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A new description in terms of one and the same linear inhomogeneous integral equation is
proposed for the nonlinear Schrédinger equation (NLS), as well as for the equation of motion for
the classical isotropic Heisenberg spin chain in the continuum limit (IHSC). From the integral equa-
tion which contains a two-fold integration over an arbitrary contour in the complex plane with an
arbitrary measure one can obtain the various solutions of the NLS as well as of the IHSC in a
direct way without going through the details of the inverse scattering formalism. Well-known
properties such as the Miura transformation, the Gel’fand-Levitan equation and the Lax
representations for NLS and IHSC can be derived as a corollary from the integral equation. The
treatment leads also to a few more general (integrable) partial differential equations which contain
the NLS and the THSC as special cases.

1. Introduction

In recent years there has been a lot of interest in the Heisenberg spin chain
in the continuum limit. For the classical isotropic case explicit solutions of the
equation of motion

3S=8x%x38+8S xB, S-S=1, (1.1

where S = (S%, S?, S?) denotes the spin vector and B an (external) magnetic
field, were found by Lakshmanan, Ruijgrok and Thompson') and by Tjon and
Wright?). A description in terms of one real variable and the corresponding
potential equation which is also valid in the case of axial symmetry have been
given in refs. 3 and 4. An important development in the study of eq. (1.1) was
the discovery of an inverse scattering scheme and thus the proof of complete
integrability by Takhtadzhyan®). At an earlier stage the inverse scattering
method had already been established for the nonlinear Schrédinger equation

9,9+ 02 +2lo['d =0 (1.2)
by Zakharov and Shabat®). The corresponding potential equation in terms of

one real variable was given in refs. 7, 3 and 4.
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A close connection between the equation of motion (1.1) for the isotropic
classical Heisenberg spin chain (IHSC) and the nonlinear Schrodinger equa-
tion (NLS) was found by Lakshmanan®), see also ref. 4 for the relation
between the corresponding potential equations. A more profound under-
standing of this connection in the framework of the inverse scattering
formalism was established by Zakharov and Takhtadzhyan®). Very recently a
Miura transformation'’), analogous to the well-known transformation'’) be-
tween the modified Korteweg—de Vries equation (MKdV) and the Korteweg-
de Vries equation (KdV), has been discovered. This transformation maps the
solutions of the classical (continuous) Heisenberg spin chain with uniaxial
symmetry (AHSC) which has also been proved to be an integrable system'*"),
on solutions of the NLS. In the isotropic case this transformation reduces to
the one given by Lakshmanan®). Explicit solutions of the NLS and the IHSC
may be obtained using the inverse scattering formalism>®?). For a systematic
treatment of the inverse scattering method for the NLS and IHSC, see also
refs. 14 and 15 respectively.

Very recently Fokas and Ablowitz'®) have proposed a linear in-
homogeneous integral equation for the linearization of the Korteweg—de Vries
equation. The essential feature is that this integral equation contains an
integration over an arbitrary contour in the complex k-plane with an arbitrary
measure. By an appropriate choice of contour and measure the various
solutions of the KdV can be obtained directly without going through the
details of the inverse scattering formalism. (The various ingredients of this
formalism such as the Gel’fand-Levitan equation can be derived as a corol-
lary from the integral equation.) Furthermore a general discussion of the
Gel'fand-Levitan equation was given in a paper by Zakharov and Shabat'’),
see also ref. 18, and some other ways to extend or to bypass the inverse
scattering formalism have been developed in refs. 19-21. The form of the
integral equation in ref. 16 may be inferred from the treatment by Rosales®®) on
the basis of a power series expansion.

In the present paper the connections between the IHSC and the NLS are
shown to arise in a natural way from a description in which solutions of both
equations can be derived from one and the same linear inhomogeneous
integral equationt. The integral equation has the form

i(kx—k2t) e —i(l'x—1'2t)

a0+ [0 [ S b =0 )
C Cc*

t A similar connection has been found very recently by Hirota”®) who showed that the NLS
and the IHSC can be transformed into the same bilinear form. The relation of the treatment in
ref. 22 with our method or with the usual inverse scattering method has not yet been clarified.
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where dA(k) is an arbitrary measure over one complex variable k and the
integrations are performed over an arbitrary contour and its complex con-
jugate C*.

Assuming that the homogeneous integral equation, i.e. (1.3) with the right-
hand side replaced by zero, has only the zero solution, it will be shown that

b(x, 1) = j A (k)i (x, 1) (1.4)
C
is a solution of the NLS and that
$x, 1) = f AN (ki (x, 1) (1.5)
C

yields the spin vector S(x,t), associated with a solution of the IHSC. This
means that solutions of (1.1) and (1.2) can be found choosing an appropriate
contour and measure in (1.3). The form of the integral equation (1.3) may be
inferred from the treatment in ref. 20 on the basis of a power series
expansion, but this will not be treated in more detail here. A brief account of
some of the considerations of the present paper can be found in ref. 23, where
it was also shown that solutions of the MKdV can be obtained directly from
the integral equation proposed by Fokas and Ablowitz') for the linearization
of the KdV, see also ref. 24 for further details.

In section 2 of this paper we investigate a slightly more general class of
linear integral equations in which the source term e™ % in the right-hand
side is replaced by k™" e ®*¥  (n integer), or more generally by G(k) e'®*,
where G(k) =2, \,k™" is an arbitrary meromorphic function of k. The integral
equation with source term k™" e™ " leads to the so-called NLS-IHSC
hierarchy consisting of the relations for the functions ¢(x, t) which can be
obtained from (1.4) in which ¢{" is the solution of (1.3) with k™" ¢'®~¥*V in the
right-hand side. The integral equation (1.3) with general meromorphic G(k)
leads to two coupled (integrable) partial differential equations (PDE’s) for two
fields ¢ (x, t) and Y(x, t) which are defined by (1.4) and by

Wx, 1) = f dA (O, 1),
C

ei(kx—kZl)

W) = [ dhr ) S i o), (1.6)
C

where ¢(x, t) is any solution of (1.3) with a factor G(k) in the right-hand side.
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In particular, all linear combinations of functions ¢ (x, t) (and ¢™(x, 1)) for
different values of n belonging to the NLS-IHSC hierarchy are solutions of
the two coupled PDE’s. From the two coupled PDE’s we derive also one
partial differential equation in terms of only y(x, t).

In section 3 we derive the linear problem for the functions ¢, (x, t) (and the
corresponding functions s, (x, t)). We obtain differential equations which are
linear in the functions ¢, (x, t) and Y, (x, t), but the solutions ¢ (x, t) and Y (x, t)
and their derivatives appear explicitly in the coefficients, as is the usual
situation for the linear problem associated with a nonlinear integrable PDE.
From the relations of the linear problem we derive (matrix) PDE’s for the
matrices ® and ¥ with the elements

am (X, 1) = ] dA (k)b P(x, k™, (1.7)
C

o (X, 1) = j AP (x, Dk ™. (1.8)
C

In section 4 the special case n =m =0 is treated and it is shown that
doo(x, t), defined by (1.7) for n = m =0 or by (1.4), is a solution of the NLS,
whereas (X, t) is directly related to a solution of the potential nonlinear
Schrodinger equation in terms of one real variable which has been introduced
in refs. 7, 3 and 4. Finally there is a one to one correspondence between the
solutions , »(x, t) for n = m =0 on the one hand,and n =-1,m =0or n =0,
m = —1 on the other hand.

