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ABSTRACT. A method is given to derive the point symmetries of partial differential-difference equations.
Applying the method to the Kac-van Moerbeke equation we find its symmetries form a Kac-Moody-Virasoro
algebra. Using the symimetries, a similarity reduction of the Kac-van Moerbeke equation to an ordinary
differential-difference equation is obtained. This reduced equation possesses a Lax pair, reduces to the first

Painlevé equation in the continuum limit, and satisfies a recently proposed discrete version of the Painlevé
property.

1. Introduction

In recent years much effort has been invested in taking concepts we know and love in the
theory of differential equations, and finding the analogous concepts (and methods and the-
orems) for difference equations [1, 2]. For example, integrable partial differential equations

. were generalized to integrable partial difference equations [3] (see also {4]), and integrable

ordinary differential equations were generalized to integrable mappings [5-8]. Attempts were

also made to find discrete analogues of the Painlevé equations and of the Painlevé property
[9-14].

* On leave of absence from Ramanujan Institute for Advanced Study in Mathematics, University of
Madras, Chepauk, Madras—600 005 Tamilnadu, India.
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In this paper we show how the method of Lie-symmetries which is so useful for finding
similarity reductions of partial differential equations (PDEs) [15-21] can also be applied to
partial differential-difference equations (PDAEs).! In both cases the number of independéjm

variables can be reduced. The difference is that, for example, a PDE in two independent
variables reduces to an ordinary differential equation, whereas a PDAF in two independent:

variables reduces to an ordinary differential-difference equation (our convention is to call
an equation in one independent variable “ordinary”, and an equation in more than ons .00
independent variable “partial”). One of the reasons similarity reductions have received &’ -

lot of attention is the Ablowitz-Ramani-Segur conjecture [22], which says that simjla'rify
reductions of integrable PDEs have the Painlevé property. Here we show that the similarity
reduction of the Kac-van Moerbeke PDAE possesses the discrete Painlevé property [10],
An alternative approach is given in [23]. ’

2. Symmetries

An equation for a scalar function u (R™ — R™) is said to possess a Lie point symmetry if it
is invariant under the infinitesimal transformation

2 = w+eé(z,u(z)) + O(?), (1)
w*(z*) = u(z)+ cv(z,u(z)) + O(e?). (2)
For (differential-)difference equations the question now arises what the expression for uw*(=*+

w) is, where w € R" is some given fixed span appearing in the equation. To answer this
question, we first express the right-hand-side of (2) in terms of &*, using (1):

w(z*) = u(a* —ef(e”, u (")) + ev(z*, u*(=*)) + O(c?). (3)
We now shift z* — «* + w:
u(e* tw) = u(z" + w—ef(z* + w,u(x* + W)+ ev(z* + w,u(z* + w)) + O(e?). (4)
Having done this, we express the right-hand-side in terms of = again (using (1)):
w(z® W) = ule+ o+ ez, u(z)) — (e + w,u(a + )
+ev(e + w,u(z +w)) + O(e?). (5)
Expanding the right-hand-side in a Taylor series, we obtain the general result
w(z" +w) = u(e+ o) +ev(z+w,u(z +w))
b Do) = o oo+ )] o+ 1O, )
We now apply this theory to a specific example. As our example we have chosen the

Kac-van Moerbeke equation, however the same approach holds for numerous other PDAEs
and partial difference equations [24].

The Kac-van Moerbeke equation [25,26], also known as the discrete Korteweg-de Vries
equation, is given by

%u(m,t): (e Oz +1,8) — u(z — 1,1)], (1)

1 J.M. Hill has kindly pointed out to us that an application to ordinary differential-difference equations
is given in [21].
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where u(z,1) is a function R2 — R. (The reader should realize that although usually the
independent variable z in this equation is taken to be integer, here we allow z to be any
real number.) Equation (7) occurs in the study of the spectra of Langmuir oscillations in a
plasma [27].

To derive the symmetries of the Kac-van Moerbeke equation (7), we assume that (7)
is invariant under the infinitesimal point transformation (1)-(2), with = = (z,t) and ¢ =:
(v, 7). The transformed equation is

d
e w2, t7) = wr (27, 1) [u (2" + 1,17) — u (2™ - 1,¢7)). (8)

The left-hand-side of (8) is known from the usual theory [15,17], In the right-hand-side we
insert (6), with w = (1,0) and (-1, 0), respectively.
It then follows immediately that

viz + 1,tu(z+ 1,1) = v(z,t,u(z,t)), . (9)
(z + 1,t,u(z + 1,t)) = 7(z,t,u(z,t)). (10)
This, in turn, can only be true if » and 7 do not depend on u. We thus obtain

0v(z) N [(91)(2) B ar(x)] du(z) Ov(z)du(z)
at du(z) ot dz ot dz
= v()w(z+ 1) - w(z — D]+ uwlz)v(ze + 1) — v(z - 1)], (11)

where we have not indicated the ¢ and u dependence of v and 7 explicitly.

