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It is shown that the solutions of the continuous Anisotropic Heisenberg Spin Chain (AHSC)
can be obtained from the linear integral equation which was proposed in a previous paper for the
solutions of the Isotropic Heisenberg Spin Chain (IHSC) and the Nonlinear Schridinger
equation (NLS). An explicit expression is obtained for the Miura transformation which maps the
solutions of the AHSC on solutions of the NLS. In the second part of the paper we investigate
the similarity solutions of these partial differential equations which leads to ordinary differential
equations of Painlevé type. As an application we discuss some new solutions of Painlevé 1V,

1. Introduction
Consider the linear integral equation'?)

itkx—k2t) | —i(I'x~121)

a0 +5 [ 0 [ o) g sl D=4, )

in which dA(k) is an arbitrary measure with the complex conjugated measure
dAr*(k’) and in which the integrations are performed over an arbitrary con-
tour C and its complex conjugate C*.

In refs. 1 and 2 we have shown how, for any choice of the contour C and-
the measure dA(k) under rather general conditions, one can obtain from th
solution ¢, of (1.1) a solution ¢(x,t) of the nonlinear Schrodinger equation
(NLS)

i + % + afdl'd =0, (1.2

as well as a solution S(x,t) of the equation of motion of the isotropic
Heisenberg spin chain in the continuum limit (IHSC), i.e.

S =8%x38+8SxBe’, §:-5=1, (1.3)

where B = Be® is a magnetic field in the z direction.
In the present paper we will show how, starting from any solution ¢, of
(1.1), we can construct a second solution ¢(x, t) of (1.2) and also a solution
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S(x,t) of the anisotropic Heisenberg spin chain in the continuum limit
(AHSCQ), i.e.

3S=8Sx3'S+Sx(AS'+ B)e’, S§S:-S=1, : (1.9

where A arises from a uniaxial anisotropy.

The construction of d;(x. t) and S(x,t) is very closely related to the
derivation of the Bécklund transformation (BT) of the NLS by Chen") and in
section 2 some of the relevant features of this derivation will be treated. The
connection with the AHSC will be established in section 3 where we also
derive an explicit (Miura) transformation which maps an arbitrary solution of
the AHSC with A >0 on a solution of the NLS. In a special case we obtain a
new partial differential equation (PDE) which will be called the modified
nonlinear Schridinger equation (MNLS). .

The similarity solutions, which depend essentially on one variable which is
a function of_ x and (, of the NLS, AHSC, IHSC and MNLS will be studied in
section 4. These similarity solutions satisfy ordinary differential equations
(ODE’s) without movable critical points, in agreement with the paper by
Ablowitz et al.*) on the similarity solutions of integrable PDE's. In section 5
we discuss the transformations between these ODE’s and as an application
some new solutions of Painlevé IV are obtained. A preliminary account of
some of the considerations in this paper was given in ref. 5. . '

2. Bicklund transformation
2.1. The linear problem

As a first step in deriving the BT of the NLS we shall give the linear
problem in terms of the functions ¢.(x, t) satisfying (1.1) and the associated
functions

itkx—k21)

W= [ S eixn. | e
Cl

The functions y,(x, t) satisfy the integral equation

i(kx—k2r) e —Kl'x—1"1)

a | A, €
nix 0+5 [ ) [ a0 gy b5, )

ithx—k2t) e —i(lI'x~1'21)

~ [ axrn® i | 2.2
) (2.2)

as follows from (1.1) and (2.1).
Assuming that the homogeneous integral equation, corresponding to (1.1)
and (2.2), has only the zero solution and that the differentiations. with respect
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lo x and t may be shifted through the integrals, one can derive the con-
stitutive relations of the linear problem,

(id, + 3D = —i(d P *) . (2.3)

(i, + 3Dy = 2i(Ash*) b (2.4)

i = b* . (2.9

(—k = i) = tadi, * @)
in which

R RO IO : 2.7)

For the special case a = 2 these relations were given in refs. | and 2 and the
derivation for a # 2 proceeds in the same way.

From (2.3), (2.5) and (2.7) it is clear that the function ¢(x,t) satisfies the
NLS (1.2). (The function y(x, t) = —}iy(x, t) is a solution of the potential NLS
in terms of one real variable introduced in refs. 6-8.) In refs. | and 2 it was
also shown that the function

an=fdew%h 2.8)
C
in which &, is the solution of (1.1) with a = 2, satisfies the PDE
. 2 _ -2 3‘(17 2 :
(.16, +a)P = —|o] P, 2.9)

which is c‘éuivalcnt to the THSC (1.3). The polar angles of the spin vector, i.e.
S = (sin @ cos yx, sin 0 sin y, cos ), (2.10)
are explicitly given by |
9 = 2 arc sin|P|, , (2.11)
and

3 _d&Imin @ 3 _41lmin® EXdl _
X 1 "‘d”" ’ 1X i _I(D'I (1 _'d)"_')Z

B, (2.12)

as can be inferred from eq. (5.21) of ref. 2. Furthermore it was shown in refs.
1 and 2 that the linear problems of Zakharov and Shabat®) for the NLS and of
Takhtadzhyan'®) for the THSC, as well as their gauge equivalence''), can be
derived from the integral equation (1.1). Hence, the integral equation (1.1)
yields the linearization of the NLS as well as of the IHSC. (A similar integral
equation was proposed by Fokas and Ablowitz'") for the linearization of the )
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Korteweg-de Vries equation (KdV), and the solutions of the modified Kor-
teweg-de Vries equation (MKdV) can be obtained from the same integral
equation'). Furthermore, integral equations have been found for the real and
complex sine Gordon equation") and the Boussinesq equation'). The actual
form of the integral equation can be inferred from a treatment by Rosales'").)

2.2. The Bdcklund transformation

We now proceed with the derivation of the BT of the NLS following the
treatment of ref. 3. From the linear problem (2.3)-(2.6) one can derive the
following Riccati equations:

du = —Yiag + iku +ip*u’, (2.13)
U = joded + i% kd +i(ad*d ~ kDu + (—ikd* + a,p*)u’, (2.14)

for the function

“(xs t) = _(bk(x’ t)N’k(X, [)! (2-15)

which for a =2 have been given in ref. 3 in a slightly different notation.
From (2.13) for d,u and the complex conjugate for d.u* one can solve

1o (9,u —iku) — (3, u* +ik*u*)u?