In section 5 we deal with the special cases n =1, m =0; n =0, m = 1, and
n=m = 1. The functions ¢,,(x,t) (and also ¢, ,(x,t)) in these cases are
directly related to the components of the spin vector S(x,t) satisfying the
ITHSC. The Miura transformation between IHSC and NLS is obtained as a
corollary of the transformation formulae in sections 2 and 3.

The linear integral equation (1.3), (or a more general one with G(k) in the
right-hand side), provides a general description of solutions of the NLS, the
ITHSC and related equations. Various features of the usual inverse scattering
formalism can be obtained as a corollary and in appendices A, C and D we
discuss the Gel’fand-Levitan equation, the Lax representation for the NLS
found by Zakharov and Shabat®) and the Lax representation for the IHSC
found by Takhtadzhyan®). In appendix E an explicit formulation of the gauge
equivalence’®) of both Lax representations is given. In appendix F we present a
few details concerning the two-soliton solution of the IHSC.
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2. The linear integral equation

2.1. Derivation of the NLS-IHSC hierarchy

We first consider a class of linear inhomogeneous integral equations of the
form

i(kx—k2t) efi(l’xfl’zt)

6P (x, 1)+ j dr(l) f AN ey ¢ )
C C*

_ 4 ikew 2.1
- kn € B
i.e. eq. (1.3) with an extra factor k™ in the right-hand side. Here n can be
taken to be an integer, dA(k) is an arbitrary measure over one complex
variable k and the integrations are performed over an arbitrary contour C and
its complex conjugate C*. The measure and the contour are chosen such that

the homogeneous integral equation has only the zero solution, i.e.

i(kx—k2t) e —i('x—1"2t)

£ r € = =
file 0+ [ aa) [ ) Sy i D=0 fils, D=0,
C C*
(2.2)
Furthermore we assume that the differentiations with respect to x and ¢t may
be shifted through the integrals.

For later purpose we introduce the conjugate functions

i(kx—k2t)

0= [ ) G e 0, 23)
C*

cf. eq. (1.6) in the special case that ¢} = ¢{"", & = ¢{". From the complex
conjugate of (2.1), i.e.

—i(k'x—k"2t) i(Ix—121)

e (x, )+ f dr(l) f W) S =y ¢ D
C Cc*

_L —i(k'x—k'2t) 2 4
- k/n € > ( . )

and the definition (2.3), it is straightforward to derive the integral equation
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i(kx—k2t) e —i(l'x—1"2t)

WO, 1) + f dr(l) j e L (R AR
C C*

i(kx—k2t) e —i(l'x—1"2t)

wrin €
= [ ) g — 2.5
C*

for the functions ¢{’(x,t). Note that both integral equations (2.1) and (2.5)
have the same kernel and in the following use will be made of (2.2) in order to
derive various relations between the functions ¢{"(x,t), ¢\’(x,t) and their
partial derivatives with respect to x and t. For that purpose we consider first
the time derivatives and next the derivatives with respect to x.

The time evolution of ¢{” and 4" can be described in terms of the operator

M =i3, + 82, (2.6)

which has been chosen in such a way that the right-hand side of (2.1) vanishes
under the action of M. Applying the operator M to eqs. (2.1) and (2.5) we find

i(ke—k2t) _ —i(I'x—1"2t)

n n € n
M¢g>+fdx(1) f ) =y Mo
C C*

= —2i(a,p™") e, 2.7
and
o1 [am [ s e T
M+ [ MO [ e Sy i
C C*
= 2i(8, ™) '® 0, 2.8
where
" (x, 1) = f A () (x, 1), 2.9)
C
W x, 1) = f A ()YP(x, 1). (2.10)
C

Eq. (2.7) follows from (2.1), (2.3) and (2.10). The differentiations with respect
to the exponentials in (2.5) give rise to the factor

—i(I'x—172t) e —i(I'x—1"2t)

~2ig, U dx (D) f (1) S §">]+2 j A1) S
C c* C*
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occurring in the right-hand side of (2.8). Using the definition (2.3) for ¢{” and

the integral equation (2.4) for ¢{’" this factor can be written

—i(l'x—1"2t) ei(bcflzt) ]

~2ia, [ ! dr () Cf AAE() C[ d)\*(k')e(l,_l)ww’?}*

+2 J' AA*(1") *: = 2i(3,6™). @.11)
ox
Subtracting (2.7) from (2.1) we find that the function
filx, t) = M§"” + 2i(8.0™") o (2.12)
satisfies eq. (2.2) and therefore
(i9. + 3" = — 203 ™) 1. (2.13)
In the same way we find by comparing (2.8) and (2.1) and applying (2.2)
(10, + dDU” = 2i(3:6") . (2.14)

Egs. (2.13) and (2.14) determine the time evolution of the functions ¢{” and
Y. We now investigate the spatial derivatives. Differentiating (2.1) with
respect to x we find

itkx—k2t)  —i(l'x—1"2t)

. wo1n € e
—iog "+ [ ) [ ans ) Sy (Cidsi)
C Cc*

= (v ™) e, 2.15)
and from (2.5) using an argument similar to the one leading to (2.11), but
without the derivatives 4,, it follows that

™ ei(kxszt) efi(l’x—l’zt) @
s n (]’ s n
c Cx
= ™" ik, (2.16)

Comparing (2.15) with the integral equation (2.1) and using again (2.2), we
obtain the relation

—i0:pi = ol — ", .17
and from (2.16), (2.1) and (2.2) we have
—idyi” = ¢ L. (2.18)
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Egs. (2.13), (2.14), (2.17) and (2.18) are satisfied by every solution ¢{"(x, t),
¥{(x,t) of the set of linear integral equations (2.1), (2.5). These four
equations may be regarded as the constitutive relations of the NLS-THSC
hierarchy. Using the definitions (2.9) and (2.10) for the functions ¢ ™(x, t) and
y™(x, t) it is clear that the corresponding relations for ¢™(x, t) and ¢"™(x, t)
can be obtained omitting the subscripts k in (2.13), (2.14), (2.17) and (2.18).
Egs. (2.13), (2.14), (2.17) and (2.18) will be further used in section 3 in the
derivation of PDE’s for the matrices @ and W, cf. eqgs. (1.7) and (1.8).
Furthermore (2.13), (2.14), (2.17) and (2.18) may be regarded as special cases
of more general relations which will be derived from an integral equation of
the type (1.3) with source term G (k) e‘® .

2.2. General source term; coupled partial differential equations
In this subsection we consider the more general integral equation

i(kx—k2t) e —i(l'x—1"2t)

NG
e 0+ [ ) [ o) Sy dix 0
C C*

= G(k) etk (2.19)
in which

Gk)=3 Ak (2.20)

is an arbitrary meromorphic function of k, the coefficients A, being complex
numbers, independent of k, x and t.
Comparing (2.19) with (2.1) and using (2.2) it is clear that

$ulx 1) = 3 M i(x, 1) 2.21)
and from (2.4) and (2.5) it follows that the function

(x, t) = Z NEP(x, 1) (2.22)
satisfies the integral equation

i(kx—k2t) | —i(I'x—1"2t)

n €
(x, 1)+ I dr(l) J I = W D

i(kx—k2t) | —i(I'x—1"2t)

. J’ A+ (1) S —— G, 2.23)
2

in which G*(I") =X, \¥1'™".
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Since the relations (2.13), (2.14) and (2.18) are linear in the functions with
superscript (n) we immediately have

(i9, + 0D b = —2i(0.p*)$ ", (2.24)

(id, + 3D = 2i(8.:6*) (2.25)
and

—i0h = ¥, (2.26)
with

b(x, 1) = f A RB(x, ) = S Md™(x, 1),
C

o(x, 1) = f ARG (x, 1) = S AEY(, 1), 2.27)
C

From (2.17) we also obtain the relation

—idyi = b — Y* L, (2.28)
in which <f>k =3, M0 Y is the solution of the integral equation (2.19) with
G(k) = G(k)k instead of G(k).

