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Discrete Painlevé Equations from Nonisospectral Soliton
Equations

G. R. W. Quispel and D. Levi

1. Introduction

The standard method to obtain Painlevé equations from soliton equations is to
apply a (point) symmetry reduction [1,2,9]. When one or more of the independent
variables that are involved is discrete, however, this method does not work, and for
a long time it was not clear in what way a discrete analog of the above construction
might be found.

The solution to this problem was found in [7]. There, for the example of the
Korteweg-de Vries equation, it was shown that symmetry reduction of an isospectral
equation is equivalent to stationary reduction of a corresponding nonisospectral
equation.

In this paper, the method of [7] is applied to the Nonlinear Schrédinger (NLS)
equation. In Section 2.1, a symmetry reduction is applied to reduce the continuous
NLS to an equation known as Ince XXXIV, which is equivalent to the second
Painlevé equation [5]. In Section 2.2, we show that exactly the same equation
is obtained by stationary reduction of a nonisospectral NLS equation. Finally, in
Section 3 it is shown that the latter method (but not the former) has a straight-
forward generalization to the discrete case, and we obtain a discrete version of Ince
XXXIV from the stationary reduction of the discrete (differential-difference) NLS
equation (DANLS).

1.1. The isospectral NLS and its symmetry reduction. The NLS equa-
tion is the first member of a hierarchy of isospectral equations.

(0.1) 0 d (q) — L) (q) ,
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where w is an arbitrary polynomial,

(1.2) o3 = <_01 (1)) :

and the recursion operator £ is defined by

an e ()= () 42 () [ dslawat) ),

(here and below partial derivatives are denoted by subscripts, e.g. a; := (0a)/(0x)).
Taking

(1.4) r(z) = —q"(x), w(Lr)=—4iL],
(the asterisk denoting complex conjugation), we obtain the NLS equation:
(1.5) —ig: = grz + 2|glq.

In [6], Johnson et al give a list of infinitesimal Lie point symmetries of the NLS.
One of the symmetries in their list is:

r — x + ebt

(1.6) t—t+ed

1
q— 9+ E§ibxq.

By the usual methods [1,9] this symmetry leads to the following reduction:

(1.7) gz, 1) = T2 (),
where
b
1. = t? = ——.
(1.8) ni=z gt =g
Substituting the similarity solution (1.7) in the NLS, we obtain the ODE
(1.9) T =+ 2|7|*r + ynr = 0.
Defining
(1.10) c:=r1'r
we obtain Ince XXXIV:
1c2 a?
(1.11) Con = 5—5 +4c® — 2yne + —

(where « is an integration constant). Note that Eq. (1.11) is related to Painlevé I1.

1.2. The nonisospectral NLS and its stationary reduction. There is
also a nonisospectral NLS hierarchy [4]

(1.12) wag () = (L) (7) +ateos ().

where w and @ are 2 arbitrary polynomials.
The simplest nonlinear member of the double hierarchy (1.12) is given by:

(1.13) w(Ly) = —4i(LY), B(L1) =ip,
where p is an arbitrary constant. This gives the nonisospectral NLS:

(1.14) —1qt = qzz + 2|qi2q + pxq.
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Taking the stationary reduction ¢; = 0, we get:
(1.15) Goa + 2/q%q + pzg = 0.
Note that Eq. (1.15) is identical to Eq. (1.9)!
So putting s = ¢*¢q we obtain again Ince XXXIV:
1 52 2

. I S Sl
(1.16) Sz 5 +4s* —2uxs + S

2. The Nonisospectral DANLS and Its Stationary Reduction

Whereas the isospectral point symmetry reduction of Section 2.1 has no straight-
forward generalization to the discrete case, the nonisospectral stationary reduction
does.

The nonisospectral discrete NLS hierarchy [3] is given by

2.1) 03% (Sz) — (L) (gz) +a(£2)A<n+ %) (Sz> ,

where A denotes the lattice spacing, and the discrete recursion operator Lo is
defined by:

(2 2) £ An) — An~1 + Rn~1(1 - RnQn)Dn + RnEn
’ 2 Bn ’ Bn+1 + Qn-i—l(]- - RnQn)Dn—H + QnEn-i-l ’

with

S~ R;B; — Q;A;
2.3) D, = I
( ]z:;L 1-— Rij
and
(24) En = Z(Rij+1 — QjAj—l)-

j=n

Taking R, = —Q},, and
(2.5) W(Ly) = —55(La =2+ £51), B(L2) = in,
we get

4 Qn — 2Q"'L + Qn— Qn 2 Qn + Qn_
(2.6) _%Qn: +1 - 1 +| *( 2;12 1)

1
+uA (n + 5) Qn.

We take the stationary reduction (d@,)/(dt) = 0, and define

Cp = Qn—i—lQ; + Q:;,J,_lQn'
This way we obtain a discrete analog of Ince XXXIV:!

¢(n) ¢(n+1) 4
. G 1) 1) = ———,

27) (Cn +Chy Cn+Crna C2 4 2
where ( is an integration constant, and
(2.8) C(n) =4 —pA3@2n +1).

ISimilar equations are studied in [8].
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Equation (2.7) reduces to Ince XXXIV in the continuum limit:

(2.9) C, = A’C(z), fB=al? z=nA.
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