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A method is given to derive the point symmetries of partial differential-difference equations. Applying the method to the Kac—
van Moerbeke equation we find its symmetries form a Kac-Moody-Virasoro algebra. Using the symmetries, a similarity reduc-
tion of the Kac-van Moerbeke equation to an ordinary differential-difference equation is obtained. This reduced equation pos-
sesses a Lax pair, reduces to the first Painlevé equation in the continuum limit, and satisfies a recently proposed discrete version

of the Painlevé property.

1. In recent years much effort has been invested in
taking concepts we know and love in the theory of
differential equations, and finding the analogous
concepts (and methods and theorems) for differ-
ence equations [1,2]. For example, integrable par-
tial differential equations were generalized to inte-
grable partial difference equations [3] (see also ref.
[4]), and integrable ordinary differential equations
were generalized to integrable mappings [5-8]. At-
tempts were also made to find discrete analogs of the
Painlevé equations and of the Painlevé property [9-
14].

In this Letter we show how the method of Lie sym-
metries which is so useful for finding similarity re-
ductions of partial differential equations (PDEs)
[15-21] can also be applied to partial differential—-
difference equations (PDAE’s) #!. In both cases the
number of independent variables can be reduced. The
difference is that, for example, a PDE in two inde-
pendent variables reduces to an ordinary differential
equation, whereas a PDAE in two independent vari-
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ables reduces to an ordinary differential-difference
equation (our convention is to call an equation in
one independent variable “ordinary”, and an equa-
tion in more than one independent variable “par-
tial”’). One of the reasons similarity reductions have
received a lot of attention is the Ablowitz—-Ramani-
Segur conjecture [22], which says that similarity re-
ductions of integrable PDEs have the Painlevé prop-
erty. Here we show that the similarity reduction of
the Kac-van Moerbeke PDAE possesses the discrete
Painlevé property [10]. The approach for finding
Lie symmetries of ref. [23] does not lead to the most
general similarity reductions.

2. An equation for a scalar function u (R"—R") is
said to possess a Lie point symmetry if it is invariant
under the infinitesimal transformation

(1)
(2)

x*=x+el(x, u(x))+0(e?),

w*(x*)=u(x)+ev(x, u(x))+0(e?).
For (differential-)difference equations the question
now arises what the expression for u*(x*+w) is,

where weR” is some given fixed span appearing in
the equation. To answer this question, we first ex-
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press the right-hand-side of (2) in terms of x*, using
(1)
u*(x*) =u(x*—eg(x*, u*(x*)))
+ev(x*, u*(x*))+0(€?) . (3)
We now shift x*—>x*+w:
u*(x*t+o)=u(x*+to—-—e(x*+o, u*(x*+w)))
+ev(x*+ o, u*(x*+w))+0(e?) . 4)
Having done this, we express the right-hand-side in
terms of x again (using (1)):
u*(x*+w)=u(x+ow+e(x, u(x))
—&&(xto, u(xt+w)))
+ev(xt o, u(x+w))+0(e?) . (5)

Expanding the right-hand-side in a Taylor series, we
obtain the general result

w(x*+o)=u(x+o)+a(x+o, u(xt+w))

te i [&(x, u(x))=&(xt+ o, u(x+w))]

du
Xa(x+w)+0(ez) . (6)

We now apply this theory to a specific example. As
our example we have chosen the Kac—van Moerbeke
equation, however the same approach holds for nu-
merous other PDAE’s and partial difference equa-
tions [24].

The Kac-van Moerbeke equation [25,26], also
known as the discrete Korteweg—de Vries equation,
is given by

%u(x, H=u(lx, OH[ux+1,t)—u(x-1,8)], (7)

where u(x, t) is a function R>-R. (The reader should
realize that although usually the independent vari-
able x in this equation is taken to be integer, here we
allow x to be any real number.)