—id) = %02’_ LI (2.16)
Inserting (2.16) in (2.14) one obtains after a lengthy calculation
g = Yo, (ELYTIILT) 2y, (lodet” i gu)
+ }E*[j_:%n Gadu — 12 u*)Gadu* — u*ou):
4 a(k]+ k*)uzafu* %azji(lfz+ k’;)zl.l;lzl*z oiikk*!ltzu";.- 2.17)
(o — uu*)* Ga®—u‘u*9) Ga + uu*)

Eq. (2.17) is an integrable PDE in the sense that its solutions can be obtained
directly from the linear integral equation (1.1) and in section 3'it will be shown
that (2.17) is equivalent to the AHSC.

The PDE for u is invariant under the transformation k - k*, Therefore a new
solution ¢ of the NLS can be obtained from (2.16) with k replaced by k*, i.e.

- ! — k™ - * 4 * .
—i¢=’°’(a"" ﬁl{(;% 50’;’; iku u? . 2.18)
ax u-u

Applying the same transformation to (2.13) and (2.14) we get

o = —liad +ik*u +ig*ul, (2.19)
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au = ad, b +% ak*@ +i(ad*d — k*Nu + (—ik*¢ + o.*)u’, (2.20)

given in ref. 3 for a = 2.
Subtracting (2.19) from (2.13) we have

0= —lia(d — §) +dou +i(¢p* - p*uY, o =-'Imk, | (2.21)
leading to

, = ~40 +{160” - 2a|¢ — $13"

| 2i(d* — b*) '
(The other solution with the minus sign in front of the square root leads

essentially to the same results and will be ignored.) From (2.13) and (2.19) we
have the relation

200 = —lia(¢ + P) —4ditu +i(p* + $*)u’, £ =—-iRek. (2.23)

(2.22)

Taking the derivative of (2.21) with respect to x and using (2.22) and (2.23) we
gel

0.( — §) = ~2it(d — §) — ¢ + $){1607— 2ald — S} (2.24)

From the fact that both ¢ and ¢ satisfy the NLS we have
3 — ) = 19 — &) + «illb'd — | BI'F). o 2)

Differentiating (2.24) with respect to x, the right-hand side of (2.25) can be.
worked out to give - ‘

2(b — ) = 260,(d — §) — Xaub + .6N1607 - 2ald — B
+5 i = XL +1P). (2.26)

Egs. (2.24) and (2.26) together form the BT of the NLS, given in ref. 3 for
a =2 and in ref. 16 for general a.

3. Relation with the AHSC

3.1. The anisotropic Heisenberg spin chain

In order to derive the relation between eq. (2.17) and the AHSC (1.4) it is
convenient to define a new function b(x, t) by the relation

B "
b—d= (jzaé;) b(x.1), 3.
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where for the moment A is a positive constant. Solving ¢ — é from (2.21) we
immediately have ’

2A\" _ doui : .
(1) v 0= 02

so that eq. (2.17) for u(x, t) can be equivalently expressed as a PDE in térms of
b(x, t) for o # 0. From (3.1) and (2.24) we can express ¢ and ¢ in terms of b,ie.

— o 1-12f el Ay, a.b +2i¢h '
¢ = |al {(z/\) b Bo’A = Zu]blz)”z}' (3.3)
T - d.b +2itb , '
b= |a| m{*‘(%A)mb - (SUIA" _ zlf“,'z)m}- v =35gn a. (3.9)

Eq.(3.2) implies thatfora > 0,(v = |),v|h1 =2|loA™",so that8s>A™" — 2v|b|* >0,
[nserting (3.3) and (3.4) in (2.25) we obtain the PDE in terms of b, i.c.

id,b + 32b +ivA|b’b + v{8c2A™"' = 2u|b |}
x{b*(a,b)* + 2b|a,b|' + 4ieba.b* + 4¢Yb|’b} = 0. (3.5)

Eq. (3.5) is a completely integrable PDE in the sense that solutions can be
obtained from the linear integral equation (1.1), cf.(2.1), via u = —¢,/ys and (3.2).
Furthermore, eq. (3.3) can be considered as the Miura transformation mapping a
solution of (3.5) on a solution of the NLS, similar to the well-known
transformation'”) between the MKdV and the KdV which can be derived from
the BT of the KdV*™). .

As a further simplification we note that (3.5) for gencral £# 0 is equivalent to
(3.5) for £ = 0. In fact, introducing a new variable a(x, t) by

b(x, t) = a(x + 4¢&t, 1) exp[—4i£t — 2iéx], (3.6)

we obtain

.. P ) d*a'2+20 ﬂ'z__ 2‘_ 2 .-t ‘
1a+a +21}A‘ﬂ|a+miTl—0, s 40°A , (37)

in which primes and dots have been used to denote the differentiations with
respect to x + 4£t and t, respectively.

The solutions of (3.7) can be derived from a potential equation in terms of one
real variable g(x, t). In fact, substituting

=ke? (k=0,real), (3.8
in (3.7) and taking the real and imaginary part, we obtain

_ 2_ . NI V"Q'Y' -
a,(s vk) '+ a, ((—mn) 0, 3.9
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- and

j= oy Y (3.10)
Eq. (3.9) can be formally solved introducing a new variable q(x, t) by

k = (vs’—vqg'H)'"?, 3.11)
so that (3.9) is the compatibility relation for g and

r—_ 49’
Y ;r:aa 3.12)