Inserting (2.26) in (2.24) and (2.25) and integrating over C we obtain the two
coupled partial differential equations

(19, + )b (x, 1) = =2/ (x, D[*(*(x, 1)), (2.29)
(19, + 3DY(x, t) = 2(8, In d*(x, 1))dP(x, ). (2.30)

Egs. (2.29) and (2.30) are integrable in the sense that solutions can be obtained
from the linear integral equations (2.19) and (2.23) with arbitrary meromorphic
G(k). (All ¢ and ¢ in (2.27) are solutions of (2.29) and (2.30).)

Integrating (2.26) and (2.28) over C we obtain the additional relations
—i0p = ¢*¢", (2.31)
~idb = b —y*e?, (2.32)

with ¢ = [ dA(k)dy. Egs. (2.31) and (2.32) relate the solutions ¢ and ¢ which
can be found from (2.19) and (2.23) (with G(k)) to the solutions ¢ and ¢©
which can be found from (2.19) with G(k)k and 1 instead of G(k), respec-
tively.

2.3. Partial differential equation for ys(x, t)

From (2.29)—(2.31) one can also derive a PDE in terms of . In fact, using
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(2.31) to eliminate 9, In ¢* in the right-hand side of (2.30) we obtain

_ —ia+ 0 ©
A= —wa o In ™. (2.33)

From (2.29) and (2.31) in the special case ¢ = ¢, ¢ = ¢'?, cf. (2.19) and (2.23)
with G(k) =1, we find

(0, + 090 = ~26 16, (2.34)

which is the NLS (1.1), cf. (1.4). Dividing by ¢© and differentiating with
respect to x, we have, cf. (2.33),

i0,A+02A+2A8,A =—-28,]0 " (2.35)
Using
3o =10 8, In|d V) = (A + A%)|pOP (2.36)

in (2.35) one can express |<i>(°)|2 in terms of A and its derivatives. Inserting the
result again in (2.35) we obtain the equation

i0,A+0:A+2A3,A— 3,[i0,A+ 9:A+2A8,A)(A+ A¥)7'1=0 (2.37)

for A =09, In ¢, where ¢ satisfies the NLS.
By explicit calculation it can be shown that

A+ A* =Re("y' ")+ Im(gp' ™), (2.38)
2i0,A + 0°A + 2A0,A) = ¥ Tp"/ o 2(""""'(;#’""’"') L@ +w‘{’3"2)"’", (2.39)

where we have used dots and primes to denote the differentiations 4, and 9,

with respect to t and x.
Inserting (2.38) and (2.39) in (2.37) we obtain a partial differential equation

in terms of ¢, i.e.

e a0 Wt Y
v v v’
o[ WV 2 g w"z)w"w'*]_ (2.40)
Re(y"y'™) + Im(d' )

Eq. (2.40) is integrable in the sense that solutions can be obtained from the
linear integral equation (2.23) with arbitrary meromorphic G*(I') and every
linear combination of functions ¢™(x, t), cf. (2.5), (2.10), (2.22) and (2.27), is a
solution of (2.40).
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2.4. Remarks
1) The relations (2.31) and (2.32) can be used to obtain a transformation for

the solutions of (2.40). We define a function 1[/()(, t) by

dx, 1) = f ARG D), G ) = S A% e, 1), 2.41)
C

where Jfk is the solution of (2.23) with G*(l’) = 1'"G*(l") instead of G*(I"). From
(2.31) for ¢, (2.32) to eliminate <1§*, and again (2.31), we have

—idp = §*¢® = (8.8, In o* + Y|d . (2.42)

Using (2.30) and also (2.33), (2.35) and (2.36) to express 4, In ¢* and |¢ ¥ in
terms of ¢, we arrive at

R (2 W20 g )
Re(y"¢') + Im(p'™)
(2.43)
From (2.33) for § and again (2.33) to express 9, In ¢ in terms of ¢ we have
—i04p = —i[3, — (=i + Y)Y " I(=i0), (2.44)
in which —iaxlff is given by (2.43). Egs. (2.43) and (2.44) form a transformation
mapping a solution ¢ of (2.40) on another solution Jf of (2.40).

ii) Using (2.29)-(2.31) and in particular also (2.40) with ¢ = ©, one may
also derive a PDE in terms of only ¢(x, t). The result, however, is much more
complicated than eq. (2.40) and will not be given here.

iii) From the integral equations presented in this section it is straightfor-
ward to derive the corresponding Gel’fand-Levitan equations. These equa-
tions may be regarded as general linear integral equations in coordinate space.
(The reflection coefficient appears only after an explicit connection with the
usual inverse scattering method has been made.) For some details we refer to
appendix A.

3. The linear eigenvalue problem and matrix partial differential equations

3.1. The linear eigenvalue problem

In this subsection we show how to derive a linear eigenvalue problem
associated with the equations (2.29) and (2.30). If we apply the operator
(—k —1d,) to the integral equation (2.1), we find
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i(kx—k2t) e —i(I'x—1"2t)

: n n€ —l—j (m)
(~k=ia0¢+ [ dAO) [ ) Sy (1 109!
C C*

i(kx—k2t) e —i(l'x—1"2t)

— 4 n €
=4 [ v G0
&

Comparing eq. (3.1) with (2.5) for n =0 and using (2.2) we have
(—k=i3)¢i” = oYl (3.2)

A similar expression for (—k —id,)¢¥{” can be found either by applying the
operator (—k —1id,) to the integral equation (2.5) or by using (2.17) and the
definition (2.3). The result is

(—k =13y = i — g, 3-3)

For the functions ¢.(x, t) and ¢y (x, t) which are defined by (2.21) and (2.22)
and which are the solutions of the integral equations (2.19) and (2.23) we have
the relations

(—k—id) by = oY (3.4)
and
(—k =3P = Y — i, (3.5)

where l[fk and ¢ are the solutions of (2.23) with I'G*(l') and 1 instead of
G*(1").

From (3.4) and (3.5) it is straightforward to derive a linear eigenvalue
problem associated with the coupled PDE’s (2.29) and (2.30). In fact, inserting
(2.18) for 8,4 and eqs. (2.26) and (2.31) for ¢ and ¢@*, we have

—i8.[¢ (—k —13.) ] = =100 = V% = || (9. (). (3.6)

From (3.5), applying (2.26) and (2.18) for axlj}k and 0.4, eq. (2.32) to eliminate
¢*, and finally eq. (3.4) and (2.26) to express ¢ and ¢ in terms of ¢, ¥, ¢
and ¢, we find

i(—k — 33 = (3P — (b @* — $*)p

=3~ (—k —id) ¢ + (3; In ¢*) i (3.7

The time evolution of ¢, and Y is given by
10y = =05k = 2(:0%)* .t (.8)
134 = — 03 + 2(0x In ¢*)dsts, (3.9)

as follows from (2.24), (2.25) inserting (2.26) for d)ﬁ”.



