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Abstract

Foliate systems are those which preserve some (possibly singular) foliation of phase space, such as systems with integrals,
systems with continuous symmetries, and skew product systems. We study numerical integrators which also preserve the
foliation. The case in which the foliation is given by the orbits of an action of a Lie group has a particularly nice structure,
which we study in detail, giving conditions under which all foliate vector fields can be written as the sum of a vector field
tangent to the orbits and a vector field invariant under the group action. This allows the application of many techniques of
geometric integration, including splitting methods and Lie group integrators.
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1. Introduction

In the early works of Feng [8], geometric integra-
tion was taken to be the approximation of flows by
elements of certain subgroups of Diff (M) (the group
of diffeomorphisms of the phase space M)—e.g., the
groups of symplectic, volume-preserving, or contact
diffeomorphisms [11]. This point of view was devel-
oped further in [14] using the Cartan classification of
diffeomorphism groups [6] and is continued here by
considering the so-called nonprimitive groups, those
that leave a foliation of M invariant. (A preliminary
announcement of some of our results appears in [15].)
That is, we ask: given a vector field whose flow pre-
serves a given foliation of M, how can we construct
integrators with the same property? Many other inter-
esting (and difficult!) questions can be asked about this
class of systems. How can the existence of an invari-
ant foliation be detected? What are the consequences
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for the dynamics of the system? Even regarding the
construction of integrators, the class of all foliations
seems to be too large to admit a useful theory, and we
are led (following the example of Lie group integra-
tors [9,21]) to consider foliations defined by the action
of a Lie group. We introduce these with an example.

Example 1. Let M = R? and consider the vector field

i =xy+x(l —x% — y2),
) 2 2
y=—-x"+y(1—x"—y). 1

In polar coordinates, this becomes

F=r(l—r?, 6 = —rcosé,

showing that the foliation into circles » = const. is in-
variant under the flow. (In fact, this foliation is singu-
lar, because the leaf through the origin, a single point,
has less than maximal dimension.) A one-step integra-
tor preserves this foliation (i.e. is “foliate’) if the final
value of 7 is independent of the initial value of 8. Of
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course this is easy to obtain in polar coordinates, but
we shall see that no standard integrator in Cartesian
coordinates is foliate. The leaves of this foliation are
the group orbits of the standard action of SO(2) on R2
(see Fig. 1, top).

We show in Section 3 that in many cases, vector
fields whose flows preserve such a foliation have a par-
ticularly simple structure, namely, they can be written
as a sum of two vector fields, one tangent to the leaves
of the foliation (being the orbits of a group action),
and one invariant under the group action. This repre-
sentation allows the construction of various types of
foliation-preserving integrators.

Definition 1 (Molino [20], Sussmann [22]). Let M
be a manifold of dimension m. A singular foliation
F of M is a partition of M into connected immersed
submanifolds (the “leaves”), such that the vector fields
on M tangent to the leaves are transitive on each leaf
[22]. F is regular if each leaf has the same dimension.
F has codimension q if the maximum dimension of the
leaves of F' is m —q. A diffeomorphism of M is foliate
with respect to F if it leaves the foliation invariant,
i.e. if it maps leaves to leaves. A vector field on M
is foliate if its flow is foliate. The space of smooth
vector fields foliate with respect to F is denoted X . A
(one-step) integrator is foliate with respect to F if the
diffeomorphisms of M corresponding to each time step
are foliate. The space of smooth vector fields tangent
to the leaves of F is denoted X (55 . The space of leaves
(denoted M/F) is obtained by identifying the points
in each leaf together with the quotient topology.

Theorem 1 (Molino [20]). Xr and X form Lie
algebras. Xy is an ideal in Xp. A vector field X is
foliate with respect to F if and only if [X, Y] € Xam
forall Y € Xap.

Theorem 2 (Molino [20]). Let M and N be manifolds
of dimension m and n, respectively. Let I : M — N be
a smooth surjection. (If I is not onto, we replace N by
I(M).) Then I defines a foliation F whose leaves are
given by the connected components of I~ (y) for each
y € I(M). If I is a submersion, i.e. if dI has constant
rank n, then F is a regular foliation of codimension n.
In this case, the space of leaves M/F is diffeomorphic
to N.

2~
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Fig. 1. Three foliate vector fields. Top: a general foliate vector
field, 7 = r(1 — r?), § = —rcos@ (Eq. (1)). Middle: a system
with an integral, 7 = 0, § = —rcos6. Bottom: a system with a
continuous symmetry, 7 = r(1 —r2), 6 = —(1 + r2/5). All three
flows map circles to circles. The dots mark times 0, 0.5, and 1.
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Such a foliation is called simple. Given a vector
field, one can search for simple foliations it preserves
by looking for functions I such that / = f(I). These
functions / might be conserved quantities in special
cases. For example, the conserved momentum func-
tion J of a Hamiltonian system can evolve under J =
¢J under the addition of linear friction. Then the per-
turbed system preserves the simple foliation defined
by J [18].

