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Abstract

We study the map u(x +2) = [f1(u(x + 1)) — u(x) f2(u(x + 1)))/[f2(u(x + 1)) — u(x) f3(u(x
+1))], introduced by Quispel, Roberts and Thompson (QRT). We show, using Lie point symme-
tries under what conditions the QRT mapping can be linearised. Requiring that the QRT mapping
is invariant under the symmetry vector field X (x,u) = a(x)0/0x -+ A(x)[B+ Cu+Du*1d/du, where
B, C and D are constants and o(x) is an arbitrary unit periodic function in x, we derive con-
ditions on the unknown functions f; in the QRT mapping. Further for these cases of the QRT
mapping we explicitly construct two independent integrals of motion ensuring its integrability.
We also derive its exact solution.

1. Introduction

In recent years there has been increasing interest in the study of discrete non-
linear dynamical systems governed by mappings or difference equations particularly
from the viewpoint of integrability, linearisability or exact solvability [1-4]. Given
a system of nonlinear difference equations there exist no well-defined analytical tech-
niques to deal with them in general and in particular to investigate its integrabil-
ity or linearisability or exact solvability. Thus, much effort has been spent by
several groups [4-8] in developing analytical techniques for nonlinear difference
equations in recent years. As a result several methods have been developed for
nonlinear difference equations analogous to the existing methods for differential
equations. For example, the singularity confinement method [7] testing the integrability
of differential-difference and pure difference equations is considered as the discrete
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analogue of the Painleve analysis for continuous systems (absence of movable critical
singularities). In fact, Ramani et al. [9] have derived discrete Painleve transcendental
equations dPp; to dPy using the singularity confinement criterion reminiscent of the
Painleve-Gambier method for continuous ones. Recently, we have shown how Lie’s
theory of continuous symmetries of differential equations can be extended to differential-
difference and difference equations [10, 11] (see also [12,13]). Also, we have illus-
trated how to integrate the given difference equation using the Lie symmetry. Further,
we have demonstrated that an autonomous difference equation of arbitrary order
with one or more independent variables can be linearized by a point transformation
if and only if it admits a symmetry vector field whose coefficient is the product
of two functions, one of the dependent variable and of the independent variables
[14,15].

In Ref. [4] one of the authors with Roberts and Thompson (QRT) considered a
mapping in the plane given by

Siux + 1)) — ux) fo(ux + 1))

M) = e+ D) = ) (e T 1) o

or

1) = ufa(u')
T R —ufsy @

where u = u(x), ¥’ = u(x+ 1), " = u(x +2) and f’s, i = 1,2,3, are unknown
functions of ' alone, and investigated its integrability. In fact, they have asked under
what condition, on the functions f;’s the mapping (1) admits an integral of motion
I(x,u,u’) which can be expressed as a biquadratic polynomial in (u,u'). They have
concluded, after cumbersome calculations, that this is possible only if f;’s are cer-
tain quartic polynomial in the variable u/. The linearisability of QRT mapping (1)
is investigated by Ramani et al. [16] using the method of singularity confinement
criterion. Thus, it is important to investigate the nature of QRT mapping, whether
it is linearisable or integrable, when fi’s are polynomials of degree greater than
4 in «'. In this article, using the Lie symmetry analysis [14, 15], first we .recall
that the QRT mapping (1) can be transformed to a linear second-order difference
equation with constant coefficients if the symmetry vector field is factorisable.
Secondly, we wish to investigate under what conditions on the functions f;’s the

QRT mapping (1) is invariant under a factorisable symmetry vector field of the
form

X(xu) = oc(x)% + A(x)[B + Cu + Duz]%, 3) ’

where B, C and D are constants, 4(x) is an arbitrary function of x, and a(x) is a
unit periodic function. We wish to note that although the independent variable x in the
QRT mapping takes integer values we allow here x to take real values.
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e
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The outline of the paper is as follows. We show first, using the Lie symmetry
analysis in Section 2, how the QRT mapping (1) can be transformed to a linear second-
order difference equation with constant coefficients, provided it preserves a factorisable
vector field. Also, we investigate under what condition, on the functions f;’s in (1), it
is invariant under the symmetry vector field (3). In Section 3, for the derived condition
on fi’s we transform the QRT mapping into a linear second-order equation as well as
derive explicitly two independent integrals of motion of (1) ensuring its integrability.
Also we derive the exact solution of (1) for these cases.