LINEARIZATION OF NLS AND IHSC 13

Egs. (3.6) and (3.7) supplemented by egs. (3.8) and (3.9) can be regarded as
the linear eigenvalue problem associated with the PDE’s (2.29) and (2.30). In
(3.6)—(3.9) the ¢ and Y are the eigenfunctions for the eigenvalue k, and ¢ and
¢ play the role of the potentials. Note that as a consequence of our treatment
eqs. (2.9) and (2.10) provide a simple basic relation between the eigen-
functions on the one hand and the potentials on the other hand.

From (3.6) and (3.7) it is easy to eliminate ¢, to obtain an eigenvalue
problem containing only 3.Js. The result is

10, [(—idx — (3, In a.9)Imi] + |d VP mi — 8.[(, In dp*)mi] = ik, (3.10)
where
M = (3) ™ 8, (3.11)

and |<15(°)|2 and J, In ¢* can be expressed in terms of ¢ and its derivatives using
(2.35), (2.36) and (2.30) respectively.

The linear eigenvalue problem will be further investigated in appendices C
and D, where we derive the Lax representation of Zakharov and Shabat®) for
the NLS, and of Takhtadzhyan®) for the IHSC as special cases.

3.2. Matrix partial differential equations

In this subsection we derive PDE’s for the matrices @ and W, the elements
of which are defined by

(X, 1) = j AA ()P DK™, (X, 1) = j AR D™, (3.12)
C C

in which ¢{”(x, t) and y{"(x, t) are the solutions of (2.1) and (2.5). Comparing
(3.12) with (2.9) and (2.10) we have in particular

d(x, 1) = dng(x, 1), YU(x, 1) = Po(x, 1). (3.13)

Dividing (2.13), (2.14), (2.17), (2.18), (3.2) and (3.3) by k™ and integrating
over C, we have

(10, + 0 bnm = —2i(3.07% ) o.m, (3.14)
(8, + 8D Ymm = 2i(3:b% o) bo.m, (3.15)
—10xPnm = Gn-1m — Uk 0bo.m> (3.16)
—10:nm = &% 0Pom (3.17)
—Gnm-1— 10xPnm = OnoPom, (3.18)

- l1[In,m—l - iax‘!]n,m = l,/n,OlIIO,m - l1[In—1,m- (3 19)
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With the special matrices O and J with elements
Om,n = 6m,06n,0, Jm,n = 8n,m+1, (3.20)

egs. (3.14)-(3.19) can be expressed as coupled partial differential equations in
terms of the matrices @ and W with elements ¢,,, and ¢,,, cf. (3.12). The
result is

(i8, + )P = —2i(9,¥*)- O - D, (3.21)
(i, + 9)W = 2i(3,0%) - O - @, (3.22)
—i9,®=JT-®—W*.0-D, (3.23)
—ia, W =@*-0- D, (3.24)
—®-J-id,d=D -0V, (3.25)
~WJ-igW=V-0-¥—JT P, (3.26)

where J7 is the transposed matrix of J with elements J T,,,,l = Smp+i-

Using (3.21)-(3.26) it is straightforward to write down the corresponding
relations for the matrices ®* and ¥+, where ®" is the transposed matrix with
elements ¢, = ¢nm and Wi the hermitean adjoint matrix with elements
Ymn = ¥ .. Comparing these relations with (3.21)-(3.26) it is clear that ®" and
—WT satisfy the same set of equations as ® and W. Therefore,

PT=0b, ¥i=-V. (3.27)

A more explicit proof of (3.27) which is based on the integral equation (2.1)
and eq. (2.3), and which leads also to bilinear expressions for the functions
¢nm and ¢, in terms of the eigenfunctions of the linear problem, is given in

appendix B.
In view of (3.27), eq. (3.25) is equivalent to eq. (3.23); (3.24) and (3.26) can be
replaced by (3.24) and the algebraic relation

¥ J+J V=0 -T-0*.0- . (3.28)

From (3.21) and (3.22) it is easy to derive partial differential equations
containing only the matrix @ (or W). For the matrix ® we have

(i3, + )P =—"20-0-0*-0-P, (3.29)

which may be regarded as a matrix generalization of the NLS and from
(3.22)-(3.24) it can be shown that

(0, + )W = —2idT- 9, W +2{W - O - 5, . (3.30)

Both PDE’s (3.29) and (3.30) are integrable in the sense that solutions can be
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obtained from the linear integral equations (2.1) and (2.5) respectively, using
(3.12).

4. The nonlinear Schrodinger equation

4.1. Nonlinear Schrodinger equation and potential nonlinear Schrédinger
equation (the case n = m = 0)

From egs. (2.29) and (2.31) taking ¢ = ¢, ¢ = ¢©, or from eq. (3.29) taking
the (0, 0)-element of the matrices in the left- and right-hand side we obtain eq.
(2.34), i.e.

(i3, + 89" =-2[6 "¢ (4.1

which is the nonlinear Schrodinger equation, c¢f. (1.2) and (1.4). Solutions of
the NLS can be obtained using the linear integral equation (2.1) for n =0, or
(2.19) with G(k) =1, or (1.3), for various choices of the contour C and the
measure dA (k).

We can also obtain a partial differential equation for ¢©, using (2.33) with
¢ = ¢ and the relation —id, @ =67, cf. (2.31), in (2.35). The result is, cf.
(2.39) with ¢ = ¢,

1.0 + (U 2 i, (0 7 (0) + ©) 1 (0)" 1,02 + 02y, (0) . .
A A 0 Ak Al ), W wl!f’” W i o, 42)

On substituting @ = 2iy, eq. (4.2) becomes identical to the potential NLS
equation in terms of one real variable y, derived in refs. 7 and 4. Solutions of
(4.2) can be obtained using the integral equation (2.5) for n =0, or (2.23) with
G*(l') =1, for various choices of the contour C and the measure dA (k).

From every solution of (4.2) one can obtain a solution of the NLS noting
that

6© = |9,y exp[i f (dl, Im 9, In $© + dI, Im 4, In ¢><°>)], 43)
r

where I is an arbitrary curve going from (0, 0) to (x, t) and dI = (dl,, dl,) is an
infinitesimal two-dimensional vector tangent to I. The terms in the exponent
on the right-hand side of eq. (4.3) can be evaluated in terms of ¢ as follows.
From (2.33) with ¢ = ¢© and the relation

—i0,In ¢ =031n ¢+ (3, In ¢ V)’ + 2|0, (4.4
cf. (4.1), it can be shown that

Im 3, In @ = — Iy @, (4.5)
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Im 3, In ¢© =33, (A + A¥) +3(A*+ A*¥) + 2|

" 2 )2
= %_%‘Ziwm)” ' (4.6)
in agreement with the results of ref. 4, (¢® = 2iy). The compatibility relation
for ImIn ¢©, i.e. 8,(Im 8, In @) = 4,(Im 3, In $©), leads again to (4.2).
It may be noted that every real or imaginary solution of the general PDE
(2.40) is directly related to the potential NLS. In fact, for real or imaginary i,
we have, integrating (2.40) with respect to x,

.. o c S
l!/ﬂ:p,ll/ _ 2 ;Izl!/ ¥ )+(l!/ +w% W' _ (W, 4.7
implying with (2.35), (2.39) and (2.31) that ¢" = 4iy® ¢ 7'(t). From the fact that
 is real or imaginary together with (2.33), it can be inferred that ¢ = 4iy©@c ",
where c¢(t) = ¢, independent of t. Therefore, real or imaginary solutions of
(2.40) can be obtained from (2.23) in the special case that G*(I') =4ic™', ¢
being imaginary or real.