For a regular simple foliation, a foliate vector field
X drops to a vector field on the space of leaves M/ F,
which (following the tradition in geometric mechan-
ics [13]) we call the reduced system. If £ : [0, T] —
M/F is an orbit of the reduced system, the problem
of finding an orbit of X is called the reconstruction
problem. If all leaves are diffeomorphic, then recon-
struction involves integrating a nonautonomous vec-
tor field on a fixed leaf. (In Example 1, the reduced
system is 7 = r(l — r2); for any solution r(¢) of this
equation, the reconstruction system is 6= —r(t)cosd,
a nonautonomous ODE on the leaf S1.)

In the application to integrators, we do not usually
want to construct the reduced system explicitly since
the original phase space M is usually linear and easier
to work in. We would like integrators on M which
preserve the foliation automatically.

Example 2. A system with k first integrals / : M —
R¥ is foliate with respect to the level sets of the func-
tions /. Each leaf is in fact fixed by the flow. For
this reason, we choose the symbol [ in Theorem 2 to
suggest that simple foliate systems generalize systems
with first integrals. (See Fig. 1, middle.)

Example 3. A system with a symmetry is foliate with
respect to the orbits of the symmetry. That is, let X
admit the Lie group action A : G x M — M as a
symmetry, so that its flow ¢; is G-equivariant. Then
Alg, ¢:(x)) = ¢ (A(g, x)), i.e. the foliation with leaves
given by the group orbits {A(g, x) : g € G} is invari-
ant. In this case, the reconstruction problem on G is
easier to solve than in the general case, because it is
G-invariant. (See Fig. 1, bottom.)

Example 4. The Lorenz system is given by

X = oy — ox, y=—y—xz—rx,

z=xy— bz

If b = 20, the system is foliate with leaves X2 —20z7 =
const., for then

d 2 2
a(x —20z7) = —20(x" — 202).

(A foliate integrator can be constructed as follows. We
split into
z=2xy,

X1:x=o0y, y=—xz—rx,

Xr:x=—0ox, y=-—y, z=-—202z.

X is tangent to the foliation and may be integrated
using the midpoint rule, which preserves the quadratic
function x? — 20z; X, is foliate but linear, and can
be solved exactly. Composition then yields a foliate
integrator.)

Example 5. A special case of the foliations defined
by submersions is given by M = N x L and [ is pro-
jection onto N. Each leaf is then diffeomorphic to L.
(This is locally true of any simple foliation in a neigh-
borhood in which the leaves have constant dimension. )
In coordinates x on N and y on L, any foliate vector
field can be written in coordinates as

X = f(x),

and any tangent vector field as

y=gx,y)

x =0, y=g(x,y).

These foliate vector fields are also known as skew
product systems, introduced by Anzai [1], and studied
today in ergodic theory [3] and complex dynamics
[10]. A special case of skew product systems is given
by N = R” and L = R™", the standard foliation on
R™.

Example 6. The extension of a nonautonomous vec-
tor field on M to an autonomous vector field on M xR
preserves the foliation defined by ¢ = const. Most in-
tegrators are foliate and indeed, solve the reduced sys-
tem ¢ = 1 exactly.

In a foliate system, one can obtain some informa-
tion about part of the system (namely, the current leaf)
for all time without even knowing the full initial con-
dition. Surely this puts strong dynamical constraints
on the whole system. Nevertheless, the only properties
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we can point to depend on the reduced or reconstruc-
tion systems being simple in some way: having small
dimension or simple (e.g. linear) dynamics.

Example 7. Burns and Wilkinson [3] study skew
product systems of the form (x, g) = (f(x), #(x)g)
on M x G, where G is a compact Lie group, ¢ : M —
G, and f is measure preserving. Here the foliation is
simple as in Example 5 and the systems have extra
structure: the reduced system x +— f(x) is measure
preserving, the reconstruction system g — ¢(x)g is
G-equivariant, and the whole system is measure pre-
serving (with respect to the product of the measure on
M with Haar measure on G). This class is a special
case of the class of measure preserving systems with
a symmetry. The extra structure allows them to prove
that the ergodic systems are open and dense in this
class.

