ! �  = Dh. The equivalen
e 
lass of !is written as RX !. Sin
e by Stokes' Theorem we haveZX Div h = Z�X h;the equivalen
e 
lass 
an be thought of as \throwing away the boundaryterms". So the smooth Euler-Lagrange operator is the variationalextremum for interior variations.Important Remark 3.7. The motivation for studying 
oherent FEapproximation s
hemes is that variational problems bene�t from their use.This is shown in some detail by Arnold [A℄. In 3-spa
e, Lagrangians are3-forms, whi
h are made up of produ
ts of 0, 1, 2 and 3-forms. Arnoldshows that provided the approximations of the 
omponents of a14



Lagrangian lie in the relevant FE approximation spa
e of a 
oherent
omplex of su
h spa
es, then the numeri
al approximation obtained will bestable; the exa
tness of a 
oherent 
omplex implies that the fun
tionalanalyti
 requirements of Brezzi's theorem, [B℄, for stability of mixedelement s
hemes, will hold. The bene�t of using a 
oherent s
heme is thatexa
tness is a relatively simple algebrai
 property, both to verify and todesign.4 Lagrangians and Euler-Lagrange Equations forFinite Element S
hemes | theone-dimensional 
ase.Comparing the 
omplexes (2.2) and (3.3), the question, \Can we obtain aproje
tion of the smooth variational 
omplex to a Finite Element sequen
eand hen
e obtain similar or analogous results?" is a natural one. However,investigating the \top down" approa
h leads one to suspe
t that theanswer is \no". First of all, for a wide range of proje
tion operators,�(fg) 6= �(f)�(g); �(ux) 6= �(u)x:The left hand sides are how a \top down" version of a 
omplex wouldproje
t a Lagrangian. But the right hand sides are how a Lagrangian isproje
ted in pra
ti
e. Then, there is the problem of what is the meaning ofthe 100th derivative of a pie
ewise linear (quadrati
, 
ubi
 : : : )approximation of u? Re
all that there is no bound on the degree ofdi�erentiation in the arguments of Lagrangians. Finally, insisting on a
ommutative diagram leads qui
kly to strange looking results. Forexample, for the 1-dimensional linear interpolation s
heme, one obtains(using 
al
ulations that are explained in the sequel), that the proje
tion ofR 1 du ^ dx must be P 12(xn+1 � xn) dun.On the other hand, �nite element methods for variational problems aretextbook material ([Da℄, [Ga℄). Hen
e the line of atta
k we take is to lookat textbook examples using the mindset/te
hnology/terminology of formalvariational pro
esses, and indu
e what the full analogue of the FiniteElement variational 
omplex should be.In this se
tion, we look at one-dimensional problems for simpli
ity. Hen
e,Lagrangians are 1-forms and the grid is a partition on R. In the nextse
tion we will 
onsider higher dimensional problems.15



Example 4.1. Take the Lagrangian L[u℄ = (u2x + 2u) dx whi
h has theEuler-Lagrange equation,E(L) = � ��u � ddx ��ux� (L) = �2(uxx � 1):The standard triangulation of R has verti
es xn and edges en = (xn; xn+1).The standard interpolation s
heme with data un = u(xn) has proje
tionoperator �(u)jen = x 7! un+1 � unxn+1 � xn x+ unxn+1 � un+1xnxn+1 � xn= uen ;�(u) = Puen�en ; (4.1)where �A is the 
hara
teristi
 fun
tion for the set A.The dis
rete Lagrangian is (�(u)2x � 2�(u)) dx and hen
eL[u℄ = Z [�(u)2x � 2�(u)℄ dx =Xn Zen �(uen)2x � 2uen� dx:Performing the integrations yieldsL[u℄ =Xn (un+1 � un)2xn+1 � xn + (unxn+1 � un+1xn) + (un+1xn+1 � unxn):The �nal group of terms teles
opes and hen
e is in fa
t a boundary term,and ends by being dis
arded in the proje
tion to the equivalen
e 
lass.Cal
ulating the obvious analogue of the verti
al derivative of L[u℄ yieldsXn �2un+1 � unxn+1 � xn � xn�dun+1 +��2un+1 � unxn+1 � xn + xn+1�dun: (4.2)Using the identityX andun+1 =X an�1dun + boundary terms (4.3)yields the variational derivative, modulo boundary terms, of L[u℄ to beXn �2un � un�1xn � xn�1 � xn�1 � 2un+1 � unxn+1 � xn + xn+1� dun:16