A linear eigenvalue problem for the functions ¢ (x, t), ¢(x, t), which are
solutions of (2.1) and (2.5) for n =0, can be inferred from (2.13), (2.14), (2.18)
and (3.2) substituting n = 0. As an example we give the linear relations for

PO(x, 1):

Ly = ika. i, (4.8)

with
O+

L=4d2- % 3 —ig® (4.9)
and

i0 0 =R id Py, (4.10)
with

: '(0)+ )
R=iax—ili—w(-0)i— @.11)

The compatibility condition, i.e.
&L =—-[LRd, —3,RL], 4.12)

leads again to the potential NLS (4.2). It is also straightforward to derive the
Lax representation given by Zakharov and Shabat®). For details we refer to
appendix C.
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4.2. Second potential nonlinear Schrodinger equation (the case n = —1,
m=0,orn=0,m=-1)

The transformation (2.43), (2.44) can be used to derive the relation between
the functions " and ¢” which can be obtained using (2.10) from the integral
equation (2.5) for n = —1 and n = 0 respectively, or from (2.23) with G*(I') = I’
and G*(I') = 1 respectively.

In fact, using ¢ = ¢©, the relation A+ A* =y ¢y?" and eq. (4.2) and
(2.43) and (2.44), it can be shown that

-0 =210 0 + 3000 — (9 )y (4.13)
and .

—i9" = 30,00 — iy Q9@ —3ia W — (8,40
+31{(0 ) + ()8, (4.14)

implying in particular (¢© = —y©") that
9 Im " = 3iay?,

o Im ™" = =303y — (8.4) + -éi{(a,w“”)% (aiw“’))z}(axw("))“. (4.16)

Substituting ¢ = 2iz’, we have from (4.15)
Imy™"=—2 (4.17)
and (4.16) gives the partial differential equation for z, i.e.
P+ 2" — (2" + 2Nz + 427 =0. (4.18)

Eq. (4.18) may be called the second potential nonlinear Schrodinger equa-
tion, since y = z’ satisfies the potential NLS equation. The solutions of (4.18)
may be obtained from (2.5) for n = —1 and n = 0, noting that

2(x, ) — 2(0,0) = f {dL(=Lip®) — dI, Tm ¢}, (4.19)
r

in which I' is an arbitrary curve going from (0, 0) to (x, t) and dI = (dl,, dl,) an
infinitesimal two-dimensional vector tangent to I'.
The real part of ¢ can be found from (3.17) and (3.19), or by taking the

(n, n)-element of the matrix relation (3.28), i.e.

2Re Y10 = = ([P +[6™P). (4.20)
Eq. (4.20) implies in particular that

Re ¢ = =3y - i) = =227~ 2" 4.21)
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and

YO = 227 2 it 4.22)
Taking the derivative

3 Re ¢y V= ¢34 +3io, 04 (4.23)
and inserting (4.15) for a,4®, we obtain ¥ as function of ¥, i.e.

yo -2 Imzlf;j};l ‘1%? v (4.24)

5. The Heisenberg spin chain

In this section we show how the equation of motion of the classical
Heisenberg spin chain in the continuum limit (IHSC) can be obtained from the
general equations derived in sections 2 and 3.

S.1. The isotropic Heisenberg spin chain (the case n=1, m =0, or n =0,
m=1)

From (2.31), (2.32) with ¢ = ¢, ¢ =4, ¢ = ¢, or taking the (1,0)
element of the matrix equations (3.23), (3.24) we have

¢ = —i(1—¢") 15,6 = ~i(¢™) 0", G-D

From the equations of motion (2.29) and (2.30) with ¢ = ¢", ¥ =4, or
taking the (1, 0) element of the matrix equations (3.21), (3.22) we obtain

(19, + 09" = -2 o) = —2|6PPe ", (5.2)
(6, + a9 =208, In ¢M)ap” =21 -y D). (5.3)

Furthermore, taking the (1,0) element of (3.28), or considering (4.20) for
Y = o= —y%,, it follows that

1=y P+ |oOP = 1. 5.4

Inserting (5.1) and (5.4) in (5.2) and (5.3) it is clear that ¢'” and 1— ¢ both
are solutions of the same partial differential equation

_ 2
(0, + o) = —22®PL (5.5)

1=l@of" ™

Eq. (5.5) is an integrable PDE in the sense that solutions can be obtained from
the linear integral equations (2.1) and (2.5) for n = 1.
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Further insight in (5.5) can be obtained from the corresponding potential
equation. In fact, using the substitution @ = k €" in (5.5) and decomposing the
result into a real and an imaginary part, we have

3GKD + 3, (k*y) =0 (5.6)
and

K 2P+ kYD

Y=Y T T , 5.7

where we have also used dots and primes to denote the differentiations 9, and
d, with respect to t and x, respectively.
Eq. (5.6) can be formally solved introducing a real variable q(x, t) such that

k*=3(1-q). (5.8)

From (5.6) we then have

[ — q
YA ) G2

and inserting (5.8) and (5.9) in (5.7) it follows that
”2

m -2 "2 -2
. 1 q 19°+4q 14" +q
14" _14°*4" 14 +d 5.10
Y 21_q 4(1_q)2 21_q2 ( )

The compatibility condition for v, i.e.

- " -2 "2 -2 "2
q 1 4 19 tq” 19"+
o (3 an) * o (et (a1 ) =0 ¥
can be expressed as
q+q//1/ 4(qqr+q1/qur)ql (q-2+qn2)(1+3qr2)q//_
l_qIZ + (1_q12)2 + (1_q12)3 _0 (5'12)

after dividing the left-hand side by 5(1+ q').

Eq. (5.12) is the potential equation for eq. (5.5), but it is also completely
identical to the isotropic limit of the potential equation which was derived in
ref. 3 for the classical Heisenberg spin chain with axial symmetry. In fact,
taking the external magnetic field B in the z-direction B = Be® and expressing
the spin components in terms of polar angles, i.e.