Example 8. Consider the system on R> with a codi-
mension 1 foliation:

x = fx),

The only possible w-limit set of the reduced system
x = f(x) is a point, which suggests that in this case
the w-limit set of the whole system is either a point
or a circle (periodic orbit). (If f(x) > 0, however, so
that the reduced system has no w-limit set, chaos is
possible in the full system.) Similarly, for the system
on R3 with a codimension 2 foliation:

y=g(x, v, 2), z=h(x,y,2).

x= f(x, ), y=g(x ), z="h(xv,2)

the possible w-limit sets of the reduced system in
(x, y) are points and circles, which suggests that in
these cases the w-limit set of the full system is a
point, a circle, or a 2-torus. In both examples, the
existence of the foliation influences the possible
dynamics.

2. Integrators for simple foliations

In this section, we consider whether standard inte-
grators can be foliate, and adapt geometric integrators
for systems with integrals to the foliate case.

The next theorem generalizes the fact that Runge—
Kutta methods preserve arbitrary linear integrals.

Theorem 3. Ler M = R"™ and let F be a linear folia-
tion, i.e. a simple foliation defined by the linear func-
tion I : R™ — RX. Then any Runge—Kutta method is
foliate.

Proof. Runge-Kutta methods are linearly covari-
ant [17], hence we can apply a linear change of
variables to bring [ into the form I(xi,...,xp) =
(x1, ..., xz). Runge—Kutta methods are closed under
restriction to the closed subsystem with coordinates
X1, ..., X [2], hence the final values of xi,..., xx
depend only on their initial values, i.e. the method
is foliate. O

We now give two methods for constructing foliate
integrators, each based on a popular integral-preserving
method.

Projection methods. Let the leaves of the foliation
be the level sets of the functions 7 : M — R* and write
the reduced system as I= h(D. Let x,, be the initial
condition. Then the following algorithm provides a
foliate integrator.

Step 1. Calculate I, = I(x,) and integrate the re-
duced system for one time step, giving 1,
which depends only on /,.

Step 2. Integrate the full vector field for one time step,
giving X.

Step 3. Calculate x,.; by projecting X onto the
desired leaf I7'(I,.1), e.g. by orthogonal
projection.

Discrete-gradient methods [16]. For simplicity we
present the method for a single function I, i.e. for a
codimension 1 foliation, and use a Euclidean metric.
It is necessary to first split the vector field into its
components tangent and orthogonal to the leaf. Since
I =X -VI = h(l), the component of X in the direc-
tion VI is (h(I)/|VI|*)VI, while the component of X
tangent to the leaf can be written in the form A(x)VI
for some antisymmetric matrix A(x) [16]. That is, the
full system can be written

o h(l)
X = (A(x) + IV112> VL

Extend A and & to functions A and h of pairs of
Eoints satisfying A ant_isymmetric, Alx,x) = A(n),
h(I,I) = h(I), and let V be a discrete gradient. Then
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the discrete-gradient discretization:

x —x

h(I(x), I(x'))
IVI(x, x)|?

= (A(x, x) + > VIx, x")

obeys
1(x)) = I(x) = th(I(x), I(x')),

so the integrator is foliate. Here t is the time step.

One popular integral-preserving method does not
generalize to foliations. The symplectic Runge—Kutta
methods preserve arbitrary quadratic first integrals
(and arbitrary linear symmetries), but do not preserve
arbitrary quadratic foliations. To see this, consider
the midpoint rule applied to a system preserving the
foliation r = const. as in Example 1. Let the method
be x > x’ and write X = (x + x")/2. The method is
x' = x+ tX(X). We have

== 40— x) =2t X (X).

Since the vector field X is foliate:

dl1
— P =xi=xXx
dr2

is a function of r only. Therefore, r’ 2 _ 42 is a function

of |x|? only. However, |x|? is not in general a function
of r. For example, consider the system

i=—y4x y=wyty €)
for which 7 = r, @ = rsin6. Applying the midpoint
rule and expanding in a Taylor series gives

3 vyz
[ (1 +2r 4272470 <T>) +0@h

which is not a function of » only.

To obtain foliate integrators which are ‘intrinsic’ in
the sense that they do not involve constructing the re-
duced system explicitly, we have to consider special
cases. For example, linear foliations can be preserved
in a sense automatically, and for systems with linear
symmetries, the foliation defined by the orbits of the
symmetry is preserved by symmetry-preserving inte-
grators. We therefore consider in the next section fo-
liations defined by the orbits of a Lie group action.
Not only is the foliation simple, but the foliate vector
fields themselves have a nice structure which allows
the construction of foliate integrators.