Sin
e ea
h variation dun is independent, ea
h 
oeÆ
ient must be zero (atleast in the fun
tion spa
e `2), and this then yields the dis
reteEuler-Lagrange equation. Integrating twi
e givesun = 12x2n + �xn + (u0 � 12x20 � �x0)whi
h is the exa
t solution at ea
h node.Not all 
hoi
es of Finite Element are suited to variational methods. Welook now at two examples to show the problems that 
an o

ur. The �rstexample shows that having too few degrees of freedom 
an lead toproblems. We then show how the problem 
an be addressed.Example 4.2. Consider the proje
tion to pie
ewise 
onstant fun
tions,�(u) =Xn �n�en ;where �n = 1xn+1 � xn Z xn+1xn udx:For L[u℄ = 12u2x dx we have �(u)x =P(�n � �n�1)Æ(x � xn) taking theweak or distributional meaning of the derivative, and thus12 Z u2x dx 7! 12Xn (�n � �n�1)2:The weak derivative is needed to avoid a null dis
rete Lagrangian2. Thevariational derivative of the dis
rete Lagrangian with respe
t to themoments � is Xn (�n � �n�1)(d�n � d�n�1): (4.4)Equation (4.4) is equivalent to Pn(2�n � �n�1 � �n+1)d�n, moduloboundary terms. The dis
rete Euler-Lagrange equation is then2�n � �n�1 � �n+1 = 0 or �n+1 � �n = �, � 2 R.Figure 1 shows the solution to this equation for two di�erent partitions.By 
hanging the partition, we 
an make the pie
ewise 
onstant fun
tion �resemble a wide variety of fun
tions! Note that �n is the average value of u2We note that produ
ts of su
h derivatives is problemati
 and the 
onditions we spe
ifyin the sequel will in fa
t avoid them. 17



in [xn; xn+1℄ and so the graph of � resembles that of u in some sense. The
orre
t answer to the 
ontinuous Euler-Lagrange problem is u(x) = ax+ bfor 
onstants a and b. This has zeroth moments�n = 1xn+1 � xn Z xn+1xn (ax+ b) dx = 12a(xn+1 + xn) + band thus �n+1 � �n = 12a(xn+2 � xn). This is 
onstant only for the regularpartition, so that the dis
rete EL equation is 
orre
t only in that 
ase.Partition 1

Partition 2 x0 x1 � � �x2 x4

x0� � � x3 x4 x5Figure 1: The solution to �n+1 � �n = � 2 R for two di�erent partitions.18



This approximation s
heme yields even worse problems for otherLagrangians, in
luding unsolvable EL equations su
h as 1=�n = 0 !By taking a pie
ewise linear approximation for a degree 1 Lagrangian, weavoid the need for a distributional or weak derivative. This 
an bea
hieved, still using the zeroth moments �n and �n+1 for u, on (xn; xn+1)and (xn+1; xn+2) respe
tively, to 
reate a pie
ewise linear approximationfor u on (xn; xn+2). This yields�(u)n = x 7! Anx+Bn (4.5)where An = 2��n � �n+1xn � xn+2 �Bn = �xn+1 + xn+2xn+2 � xn ��n ��xn+1 + xnxn+2 � xn��n+1: (4.6)Hen
e we get a pie
ewise linear approximation on the partition� � � xn�4; xn�2; xn; xn+2; xn+4; � � �Doing the same 
al
ulations as before, the resulting EL equation\integrates" to �n � �n+1xn � xn+2 = �; � 2 Rwhi
h is 
orre
t.This and other examples lead one to the 
on
lusion that there must be atleast as many data per top-level simplex as the order of theEuler-Lagrange equation, that is, double the order of the Lagrangian.Unfortunately, this 
ondition is still insuÆ
ient for su

ess, as the nextexample shows.Example 4.3. Suppose we take in ea
h edge en = [xn; xn+1) the pie
ewiselinear approximation �(u)��en = x 7! un + u0n(x� xn)
onstru
ted from the dataun = u(xn); �n = 1xn+1 � xn Z xn+1xn udx:19