S = (sin 6 cos ¢, sin 0 sin ¢, cos 6), (5.13)
the equation of motion (1.1) for the IHSC can be rewritten as

d,(cos 0) = 9.(¢' sin® 0), (5.14)
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9!/

Sine—qb’zcos 6 — B. (5.15)

é =
Eq. (5.14) can be formally solved introducing a real variable q(x, t) such that

cos 0 =q'(x, t). (5.16)
From (5.14) we then have

q (5.17)

and inserting (5.16) and (5.17) in (5.15) it follows that

. _qr// (q//2+ q~2)q/
= - )4 _ . (5.18
d) 1_q12 (1_q2) )

The compatibility condition for ¢, i.e. 3,¢' = 3., gives the potential IHSC, i.e.

q qm (q//2+ qZ)q/ B
0 (1_q/2>+ax <l—q'2+ (lﬁqlz)z )—0, (5.19)

which is identical to (5.12).
Therefore (5.5) can be regarded as the equation of motion for the classical
isotropic Heisenberg spin chain and its solutions can be expressed in the form

®(x, 1) = (sin 16) exp[i f (dly' + dz,y}], (5.20)
r

where we have used (5.8) and (5.16) and where I" is an arbitrary curve going
from (0, 0) to (x, t) and dI = (dl,, dl,) is an infinitesimal two-dimensional vector
tangent to I". Using (5.9), (5.10), (5.16) and (5.17) it is straightforward to derive
the explicit expressions

y'= ¢’ cos’ 36,
v =30"cotg30 +30+ $'*cos*30(2 tan’360 — 1)
= (¢ +B) cos’ 30 +1(” + ¢ sin’ §). (5.21)

So far we have considered the PDE for ¢,, corresponding to the case
n =1, m = 0. In the other case n =0, m =1 we obtain exactly the same PDE,
because of the relation ¢q; = ¢, cf. (3.27). Since = do,1, it is clear that the
solutions of the IHSC can be obtained from eqs. (1.3) and (1.5) given in the
introduction.

5.2. Miura transformation

In order to derive the transformation between ¢ and ¢, we evaluate the
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explicit relation between the solutions ¢ and 1— ¢ of (5.5), the result of
which will be substituted in (5.1). Inserting 1 — ¢ = < ¢ in (5.4) and (5.1) we
have

2=1-|¢", (5.22)

2’y =~ V0.6 + 60,0 (5.23)
and from (5.3) it follows that

—ky + k" — k9" = 2Re[(k' + k)3, In ¢"] = 0. (5.24)

Substituting ¢ = k e in (5.22)-(5.24) leads to the relations

k=(1-x)", (5.25)

¥ =—k(1—-k>""y, (5.26)

¥ ==k (1= k)'y+ (1 - A+ kYD), (5.27)
where

k=6, y=—2iln(6 /6",

k=[1=y, §==5In[(1- D)1 -P). (5.28)

From (5.25)—(5.27) it is clear that the transformation between «, y’, v and K,
%', 4 is an involution, i.e. it is equal to its inverse. (The expressions for k, v/, ¥
in terms of k, ¥, ¥ can be found from (5.25)~(5.27) omitting the tildes in the
left-hand side and adding them in the right-hand side.)

Inserting (5.26) and (5.27) in the relation

60 = —i(1— 6P (3,6 exp[i j {dl§ + dw}], (5.29)
r

cf. (5.1), we obtain an explicit expression for the Miura transformation which
maps a solution of (5.5), (or equivalently a solution of the IHSC), on a
solution of the NLS. This transformation is equivalent to the one given by
Lakshmanan®), cf. also refs. 3 and 4, and also to the isotropic limit of a more
general transformation'®) which is valid in the case of uniaxial anisotropy.

A formal inversion of the Miura transformation can be obtained using the
relations

™ = —id "V +ip"Ma @+ Ad ™, (5.30)
o™ == "+ ¢y Moy @ +iAdp™, (5.31)
in which

A=29,1n¢0=[(—id + DY 124", (5.32)
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cf. (2.33). Eq. (5.30) can be derived using (2.31) for —ia ", eq. (2.32) for
0,0, and again (2.31) for ¢ ¢© and for |¢©]*. Eq. (5.31) follows from (5.30)
and eq. (2.33) for o™

In the special case n =1 eqgs. (5.30) and (5.31) reduce to

o =i(1 — ¢ — Aa ., (5.33)

=0y = (1 = ¢ —iAd". (5.34)
Substituting

Y =-(-¢") "o (5.35)

in (5.33) we obtain
.Y =—Y?+AY +iop? (5.36)

which is a Riccati equationt. From (5.36) 1— ¢ can be formally solved as a
function of the solution ¥ of the potential NLS, the integration constants
being determined by (5.34) and (5.5). From (2.31) and (4.3) one can obtain ¢”
as a function of ¢'”. This means that the Miura transformation (5.29) from
THSC to NLS can be formally inverted, (in agreement with the treatment in
ref. 9, see also appendix E), but for more explicit results the Riccati equation
should be solved.

5.3. The isotropic Heisenberg spin chain (the case n = m = 1)

In this subsection we derive a partial differential equation for the function
¢, defined by (3.12). Taking n =1, m =1 in egs. (3.16), (3.17) and (3.14) we
have

—idp, =1 — ¢, (5.37)
—ioap, =", (5.38)
({8, + )1y = —2i(3 ") ™. (5.39)

Using the relation (5.1) between 3,¢"" and 4,4'” and also (5.37) we have
—i03p1, = (1 —¢") (3, In ¢ —8,|6"P), (5.40)
from which one can solve

1+10.4y,

3, 1n ¢V =(32¢,) [W

]— 102, (5.41)

t1In ref. 1 another Riccati equation has been derived.
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and

&0 =331 + V(1= )9, In ¢

= (831.)(3:01.) — (03U, (3,1 ). (5.42)
Inserting (5.42) in (5.39) we obtain

10011 = (3xp1,) (1 + 21041 ) — (1 + 2101 )32y 1. (5.43)
Using the relation

4|0, + (1+ 2104, )° = 1, (5.44)
which can be derived from (5.4), (5.37) and (5.38), and the substitution

X =—iV2(a.d.) e™ (5.43)
we obtain

—idx = (921 = 2|x[)"* = x83(1 = 2/x[)"” - Bx. (5.46)

Eq. (5.46) is identical to the equation of motion (8.2) derived in ref. 4 for the
quantity y = ST/V2 = (S* +iS”)/V2 of the classical Heisenberg spin chain in
the continuum limit in the isotropic case with c=a =0, u =1, 3 = B.

We therefore have a direct relation with the spin components, (S-S = 1),

S*=sin 0 e = —2i(d,, ) e P, (5.47)
S*=cos 0 =(1—4dp, )" =1+2id4,. (5.48)

Eq. (5.47) may also be inferred from (5.21) and (5.26), (5.27). In fact, using
(5.37) and (5.8), (5.16), (5.25) we have

S*=2(1-y¢y")pM e B = sin § VBV (5.49)
and from (5.21), (5.26) and (5.27) it can be shown that
Y-3=¢', y-y=¢+B, (5.50)

so that indeed ¢ = y — y — Bt, apart from a constant phase.

Remarks.

i) From (3.4) and (3.5) one can derive the linear eigenvalue problem for the
functions ¢’ and ¢}’ and establish a direct connection with the Lax
representation of Takhtadzhyan®) for the IHSC. Some details of the deriva-
tion will be presented in appendix D, and in appendix E we discuss the gauge
equivalence’) between the Lax represenkations of the NLS and the IHSC.

ii) From (5.47) and (5.48) it is clear that the solutions of the spin vector
S(x, t) satisfying eq. (1.1) can be found directly from eqgs. (2.1) and (2.5) using
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(1.7) and (1.8) for m = 1. As an example some results for the two-soliton
solution of the IHSC will be given in appendix F. The integral equations (2.1)
and (2.5) can also be used to investigate similarity solutions, in analogy with
ref. 16, in which the similarity solutions of the KdV have been studied, cf.
also ref. 25 for the similarity solutions of the Heisenberg spin chain.