2. Lie symmetries

Consider a one-parameter (¢) Lie group of continuous point transformations:
x* = x + 8&(x,u) + O(e%), )
u* =u+ ev(x,u) + O(e?), )

where &(x,u) and v(x,u) are infinitesimal transformations of x and u, respectively.
Eq. (1) is invariant under the transformations (4) and (5) if

. = "y = D10 —w fo(u
R O S ©

provided u = u(x) is a solution of Eq. (1). We know that [10]
" du"
W) =u" +e[E(x,u) — E(x + 2, u”)];x— +ev(x + 2,u") + O(e?). (7)
Substituting Egs. (4), (5) and (7) into the transformed equation (6) we find
& u) = a(x), (®)
and.the following invariant equation:
2[F — ulo(x + 2,u")

= F[G — Flo(x,u) + [FZ 0 6_u2

0
£ a,FG-!-u—F o(x + 1,u"), )

where «(x) is an arbitrary unit periodic function, that is ax+1)=alx), x €R,
F=falfs and G=f1/f2. Henceforth, we write f(u')=f), f2(u')=f2 and
f3(u') = f3 for convenience.

The functional equation (9) cannot be solved for v(x, ), in general, with the existing
methods applicable to difference equations [17]. In order to solve Eq. (9) we make the
ansatz that the infinitesimal symmetry v(x,u) is factorisable in x and u,

o(x,u) = A(x)G(w), (10)
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so that the symmetry vector field becomes
0 [ an
X(x,u) = oc(x)a—x +A(x)G(u)au‘

Using Eq. (10) in the invariant equation (9) we find, after straightforward calculations,
that the function 4(x) must satisfy [14, 15]

A(x +2) = kd(x + 1) + 14(x) = 0, (12)

where k and [ are arbitrary constants and the QRT mapping (1) can be transformed
to a linear second-order difference equation with constant coefficients given by

w(u') — kw(') + Iw(u) = p, (13)

where p is a constant and the homogenising variable w(u) is given by

() = / %5 (14)

In this article, we assume that G(u) is a quadratic polynomial in u given by
G(u) = B+ Cu+ Du?, (15)

where B, C and D are constants, and find under what condition on the functions f7, f>
and f3 the QRT mapping (1) is invariant under Eqs. (4) and (5). Substituting Eq. (10)
with (15) into the invariant equation (9) and equating the powers of u?, u and 10 equal
to zero we obtain the following determining equations:

[B + CF + DF?)A(x 4+ 2) = D[FG — F*]4(x)
+[B + Cu' + Du*1A(x + 1)%& (16)

F[2B + C(F + G) + 2DFGA(x +2) = CF[F — GlA(x)
d
+[B+ Cu' 4+ Du"1A(x + 155 FG,
a7

G a
(B + CG + DGYA(x +2) = B[—ﬁ - 1]A(x> 1B+ Gl + DuP UG + 1) G.

(18)
Using (12) in Egs. (16)—~(18) we obtain the following equations:
k[B + CF + DF*| = [B+ Cu' + Du'z]%F, (19)
kF[2B + C(F + G) + 2DFG] = [B + Cu' + Du’z]%(FG), (20)
k[B + CG + DG*] = [B+ Cu' + Du'*] 0 G, 1)

o
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I[B + CF + DF*| = D[F? — FG], (22)
2B+ C(F + G) + 2DFG] = C[G — F], (23)
IF[B + CG + DG*) = B[F - G]. 24)

Combining Egs. (22) and (24), we get
Bfs =Df1)Cf2+Bf3+Df1)=0. (25)

Thus, we have two possibilities.

Case I:
_ . fi_B_
Bfs —Df, =0 or equivalently Z~ = — = constant. (26)
fs D
Case 2:
Cfa+Bf3+Df =0. 27

We consider cases 1 and 2 separately.