Then u0n = 2 �n � unxn+1 + xn :Substituting this into any �rst order Lagrangian and taking the variationalderivatives, one for the moments un and one of the moments �n, leads totwo Euler-Lagrange equations in two unknowns; un and �n. No re
urren
erelation is obtained, there is no one \solution" to the global problemdepending on two 
onstants of integration linking all the moments; inshort, the result is nonsense. The problem is that the degrees of freedom inthe one edge are unrelated, they are not shifts of ea
h other in some sense.In Examples 4.2 and 4.3, approximation s
hemes were given for fun
tions,that is, for �0, without any referen
e to what the approximation might befor �1 that would be 
oherent with it, in the sense of De�nition 2.6. Whentrying to ponder what these might be, it seems that in fa
t there isn't one!For example, using the zeroth moment for �0 presupposes that the �rstdegree moment is used for �1. This in turn implies that not only u(xn) butu(xn+1) is needed in the approximations of fun
tions in ea
h edge. Thiswould then lead to the dis
rete Euler-Lagrange equations being re
urren
erelations of the 
orre
t order.The improved approximation s
heme in Example 4.2, given in Equations(4.5) and (4.6), does in fa
t form part of a 
oherent s
heme. The proje
tionof the 1-form u(x)dx is to the pie
ewise 
onstant 1-form with the valueZ xn+2xn u(x) n(x) dx;where  n(x) = 8>>><>>>: 2(x� xn)(xn+2 � xn)(xn+1 � xn) ; xn < x < xn+12(xn+2 � x)(xn+2 � xn)(xn+2 � xn+1) ; xn+1 < x < xn+2in the interval (xn; xn+2).Conje
ture 4.4. Suppose that a one-dimensional Lagrangian of order mis given together with a 
oherent Finite Element di�erential 
omplex, andthat at least twi
e as many degrees of freedom are involved in theproje
ted Lagrangian as the order of the Lagrangian. Then theEuler-Lagrange system is a re
urren
e system whose solution depends on20



2m 
onstants and 
onverges to the solution of the 
ontinuousEuler-Lagrange equations in some well de�ned sense.Our �nal example in this se
tion shows that Noether's Theorem 
an beapplied, at least where the group a
ts on the dependent variables. Thistakes advantage of the fa
t that the theorem is known for Lagrangiandi�eren
e systems (
f. [HM℄, [HSSW℄), and the 
lear analogy of these tothe dis
rete EL equations obtained here. We show only a simple 
ase.Example 4.5. Consider the s
aling invariant Lagrangian,L[u℄ = 12 �uxu �2 dx:Using the standard pie
ewise linear interpolation, we haveZ L[u℄ dx 7!Xn Ln =Xn (un+1 � un)22un+1un(xn+1 � xn) :Now the dis
rete EL equation isE(L) = �unLn + S�1�un+1Ln; (4.7)where S is the shift map, xn 7! xn+1, un 7! un+1. The s
aling symmetryu 7! �u \translates" to the dis
rete Lagrangian as:�un�un + un+1�un+1�Ln = 0 (4.8)whi
h 
an be 
he
ked dire
tly. This last is by analogy with the
hara
teristi
 form of the variational symmetry. Now, (4.7) and (4.8)together give a �rst integral of the EL equation:un�unLn = �; � 2 R:This yields �un+1un �2 � �(xn+1 � xn)�un+1un �� 1 = 0or un+1 = Hnun; Hn � (�1 + 12�(xn+1 � xn)):If (xn+1 � xn) � x=n this integrates toun = �1 + �x2n�n u0 � u0 exp(�x=2)whi
h is the 
orre
t result. 21