Substituting (7) in (11) and solving, we obtain the symmetries of the Kac-van Moerbeke
equation: :

u(a", 1) = u(m,t}+£'a(x)u(1f,t), (12)
t* = t+4¢[f(z) - a(z)t], . (13)
= z+ey(z), ' (14)

where a(z), ﬂ(z) and y(z) are arbitrary unit periodic functions [28] _
a() = a(@+1), H(e)=He+1), (&) =(+1) (15)

Expanding the functions a(z), f(z) and y(z) in a Fourier series we obtain the generators
of the symmetry algebra '
iz O ke |, O 0
Gyp= ———————— . — p2mikz — o2mike [: v _ _:l )
1,k "5 Gmr=e o, Gap=e 5 “a ~ (16)

These generators form a centreless Kac-Moody-Virasoro algebra [16] given by the non-zero

| - commutation relations

(G1k,G1] = (k= 0)Gik4e, [Gi, Go) = —LGa kte,
[Gik,Gael = —L£Gskte, [Gan, Gae = Gohpe- (17)
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3. Invariant reduction

The characteristic equation associated with the symmetries (12-14) is

du dt _ da , (i8)
a(eju "~ B(z) —a(e)i 1) )
Equation (18) represents a linear constraint leading to the similarity solution
u(z,t) = v(n)/[b(z) - at] (19)
with
n =g+ d(z) + = loglb(e) - at], (20)

where a and ¢ are constants, and
b(z)=b(z+1), d(z)=d(z+1). (21)

The explicit expressions which we have derived for @, ¢, b(z) and d(z) in terms of integrals
over z, involving the functions a(z), f(z) and (z) are somewhat complicated and are
given in the appendix. Note that the linear constraint (19) has been obtained directly from
the Lie symmetries, without invoking the integrability of the Kac-van Moerbeke equation.

Inserting (19-21) in (7), the Kac-van Moerbeke PDAE reduces to the following ordinary
differential-difference equation

av(n) - j—n — o(mo(n +1) - v(n— 1)]. (22)

In the special case that a(z), f(z) and (z) are constants, we obtain

a a [ b

Ty-:z, ;:Z’ d(z) =0 (23)
with b being a constant as well. This corresponds to the special similarity reduction

w(z,t) = v(n)/(b - at) (24)
with

n==z+ glog(b — at), (25)

where @, b and ¢ are constants. The function v(7) would again satisfy (22).

Equation (22) is unusual, in the sense that it is both “advanced” and “retarded”. This
makes its integration difficult. Here we restrict ourselves to exhibiting two particular solu-
tions for the case a = 0, cf. also [29]:

(i) Soliton solution
k[l + ertFO)[] 4 en(n=2)+6)

= 26
v(n) (e~ — em)[1 + e~ H3][1 + er(n1=1)+3] (26)
where k and § are arbitrary parameters.
(ii) Rational solution
c(n+1+6)(n—24+96)
=75 27

where § is an arbitrary parameter.
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A continuum limit of equation (22) is obtained by putting

on) = 1+ (o), o(n+1)=u(n=1) = 26%sinh (e ) win) (26)
where ag%A and ¢ = —2¢. Then w(n) satisfies

1d%w 9 .

S vt An=0. 29

372 w— An =10 (29)

Equation (29).is the first Painlevé equation [30], apart from a trivial transformation.

Up to this point, the fact that the Kac-van Moerbeke equation (7) is integrable has not
played a special role. Now, however, we will use the fact that (7) is integrable, and has the
following Lax representation [14]:

%Q(z,t, z) = —iu(z,t) + u(z + 1,1)]Q(z,t y2) = w2z, )ut (2 - 1,0)Q(z - 2,1, 2),
2Q(z,1,2) = M}z + 1,1)Q(e + 1,8, 2) + 2ul/?(z,)Q(z - 1,1, 2). (30)

This leads to the following Lax representation for the reduced equation (22):

[e+ dat] BOLO) = o)+ o0+ DIR(, Q)+ 2ot ¥ - 1R(r - 2,0),
CR(n,¢) = 30"%(n+ DR(1+ 1,0+ 3P )EM-1,0. (31

(This equation is obtained from (30) putting 2 = (b — at)~*/2¢ and Q(z,t,2) = R(n,().)
Indeed, after some algebra, the compatibility condition of (31) is just the reduced equation
(22).