Case I: Substituting Eq. (26) into Eq. (23), we obtain

ADf1f2+C(f1f3+ f3)=0. (28)
Using (28) in (23) we find
Clfifs—f3)=0. 29)

Since both C =0 and (ff3 — f% ) = 0 are not interesting choices, we refrain from
presenting further details.

Case 2: Substituting Eq. (27) into Eqs. (22)-(24) we find that

I=1. (30)
Then Eqs. (19)—(21) can be rewritten as
k[B+ CF + DF?| = [B+ Cu +Du'2]%F, (31)
k[BF + CG + DFG] = [B + Cu' + Du/z]%(FG), (32)
k[B + CG +DG* = [B+ Cu/ +Du’2]%G, (33)

where F = (f>/f3) and G = (f1/f2). Substituting Eqs. (31) and (33) into Eq. (32)

we find that it is satisfied identically. Also making use of Eq. (27), C = —(B/F)-DG

in Eq. (33) we find that it reduces to Eq. (31). Thus, it is sufficient to consider either
Eq. (31) or Eq. (33) (for further discussion). Now Eq. (31) can be written as

dF _ kdu' 34

[B+ CF +DF?] ~ [B+ Cu + Du”]’ G4
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Let C? —4BD > 0. Then the integration of Eq. (34) gives

F—ouy (=) 35)
Foo ='W =)
and so
otz ai[u’ — o] — O [’ — o] (36)
S W —wl = il -l °
where Q) is an arbitrary constant and o and o, are roots of
B + Co.+ Do* = 0. 37)

Substituting the function F, Eq. (36), into Eq. (27) we find

_ (o o) (' — o)t = 00 — o)) — oal(¥’ — )t — Qi (' — )]

¢ [en (' — op)F — 0201 (o' — 011 )¥].
(38)
Thus, the functions f, /> and f3 here take the following form:
S10)= (o + o) (' = ) — 01 (' = 1))
—no[( — ) — 01 — )], (39)
fo)y =@ — ) — Qi — o) (40)
and
[0 = — ) = Q1@ — ) “n
Let C? = 4BD. Then the integration of Eq. (34) gives
2DF1+ c~ (2Dufc+ ote “2)
and so
F_f2 _L(2Du’+C)(1—CQ2)—Ck @3)

T 7 2D [k+0,2DW +C)]
where Q is an arbitrary constant. Substituting the function F into Eq. (27) we obtain
_fi_ @Du' + C)[204(1 — CQy) — 2BQ;] — 2k(B + Cary)

G= (44)
2 [(2Du' + C)(1 = CQ2) — Ck]
where o) = ——2%. Therefore, the functions f, f, and f3 in this case take the following
form:
f1(') = (2Dd + C)[2e(1 — CQy) — 2BQ,] — 2k(B + Coyy), (45)
Sf2(u') = 2Du' + C)(1 ~ CQy) — Ck (46)
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and

f3(') = 2D[k + Q,(2Du’ + C)). (47)

Let C2 —4BD < 0. Then the integration of Eq. (33) gives

G= % = %[—C+5tan [k tan~! (——(ZDHI;— C)> +Q3”, (48)
where Qs is an arbitrary constant and

5 =+/4BD — C2. (49)
Substituting the function G in Eq. (27) we find

Fat2_ —28 (50)

s C + 6 tan[k tan™! (—(ZD"(;‘*C)) + Q3]'

Thus, the functions £, /> and f3 here take the following form:

f.(u’):%[—c+6tan [ktan"1 (QDMT—{—C))-I-Qg”, (1)

fa)=2 (52)
and

[ = —% [C+5tan {ktan_l (%ﬂ) +Q3H. (53)

Thus, the QRT mapping (1) is invariant under the following one-parameter (¢) trans-
formations:

x* =x+ea(x)+O(?),  w* =u+ed(x)[B + Cu+ Du?] + O(c?), (54)
provided f1, f, and f3 satisfy Egs. (39)-(41), (45)~(47) and (51)~(53) for C? —

4BD > 0, C? = 4BD and C* — 4BD < 0, respectively, and A4(x) satisfies Eq. (12)
with [ = 1.