5 Higher dimensional 
al
ulationsThe question, \what is the Euler-Lagrange operator for a Lagrangiande�ned on a mesh" 
omes down to the question, \whi
h forms haveintegrals depending only on their boundary values?" Inside a simplex, su
hforms are, of 
ourse, a total divergen
e. But pie
ewise proje
ted forms arenot ne
essarily smooth a
ross the boundaries of a simplex. For formsde�ned pie
ewise on a mesh, the analogue of a divergen
e is known as a\
oboundary of a 
o
hain". We next explain this 
on
ept.While we restri
t ourselves to the two dimensional 
ase for the sake of asimple exposition, the de�nitions and arguments are all adaptable tohigher dimensions. We take a two-dimensional mesh to be a triangulationwith verti
es v, oriented edges e and oriented fa
es �.De�nition 5.1. For any set S, let hSiR denote the linear spa
e withelements of S 
onsidered as a basis, and with 
oeÆ
ients in a ring R. Wede�ne 
o
hains as follows:0 
o
hains are linear maps hfvigiR �! R,1 
o
hains are linear maps hfeigiR �! R,2 
o
hains are linear maps hf�igiR �! R.The set of p-
o
hains will be denoted by Cp. The ring R will be R at �rst,but will be extended later on.De�nition 5.2. Given the 1-
o
hain F : hfeigiR �! R, de�ne the
oboundary of F to be the 2-
o
hain ÆF : hf�igiR �! R byÆ(F )(�) = F (��) where �� is the sum of edges 
onstituting the boundaryof the fa
e. We note that edges are signed in this sum a

ording towhether their orientation mat
hes that indu
ed on the boundary by theorientation of the fa
e. The map Æ is then extended linearly to a
t on thespa
e of 1-
o
hains, and is 
alled the 
oboundary operator.Example 5.3. For � as in Figure 2, the 
oboundary map is(ÆF )(�) = F (ei + ej � ek) = F (ei) + F (ej)� F (ek).If you are using an interpolation s
heme, all the data lie on the verti
es.The set of fa
es is then a set of ordered triples of indi
es and the set ofedges is a set of ordered pairs of indi
es; see Figure 3. The ordering givesthe orientation. The 
oboundary of a map F on the fa
e (ijk) is easily22



� ekei
ejFigure 2: A 2-simplex and its boundaryseen to be (ÆF )(ikj) = F (kj) + F (ji) + F (ik):That is, 
oboundaries are 
y
li
 sums on edges.De�nition 5.4. For a p-
o
hain F , and a p-surfa
e Y 
omposed ofp-simpli
es �i, i = 1; : : : ; N , de�ne the integral of F over Y asZY F = NXk=1(�1)[�k;Y ℄F (�k);where[�k; Y ℄ = 0 if the orientation of �k mat
hes that indu
ed by Y[�k; Y ℄ = 1 otherwise.Theorem 5.5. Dis
rete Stokes' Theorem If the dimension of X is nand F is an (n� 1)-
o
hain, thenZX Æ(F ) = Z�X F:Indeed, we have thatZX Æ(F ) :=X� (�1)[�;X℄ÆF (�) = X�2�X(�1)[�;X℄F (�) =: Z�X F:23



(ikj)
vi = (i)

vj = (j)
vk = (k)

(ki)(ji)
(kj)Figure 3: A 2-simplex and its sub-simpli
es labelled in ordered index nota-tion.For in the left hand sum, every internal edge will appear twi
e, withopposite signs, leaving only the sum over the external edges; see Figure 4.In fa
t, there is a version of the dis
rete Stokes' Theorem valid at everydimension, not just the top one (and with the same proof) but a properdis
ussion of this topi
 requires a knowledge of the Poin
ar�e dualitybetween homology and 
ohomology of a triangulation.The astute reader will have noti
ed that 
oboundaries of 1-
o
hains derivefrom maps on edges, while 
oherent FE 
omplexes have all forms de�nedthroughout. By using the de Rham map de�ned in Remark 2.9, the two
on
epts 
an be \married" as follows.De�nition 5.6. Let ! 2 �p, and let the p-simpli
es be denoted as �.De�ne the R-valued p-
o
hain !, indu
ed by !, by! : hf�giR �! R; X ai�i 7!X ai Z�i !:We will also denote ! by R !, and writeR : �p �! Cp:The map R is well-de�ned on Fn where n is the dimension of the basespa
e X. Pie
ewise de�ned n-forms whose global integrals depend only on24