This equation occurs in the study of the spectra of
Langmuir oscillations in a plasma [27]. To derive
the symmetries of the Kac-van Moerbeke equation
(7), we assume that eq. (7) is invariant under the
infinitesimal point transformation (1), (2), with
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x=(x, t) and &=: (v, 7). The transformed equation
is

% w*(x*, t*)=u*(x* t*) [ur(x*+1, %)

—u*(x*=1,1%)1, (8)

The left-hand-side of eq. (8) is know from the usual

_theory [15,17]. In the right-hand-side we insert (6),

with o= (1, 0) and (-1, 0), respectively.
It then follows immediately that

vix+ 1L, t,u(x+1,8))=v(x, t,u(x1)), 9)
t(x+1,tu(x+1,1))=1(x,t,u(x, 1)) . (10)

This, in turn, can only be true if » and 7 do not de-
pend on u. We thus obtain

dv(x) +<6v(x) 81(x)>du(x) dv(x) du(x)
at du(x) ot dt 9t dx

=v(x)[u(x+1)—=u(x—1)]
+u(x)[v(x+1)—v(x=-1)], (11)

where we have not indicated the ¢ and » dependence
explicitly.

Substituting eq. (7) in (11) and solving, we ob-
tain the symmetries of the Kac-van Moerbeke
equation:

w*(x*, t*)=u(x, t)+ea(x)u(x,t),
r*=t+e[f(x)—a(x)t],
x*=x+ey(x), (12)

where a(x), f(x) and y(x) are arbitrary unit peri-
odic functions [28]

a(x)=a(x+1), B(x)=B(x+1),
p(x)=p(x+1). (13)

Expanding the functions a(x), #(x) and y(x) in a
Fourier series we obtain the generators of the sym-
metry algebra

Gip=— (2mi)~1ek9/8x, Gy,=e>9/d1,
Gs =€ (19/01—ud/u) . (14)

These generators form a centreless Kac-Moody-
Virasoro algebra [16] given by the non-zero com-
mutation relations
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(G Gl = (k=1)Gy gt

[Gre Goil = =1Go s,

(G G3]=—=1G3 k44,

[Gox, G311 =Capers - (15)

3. The characteristic equation associated with the
symmetries (12) is

du dt _dx
a(x)u~ px)—a(x)t y(x)’

Equation (16) represents a linear constraint leading
to the similarity solution

(16)

u(x, t)=[b(x)—at]'v(n), (17a)
with
n=x+d(x)+ glog[b(x)—at] , (17b)

where a and c are constants, and
b(x)=b(x+1), d(x)=d(x+1).

The explicit expressions which we have derived for
a, ¢, b(x) and d(x) in terms of integrals over x, in-
volving the functions a(x), f(x) and y(x), are
somewhat complicated and will not be given here
[29]. Note that the linear constraint (16) has been
obtained directly from the Lie symmetries, without
invoking the integrability of the Kac-van Moerbeke
equation. Inserting (17a) with (17b) in (7), the
Kac—van Moerbeke PDAE reduces to the following
ordinary differential-difference equation,

av(n)—cg—:=v(f7)[v(n+1)—v(n—1)]- (18)

In the special case that a(x), f(x) and y(x) are con-

stants, we obtain

a a B b _

with b being a constant as well. This corresponds to
the special similarity reduction

u(x, t)y=(b—at)~'v(n), (20a)
with
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n=x+ ;";log(b—at) , (20b)

where a, b and ¢ are constants. The function v(7)
would again satisfy eq. (18).

Equation (18) is unusual, in the sense that it is
both “advanced” and “retarded”. This makes its in-
tegration difficult. Here we restrict ourselves to ex-
hibiting two particular solutions for the case a=0:

(i) Soliton solution

CK.(I+ek(n+1)+5)(1+ex(n—2)+(5)
U(’7)= (e—x_ex)(1+eicrl+6)(l+ex('/—1)+6) 4

(21)
where x and J are arbitrary parameters.
(ii) Rational solution
¢ (n+146)(n—2+9) (22)

=2 G - 140)

where ¢ is an arbitrary parameter.

A continuum limit of eq. (18) is obtained by
putting
v(n)=1+€e*w(n),
v(n+1)—v(n—1)=2¢€>sinh(ed/dn)w(n) ,
a=e5A, c=—2¢. (23)
Then w(#) satisfies

2
%%n—wz} +w2—An=0. (24)
Equation (24) is the first Painlevé equation [30],
apart from a trivial transformation.