3. Lie group foliations

Let G be aLie groupand A : G x M — M be an
action of G on M. (We write the action as A(g, x) =
Agx = g-x = gx, as needed.) This group action
generates a (possibly singular) foliation whose leaves
are the group orbits A(G, x). A vector field preserving
this foliation is said to be G-foliate. Let g be the Lie
algebra of G and let gy be the distribution tangent to
the leaves, with each £ € g associated to a vector field
Eyon M, ie.

gu(x) = Tx(AM(G, %) = {§n(x) : § € g}.

(Recall that p-dimensional distribution on M is given
by associating, to each point x in M, a p-dimensional
subspace of the tangent space 7, M [20].)

As with any foliation, any vector field tangent to
the leaves is foliate. However, in the case of a Lie
group foliation we have another natural class of foliate
vector fields, namely those invariant under the action.
For, from Theorem 1, X is foliate iff [X, gy] C gur;
but if X is G-invariant, then [X, ga/] = 0. Thus, the
vector field X + Xinv is G-foliate, where X, is
tangent to the leaves and Xj,, is G-invariant. To char-
acterize the G-foliate vector fields we now want to
turn this around and ask: When can all foliate vector
fields be decomposed in this way? We shall see that
this decomposition makes it easy to construct foliate
vector fields explicitly and also to construct foliate
integrators.

Our results can be summarized as follows. Let X be
a foliate vector field. First, if G acts by isometries, then
X = Xan + Xiny, where Xijny is not only G-invariant
but also perpendicular to the leaves (Theorem 5).
Second, if g has a G-invariant complement H, then
X = Xtan + Xiny With Xjny € H (Theorem 6). This
arises, e.g. if the action is free and proper (Theorem 7).
The decomposition is also true locally in a neigh-
borhood of an orbit which admits a certain slice
(Theorem 8). Finally, we give a counterexample to
show that not all actions admit such a decomposition
(Example 9).

Recall that a proper action is one for which G x
M — MxM, (g, x)— (g-x, x) is proper, i.e. the in-
verse image of any compact set is compact. An action
of a compact group must be proper. A proper action
must have compact isotropy groups at all points of M.
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Theorem 4 (Duistermaat and Kolk [7]). Let G be a
Lie group acting properly on the manifold M. Then M
has a G-invariant Riemannian metric.

Theorem 5. Let (M, {(,)) be a Riemannian manifold.
Suppose we have a smooth group action A : G XM —
M acting by isometries on the metric (, ). Consider the
foliation by the group action where the leaf through
x € M is simply the orbit A\(G, x). Then the vector
field X is G-foliate if and only if the unique metric
decomposition of X into tangential and perpendicular
components:

X =xl+x*t 3)

satisfies, forall g € G, qb;‘XJ- = X+ Inother words, X
is G-foliate if and only if its component perpendicular
to the leaves is G-invariant.

Proof. Recall that X,, is the space of smooth vector
fields tangent to the foliation. In this case, we can write

Xian () =) 1 § € g} “)

From Theorem 1, we have that X is foliate if and only
ifforall Y € X

X, Y] =[X"+ X', Y] € Xtan. (5)

However, X! € ¥, by definition, so X is foliate if
and only if forall Y € X a:

(X1, Y] € Xn. (6)

Now, suppose X is foliate. The condition above re-
quires, in particular, that for all & € g, [Ey, X*] €
Xtan. Now, by definition of X 1+ we have that
(X1, £y) =0.Fix x € M and 7 € g. Let ¢, denote
the flow of n;, which is given by ¢;7 (x) = Alexpm, x).
We then have

(X (@7 (), Em (] (x))) = 0. 7
Since ¢, leaves the metric invariant for all ¢, we have
(To" X (7 (x)), To" £ ($] (x))) =0, )
so that

d
0= —| (T¢", X (¢! (X)), T$" Em (9] (x)))

~drl_,
= (L X (x), EM ) HX (), Lyyép(x). (9)

Since the action is on the left we have L,, &y =

[nm, Em] = —I[n, Elp, so that the second term in
Eq. (9) is 0. It follows that
(Lyy X' E4) =0 (10)

which shows that L,,MXL is perpendicular to the
leaves. However, by the assumption that X is foliate
we demand that [X1, nml = L,;MXL € Xt so that
we must have L,, X+ = 0, proving G-invariance
of X1. Conversely, suppose X' is G-invariant. It
suffices to show that X' is foliate with respect to
the G orbits. But this is immediate since the flow
of X1 is G-equivariant and therefore, if ¢, denotes
the flow of X+, oA (g, x) = A(g, ¢:(x)) which
shows that ¢, maps the leaf through x to the leaf
through ¢;(x). a

Theorem 6. Let ) : G — M be a smooth action of the
Lie group G on the manifold M. Suppose the tangent
bundle TM admits a G-invariant splitting TM = gy +
H. Let the corresponding decomposition of a vector
field X be X = Y + Z. Then X is G-foliate iff Z is
G-invariant.