e1e2
Figure 4: A mesh showing fa
es with their orientations. When integratinga 
oboundary, the sums over all the internal edges, for example e1 and e2,will 
an
el.their boundary values are those whose indu
ed 
o
hains are 
oboundaries;! = Æ�. For then we have thatZX ! = ZX ! = ZX Æ� = Z�X �; (5.1)where RX ! is the standard integral from 
al
ulus, and RX ! is given inDe�nition 5.4.The fa
t that the forms in Fn are not smooth, and indeed may not even bede�ned on internal fa
es, means that globally, the smooth Stokes' Theoremdoes not hold, and we are for
ed to use the dis
rete version on the indu
edforms.We are interested in the 
ase where we have a Lagrangian depending onarbitrary fun
tions and their derivatives. This proje
ts to an FELagrangian depending on arbitrary, or unevaluated, degrees of freedom.For these forms, the above arguments all go through, but now the
oeÆ
ients are fun
tions of these unevaluated degrees of freedom; notethat the degrees of freedom are labelled by the (sub)simpli
es of the mesh.In the n-dimensional 
ase where the n-form is a Lagrangian density, the25



proje
tion of RX L[u℄ dx used in pra
ti
e isX� (�1)j� j Z� �(L[u℄ dx); (5.2)where j� j = 1 if � has the anti-
lo
kwise orientation, and j� j = �1 for thereverse orientation. We thus take the indu
ed n-
o
hain of �(L[u℄ dx) to be� 7! Z� �(L[u℄ dx):In order to prove, rigorously, theorems 
on
erning exa
tness and to obtain(eventually) formulae for 
onservation laws, it is helpful to introdu
e thefollowing algebrai
 devi
e to ease the notation. We �rst de�ne a parti
ular
o
hain whi
h is reminis
ent of the 
hara
teristi
 fun
tion of a simplex andplays a similar role.De�nition 5.7. Let the 
o
hain whi
h takes the value 1 on the simplex �and zero elsewhere be 
alled ��. Then the set of p-
o
hains with real
oeÆ
ients is Cp(R) = h�� j� 2 XpiR , where we use Xp to denote the setof pth simpli
es in the triangulation. Changing the 
oeÆ
ients to R, whereR is to be spe
i�ed, we haveCp(R) �= R
 Cp(R);where 
 is the tensor produ
t3. Then for example, the 0-
o
hain whi
htakes the value an at xn is written as P an 
 �xn or more simply asP an�xn , while the integral over X is then the signed sum of the
oeÆ
ients, RXP� a� ([u℄)
 �� =P� (�1)[�;X℄a� ([u℄). The tensor notationgives expli
itly the value of a 
o
hain on ea
h simplex in the form of asum. This will enable us to write down the variational derivative of anindu
ed 
o
hain in the next se
tion.Note that the indu
ed 
o
hain of ��dx, where �� is the 
hara
teristi
fun
tion for � , is (R� dx)
 �� .The simpli
ial theory of 
o
hains and 
oboundaries is attra
tive. It allowsus to use results and intuition from 
lassi
al work on triangulations in3If V and W are real ve
tor spa
es of dimension n and m and with bases vi and wjrespe
tively, then V 
W is a real ve
tor spa
e of dimension nm and basis vi
wj , satisfying
(v 
w) = (
v)
w = v
 (
w) for 
 a 
onstant. In physi
s texts the symbol 
 is usuallyomitted in expressions of elements. 26



algebrai
 topology, and it generalizes to n dimensions. However, using it toobtain 
losed form expressions for the EL equations de�ned on anarbitrary mesh seems diÆ
ult. Mu
h better is to use the 
oboundaryoperator in matrix form, and to take advantage of the well-developedtheory 
on
erning the in
iden
e matri
es of meshes. This is a developmentfor the future.For regular meshes, it is simple to obtain a 
losed form expression for theEL equations. Collate triangles into a regular \square" latti
e, for
31 2