From (3.2) we have 52— vk?= 0, so that "> = 0; from (3.10) and k = 0 it follows

that g?=<s'forv=1(a>0),and q"=s*for v=~1 (« <0).
Using (3.11) and (3.12) the right-hand side of (3.10) can be worked out to give
qrq" !(q2+ qnl) -A‘qIZ(q'Z_*_ q712)+é

v = — 2 2
Y= S?___qu-*-.? SY_QW _W?—' 2(S q )7 (3'13)

and the compatibility relation d,y' = 9,y leads to, taking q' # 0,
un+4ql(qnqm+ QQ')+ qlr(52+ 3qr2)(q2+ qHZ)

q q
— - + Ag"=0. 3.14
(S‘Z q ) (82 q2)3 q ( )

sz_.qll

Eq. (3.14) can be rewritten in the form

q qm qr(q2+ an) '\ 3 “
6,(;t—a*n\)+a,(?_—cl—;;+m+Aq)—0, (3.15)

which for s = 1is the potential AHSC which is an equivalent descriptionin terms
of one real variable q(x, t) for the AHSC and which has been given in refs. 6 and
7. Eq.(3.15)is integrable in the sense that solutions of (3.15) can be obtained from
the linear integral equation (1.1) using (2.1), (2.15), (3.2), (3.6) and

q = (Sz__ "I“lz)”zv

. _vlalfIma,Ina
- ls!-vlaﬁm , | (3.16)

Physical solutions of the AHSC (1.4) have q"* =<1 and therefore v = 1. The
relation between a(x, t) and the polar angles 6(x, t) and x(x, t) of the spin vector,
cf. (2.10), can be inferred from (3.16) and from the relations

8 = arc cos q', 3.17
) . ) o ' -2+ "2 ,
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which have been given in refs. 6 and 7. The result can be expressed as

9 = arc sinja|, (319
,_Imad, Ina _ : ., : (3.20
X = a=1ap™ 6020

. Ima,lna 1 |d.a 1. 2-1]a
X 2—l———L~|-{, A‘]"‘_llll_l‘l)—nl

From (3.19) and (3.20) it is clear that solutions of the AHSC in the case of Ising
anisotropy (A > 0) can be obtained from the linear integral equation (1.1), cf.
(2.1),(2.15), (3.2) and (3.6). (The complete integrability of (1.4) was first proved
by Borovik '), and Sklyanin®) showed the integrability of the Landau-Lifshitz
equation, i.e. (1.14) for B =0 in the more general case of orthorhombic
anisotropy.) '

3.2. The Miura transformation

We now consider the Miura transformation between the AHSC and the
NLS. From (3.2) and (3.6) we have

= la |~ (A AY2q — 0:a 2_ 4241 ~
¢ =|af {(zA) a m}, si=40%A"". (3.21)

From (3.21) it is also straightforward to derive the Miura transformation
between the potential AHSC, as given by (3.14), (3.15), and the potential NLS
which is given by*®)

. " w2 -2 ’
A (Y YTy )
a(7y) = 8 (35~ gy +2ay), (3.22)
in which dots and primes have been used to denote the differentiations with

respect to t and x. Eq. (3.22) is equivalent to the NLS (1.2). The trans-
formation between the two is given by

y=1p*d, y=Imdad'*, (3.23)

and its inverse

¢(x,:)=(2y')'”exp[ j {dl (2y)+dt (2y ”':;y +2ay’ )}] (3.24)

in which I' is an arbitrary curve connecting (0, 0) and (x, t) and dI = (d!,, dl,) is 4
an infinitesimal two-dimensional vector tangent to I'. Solutions of (3.22) can
be obtained directly from (2.2), (2.7) and y = —}iy.

Using (3.10)-(3.12) to evaluate ¢ in (3.21) in terms of g and inserting the
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result in (3.23), we obtain

2ay' % q + a_'!_ + 1A(Sz“' qu') + AUIQM’ (3'25)
_ + "2 .,
2ay = £97 q(!2q q((JS(q C; ) Ada'- A" (3.26)

Eqs. (3.25) and (3.26) provide the Miura transformation which maps the
solutions of the potential AHSC (3.15) on solutions of the potential NLS
(3.22). Egs. (3.25) and (3.26) were also given in ref. 5 and in the special case
A =0 also in ref. 7. For the anisotropic Heisenberg spin chain (1.4) we have,
taking v =1 (a > 0) and 5 = I, from (3.17), (3.18) and (2.10)

.

2“)»1 - %Sl . S' + %A(] - Szz) + AIIZSZ'. (3-27)
20y =8-S+ B(SxS8)-e' +A"S" (3.28)

In the special case of the IHSC with A = B =0, the expressions for 2ay’ and
~2ay can be interpreted as the cnergy density and the current density’) and
eqs. (3.27) and (3.28) are equivalent to the result derived by Lakshmanan®).
The explicit relation which maps the spin components of the AHSC on a
solution ¢(x, t) of the NLS can be inferred from (3.27), (3.28) and (3.24).

The THSC may be obtained as a special case of the AHSC, if we take v =1,
40*A”' = 1 and consider the limit A—0, ¢ = 0. This limiting case can also be
described by (2.17) with k+k*=0, or by the substitution b(x,t)=
~2a|uitla +|ul)", cf. (3.2), and eq. (3.7) with A =0. Thercfore, one can
also obtain solutions of the IHSC from the integral equation (1.1) in the limit
k + k* - 0 without performing an integration as in (2.7).

3.3. The modified nonlinear Schridinger equation

Another special case of interest, especially in connection with the in-
vestigation of similarity solutions, occurs for v =—1, g =s? in the limit
s7=40'A"'>0.

Eq. (3.14) is identical to

q q"’ |q+q q+q ” [
6,(S_q,)+8,( PO Yyeu b T—q7+7/\q +Asq)-0, (3.29)

(@' +5) #0, and, if we take the limit s —» 0, together with g(x, t) - f(x, 1), we
obtain

) (ff)+ 2, (ff—%f—;ff—f ,Af”) | (3.30)
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Eq. (3.30) will be called the modified (potential) nonlinear Schrodinger equation
(MNLS). Information about solutions of the MNLS may be obtained also from
the linear integral equations (1.1) and (2.2), but further details will be prescnted in
ref. 13. '

The Miura transformation which maps the solutions of the MNLS on
solutions of the potential NLS is given by

2(1)’ - _; fz;'f"z IA]-/2+ Allqu, . ‘ (33])
say - SLI D g . e

Finally, the constant A in (3.30) may be omitted without loss of generality.
In fact, inserting f = g = e in (3.30) with A =0, we obtain

f) fm 3f2+fnz 02 '
a,(f (f, 3t f )-o. (3.33)
This implies that with every solution g of (3.30) with A =0, there cor-
responds a solution f = A™"?In q of (3.30) with A= 0.

