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¢ I Introduction. In the first part of this letter we
propose a new linear inhomogeneous integral equation
“ from which one can evaluate in a direct way the solu-
. tions of the Boussinesq equation (BSQ), as well as of

. the modified Boussinesq equation (MBSQ) [1], there-
. by proving that the MBSQ is completely integrable.

. In the second part we consider the similarity solutions
" of the BSQ and the MBSQ and the Miura transforma-
- tion between MBSQ and BSQ is used to obtain two-
+ parameter families of solutions of Painlevé II and
Painfevé IV |2].

2. Integral equation. Consider the linear integral
equation

. M(x, t
#0641 el fay) ¢___{ il
c ok + ot/
= o=t pHkx+k?r) , (1

where » s an integer and dA(k) an arbitrary measure
over the complex variable k and the integration is
performed over a contour C. The measure and the
contour are to be chosen such that the homogeneous
integral equation has only the zero solution and we
assume that the differentiations with respect to x and
t may be shifted through the integral, Integral equa-
tions of this type have been proposed for the lineariza-
tion of the Korteweg—de Vries equation [3], the non-
linear Schrodinger equation (NLS) and the isotropic
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LINEARIZATION OF THE BOUSSINESQ EQUATION
AND THE MODIFIED BOUSSINESQ EQUATION

A description in terms of one and the same inhomogeneous linear integral equation is proposed for the solutions of the
Boussinesq equation and the modified Boussinesq equation. New similarity solutions of these equations are obtained, as
well as two-parameter families of solutions of Painlevé [T and Painlevé I'V.

Heisenberg spin chain (IHSC) [4,51, the modified

Korteweg—de Vries equation and the sine-Gordon

equation etc. [6]. The form of the integral equation

may be inferred from a treatment by Rosales [7].
From eq. (1) one can derive the relations

(a* +a)(—id by ) = adT ¢y +a*kdy, —i®- O-¢y ,
(2)

(Q*Z — al)(_arq)k) = _a2yT%. d’k +a,*2k?.¢k
—i*@-J- 0 +ia®-0-JT ) . (3)

Here ¢, denotes a vector with components ngL”), Ois

a matrix with elements ¢, , = dM7) qbf")!"" and

the matrices J, JT and O are defined by Tym =Th

=8m n+1> Omn = On 08, - I furthermore (—fa*)P

=], for some natural number p, we have the algebraic

relation

a*(k‘?‘bk - T ¢‘k)
p-1 '
=i _E (—cfo*)P~I~1@p- 3/ - O - Jre—i-1 '¢k )
= ©
In this letter we shall restrict ourselves to the value
p =3, taking « = 1 ¥3 /3. From eqs. (2)—(4) one
can derive after a lengthy calculation
(21/7/3)0 8 = 54y — 2xd, by — 3,0 Oy, (5)
(33 —3kd2 + 3k20, )y, =7 020 0 - §,,
+130,0: 0 ) +38,. 0 00,
—3K3, @0, (6)
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where k =i * £iv/3)k. From (5) and (6), using an
integration over the contour C, one obtains the ma-
trix partial differential equation (PDE):

___(arl + ai)d’i V3(®-0:9,0—-3, 00" 3,0)
+38, (5,00 3,0 =0. (7)

Introducing the function w = —% to,0 and the new
time scale ¢ ~ t/\/i, as will be used throughout the
rest of this paper, we obtain from (7)

1 =
FWep t W T 12WWay = G, (8)

which is the (potential) Boussinesq equation. From
the integral equation (1) one can evaluate solutions
of the usual BSQ, i.e.

'213 ‘f’rr + lJ']xx.vrx + 6(w2)xx + l’b.’«:,*c =0 ’

ﬁsing
U'J=_‘115 +axw=_'i1-ﬁ _Ifax(po,[) .

The linear problem for the BSQ, as given in ref. [8],
can be inferred from the # = 0 component of egs. (5)
and (6) after some obvious transformations. Substitut-

ing

g =~21n ¢ +26x F 6t (9)
in the # = 0 component of (5) and (6} and eliminating
¢, one obtains, [taking into account the upper signs
in (5),(6) and (9)], _
Yy = x ~ F0x * Qe = 0 (10)
which is the MBSQ [1]. The MBSQ is completely in-
tegrable, since its solutions can be obtained directly

from the linear integral equation (1) with »n = 0. Fur-
thermore from (7) it can be shown that the functions

g=— 211 — (la*)do, 1]
g=21n[1 — (if)dy o]

also satisfy the MBSQ. We have also derived the linear

problem for qbfcl), which corresponds to a Lax represen-

tation for the MBSQ, see ref. [9] for further details.
From the linear problem for qbio) one can detive

the Bicklund transformation of the BSQ, cf. (8),

which is given by [10,11]