4. Singularity confinement

Recently, a discrete version of the Painlevé property has been proposed [10].2 Stated simply
it says that difference equations have the Painlevé property if their singularities are confined.
We assume the same definition for differential-difference equations. Rewriting (22) as
v’ ) dw ‘
o+ 1) = 2 pata(n 1), vin)= O (52)
“o(n) dn
we see that equation (32) has a singularity if v(ng) = 0 and v'(n) # 0. We have expanded
(shifted) equations for v(mg + 2), #(ng + 3) and v(mo + 4) in a Laurent series in v(7g). It
turns out to be necessary to keep the leading three orders. Then, if v(ng — 1), v'(no — 1),
v'(19), v"(no) and v™(n) are in general position, we obtain

o(m+1) = ~ ((”)) Fatv(no—1) = 0 (1/v(m))
iw) ) v —_ - C ”( 70 v
(mo+2) = ) + (0 — 1)+ 2a U(io) + v(no)

()
“o(
{(a +v(m0 — 1)) ((Z )) (‘1 + v(no = 1)) = o'(70 - 1)} :/((7,772)

% For an alternative discrete version of the Painlevé property see [9].
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+0 (v"(m)) = 0 (1/v(m))

L) L (EON e e )
v(no +3) = { V(10 (v/(n )) 3v' (o — 1) + v(no— 1) v'(n0)
a2 v
+ L - 2o - ) ) ((”)) ( 00 - O(u(r) |
W+ 4) = (s(m+2) -5 EY 1 a) =0 (33)

Hence, the singularity is confined and (22) or (32) satisfies the singularity conﬁnement
criterion in a remarkably nontrivial way.

5. Final remarks

As we have 1ndlcated in §2, the above method applies to other PDAEs as well whether

integrable or not. We here briefly mention the results of applying our method to the Reduced -

Two-Dimensional Toda Equation [31-33]

2 ,
z,1

%;;) =exp{u(z,t) —u(r — L,t = 1)} —exp{u(z + 1,1+ 1) — u(z,t)}. (34)
The symmetries of this equation are

™ = z+ca(z)

=1+ ef(1) ' ,

0 = utelge - gt - aa(e) +9() - () + 60 (35)
In (35) @, 3,7 and.§ are arbitrary unit periodic functions:

a(e) = a(z +1), y(z) =v(z + 1), (1) = Bt + 1), 6(1) = 6(t + 1), (36)

the primes denote derivatives, and ¢ is an arbitrary constant. Expanding the functions

a(z), B(z),7(z) and §(z) in a Fourier series we obtain 'the generators of the symmetry

algebra
o 1 a e?'rrik:v 9
— n2mikr (g Y Y — i
Gup = [kz Oou 27 Ba:] o Gog 2ri Ou’
. 8 1 a e27rikz 8 a
- 2wikt t— v AP - —¢ 37
Gak e {k 50~ 5 at] , Gap 5 A0 Gs = (2 )3u (37)

These generators form an infinite-dimensional algebra given by the non-zero commutation
relations

[Gik, Gri] = (k= DGapgt + (B = D)Ga ks

[G1k, G2i] = —1Ga k41,

[G1x,Gs] = —Gap,

[GS,k;Ga,I] = ( —I)G3 L+1+( —1)G4 k+la

[Gsk, Gay] = —1Gy k4,

[Gak,Gs] = —Gux. - . (38)
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Because Gj cannot be written as the commutator of two elements in the algebra, it follows
that the algebra described by (38) is not a Kac-Moody-Virasoro algebra.

More results about similarity solutions and symmetry algebra of (34), and its denvatlon

from the Two-Dimensional Toda Equation are given in [24]. A shorter version of this paper
is published in [34].
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Appendix A.

As a first step we integrate the second and third member involving dz and dt of (18). This
gives

texp{ (zc } /d:cﬂ( exp J‘d ;" E ”; + cst. (A1)

Equation (A.1) can be expressed as

log f(z) + log (% - t) = cst. (A.2)
in which
f(z) =exp {/ —;,LEE:—) d:c’} , g(x) = S—%%f(l/) dz’ (A.3)
or a(z)/v(z) we use the decomposition
E % St h(z) (A4)
with
h(z) = h(z + 1) 7111(2') dz' =0 7101(&5,) de' =2 (A.5)
= A+ 1), SR ey S | |

This yields
f(z) = exp { [w—ir—d@—]}

c

with
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For the function g(z)/f(z) we have

oz +1) g(x)+T ) e s ()
RO / w{* j oo (48)

From (A.2) we introduce a similarity variable p by identifying the constant with ac~1p +
log a. Then p is given by

p¢x+aﬂ+EMgP%g ] ; (A.9)

Equation (A.9) differs from (20) by the fact that g(z)/f(z) is not periodic. This can be
repaired by considering the peI‘lOdlC function

g(z +1) r G r

+ A.10
flz+1)  (1—et/e) flz+1) (CL) (1 - ev/e) f(x) ( )
and introducing the new variable
ot Zlog |1+ a- ) o de) 4 logfs 1] (A1)
n=p+_log al—e‘”/Cme z) - log (z)-a 11)
with
La;) _g(=) r

T @ T —er IO
exp { —ale j d(z)] }/ i%ig exp { ale’ +cd(zl)] } da’ (1 + ﬁ) (A.12)
: 4 :

in which the constant I is given by (A.8).
Finally, from the first and second member of (18) we obtain

log u = log f(z) + cst. . (A.13)

Identifying the.integration constant with log (v(n)exp {—an/c}) and using (A.6), we show
that

__vn)

which is (19).
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