Proof. The ‘if’ part is immediate. Conversely, let X
be a G-foliate vector field. We have to show that Z
is G-invariant, i.e. that [y, Z] = O for all £ € g.
Since X is foliate, [&y, X] = [Em, Y + Z] € gum;
but [£pr, Y] € g since Y is tangent to the leaves by
definition. Therefore, (&3, Z] € gy. Fix x € M and
g € G. Since H is G-invariant, we have

Tg.x)»gq (Z(g-x)) € H,y.

Letting g = exp(t&)) and differentiating with respect
to t at t = 0 gives

[Em, Z1(x)
d
=LeyZ® = LO Aexp(iey Z(¥)
d
= E Texp(se)-xrexp(—16)-x (Z(exp(#§) - x)) € H,.
=0

Since the two subspaces gy (x) and H, are com-
plementary, we must have [§y, Z] = 0, ie. Z is
G-invariant. a

The next theorem follows either from Theorem 5 or
from Theorem 6. However, we also give a direct proof
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which constructs the decomposition explicitly relative
to the choice of a connection. Recall that a free action
is one in which all isotropy groups are trivial, G, =
{e} for all x € M.

Theorem 7. Let A : G x M — M be a smooth, free,
and proper action of the Lie group G on the manifold
M. Let X be a G-foliate vector field. Then there exists
a vector field X an € Xn and a G-invariant vector
field Xy such that X = X tan + Xiny.

Proof. Because the action is free and proper, M —
M/G is a principal G-bundle. There is a 1-1 cor-
respondence between the space of connections and
G-invariant complements to gps. Fix a connection .4
and let H, = ker A,. Furthermore, there is a unique
horizontal lift map hor : T(M/G) — TM. It then fol-
lows that hor 7, X is a G-invariant vector field taking
values in H. Thus Xjy = horm, X and X = X —
Xipv provides the desired decomposition of X. X 4y
is tangent to the foliation because A(X tan ) = A(X —
hor 7, X) = A(X) — A(hor 7, X) = A(X). O

Definition 2 (Duistermaat and Kolk [7]). A slice at
xo € M of asmooth Lie group action A : GXM — M
is a submanifold § of M through xo such that

(i) TeoM = gy (x0)® Ty, Sandforallx € S, T, M =
gM(X) + T S;
(i1) S is Gy, -invariant; and
(i) if x € S, g€ G, and A(g, x) € S, then g € Gy,.

Note that G -§ is an open, G-invariant neighborhood
of the orbit G - xg, and every orbit in this neighborhood
intersects S in a unique G,-orbit of S. Every proper
action admits a slice at every point. The dimension
of an orbit which intersects S must be greater than or
equal to the dimension of the orbit through x.

Unfortunately, it appears that existence of a slice
is not sufficient to guarantee the existence of a
G-invariant splitting of 7(G - S). The following the-
orem requires two extra assumptions. However, the
first is a requirement on the group itself (not on the
action), while the second only concerns the action of
Gy, on S, reducing the dimensionality. One impor-
tant special case (to be illustrated in Example 10) is
when G, = Gy, for all x in §, in which the second
assumption is automatically satisfied with H = T§.

The following theorem gives sufficient conditions
which, together with Theorem 6, guarantee that on
G - § every G-foliate vector field can be decomposed
into tangent and invariant components.

Theorem 8. Let A : G x M — M be a smooth action
of the Lie group G on the manifold M which admits
a slice S through the point xo € M. Furthermore,
assume

(1) g admits a Gy -invariant splitting g = gx, P t,
where the group Gy, acts on g by adjoint action.

(ii) There exists a Gy,-invariant splitting TS =
(9xy) ® H of the tangent bundle of S.

Let U be the open G-invariant neighborhood G - S
of the orbit through xo. Then the tangent bundle TU
admits a G-invariant splitting

T M=g H@[(g-Dpy(u)® (ggxg)M(u)]’ (11)

where u € U is given by u = gs, the first distribution
on the right-hand side is transverse to the group orbits
and the other two form a decomposition of the group
directions into directions transverse and tangent to the
slice, respectively.

Proof. We first check that each distribution in
Eq. (11) is G-invariant. Since the action satisfies
Goxy = ngog’l, we have ge.xp = Adggxy =: & G-
Therefore,

Thg: (@xg) M (s) = (g Bxg)m(gS)-

Next, since g - (§)yr = (g - &y holds for any group
action, we have

Thg : Dm(s) = (g Hp(gs).