4, Similarity solutions

4.1. Infinitesimal transformations

In this section we investigate the similarity solutions of the potential NLS
(1.10), of the potential AHSC (3.10), with the potential IHSC for A=0 as a |
special case, and of the MNLS (3.27). In the derivation use will be made of
the property that (1.10), (3.10) and (3.27) can be derived from a Lagrangian
density £(x. x'. x") using the Lagrange equations

3 0L < + 9292 a..‘C _

0y

0 W axr a 0' (4'l)

The Lagrangian densities in the three cases under consideration are given by

v’ u — 5,2— ynl ”
2()’,)’,)”)"‘ 4)’1 +0’)’ ’ . (4.2)
1 qZ _ q"2 1 1
£(4,49',q9") =3 (;r_'jq—,r) +3Aq", (4.3)
2 "2
L. 1 = —(f—f:i—) LAf?, (4.4)

and, using (4.1) with y =y, q, f, it is straightforward to derive (1.10), (3.10) and
(3.2, respectively.
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We now consider an infinitesimal transformation of the form

= x + e(cox + c)),
= x + €(Cyx + il + Cy). (4.5)

X
X
t =t+e(cex + cot + Cy),

in which ¢ is infinitesimal and the c, are constants independent of x and t, and
we require that

L= Lla:ix, dex, 02x)= AL + D, (4.6)

in which A is constant and D a total derivative. Then %(%, 1), as a function
of ¥ and t, satisfies the same PDE as x(x, 1). Similarity solutions which
depend essentially on one variable n, where 7 is a well-defined function of x
and t, can then be obtained requiring that the function y is invariant under the
transformation (4.5), i.e. y = x.

For infinitesimal transformations with € >0 we can introduce dy =
x(x, t) - x{x, t) = x(&, f)—x(x, N,dx=x—x,dt=t—t and we have the
obvious relations

dy _ dx _ dt
Cox+C Cyx+cit+cy cax+cet+cy

4.7

For the three Lagrangians (4.2)-(4.4) we shall investigate first under which
conditions for c,, (a =0,...,7), eq. (4.6) is satisfied, and next egs. (4.7) will
be solved to obtain the appropriate expression for the similarity solution y as
a function of essentially one variable 7. It should be noted that this procedure
of finding similarily solutions is not a systematic one. Firstly one may
consider more general transformations than the one in (4.5) and secondly one
may have similarity solutions which by a specific cancellation of terms do not
arise from a symmetry property of the Lagrangian density. For the three
PDE’s under consideration it is not clear that interesting similarity solutions
will be obtained by a more general approach, apart from a specific similarity
solution for the MNLS which will be given at the end of this section.

Using the' transformation (4.5) we have the explicit expressions up to
order €

6,X = [] + E(Cg b Cn)]aii + €C5a,')?,
ax = [_1 + €(ce— Co)la7x + €C107X, ' (4.8)

alx =1+ €(2c; — co)]d}x + 2ecsddix,

and'inserting (4.8) in (4.2)—(4.4) it is easy to verify under which conditions
(4.6) is satisfied.
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As a result we have
cs=0, c,,c,andc,arbitrary, . (4.9

and the conditions for ¢y, ¢;, ¢; and ¢, depend on the specific PDE. We now
give these conditions for the different PDE's, as well as the corresponding
ODE'’s. -

4.2. The potential nonlinear Schrédinger equation
Potential NLS:
AY

. w "2 -2 )
¥\ _ Yy oy +y ,
4(5y) = 0 (3p~ Ty + 2ay'). (3.22)

Inserting (4.8) in (4.2) and taking into account (4.6) we obtain the following
conditions:

2¢q=-2c;=—cq, c;arbitrary, | (4.10)
and from (4.9), (4.10) and (4.7) we have

dy dx _ dt :

‘Cny+C|_-Cox+C3t+C‘——2C0[+C7. (4'11)

We consider the cases ¢y # 0 and ¢, = 0 separately.

42.1 The case ¢, # 0
If ¢o# 0, we get from (4.11)

€, _Ca_sC 1y [,_ €1 ' |

| ln[x +0 & —Cnr] ! ln[t 2c(,] + constant, (4.12)

%m[: _8 ] - —ln[y + SJ +constant, 4.13)
ZCO Co

The integration constant in (4.12) can be identified with In n, where m is the
new similarity variable; the constant in (4.13) is then a function of m. The
constants c,, ¢, and ¢; can be taken to be zero by an appropriate choice of
origin. From (4.12), (4.13) we obtain

Y(n) x—at —C3

yix, t)= v(t—), withn = W’ a= _C; (4.14)
Inserting (4.14) in (3.22) we obtain ‘
Yl+ Y’ Y™ Yuz . , Y +nY'’ 2 .
illn( Y‘? )+2Y1B4Y'!+20Y —'I‘_ﬁ'( YT"! ) =% (4.15)
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where v is an integration constant, and the primes denote differentiations with
respect to the similarity variable 7.
Equation (4.15) can be rewritten as

Y"2+%(Y _ HY')I
A g

]+8aY'Y”-—4yY”=0, C(4.16)

and after a second integration we obtain, see also ref. 16,

.MJD

Y +4aY?+4(nY' = Y)Y —4yY"? - y'Y' =0,

in which ¥’ is\anothcrintegrafig/n constant.
Introducing a new variable

Z=Y+1In, \ (4.18)
we obtain

Z"7+AnZ' = ZV —4\Z' - BNZ' - TXZ'~ 4) =0, (4.19)
with B

A=—a,

AL+ B =2AT —y, (4.20)

AB = )\1"2—7F+3l7'.

Eq.(4.19) is an ODE without movable critical points as has been shown by
Chazy™). It will be referred to as Chazy IV in view of the relation with
Painlevé 1V*) which will be shown in section S.