80w — W) = —302(w + W) — 6(w — W)3, (W — ),
3,(w + W) = 3%(w — W) + 6(w = W)B,(w +W)

+d(w— W) +26, (11)
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(8 = =2¢*), and from the relation w — W=} 8.4, 0
obtains the Miura transformation, ef. [1], which riap

the solutions of the MBSQ on solutions of the BSQ

1 1 1.2 )
Bq;t adyy " §59x

We ="

it

-1 1 1 i
W:“qut'*"iqxxx_ﬁqx‘?,‘—ﬁf?i'hs- (

3. Similarity solutions. We [irst treat the solutiony
with similarity variable n =x — vt — £ ar2. Insertin,

1
wix, )= -—ﬁ a3t — =1 va?ed — 371‘2 —at

1 1 :
— gax? + fgan? — Vi +S(n), (

glx, ) =sx(u+ar) +Q(m), Vm)=—30'(), (1
in (10), we obtain, after an obvious shift,

§"2 +483 —2a(S - nS"S ~26(S —nS') — 27
and (
V' =2V3 +danV -tV ip -1, (g
where §= % av? — 2y and ¥ and y are constants of :

the integration. The Miura transformation (12) yield:
the relation

S'=—kath? -1V —1V2, (17
under the conditions |
by —hav2=0, }—intpata—gui=-5,
Llogether with the identification
=4Gharin—§)? —v5/23328

of the intsgration constants.

For ¢ = 0, the function U(r) = §'(n) satisfies U
+6U2 + fn = 0, which is Painlevé I, cf. [11,12]. For
a7 0, we can choose v == 0,2 = 3, without loss
of generality, and eq. (15) is an ordinary differential
equation without movable critical points [13], whic
may be referred to as Chazy II; eq. (16), fora=3,v
=), is Painlevé 11 *1.

Eq. (17) can be used to construct solutions of
Painlevé II, for u= %n, n integer. (For solutions of
Painlevé I, see also ref. [3]). In fact, introducing

*1 [n [12] a connection with Painlevé II for the special valu
u = 1/2 was found. However, substitating F = ~§f2 - y'f2
+y2/2 in eq. (14) of [12] one obtains y” = 2y ~ 2ty —

+ (=Bka)2, '




" %plume 914, number 4

P(n, 1, ) = A8 (7, 1)/, we have, (v ==0,a=3),
4PP" +16pA"1P3 +4nP2 —2P'2 +432=0, (18)

and

V(n, 1) =3 [P'(m, ) + 3N /P(n, 1) . (19)
For ¢t =0, eq. (18) can be solved explicitly. By differ-
entiation we obtain 2" + 2nP’ + P = 0 with the gen-
eral solution [14] P= cluz +eoquy + c3u2, in which
-u and v are two independent solutions of Airy’s equa-
tion U" + 40U = 0. From {19} we obtain the solutions
¥{m, 0) of Painlevé II for u = 0, consisting of a one-
parameter family corresponding to A = 0, given in refs.
[15,16], and a new two-parameter family for A # 0.
The solutions for u = %n, n integer, can be obtained
from ¥{n, 0), using eqs, (5.6), (4.1) and (4.2) of ref.

15].

[ Finally we consider the solutions with similarity
variable 7 = x/3/7, ¢f, [12]. Inserting

wiw, 1) = =2 [Z(n) — g 3] +16 (20)
and

e )=QInt+0m), Wm=iQ'@+in Q1)

. inegs. (8) and (10) respectively, we obtain

Il Z—nZ' 2442 4092 42y =0, (22)

i and

CWW =W~ S WA g3 —(n? 4 W2 —F=0,

(23)

in which «, ¥’ and ¥ are integration constants.

Eq. (22), which has been introduced in ref. (131,
also describes the similarity solutions of the NLS and
the THSC [17,18], and eq. (23) is Painlevé IV, The

~ Miura transformation (12) yields

R IR DB VAT S RS

L tentW—gnw? —Fwol, (24)
If'and the jnverse relatjon

W=3Z—-aZ' +2Z" A+ Q) - 22171,  (25)

ind the identification of the integration constants

1

7Y - (1+2)2,
::'Y'=_'é?(] '1‘52)'—?15"2'(1 +Q)3 )
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In an analogous way as for Painlevé I1, using (25),
we have obtained a two-parameter family of solu-
tions of Painlevé IV for ¥ = —g (1 + )2, from which
one can find solutions for other values of the param-
eters, using symmetry properties and Bécklund trans-
formations [19]. In ref. [18] special solutions of
Painlevé IV have also been obtained, using the Miura
transformation between the IHSC and the NLS. A
more extended version of the considerations in this
letter is in preparation [9].
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