Up to this point, the fact that the Kac—van Moer-
beke equation (7) is integrable has not played a spe-
cial role. Now, however, we will use the fact that (7)
is integrable, and has the following Lax representa-
tion [14],

(%Q(X, t,z)=—3[u(x, t)+u(x+1,8)10(x, t, z)

—u'?(x, Hu'?(x=1,1)Q(x—2,t,z) ,
zQ(x, t, z) =u'?(x+1,1)Q(x+1,¢, 2)
+iul?(x, 1)Q(x—1,t,z2) . (25)
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This leads to the following Lax representation for the
reduced equation (18):

d 1 d
(cd_ﬂ + Eacd_C>R(”’ 0)

=3[v(n)+v(n+1)]R(n, {)

+0!2(m)v2(n—=1)R(n-2,0) ,
(R(n,{)=3v"2(n+1)R(n+1,0)

+30'2(MR(n—1,0) . (26)

(This equation is obtained from (25) putting
z=(b—at)~"?¢ and Q(x, t, z)=R(n, {).) Indeed,
after some algebra, the compatibility condition of egs.
(26) is just the reduced equation (18).

4. Recently, a discrete version of the Painlevé
property has been proposed [10] #. Stated simply it
says that difference equations have the Painlevé
property if their singularities are confined. We as-
sume the same definition for differential-difference
equations. Rewriting eq. (18) as

v(n+1)=-—c’;l((:)) +a+v(n-1),
OEE @)

we see that this equation (27) has a singularity if
v(no) =0and v'(7,) #0. We have expanded (shifted)
equations for v(7,+2), v(n,+3) and v(n,+4) in a
Laurent series in v(7,). It turns out to be necessary
to keep the leading three orders. Then, if v(7,—1),
v (no—1), v'(no), v” (1) and v"”(1n,) are in general
position [29], we obtain

v(no+1)=0(1/v(no)), v(1o+2)=0(1/v(10)),
v(n0+3)=0(v(m)), v(mo+4)=0(1).  (28)

Hence the singularity is confined, and our equation
(18) or (27) satisfies the singularity confinement
criterion in a remarkably nontrivial way.

#2 For an alternative discrete version of the Painlevé property
see ref. [9].
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5. A more general reduction of the Kac—van Moer-
beke equation is given by

u(x, t)=[b(x)—at]~'v(n, N), (29)
where 7 is again give by (17b) and
N=x (mod P)

with period PeN . This leads to a set of P coupled
equations .

av(n, N)—cj—; (1 N)

=v(n, N)[v(n+1, N+1)—v(n—1,N-1)],
(30)

where the variable N is taken mod P.

6. In this Letter we have derived the ordinary dif-
ferential-difference equation (18) as a reduction of
the integrable Kac-van Moerbeke equation on the
basis of its Lie symmetries. The reduced equation
admits a Lax representation, and reduces to the first
Painlevé equation in a continuum limit. This sug-
gests calling the reduced equation (18) integrable.
This is corroborated by the fact that eq. (18) sat-
isfies the discrete Painlevé property of singularity
confinement of ref. [10] (cf. ref. [11] where dis-
cretised versions of various Painlevé equations were
derived using the singularity confinement criterion).

As we have indicated in section 2, the above
method applies to other PDAE’s as well, whether in-
tegrable or not. We here briefly mention the results
of applying our method to the reduced two-dimen-
sional Toda equation

du(x, t)
“dxdr =exp[u(x,t)—u(x—1,t—1)]
—explu(x+1,t+1)—u(x1)]. (31)

The symmetries of this equation are

x*=x+ea(x), t*=t+ef(t),

wr=u+e[gx—qt—xa'(x)+y(x)—tp(t)+o(1)] .
(32)

In (31) «, B, y and J are arbitrary unit periodic
functions:
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a(x)=a(x+1), y(x)=y(x+1),
B(t)=B(t+1), o(t)=0d(t+1), (33)

the primes denote derivatives, and g is an arbitrary
constant. More results about similarity solutions and
symmetry algebra of eq. (31), and its derivation from
the two-dimensional Toda equation are given in ref.
[24].
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