6. Conclusion

In this paper we have presented an inhomogeneous linear integral equation
(1.3) which can be used for the linearization of the nonlinear Schrédinger
equation (NLS), as well as the equation of motion for the classical isotropic
Heisenberg spin chain in the continuum limit (IHSC). The integral equation is
quite general in the sense that it contains a (two-fold) integration over an
arbitrary contour (and its complex conjugate) in the complex plane with an
arbitrary measure. The various solutions of the NLS and the IHSC can be
obtained directly by an appropriate choice of contour and measure without
going through the details of the inverse scattering formalism. The treatment in
this paper is based on a slightly more general integral equation in which the
source term e®7*" in the right-hand side of (1.3) is replaced by a more
general term k" e ® ¥ or G(k)e ™ where G(k) =3, k™" is an arbi-
trary meromorphic function of k. The linear integral equation with source
term k™" '™ Jeads to the so-called NLS-IHSC hierarchy consisting of the
relations between the solutions ¢™(x, t), ¢"(x, t) originating from the integral
equation. The integral equation with source term G(k) e ™" Jeads to two
coupled partial differential equations for the functions ¢(x, t), ¢¥(x,t) which
contain all linear combinations of functions of the NLS-IHSC hierarchy for
various values of n as special solutions. Using eqs. (1.7) and (1.8) we have
also defined matrices ® and W with elements ¢,, and ¢,,, and we have
derived (matrix) partial differential equations for ® and W. All these equa-
tions contain the NLS and the THSC as special cases. Some well-known
properties of the usual inverse scattering scheme, such as the Gel’fand-
Levitan equation and the Lax representations of Zakharov and Shabat®) and
of Takhtadzhyan®) for the NLS and the IHSC respectively, have been derived
as a corollary from the integral equation.

We have also investigated the hierarchies arising from other linear integral
equations which can be used e.g. for the linearization of the Korteweg-
de Vries equation, the modified Korteweg-de Vries equation and the
sine-Gordon equation. These results will be reported in a separate publi-
cation?).
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Appendix A

In this appendix we show how the Gel’fand-Levitan equations arise as a
specification of the integral equations (2.19), (2.23). If we introduce the
quantity

K(x, y:t) = f AA(k) eMPROD g (5 1) (A.1)
C

one can derive from (2.19) an integral equation for K(x, y;t) which can be

inverted in order to regain (2.19), provided that a proper choice of the

measure dA (k) and the contour C allow a representation of the §-function.
Making use of the identity i

e(1/2)i(k—l')x

— = _%Ieu/zn(k-l')g de. (A2)

and assuming that Imk >0, Im !’ <0, we find the following equation for
K(x, y;t):

©

K(x,y: 1)+ f de f dnFOE HFO (¢ +n, OK(x, y + 13 1)

x+y xX—y
= F(x+y,1), (A-3)
where
F(z, 1) = f Ar(k) e oK G (K, (A4)
C
FO(z 1) = f A (k) eIk g =ik (A.5)
C

In a similar way eq. (2.23) can be rewritten as an integral equation for the
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function
Rex ;0= [ diR) ™0y x, 1) (A.6)
C

The result is
K(x,y;t)+3 f d¢ f dnFOE OF Y (6 +m, HK(x, y + 75 1)

x+y x—y

- —% J’ dEFO(E DF*(x — y + & 1) (A7)

x+y

and the relation between K and K is given by

Rxyin=—5 [ deF"6 0K* 6 yi0) (A8)

x+y

as follows from (1.6).

Egs. (A.3) and (A.7) are linear integral equations in (real) coordinate space
from which one can obtain the functions ¢(x,t) and (x, t), cf. (A.1), (A.6)
and (2.27), i.e.

d(x,t)=K(x,x;t), ¥(x,t)= K(x, x;1). (A.9)

The functions ¢(x, t) and s(x, t) are solutions of the coupled PDE’s (2.29) and
(2.30), cf. also eq. (2.40) containing only ¢/(x, t). Egs. (A.3) and (A.7) may be
regarded as a formal extension of the Gel'fand-Levitan equations, see also
refs. 16 and 18 for considerations of a similar nature. (The usual Gel’fand-
Levitan equations of the inverse scattering method for the NLS and the IHSC
may be inferred from (A.3) and (A.7) choosing a measure which contains the
reflection coefficient and a contour along the real axis and passing through
the poles of the reflection coefficient.)

Appendix B

We give an explicit proof of (3.27) which is based on the integral equations
(2.1) and (2.3). Inserting

(n) — 4 (n) ,—(1/2)ilkx—k?t —(1/2)iCkx—k2
Xl’ll( - Qbkn e i )’ X(Z'I? — dfﬁ")e Q/2)i( t) (B.l)

in (2.1) and (2.3), we obtain
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™ e(l/2)i(k.3<~k2t) e—i(l'x—l'zt) e(l/2)i(lx—12t) P
n + *x(]! n
Xk fdm) f A k— 1) —1) Xt
C C*
= % o Iikx—k20) (B.2)
and
e(l/Z)i(kx—kzt) e—(l/Z)i(l'x—l'zt) .
X = [ axa) s X =0. (B.3)
C*

Eq. (B.2) can be rewritten as

( e(1/2)i(kx—k2t)e—(1/2)i(l’x—|'2t) (ny 1 (U Dithe—k2)
* i(kx—k*t
X+ [ a) —7 XS = e : (B.4)
C*

From (3.12) with (B.3) and (B.4) we obtain

d)n,m = J’ d)\(k)X(l'I? e(l/Z)i(k.x—kzt)kAM
C

(/itkx—k2t) L —(1/2i(I'x—1"2t)

= [ anox [+ [ avsarS——55 x5 |
C C*

= j N j ANFR) XS X G (B.5)
C C*
and

U = [ A GOXE
C

(n)* (n). (m)* e“mi(k"‘kz‘)e‘“’z)i(k’x—k'zt)
=Id)\(k) f dAFR) X+ XX k—k' . (B.6)
C O

Egs. (B.5) and (B.6) for ¢, and ¢,,, are (integrals of) bilinear expressions
in the eigenfunctions of the linear problem and eq. (3.27), i.e. ¢ = dnm and
Ymn = — Y% 1, is obvious from (B.5) and (B.6).

Appendix C

In order to derive the Lax representation of Zakharov and Shabat®) we
introduce the functions

O — 4 © ,—(1/ilkx—kt 0 _ 1O o ~(1/ilkx—k2t)
Xk = i) e TN 5 = Y e TR, (C.1)
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cf. eq. (B.1) for n = 0. From (3.2) and (2.18) for n =0 it is straightforward to
show that

0P =, ©2)

in which the 2 x 2 matrix £ and the two-dimensional vector x” are given by
ia, 4" g

2= (L0t 1 ) x0=(X8). 3

¢(o> ia, Xk X(z(l? (C.3)

From (2.29) and (2.30) we obtain

(19, + o9x W+ ikax R + kxR = —2|¢ xR,

(i3, + xR+ ik D+ oD = 20,6 MR €4
and eliminating the k-dependent terms with (C.2) we have

Q=M x©, (C.5)
in which the 2 x 2 matrix # is given by

_282—|d)(0)|2 id)(O)a +ia ¢(0)
(0): x* . x x .
M (_iaxd)(m —i¢9", 202+ |¢OF >, (C.6)

where the operator d, acts on everything at the right.
The compatibility relation for (C.2) and (C.6), i.e.