4.2.2. The case ¢, =10
If ¢y =0 we obtain from (4.11)

x— 4y —%Q t' = constant, (4.21)
Cq Cq )

y t

~— —~ — = constant. _ (4.22)

AC] Cy

The right-hand side of (4.21) is identified with the new similarity variable 7,
the right-hand side of (4.22) is then a function of n. We have

y(x, 1) =8t + Y(n),withn=x—vt—jat’, 6= =5 4=5
y(x, 1) ) Ui s c &' (4.23)
Inserting (4.23) in (3.22) we obtain '
rr "2 _ n2 o
Y© YTAG oY) ey =2 lan =, o (4.24)

2Y' 4Y" 2Y’
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in which vy is an integration constant. Eq. (4.24) can be rewritten as

la [Y112+(6_ le)I
y" o 4Y’

]—%an +2aY —joi=1, (4.25)

and after a second integration we obtain

Y?+ (6 - oY)V +2a(Y - nY)Y'+4aY" - (v +4y)Y?-4y'Y' =0,
: (4.26)

in which ' is another integration constant.
For a =0, eq. (4.26) is solvable in terms of elliptic functions. For a# 0 we
can apply a shift : '

Mo = v+ dy)a, (4.27)
and introduce a new function Z by

Y=Z+(s+2y)a"', _ (4.28)
leading to |

Z%+4aZ" +2a(Z - 02Z)Z'+ 8 =0. (4.29)

Eq. (4.29) is another ODE without movable critical points introduced by
Chazy"). It will be referred to as Chazy II, since it can be related to Painlevé
I, cf. ref. 25.

4.2.3. Remark .

From the results given above it is straightforward to derive the similarity
solutions of the NL.S in terms of the function ¢, as have been given in ref. 26.
In fact, from (4.14), (3.23) and (3.24) we can obtain the similarity solution

: . : x—at
d)(x' t) = tly-IIZ (p(n) el(an—leﬁ). n= —YV}Q—, (430)

in which the integration constant vy is given by (4.15). Inserting (4.30) in the
NLS (1.2) one obtains the ODE for ¢:
(y =)@ —iind’ + "+ a|Pf'd =0, : S (4.3D)

In the same way from (4.23), (3.23) and (3.24) one can obtain the similarity
solution

d(x, 1) = O(n) expliGaxt +3vx + yt —jvat’—a’th)], n=x-vl - lat?,
' (4.32)
in which vy is given by (4.24). Inserting (4.32) in (1.2) one derives the ODE for
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-

&, which is given by
¢" =~ 3an® — (v + )P + a| D[P = 0. (4.33)

4.3. The potential anisotropic Heisenberg spin chain

Potential AHSC:

s " ¢ ~2+ "2 ,
a,(;T’g?!)+a,(s1iqq+q§?__ qg)7)+AQ)=O- (315)

From (4.6) we have the condition

2¢p=2cy = Cy, ¢;=0, : (4.34)

and together with (4.7) this gives us
dg _ dx _ dt

Caq + Cy - CoX + Cy4 - 2Cnl + C-;-’ (435)
with the additional requirement
C():O, if A'_té 0. ‘ (4.36)

4.3.1. The case c,#0
In this case, which only applies to the potential IHSC with A = (), we obtain
from (4.35)

ln[x +£5] =%ln[t +——C7]+constanl, (4.37)
Co 2¢y

1ln[t +ﬂ] = ln[q +£—'] + constant | | (4.38)

! 2¢Cq Co ' :

Again, choosing ¢, = ¢, = ¢; = 0 without loss of génera]ity, we obtain

4
Inserting (4.39) in (3.15), with A =0, we find

-

a(x, 1) = VIQ(m), m=->-. | , 4.39)

1 _ ' " Yy "2 "2y
_m(s?* 3,9>+Sr9 Q,y2+[“(Q (;@Qt)? _y (4.40)

in which ¥ is an integration constant. Eq. (4.40) can be rewritten as

! Q+iQ-nQY]. 4 |
2Qﬂ an[ SZ_QM ]"'Y! (441)
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leading to
Q7 +i(Q-nQ)=29Q +¥)s'-Q?, v (4.42)
where 9’ is a second integration constant. ‘ ‘
Eq. (4.42) is a special case of the Chazy equation (4.19), cf. the substitutions
Z->Q,A—-—3i%, B->—{y', I'>s, A-—s. Eq. (4.42) may also be derived from

(4.17) and the Miura transformation. From (3.25) and (3.26) and the similarity
solutions (4.39) and (4.14) for a =0, it can be shown that

2aY = 5Q +37'n, (4.43)

and inserting (4.43) in (4.17) one obtains (4.42) with ¥' =2y, s?3% = y'a + iy™.
The similarity solutions for the polar angles 8 and y in the ITHSC, with
s =1, can be inferred from (4.39), (3.17) and (3.18). We oblain

x X
=@{= =X{——=}-3% . 4.44
0 @(\/t), X X(\/:) 7nt, . (4.44)
in which ¥ is given by (4.40) and
cos@=0Q, X =§%—“_%Q,T. (4.45)
43.2. The case cq=0

In this case, which applies to the AHSC with arbitrary A, we have from
(4.7)

Cs4

x — vt = constant, v = P (4.46)
7 .
q = 5t + constant, &= ‘E‘l (4.47)
7
and from this we obtain
a(x, ) =56t + Q(n), m=x-ul, (4.48)
cf. (4.23) with a = 0. Inserting (4.48) in (3.15) we obtain
~v(8 —vQ") Q" (3 -vQY)+Q"1Q ‘o a
I-Q7 + ST— Q'2+ (51— Q.z)z +AQ'=37, (4.49)
where ¥ is an integration constant. Eq. (4.49) can be rewritten as
1 (6 —vQ")*+ Q"z] Ay
ZQ" an[ 57 _ Q:Z + AQ =%, (450)

and after a second integration we find

Q7+ (5 -vQ) = +29Q + AQ)(s*-Q7), (4.50)
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which may be solved in terms of elliptic functions. For special values of the
Qintegration constants, eq. (4.51) has one-soliton solutions. These solutions are
given in appendix A, cf. also refs. 32 and 33 for special cases.