Figure 5: In a regular mesh, triangles 
an be 
ollated into \squares".example, as 1, 2 or 3 in Figure 5. Sin
eXtriangles = Xsquaresthe boundary terms are then of the formX(Shift1 � id)(� � � ) + (Shift2 � id)(� � � )This 
an be used in the same way as the identity (4.3) was used in theone-dimensional 
ase. Euler-Lagrange equations then be
ome di�eren
esystems, and 
an be studied using methods for those [HM℄. In parti
ular,Noether's theorem is known for su
h systems (see referen
es listed in x1.4).27



6 A variational 
omplex for 
oherent FiniteElement s
hemesWe 
an now put together an FE variational 
omplex, based on a 
oherentFE approximation s
heme, whi
h in
orporates how the 
al
ulations arenaturally done. But �rst, we look more 
losely at the algebrai
 stru
ture ofthe de Rham 
omplex, to motivate the 
onstru
tion of the 
omplex weeventually study in Theorem 6.12.The de Rham 
omplex ��, (2.1), is a graded algebra ([CD℄ p. 197). Thismeans that forms 
an be added, multiplied by 
onstants, and multipliedtogether, in this 
ase using the wedge produ
t;^ : �p � �q �! �p+q; (�; �) 7! � ^ �:The degree of the form gives the grading. Finally, the de Rham 
omplex isa di�erential graded algebra sin
e it is 
losed under the exterior derivative(i.e. the operator sends the set of all forms to itself). In addition, there is ametri
 dependent Hodge star operator, �, whi
h sends, in n-spa
e, p-formsto (n� p)-forms.Lagrangians for physi
al problems in 3 dimensions are 3-forms whi
h are
omposed of produ
ts of 0, 1, 2 and 3-forms. For example,(u2x + u2y + u2z) dx is in fa
t (�du) ^ du, and sin
e u 2 �0, du 2 �1 and�du 2 �2, we have (�du) ^ du 2 �3. A potential fun
tion V (u) in aLagrangian is in fa
t a three-form �V (u) = V (u)d�, where d� is thevolume form for the given metri
. It 
an be seen that the 
onstru
tion ofLagrangians takes advantage of the di�erential graded algebra stru
ture of��. Moreover, these 3-forms have the dependent variables and theirderivatives appearing expli
itly in the 
oeÆ
ient fun
tions. One way tothink of this is that the dependent variables are \unevaluated". Andindeed when solving the EL equations, we regard them as variables to bedetermined.On the other hand, a 
oherent FE 
omplex is not an algebra, be
ause thewedge produ
t of elements in F� need not be in F�. Looking at thedis
rete Lagrangians derived in x3, we see that in fa
t they are not in F3as it stands, but in a larger spa
e, the 3-forms in the algebra that F�generates. Moreover, just as in the 
ontinuous 
ase, we need the degrees offreedom to be unevaluated, so that we may speak of forms with 
oeÆ
ientsthat depend on arbitrary dependent variables and their derivatives. Su
h28