It follows that (g - €) 47 (gs) N (g - 9x,) M (gs) = 0. Next,
the first distribution is G-invariant by construction,
and since Th, : T3(G - 5) = Tys(G - gs), we must have
g - HyNTg(G - gs) = 0.

Finally, we must check that the splitting is well
defined. Suppose u = gs = gis51. Then without loss
of generality we can take s1 = s and g, = gh with
h € Gy,, since by the slice property, Gy C Gy,. (Each
orbit in U intersects S in a unique Gy,-orbit.) The
splitting is then well defined if Th; maps each of the
three distributions isomorphically into themselves. We
clearly have that Thj, : T3S =~ Tp.S and that TA, :



1214 R.I McLachlan et al./Future Generation Computer Systems 19 (2003) 1207-1219

Ts(Gxy - 5) =2 Tps(Gxy - 5), since h € Gyy. So what
we need is that Th;, maps H; into Hjg, which is true
by assumption (ii), and that h - t =t for all 1 € G,
which is true by assumption (i). O

We do not have necessary and sufficient conditions
for the action to be such that the tangent and invariant
vector fields span all foliate vector fields. However,
the following example shows that this is not true for
all group actions.

Example 9. Let M = R? and A : ((a, b), (x,y)) —
(x, y+a—+bx). The orbits of A are the lines parallel to
the y-axis, so the foliate vector fields all have the form
f(x)(3/9x) + g(x, y)(3/3dy). The tangent vector fields
have the form g(x, y)(3/dy). However, the vector field
X = c(x, y)(8/3x) + d(x, y)(8/3y) is G-invariant iff
(§m, X1 = [nym, X1 =0, where &y = 0/9y and ny =
x(3/0dy) are the two generators of the action. This gives

g a a a a
Xl=|—,c—+d—|=¢cy— +dy— =0,
[Gar. X] [By Cax * ay:I © ox ” dy
implying ¢, = dy, = 0, and
a 0 0 a
’X = —, C— d* = —C—— :0,
Lo X1 [xay CBx + ay:I CBx

implying ¢ = 0. That is, X = d(x)(d/dy), and the
tangent and invariant vector fields do not span the
foliate vector fields.

The flow of a foliate vector field necessarily maps
leaves to leaves diffeomorphically. In particular, each
orbit is restricted to leaves of constant dimension.
However, for vector fields of the form Xy + Xiny,
even more is true.

Theorem 9. The flow of the G-foliate vector field X =
X an + Xinv preserves the isotropy subgroup of the
initial condition up to conjugacy. Specifically, G ;) =
2(G0)g() ™, where g(t) satisfies Bq. (13) below.

Proof. We write x(r) = A(g(®), h(¥)) as in Eq. (12).
The flow ¢; of X, does not change the isotropy
subgroup. G-equivariance means ¢;(A(g, h(0))) =
Alg, ¢:(h(0))) for all g € G, so g € Gy iff
g € Gh([). Then we have Gx(t) = Gg(,)h(;) =
g0GHng(0 ™ = gGh0) gD~ = gNGr0)8(1) ",
as required. O

Note that the result is not true for all G-foliate flows. In
Example 9, the isotropy groups are G(x y) = {(a, b) :
a = —bx}, which are all invariant under conjugacy,
because G is abelian. Therefore, G(y,,y) is not con-
jugate to Gy, ) for x; # x3. The flow of the foliate
vector field x = 1, y = 0, therefore, maps leaves to
leaves of nonconjugate isotropy.

4. Integrators for Lie group foliate vector fields

Given a Lie group foliate vector field X =
Xian + Xiny. this splitting into tangent and invari-
ant pieces may not be unique, because it depends
on the choice of G-invariant metric (or splitting of
TM). In fact, we have the whole family of splittings
X = Xwn +7Y)+ Xjny — Y) for any G-invariant vec-
tor field ¥ € X 5, . Nevertheless, once such a splitting
has been found, it can be used to construct foliate
integrators. First, one can integrate each piece sepa-
rately and compose the results: X o by any integrator
for vector fields on homogeneous spaces [21], and
Xiny by any symmetry-preserving integrator, although
these are easy to construct only when the action
is linear.