The similarity solutions for the polar angles 6 and x, in the AHSC with
s = 1, can be derived directly from (4.48), (3.17) and (3.18). The result is

B(x, 1) = O(x —vt), x(x,t)=X(x—ovt)—Ht, . (4.52)
in which ¥ is given by (4.49) and
cos@=0Q, X'= —f—,}ﬂ(% | (4.53)

4.4. The modified nonlinear Schridinger equation

4.4.1. Similarity solutions and Painlevé IV
MNLS: '

¢ " £2 12 )
(A 0) a.(f;)+a,(§~,—%f }L,L—%Af")=o. (3.30)
From (4.6) we have the conditions

Ce = 2(:2, Cy= 0, Co = 0. (454)

Taking ¢, # 0 we obtain from (4.11) |

1 Cr | Cs4

;]n[l + ~2c2] In[x + Cz] + constant, : (4.55)
=S L1

f 7, ln[t + 2C1] + constant, (4.56)

and choosing ¢, = ¢; =0 we obtain

=5Int+F(n), n==2 &=IL - 457
f ), 7 Vi 2, (4.57)

Eq. (4.11) for ¢, =0 gives (4.48) with g and Q replaced by f and F and leads
to (4.51) with s = 0. ' :
Inserting (4.57) in (3.30) we obtain

(B NG ET 3E? 308 N iapa_,
. in (F' 57]) + F' 2-_};72' Z(F’ i'fi) ZAF =C, (4'58)
where ¢ is an integration constant. Substituting W = 1/F' we get

W'W = 1W"?—38°W* 4 ndW?* - (in?+ o)W’ —1E?, " (4.59)
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E=A" L (4.60)

Eq. (4.59) is Painlevé IV apart from a trivial transformation. :

The Miura transformation (3.31), (3.32), applied to the similarity solutlons
(4.14) for a = 0 and (4.57) leads also to a direct relation between Chazy IV and
Painlevé IV, as will be shown in section S. '

4.4.2. Special similarity solution
Finally, the MNLS has a similarity solution

f=F(n).", n=x— vt —iat?, (4.61)

which does not follow from (4.6). In fact, substltutmg (4.61) in (3.30) we
obtain

Fm 3 Fnl

a3

—3AF ’2) =0, (4.62)

which depends only on 7. (In (4.62) F', F", and F" denote the derivatives
with respect to 7.)
Substituting W = 1/F’ in (4.62) we obtain, ¢ being a constant,

aW +2(an +c)W'+ W" =0, : (4.63)

which can be solved in terms of hypergeometric functions. Using example 10
on p. 298 of ref. 27 the solution of (4.63) can be expressed as

W = c,u’+ c,uv + cyv?, : (4.64)
where u and v are independent solutions of Airy’s equation
U"+3an+c)U =0, (4.65)

with U = (u, v), cf. ref. 28, ch. 10.

In this section we have derived the ordinary differential equations satisfied
by the similarity solutions of the NLS, IHSC, AHSC and MNLS. Some
interesting results on similarity solutions can also be found in ref. 32.

5. The Chazy equation and Painlevé IV

5.1. Transformations between Chazy IV and Painlevé IV

In this section we derive the transformation between the Chazy equation
(4.19) which is satisfied by the similarity solutions (4.14) of the NLS and (4.39)
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_of the THSC, cf. (4.42), and Painlevé IV (4.59) which is satisfied by the -
‘similarity solutions (4.57) of the MNLS. As an application of this trans-
formation one may derive Bicklund transformations for Painlevé 1V**%), as
well as for Chazy IV, and one can obtain explicit solutions of Painlevé IV for '
special values of the integration constants.

The Chazy equation (4.19) may be expressed in the form

R*+ 8*=16(Z' - I'N(Z' - A), (5.1
where .

R=2Z'\Z'-B)"'", (5.2

S=(Z-nzYz'-B)", | | : (5.3)
Introducing

sinw = {222’ - T'— A)S - 2i(I" - A)RK16(Z' = I)(Z' - A},

cos w = {~2Q2Z' =T — A)R —2i(I" - A)SH16(Z' — I')(Z' - A)}", (54
we have the relations ‘

Rsinw + S cos w = =2i(I" - 4), : (5.9

~Rcos w+ S sinw =42Z' —2I - 24, | (5.6

from which one can solve |
S = ~2i([ ~ &) cos w +(4Z' — 2" — 24) sin w. G

An explicit relation for w' can be derived evaluating S' in two different
ways. In fact, from (5.3) one has

§'=-nZ"(\Z' - B)" ~INZ - nZ)\Z' - B) "z, (5.8)
- and (5.7) together with (5.5), (5.6) and (5.2) leads to
S'=4Z"sinw —2Z"w'(\Z'— ). (5.9
Comparing (5.8) and (5.9) we have
'=IAS(AZ'— B)Y "+ EW, (5.10)
in which' the quantity 8W is defined by
5W —in =212 - B)"sin . (5.11)

We now proceed to show that 8W satisfies (4.59). Differentiating (5.11) we '
have

SW' =34 AZ"(AZ' - B) 2 sin w + 2(\Z' - B)"w’ cos w, .12
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and the right-hand side can be evaluated using (5.10), (5.2) and (5.5) to give
SW'=1—iAx(I'—A)+28W(\Z'- B)" cos w. - (5.13)
Differentiating (5.12) and using (5.10), (5.2) and (5.6), it can be shown that

SW"=—QZ'—= T — AASW - 26°W¥AZ' - B)sinw
+28W'(AZ' - B)" cos w. , (5.14)

Using (5.11) to eliminate 2(AZ'— B)"* sin w, (5.13) for 2(AZ'— B)"?cos w and
the relation

4AZ' = B) = (BW —in)*+ (W' =3 +i(I" = A)A)(SW) 7, (5.15)
for 2Z'— T — A, eq. (5.14) can be expressed as

SW" = {(I' + A)A — 2B}8W — $W(BW — In)? = 8’ WI(SW — in)
—HEW' =3+ i(I = A)AY(sW)?