oeÆ
ient fun
tions take the form, in the simplest 1-dimensional 
ase,f(x;�(u); (�(u))x; (�(u))xx; : : : );where all su
h 
oeÆ
ients are smooth fun
tions of a �nite number ofarguments.De�nition 6.1. For F� be a 
oherent FE approximation 
omplex, let eF�denote the algebra generated by F�.Theorem 6.2. The algebra eF� is a di�erential graded algebra. Moreover,0 �! R �! eF0 d�! eF1 d�! eF2 d�! eF3 d�! � � � d�! eFn (6.1)is exa
t in every n-dimensional simplex.Proof: Elements of eF� 
an be written as �nite sums and wedgeprodu
ts of elements in F�. Sin
e the exterior derivative operator d islinear and an antiderivation, that is, obeys the produ
t rule (up to signs),and F� is 
losed under d, then so will eF� be 
losed. Lo
al exa
tness of(6.1) follows using the same homotopy maps as in the proof as the
ontinuous 
ase, but where instead of u, v, : : : appearing in the
oeÆ
ients, we have �(u), �(v), : : : appearing. The homotopy operatorsH in the 
ontinuous 
ase are maps whi
h satisfy id = Hd + dH for everyspe
ialization of every unevaluated dependent variable, and this ispre
isely what we need for the present result (see the dis
ussion in [O℄ p.343). Finally, we note that the top-dimensional simpli
es satisfy thedomain requirements for the 
ontinuous theorem to hold. �Remark 6.3. The Hodge star operator also does not map F� to itself andtherefore needs to be modi�ed. A �rst attempt might be to use � Æ �, butthis fails to satisfy the other properties of the star operator, su
h as beingits own inverse (up to a sign). A better idea, propounded by severalauthors ([M℄, [T℄) is that the dis
rete Hodge operator is de�ned in terms ofa bilinear mapping between the mesh and its Poin
ar�e dual. A full analogyof the variational 
omplex involving these 
on
epts is an importantdevelopment for the future.The se
ond ingredient in a variational 
omplex is the verti
al 
omplex(3.1), 
onsisting of forms in the dependent variables. In our 
ase, thesedependent variables will be the unevaluated degrees of freedom in theapproximation s
heme. The exterior derivative of a Lagrangian with29



respe
t to the degrees of freedom in the model is a verti
al form; forexample (4.2) in Example 4.1, or (4.4) in Example 4.2.In order to �x the notation, we will denote all the degrees of freedom by�j� where � is a simplex, and j being the labelling on the di�erent degreesof freedom per simplex.De�nition 6.4. We �rst de�ne verti
al forms on a top-dimensionalsimplex, whi
h is a form in the fd�j�g, that is, a �nite sumXj1<j2<���jp fk1���kpj1���jp d�k1j1 : : : d�kpjp ;where the 
oeÆ
ients f are smooth fun
tions with a �nite number ofarguments, in the �j� and the mesh variables. The spa
e of su
h p-forms isdenoted Vp. The exterior derivative bd : Vp �! Vp+1 operates in thenatural way, but treats any mesh variables (the \independent variables")as 
onstants; for example,bd h(xn�j�1n �jn)2 d�jni = 2(xn�j�1n �jn)(xn�j�1n d�jn + xn�jnd�j�1n ) ^ d�jn= 2x2n�j�1n (�jn)2 d�j�1n ^ d�jn;sin
e (d�jn)2 = 0.De�nition 6.5. Globally, the verti
al p-forms are obtained by taking a
opy of V for ea
h simplex, and 
omposing the tensor produ
t,bFp = Vp 
 Cn, where n is the dimension of the base spa
e. Then theverti
al derivative is given bybd(v 
 !) = (bdv)
 !:In other words, global verti
al forms are n-
o
hains with 
oeÆ
ients in V.Theorem 6.6. The 
omplexbF0 bd�! bF1 bd�! bF2 bd�! bF3 bd�! � � � (6.2)is exa
t in every top-dimensional simplex.The proof of this theorem is the same as for the 
orresponding smoothverti
al 
omplex ([O℄ p. 344), sin
e the 
o
hain part of the expressions areuna�e
ted by the verti
al derivative operator.30