It is also possible to construct integrators in one
piece. Write the solution

m(0) = x(0), g(0) =1
12)

x(1) = A(g(n), m(),

and differentiate to get
x = D1i(g, m)g + DoA(g, m)m:

where D1A(g, m) : T,G — T, M is the derivative of
A in its first slot, and Dyi(g, m) : T,uM — T M the
derivative of A in its second slot. Note that the first
term on the right is tangent to the foliation. Therefore,
we choose ¢ and m so that the first term is X ¢zn, and
the second term is Xjpy:

&= (D1r(g, m) " X an (g, m)), (13)
tir = (Dar(g, m) ™ Xiny(h(g, m)) = Xiny(m).  (14)

Here we are using that the range of DiA(g, m) is
Xtan (x). If the action is not free then this map is
not injective—many Lie algebra elements generate the
same tangent vector X (un (x)—and some choice of the
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inverse (DA (g, m))‘1 must be made to specify a vec-
tor field on G. However, in the examples below a nat-
ural choice can be made. Thus we have extended the
vector field on M to a vector field on G x M with
extra foliate structure of its own. Integrating the re-
duced vector field Xipy (m) by a symmetry-preserving
method leaves a reconstruction problem on G. How-
ever, the vector field on G is now known only at the
time steps of the solution of Xj,,(m) which could
make it difficult to achieve high orders. It is better to
integrate the full system together as follows.

Theorem 10. When M = R”" and the group action
is linear, the following algorithm provides a foli-
ate integrator of order p for X = X + Xiny- ()
Let x(r) = 1(g(n,m(®), g0) = 1, m(0) = x(0)
and choose a differential equation on G accord-
ing to Eq. (13). (ii) Apply a Runge—Kutta method
of order p to m = Xinw(m), and the associated
Runge—Kutta—Munthe-Kaas (RKMK) [21] method to
the chosen differential equation on G, with stage val-
ues for m given by the corresponding stage values of
the RK method applied to m = Xip, (m).

Proof. Since the group action is linear, Xj,, has
a linear symmetry and this is preserved by the
Runge—Kutta method. That is, the integrator on m is
G-equivariant and hence preserves the foliation into
G-orbits. Applying RKMK to the differential equa-
tion on G is equivalent to applying the same RKMK
method to the full system on G x M with respect to
the group action of G x M on itself given by

A((g1, m1), (g2, m2)) = (g182, m1 + my)

and hence it has order p. Reconstructing the solu-
tion by acting on m(f) with g(7) only moves the point
around on the new leaf, so the total integrator is foli-
ate. ([

Example 10. The matrix differential equation I =
[A(L), L] motivated much of the work in Lie group
integrators [4,9]. Let G C GL(n) be a matrix Lie
group, let M = g, the Lie algebra of G, and let G| be
a subgroup of G which acts on M by adjoint action,
ie. A(U,L) = ULU™! for U € G1, L € g. Recall
that the “isospectral manifolds” of gl(n) are the sets
of matrices similar by an element of GL(n). In the
present example, the leaves of the foliation are the

sets of matrices in g which are similar by an element
of G1, and hence are submanifolds of the isospectral
manifolds.

All vector fields tangent to the leaves can be written
in the form [A(L), L], where A : g — g;. From
Theorem 5, when g admits an adjoint-invariant metric
(e.g. when it is compact), all foliate vector fields can
be written in the form:

L=1[A,L1+ f(L),

AULU™Y = URL)U™' VU € G4 (15)
for some (G1)-adjoint-invariant function f : g — g.

It is not so easy to explicitly construct all invariant
vector fields. The classical method requires determin-
ing a complete and independent set of differential
invariants of the action. Another approach which can
work if the action is understood well enough is to
choose a reference point on each orbit, choose an
isotropy-invariant tangent vector at each reference
point, and push them around the leaves using the
group action.

For example, consider the case G = G| = GL(n).
The orbits are the conjugacy classes of matrices so a
reference point on each orbit is given by the Jordan
matrices. Restricting for simplicity to the diagonaliz-
able matrices, whose isotropy groups are the group of
nonsingular diagonal matrices, we first choose f(A)
diagonal (so that it is isotropy invariant), and then
define

AL) = Ug(AU,

where L = UAU ™! is the diagonalization of L. This
constructs all invariant vector fields on the diagonal-
izable matrices.

Furthermore, this case provides a nice example of
Theorem 8 in a case in which the action is not proper.
The set of diagonal matrices form a slice at any diago-
nal matrix, on which all isotropy subgroups are equal,
so assumption (ii) of the theorem is automatically
satisfled. The Gy, -invariant splitting of g (assump-
tion (i)) is provided by splitting into diagonal and
off-diagonal parts. Hence from Theorem 8, Eq. (15)
spans all foliate vector fields in this case. We can think
of the foliate vector fields as those for which the evo-
lution of the eigenvalues of L depends only on those
eigenvalues, and not on the individual entries of L.
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25

Fig. 2. Foliate vs. nonfoliate integrators. The ODE of Eq. (1) is integrated by the (foliate) Lie—Euler method equation (16) (top), and the
(nonfoliate) Euler method (bottom). The 20 initial conditions lie on a circle of radius 2, and four time steps of 0.1 are shown. In the
nonfoliate integrator, the final values do not lie on the reference circle shown. Note that the two methods coincide on x = 0, where the
tangential component vanishes.
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More explicit examples of invariant vector fields are
given by

f(L)=p(L)gr L, tr L%, ... trt L™,

where p is a real analytic function (which, when ex-
tended to matrices, maps g into g) and
g:R"—> R

To construct foliate integrators, following Eq. (12)
we represent the solution as L(¢) = U(¥) FOU@®™L,
Ut € G, F(t) € g, and work with the system on
G xg:

U= AWUFU YU, U0 =1,
F=f(F), F©0) =L(0).