+ W' (W) sW' =1 +i(I" - A)A}. _ (5.16)

With the identifications
—3+i(I' - A)A = E§, ; (5.17)
2—-TA—AX=c, (5.18)

eq. (5.16) can be expressed as
WW" = W72 =38 W*+ ndW' - (in’+ )W - iE?, (4.59)

which is Painlevé IV,

So far we have derived the transformation mapping a solution Z of Chazy
[V (4.19) on a solution W of Painlevé 1V. The explicit transformation formula
can be.inferred.from. (5.11) inserting.(5.4);-(5-2)-and (5.3). The result is

[
D aw ot o RZ' =T —ANZ - n2))=2Z"(C-4) |
| Wmm Xz —1NZ - 4) o

It is also Straightforward to défive the inverse transformation of (5.9). In
fact, from (5.3) and (5.7) we have

(5.19)

AZ = =2 — AAAZ' - B)"cos w
+A(4Z' =2 =2A)A(AZ' - B)"* sin w+ nZ'A. (5.20)

Using (5.11) for 2(AZ' ~ B)"*sin w, (5.13) for 2(AZ' — B)"* cos w, (5.15) for Z'
af;rw_(:‘éfi 2 -24), and (5.17), we obtain.__.__ -

AZ - B =—~icn —(E§ + (W' + E)yW™' ‘
e FOWIe+iOW i)t (W EY W,

gt AR A e i e e 10—t e

(5.21)
which is the inve}?eﬁ;fm(i]‘)). For A >0 (E real), the transformation (5.21)

_——
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: may also be derived from the Miura transformation (3.31) with (3.32), as wili '
be shown in appendix B. The derivation given in this section, however,
applies for arbitrary (complex) values of the integration constants in (4.19)
and (4.59).

5.2. Bicklund transformation

i) The Painlevé equation (4.59) is invariant under the substitution E - —E.
Using (5.21) for A # 0 we can define AZ — B as the function corresponding to E
and AZ — B as the function corresponding to —E in the right-hand side. Noting
that A(Z~Z)=—-E/W and that =8, '=>4 —}irx"", A>T +3r7", we obtain
the BT - '

28, A~ YA T +1iaY
o AZ-D)Z - A =i~ A)) 5
Nz — A) 4222 — (I + AN(Z + Z') ¥ 3T’ :

with Z = Z(B, T, 4). The same result can be derived for A > 0 from the Miura
transformation (3.31), (3.32), leading to 2a(Y — Y)=2A'"2F', and thus to
MZ-Z)=-a(Y - Y)=-E/IW.

ii) The Chazy equation (4.19) for A = | is invariant under permutations of g,
I' and A. Using (5.19) one can derive various transformations between
solutions W(m, c, E) and W(n, ¢, E) corresponding to different values of ¢
and E in eq. (4.59) with § = 1. As an example we give the transformation
connecting solutions W(x, ¢, E + 1) and W(m, c, E) of (4.59) with § = 1, i.e.

_2R'(R—nR)+2AE +3)R"
4R“+(E +))° ’

Win,c,E+1)=1in (5.23)

where
R=—(E+)(W+E)W™'+ W[c+3{W —in)'+ W'+ EYW, (5.24)

with W = W(n, ¢, E). A few other transformations are given in appendix C.
All these transformations can be inferred from the ones given in ref. 30.

5.3. Special solutions of Painlevé TV

As an application of the transformations used in subsections (5.1) and (5.2)

we discuss the construction of solutions of Painlevé IV, i.e. (4.59) with § =1,

for special values of E.
i) Consider eq. (4.59) for § = (). Differentiating this equation gives

W" = —InW —(in*+c)2W'=0. ‘ (5.25)
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Using example 10 on-p. 298 of ref. 27, the solution of (5.25) can be exprcssed
as )

W = c,u?+ couv + c,v?, (5.26)
where 4
w=n""Ul-jc.3,in%, v=n""V[-ic,3,m7, o (5.27)

and U and V are two independent solutions of the differential equation of
Whittaker, i.e.

4¢%9;U = (£ — ke +4m* - 1)U, (5.28)
with
£=1in’,
cf. eq. (2.273) on p. 473 and eq. (10) on p. 475 of ref. 33. The requirement that
W satisfies (5.25) imposes a relation between ¢ and the constants ¢, c;and c;in
(5.26), but we shall not go into further details.
Using eq. (5.2 forA=1,8=0, i.e.
=m(T+4)-(W +EYW, (5.30)

one obtains from the solution W of (5.25), a solution Z(ﬁ I', A) of the Chazy
equation’ (4.19) under the condition

r-a=-i ) (5.31)

m=43 k=-ic, (5.29)

Applying (5.19) with § = 1 and taking into account (5.31) one obtains from the
solution Z(B, I, 4) of (4.19) a solution W(n,c,0) of P. 1V, i.e. (4.59) with
§ =1, with E =0, for arbitrary values of c. -

i) Consider eq. (4.31) for a = 0. In this case the solutions can be expressed
as

¢ =n""emPUGy+ L1 —1in), -. (5.32)
in which U satisfies the equation of Whittaker, i.e. (5.28) with

E=—iin?, m=4i k=iy+j (5.33)
cf. eq. {2.273) on p. 473 and eq. (10) on p. 475 of ref. 33. The solution of the
Chazy equation Z(B, I, 4) of (4.19) with A = “a =0 can be found from (5.32)
noting that

|6 =2Y", 8, Imin® = ;{ﬁl’l’-)

v (5.349)

as follows from (3.23) applied to the similarity solutions (4.14) and (4.30).

Y This solution also satisfies a Riccati equation which can be derived directly from (4.59).
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~ From (5.34) and (4.18) we obtain the solution

Z(B, T, Ay =|P20, Im In & = in}+ I'n, (5.35) i
of eq. (4.19) with A = 0. Using (5.19) and (5.17) one obtains from Z(8,I,4)a
solution W(n, ¢, —3) of Painlevé 1V' with E = — 1 for arbitrary values of c.

iii) In i) and ii) we have shown how to derive solutions W{n, c, E) of
Painlevé IV for E = 0 and E = —3. The transformation (5.23) can then be used =
to obtain the solutions W(n, c, E) for half-integer values E = jn of E. With
the transformations given in appendix C and in refs. 30-32 more special
solutions of Painlevé IV may be obtained.