8L =ilL°, MO, (%)

is fulfilled, if and only if ¢© satisfies the NLS. The matrices ¥® and #©
form the Lax representation for the NLS obtained in ref. 6.

Appendix D

We consider the linear eigenvalue problem for the functions ¢’ and .
From (3.4) and (3.5) for n =1 we have

(—k=i8)0{" = ¢y, | (D.1)

(—k —ia )y = (" — Dy (D.2)
and from (2.17) and (2.18) for n =1

—10,0" = (1= ¢, (D.3)

—0api’ = o™i, (D.4)

Introducing the functions
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M _ (), —(/ickx—k2t) () _ o (1) 4 =(1/2)ikx—k2t)
K= ¢i € ! s i e ' s (D.5)

X 1k

cf. (B.1), and eliminating ¢ and ¢ from (D.1)~(D.4) we obtain the linear
eigenvalue problem of Takhtadzhyan’), i.e.

(1= ") (—3k =i3)x V= =" (—2k —10)x Y,

"Gk =i )x = (1 — "Gk —ia,)x 5. (D.6)
Eq. (D.6) can be expressed in matrix notation as
kg xi" =0’ - g - (axi)), (D.7)
in which the 2 x 2 matrix g and the two-dimensional vector x{’ are given by
_ o™ ==y m_ (X(Ilk)
g (1 —y B0 >, Xi = X%L))’ (D.8)

o’ is a Pauli matrix. (From eq. (5.4) it is clear that g is a unitary matrix.) From
(DB.7) it follows that

skxe = £ x (D.9)
with

%V =g 0" - gid, = —Sid,, (D.10)
where

S=~g"-(rz-g:<s_iz,i3, S_gm) (D.11)
cf. (5.37), (5.38), (5.47) and (5.48) for the identification with the spin com-
ponents.

The time evolution of ¢{’ and !’ can be evaluated using the relations
(i3, + 991" = 2(3, In(1 = ¥")) 8.1, (D.12)
(8, + 8Dy’ =28, In ¢ o, (D.13)

which can be derived from (2.13) and (2.14) for n =1, using (2.17) and (2.18)

to express ¢ in terms of 9,6%’ and o4\ .
Using (D.10) to eliminate the k-dependent terms we have in matrix notation

(10, + 0)x P +20,(S - a.x)—Sd, - S+ dxt’

_ L, (D*

For d, In ¢ and 4, In(1 — ¢"") we have the explicit relations

3. In oM =3[1+8)S""9,S" - 4,571, (D.15)
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3, In(1 — ¢ ) =31 - SHS* 9,8 '+ 9,57, (D.16)

cf. (5.37), (5.41), (5.42), (5.47) and (5.48).
From the relation

g, (D
5 ((ax In(1—¢™)) o d>“)*)) -(1+8)=(5,S)- 1+8), (D.17)
we finally obtain
ixi) =MV - x, (D.18)
with
MV =—-832—9,S3,, (D.19)

the operator 4, acting on everything at the right.
The relations (D.9) and (D.18) form the Lax representation for the IHSC as
first obtained by Takhtadzhyan®) and the compatibility relation

3LV =i[2, M) (D.20)
leads to
3,S =1i[S, (328)] (D.21)

which in view of (D.11) is equivalent to eq. (1.1) with B = Be” for the IHSC.

Appendix E

The gauge equivalence’) between the Lax representations for the NLS and
the THSC can be easily derived from the considerations in appendix C and D.
From (D.1) and (D.3) we have

kol = (1= )l — oVl (E.1)
and from (D.2) and (D.4)

kyl’ = ¢ V"ol + (1= y ). (E2)
Using the definitions (C.1) and (D.5) we have in matrix notation

ki =U - x{, (E.3)
where

U= (1 ;({ﬁim 1__d)l;()1>) =—io’-g’, (E.4)

in which ¢’ is a Pauli matrix and g" is the transposed matrix of the matrix g
in (D.8). It is clear that U is a unitary matrix.
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From (C.2) and (C.5) on the one hand and eqs. (D.9) and (D.18) on the other
hand, we obtain the relations

FO=U-29.U", #P=U-#®-U"+i,U)-U", (E.5)

which express the gauge equivalence of the Lax representations of NLS and
IHSC and which have been given in slightly different form in ref. 9, cf. also
ref. 26.

Appendix F

In this appendix we give a few results concerning soliton solutions for the
quantity ¢ ,(x, t) which because of (5.48) determines the S* component of the
spin in the THSC, (and also the function q(x, t) which is the solution of the
potential THSC (5.12).)

The N-soliton solutions can be obtained inserting

N
A= c.8(—k,)dl (F.1)
a=1

in the integral equation (2.5) and choosing a contour C which passes through
the N “poles” of the delta functions.
From (F.1) and (2.5) for n = 1 we find

c (1
2 (k, — kpkE —k,) V%

. 2 ) 2 %k efi(kfax—kl*izt)
¢l e‘“m’“‘“"""“”dfig + ¢l gUitka—kEn B€

% o Tikp—kE0

12 (1/2)ikx—k2t) C
=clle ax kg . (F.2)
: 2 k-~ kRS
If we define an N X N matrix M with elements
1/2)i(k x—k2t) 1/2 %*1/2 ——(1/2)(k§x—k"é2t)
e STRale PekCe _ %
M"B = k. —k*% - MBa5 (F'3)
a B
and N-dimensional vectors £ and f by
— 12 ~(12i(kx—k20) 1 (1)
ga =C, € X (Ilka7
12 (1)2)ikgx—kAt) 1, —1
fo = c eWPHkskEO 1 (F.4)

then we have in matrix notation
E+tM-M*-£E=M-f* (F.5)
The function s, is given by, cf. (3.12),

Y= cbiky! (F.6)

a
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and in matrix notation we have
Yu=f-E=f-A+M-M*"-M-f* (F.7

Considering (F.7) for the special case N =2 one can write down the explicit
result for the two-soliton solution of the IHSC. We have after a straightfor-
ward but tedious calculation

ll’l = [Gl e—2x Im(ky +ky)+2t Im(k$+k3)
+ (}2 e—2x Im ky+2t Imk} + G3 ef?.x Im ky+2t Im k3
+92i Im{G4 ei(k1x4k§x—k%t+k§21)}]
X [1 + Fl efzx Im(k+ky)+2t Im(k§+k3)

—2x I +2t L -2 +2t I
+Fe 2x Im ky+2 mkf_‘_F}e x Im ko m k3

+2 Re{F, e/ ek, (F.8)
with
G — —ileled | ki ke |* Am ko’ + (Im ky)|ki[
! 8|k1|2|k2|2 k] - k? (Im k1)2 (Im kz)z ’
S 2 a2
__ —i¢ __—ile _ cic%
R Y T T Y A (A ) ()
and
F = |C1|2|C2|2 kl'*kz ¢
' 16(Im k)(Im ky)? [k, — k%[’

2 2
__ el __|c _ —cc%
B dimy b 4%15'@’ Fe=ls—ry (F.10)

) —
At x -+ we have for all finite t ;> constant, implying with (5.48) that
S*—1, which is the usual boundary condition for soliton solutions of the
THSC.
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