The next step is to 
onsider equivalen
e 
lasses of verti
al forms, whereequivalen
e is up to forms whose integrals depend only on their boundaryvalues. To do this, we use the indu
ed a
tion of the 
oboundary operatordis
ussed in the previous se
tion, but on the spa
es bFp.Example 6.7. Let us look at the simplest 1-d 
ase, using the newnotation we are developing. Using the standard interpolationapproximation given in Equation (4.1), the proje
tion of 12u2x dx isXn 12 �un+1 � unxn+1 � xn�2 �en dxand the indu
ed 
o
hain is! =Xn 12 (un+1 � un)2xn+1 � xn 
 �en ;where we have used the fa
t that the indu
ed 
o
hain of �en dx is(xn+1 � xn)�en (see De�nition 5.7). Then (omitting the 
 symbol)bd! =Xn �un+1 � unxn+1 � xn� (dun+1 � dun)�en :De�nition 6.8. Two verti
al forms are said to be equivalent if theirindu
ed 
o
hains di�er by a 
oboundary. We write the equivalen
e 
lass ofa form ! as �(!). The spa
e of equivalen
e 
lasses is the spa
e of FiniteElement fun
tional p-forms (
ompare De�nition 3.4),Fp� = bFp=Æ(Vp 
 Cn�1):Remark 6.9. Our notation follows that of the smooth 
ase as given byOlver [O℄. There, the de Rham 
omplex was denoted by ��, the verti
al
omplex by b�� and the 
omplex of fun
tional forms by ���. Sin
e �� is analgebra, there is no need to introdu
e e��.Example 6.5 (
ont) An arbitrary 0-
o
hain is � =P an�xn and its
oboundary is Æ� =P anÆ�xn . Now Æ�xn = �en � �en+1 if xn is aninternal vertex. It is not hard to see thatÆ� =Xn (an+1 � an)�en :31



To obtain �bd!, we 
an add whatever 
oboundary we like { the point is to�nd a good 
oboundary to obtain the most useful representative of theverti
al derivative. So, if we add the 
oboundary of� = �Xn �un+1 � unxn+1 � xn�dun�xn ;we will get that�bd! � �Xn �un+1 � unxn+1 � xn � un � un�1xn � xn�1�dun�en :Despite the abstra
tion of \equivalen
e relations", the operations weperform are all those o

urring naturally in pra
ti
al problems.Theorem 6.10. The verti
al exterior derivative is well de�ned onequivalen
e 
lasses, that is, if !1 � !2 then bd!1 � bd!2. Thus bd indu
es amap d� : Fp� �! Fp+1� whi
h satis�es (d�)2 = 0 and � Æ bd = d� Æ �.De�nition 6.11. The Euler-Lagrange operator for a 
oherent FEapproximation s
heme is EL = � Æ bd Æ R :Re
all that the map R takes a form to its indu
ed 
o
hain (De�nition 5.5).Theorem 6.12. The FE variational 
omplex, shown here for a threedimensional base spa
e,0 �! R �! eF0 d�! eF1 d�! eF2 d�! eF3 EL�! F1� d��! F2� d��! � � � (6.3)is lo
ally exa
t.Proof: It suÆ
es to show that the following diagram 
ommutes, and thebottom row is exa
t. The result then follows from standard algebrai
arguments (see for example [HM℄, x4.1).d�! eF3 bdÆR�! bF1 bd�! bF2 bd�! � � �?y� Æ R ?y� ?y�0 �! F0� d��! F1� d��! F2� d��! � � �That the diagram 
ommutes follows from Theorem 6.10. That the bottomrow is exa
t to the right of F0� onwards, follows from the fa
t that it is a32



proje
tion of an exa
t sequen
e, (6.2). Thus we need only show exa
tnessat F0� . In other words, we need only show that d���F0� is an inje
tion. Thisfollows �rstly from the fa
t that any fun
tion whi
h maps to zero underthe verti
al derivative must involve only the independent variables, and istherefore lo
ally a divergen
e. Se
ondly, any 
o
hain mapping to a
oboundary under the verti
al derivative is already a 
oboundary. �7 Dis
ussion and Open ProblemsIn this arti
le, we have laid the foundation for a rigorous analogue of thevariational 
omplex for Finite Element s
hemes. In order for this to be ofpra
ti
al bene�t in the design and analysis of s
hemes that inherit both avariational stru
ture and spe
i�ed 
onservation laws, the following openproblems and questions need to be addressed.1. In
orporate the Poin
ar�e dual mesh model of the Hodge staroperator.2. Develop a 
omputationally useful notion of the EL equations interms of the in
iden
e matrix of the mesh.3. Derive formulae for dis
rete Noether's theorem relative to a givenmesh.A
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