Remark. In a similar way special solutions can be obtained for Painlevé IL
This will be dealt with in a following paper'’), where we consider the
similarity solutions of the Boussinesq equation and their relation to Painlevé
II and Painlevé IV.
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Appendix A

One-soliton solutions of the AHSC

In this appendix we discuss the one-soliton solutions z = z(x — vt) for the
z-component of the spin in the AHSC (z = S* = Q). From (4.51) we have

2= P(z), (A.1)
with
P(2)= (' + 29z — Az)(s?— 2% — (6 — v2). (A2

We can have a one-soliton solution with z - zyforn =x — vt = @, 0or n > —o,
when P(z) has a minimum 0 for z =z, or a triple root for z = z,, We now
consider the cases A <0 (planar anisotropy) and A >0 (Ising anisotropy)
separately.

") This solution satisfies a first-order differential equation which can be found from (5.21) taking
A=0,5=1,and therefore E= -3, 28 =c.
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i) Planar anisotropy A <0
a) P(z) has a minimum P(zy) = 0 for z = z,, z3 < s’ under the conditions

(3 +2920— AzD(s = 2) — (5 — vz)* = 0,

iy 2 2 A 2 (A'3)
(29 —2A29)(s* — z8) —2(9' + 2924~ Az§)zo+ 20(8 — vzy) = 0,
and
 C=—-As’+6Azi—6yzp— ' — 02> 0. (A.4)
The one-soliton solutions can be expressed as
B 2C
2= 0t o AL £ (05 — 4Az) = 4AC) cosh nC T (A.5)
b) P(z) has a triple root P(z,) under the conditions (A.3) and _
—As’+6AzZ - 69z9— ¥ — 02 =0. (A.6)
The one-soliton solution is given by
5 —4
P (A7)

n'(29 —4Az) - A’

i) Ising anisotropy A>0
a) P(z) can have a minimum P(z,) = 0 for z,= *5 under the conditions

§=1+vs, 7 +295— As?=0, (A.8)
and 7

C=2%+AsH=0 (A.9)
The one-soliton solution is given by

iCs
(7' +3As58) —{(¥3As) - 4ACs}? cosh nC™'

+l

z==3

(A.10)

b) P(z) can have two minima P(zy)=0 for zo=s and z,= —s under the
conditions

v=0, 6§=0, =0, %' = As’ (A1)
We then obtain a stationary solution which is given by
z = —s tanh(x2xAs?). . (A.12)
Appendix B
~The Miura transformation

In this appendix we discuss the derivation of (5.21) from the Miura
transformation (3.31), (3.32). Substituting (4.57) for f and (4.14) wjth a = 0 and
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Y = Z - [ for y, we obtain

WIZ lllwr
2a(Z = )= ~Y6W — iy~ — 15, - A (8.1

with W = 1/F’, and
2a[-XZ +nZ) + [ = 5o (=AW = aWIW' + (BW — In)(= W'W +2W")

—(6W — i)' W= (8W — i)W = A(BW — i) —JA"(W — nW")]. (BD)

From egs. (B.1) and (B.2), using also (4.59) to eliminate the terms with W”,
one obtains . !

. ' 12
~aZ=—[an—cn—(AM5+ 1)<M)
W
' 12, 2
+ow[e+iow -+ (T2 | (B.)

and eq. (B.3) is identical to (5.21), taking into account that A = —a, cf. (4.20),
and E = A" cf. (4.60), when we identify I" with A~

Appendix C

Bdcklund transformations for Painlevé I'V

In this appendix we derive the Backlund transformations for Painlevé IV-
arising from the invariance of the Chazy equation (4.19) for A =1 under
permutations of B, I' and A. Using (5.21) for A =1 and also (5.18) we have

Z=In(I'+A)+R, (C.1)!
where

R=—(E+YW'+E)W '+ W(c+YXW—in)+{W' + EPw), (C2),

and W = W(n, ¢, E) is a solution of (4.59), with § =1,

When we insert (C.1) in the inverse relation (5.19), with § = 1, we obtain an
identity. The Chazy equation (4.19) with A = 1 is invariant under permutations
Bp, [p, 8p of B, T, A i.e. Z(Bp, I'p, Ap) = Z(B, I', A). For any permutation P of
B, I, A we obtain new values E, = —j+i(I's — 4p) and c¢p =28 —TI'» — 4y,
which can be expressed as linear combinations of E = —}+i(I'— A4) and,
¢ =28 —T - A. Furthermore a new solution Wp(n, cp, Ep) of (4.59) can be:

|
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obtained, using (5.19) for § = 1 with I, and A, instead of I" and '/_\, ie.
QZ'—Tp —ApZ —mZ"Y—20Z"(T'p — Ay)

i =1 A

WP(T!) Cp, EP) =1M + 4(2' — rp)(zr _ AP) (C3)
Using (C.1), the right-hand side of (C.3) can be expressed in the form

Wo(n, cr, Ep) = b + R D) R = nR) = AzpR (C.4)

AR = Asp )R = Aap)

in which ¢p, Ep, Ayp, Asp, A3p and Agp can be easily evaluated for each of the
permutations of B, I' and A. The explicit results, taking EEE+%, are as
follows:

Br Iy Ap cp Ep Aip Asp Xip Aap

B I A ¢ E 0 2F E  -%E

B A T c -E 0 -2E HE  -LE

r g A ~lc—HE lic+HE le +HE ic+E tc HE

A T B —Ac+dE -lic+liE  jc-%E -ie+E 3¢ -HE (C.5)
' A B —jc—%E ~jic-3E ic+HE ~ic-E le HE

A B I “dc+iE lic-i  lc-%E ic-E i -iE

The transformation given in (5.23) is a combination of the permutation
(Bp, I'p, Ap) = (B, A, I') with ¢cp=c, E, =—E—1 and the trivial symmetry
W(n, c, E) = W(n, ¢, —E). All transformations in (C.5) can be inferred from
the ones given in ref. 30.
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