Since the symmetry of the second equation is lin-
ear, it is preserved by any linearly covariant method,
such as Runge—Kutta. RKMK applied to the whole
system provides a foliate integrator. The simplest
example is the following first-order “Lie-Euler”
method. Noting that we can take U, = I, F, =
L, at each time step (only calculating the updates
which move L around on the leaves), we get the
method

Un+1 = eXP(TA(Fn))7 Fn+1 =F, + tf(Fn),

or, in terms of L

L1 = exp(tA(Ly)) (L + Tf(Ly)) exp(—TA(Ly)).

Example 11. Let M = R"*? and let the matrix Lie
group G C GL(n) act on M by left multiplication,
AU, A) = UA for U € G, A € M. As in the previous
example, in the case that the action is proper (e.g.
when G is compact) we can write the foliate vector
fields in the form:

A =g(A)A + f(A)

for some functions g : M — gand f : A — A, where
f is invariant, i.e. f(UA) = Uf(A) forall U € G. As
before it is difficult to find all invariant vector fields.
Examples are f(A) = AV(ATA) for any V : RP*P —
RP*P for G = SO(n), and f(A) = AV(det A) for any
V : R — RPXP for G = SL(n). The planar systems
of Egs. (1) and (2) are examples with n = 2, p =
1, and G = SO(2). For G = SO(n), the leaves are
the sets ATA = const., one of which is the Stiefel

manifold ATA = I. To construct foliate integrators,
following Eq. (12), we represent the solution as A () =
U F@), U@®) € G, F(t) € R"*P, and work with the
system:

U=gURMU, U©O) =1,
F = f(F), F(0)=A(0).

As in the previous example, RKMK applied to
the whole system provides a foliate integrator. The
Lie-Euler method is

Any1 = exp(18(An))(An + f(An)). 16)

An example of this method is shown in Fig. 2.

5. Conclusions

The situation considered here, of vector fields pre-
serving a given foliation, can be extended in several
ways. First, a system may preserve several different
foliations. This is formalized in the ‘multifoliate’
structure introduced by Kodaira and Spencer [12]:
the distributions form a lattice, closed under inter-
sections and (an appropriate) join. A simple example
on R3 is provided by the two distributions 8/dx and
d/dy, for which the multifoliate vector fields have
the form:

x = f(x, 2),

A more sophisticated case occurs in Hamiltonian sys-
tems with symmetry, which preserve the foliations
into group orbits and into momentum level sets, and
in Poisson and conformal Poisson systems, which
preserve in addition the foliation into symplectic
leaves [18]. We plan to study such systems more in
the future [19].

Second, a foliate system may have extra structure,
corresponding to the different infinite-dimensional
Lie subalgebras of the Lie algebra of foliate vector
fields. These so-called nonprimitive Lie subalgebras
have not been classified. However, many examples
can be constructed by considering: (i) the vector field
to lie in some other Lie algebra, as of Hamiltonian
or volume-preserving vector fields; (ii) the reduced
system on the space of leaves to lie in some other
Lie algebra (in this case the foliated phase space
has transverse structure); and (iii) the reconstruction

y=28,2), z=h(z2).
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system, considered as a nonautonomous vector field
on a leaf, to lie in some other Lie algebra. (It is the
relationships between the reduced and reconstruction
systems which have not been classified.) Cartan [5]
provides an interesting list of all infinite-dimensional
Lie pseudogroups in two dimensions. For example, in
the group

(. y) s ) + ¢ () ())
Ly WO F1 .8y ),

the foliation y = const. is preserved, and the re-
construction dynamics lie in the fractional linear
group. But in the group

@) e (F O = 7O 07
+37 OO ),

what structure is preserved? In all of these cases,
it makes sense to ask how the structure affects the
dynamics (e.g. what are its homeomorphism invari-
ants), how it can be detected in a given system, and
how integrators that lie in the corresponding group
of diffeomorphisms can be constructed. From this
point of view the results presented here are just a
beginning.
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