3. Linearisation and integrals of motion

Now the homogenising variable w(u) associated with the symmetry v(x, ) is

du
w0 = [ ey o (53)
When C2 —4BD > 0 the homogenising variable w(u) takes the following form:
W) = 1 (u—oap)

D@ —w) (= m)’ (56)
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where o) and o, are roots of Eq. (37). Now

" —ay) _ a—afa)(u—Fy)

@ —w) = (fr—mfu =R ©n
where
_ (fi—a1f2) (f1—oaf2)
F =1z %r2) = L1"%/2)
e ™ B TL %)

Making use of Eq. (35) in the above equation, we find

W' =) W~ ) — o)
@ =o) = w) &

Using Egs. (56) and (59) in the QRT mapping (1) together with constraint on the

functions f1, /5 and f3 given in (39)~(41) we find that it reduces to a linear second-
order difference equation

w(") = w(') + w(u) = p, (60)

where
1

P = B =) ) log 0. (61)
Then the general solution of Eq. (60) is

W) = A+t + 2o, ko, (62)
where 4; and 1, are roots of the equation

Pkl +1=0, (63)

and ¢i(x) and ex(x) are arbitrary unit periodic functions and so
(u—a)

(u— o)

log = D(a — o) [cl(x),ﬁ + () + k%] k#2 (64)
and from which we can easily find the exact solution u = u(x) of the QRT mapping
(1). The integrals of motion for this case are

"N (u =) — o) )4 —x
Ii(x,u,u’) = [log \(u o) = @) + m(l — lz)]/ll , k#2 (65)
and
" — (=) —ay) —x
Llguu) = [log m 5 - 1)] A5 k42, (66)

where «; and o, satisfy (37), while 1, and Ay satisfy (63). Obviously, the above
integrals of motion are independent. For the choice C?
variable w(u) becomes
2

2Du+C" 67)

= 4BD, the homogenising

w(u) =
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Now

(2Dv' 4 C)(2Du + C)
[(2Du' + C) — (2Du + CY(2Du' + C)Q; — k(2Du + C)]
Substituting the above equations (67) and (68), in the QRT mapping (1) along with

S, f2 and f3 given in Egs. (45)-(47) we find that it reduces to a linear second-order
difference equation

2Dy + C = — (68)

w(') = kw(u') + w(u) = p, (69)

where p = —20, and so the general solution is Eq. (62) and hence we obtain the cor-
responding exact solution of QRT mapping (1). The integrals of motion corresponding
to this case are

u— o' +o(ly — 1) P

hmuu) = {m+2—k

(o — 1)] 5 k#2, (70)

and

N [Ae —u+o(l— ) )4 —x
I;(x,u,u)— [m+i——k(lhil):| A’Z > k7é2. (71)

where « = ~C/2D and 1) and 1, satisfy (63). For the choice C? — 4BD < 0, the
homogenising variable reads

(2Du + C))

5 (72)

2
w(u) = 3 tan™! (
where § is given in (49). Proceeding further with the constraints on the functions
1, f2 and f3 given in Egs. (51)—(53), we find that the QRT mapping (1) reduces to
a linear second-order difference equation

w(u") — kw(u') + w(u) = p. (73)

From Eq. (73), we find w(u), Eq. (62), and its inversion gives the associated general
solution of QRT mapping (1). Here also one can construct two integrals of motion.

4. Discussion

In this paper we have demonstrated that the method of Lie symmetries provides
an effective technique to study nonlinear difference equations or mappings towards its
linearisability or integrability. By applying the Lie symmetry method to QRT mapping
we have shown that it can be linearised in general if it admits factorisable symmetry.
In particular, by demanding that the QRT mapping is invariant under the symmetry
vector field

X(x,u) = oc(x)a—i +Ax)[B + Cu + Duz]%,

(74)
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where B, C, and D are constants and A4(x) is an arbitrary function in x satisfying
Eq. (12) we have derived condition on the functions fi, f, and f3. Further for the
identified choice we have transformed the QRT mapping (1) into a linear second-order
difference equation with constant coefficient. Also, for the identified choice, we have
explicitly constructed two independent integrals of motion for the QRT mapping (1)
ensuring its integrability. We have also derived the exact solution of the QRT mapping
in this case.
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