Volume 135. number 6.7

[33]U. Frisch and G. Parisi. Fully developed turbulence and
intermitiency. in: Proc. Int. School on Turbulence and
predictability in geophysical fluid dynamics and climate
dynamics. eds. M. Ghil. R. Benzi and G. Parisi (North-
Holland. Amsterdam. 1985) p. 84.

[34] T.C. Halsey. M.H. Jensen. L.P. Kadanoff. 1. Procaccia and
B.1. Shraiman. Phys. Rev. A 33 (1986) 1141.

{35] P. Collet. J. Lebowitz and A. Porzio. J. Stat. Phys. 47 (1987)

609.
[36] P.G. Lemarie and Y. Mever. Revista Ibero-Americana |
(1987) 1286.

[37]S. Jaffard and Y. Meyer. Bases d’ondeleties dans des ouverst
de R preprint (1987): and in: Wavelets. eds. J.M. Combes.
A. Grossmann and P. Tchamitchian (Springer. Berlin.
1988).

[38]1. Daubechies. The wavelet transform. time-frequency
localization and signal analysis. preprint. AT&T Bell
Laboratories (1987): and in: Wavelets. eds. J.M. Combes.
A. Grossmann and P. Tchamitchian (Springer. Berlin.
1988).

[39] 1. Daubechies. A. Grossmann and Y. Meyer. J. Math. Phys.
27 (1986) 1271

[40] 1. Daubechies and T. Paul. in: Proc. VIIIth Congress of
Mathematical physics. Marseille. 1986. eds. R. Seneor and
M. Mebkhout (World Scientific. Singapore. 1987).

[41] P. Goupillaud. A. Grossmann and J. Morlet. Geoexploration
23 (1984) 85.

[42]R. Kronland-Martinet. J. Morlet and A. Grossmann. in: Int.
J. Pattern Recogn. Artif. Intell.. Special Issue on Expert
system and pattern analysis (1987).

[43] A. Grossmann. M. Holschneider. R. Kronland-Martinet and
J. Morlet. in: Inverse problem. ed. P.C. Sabatier. Adv.
Electron Phys.. Suppl. 19 (Academic Press. New York.
1987).

[44]S.G. Mallat. preprint. Univ. of Pennsylvania ( 1987): and
in: Wavelets. eds. J.M. Combes. A. Grossmann and P.
Tchamitchian (Springer, Berlin. 1988).

[45] R. Murenzi. preprint. Univ. Catholique de Louvain (1988):
and in: Wavelets. eds. J.M. Combes. A. Grossmann and P.
Tchamitchian (Springer. Berlin. 1988).

[46] P. Grassberger. R. Badii and A. Politi. J. Stat. Phys. 51
(1988) 135,

v
w
(o))

PHYSICS LETTERS A

[47]1.S. Langer. Rev. Mod. Phys. 52 (1980) 1:and in: Statphys.
16. ed. H.E. Stanley (North-Holland. Amsterdam. 1986).

[48] U. Nakaya. Snow crystals (Harvard Univ. Press. Cambridge.
1954).

[49] W.A. Bentley and W.J. Humphreys. Snow crystals (Dover.
New York. 1962).

[50]T. Viscek. J. Phys. A 16 (1983) 1647,

[511F. Argoul. A: Arnedo. J. Elezgaray and G. Grasseau.
presented at the 4th EPS Liquid State Conf. on
Hydrodynamics of dispersed media. Arcachon. May 1988§.

[52]1P. Meakin. J. Phys. A 18 (1985) L661.

[53] D. Bensimon. L.P. Kadanoff. S. Liang. B.1. Shraiman and
C. Tang. Rev. Mod. Phys. 58 (1986) 977. and references
therein.

[54]1]. Niuman. G. Daccord and H.E. Stanley. Nawre 314
(1985) 114

[55] G. Daccord. J. Nittmann and H.E. Stanley. Phys. Rev. Lett.
56 (1986) 336.

[56] Y. Couder. presented at the Nato Advanced Summer School.
Fluctuations and pattern growth, Cargese. July 1988.

[57] P. Meakin and T. Vicsek. Phys. Rev. A 32 (1985) 685.

[58] T.C. Halsey and P. Meakin. Phys. Rev. A 32 (1985) 2546.

{591 P. Cvitanovic. ed.. University in chaos (Hilger. Bristol.
1984). and references therein.

[60)H.G. Schuster., Deterministic choaos (Physik-Verlag.
Weimheim. 1984). and references therein.

[61]P. Bergé. Y. Pomeau and C. Vidal. Order within chaos
(Wiley. New York. 1986). and references therein.

[62] P. Meakin, Phys. Rev. A 34 (1986) 710: 35 (1987) 2234.

[63] C. Amitrano. A. Coniglio and F. diLiberto. Phys. Rev. Lett.
57 (1986) 1016.

[64] P. Meakin. A. Coniglio. H.E. Stanley and T.A. Witten. Phys.
Rev. A 34 (1986) 3325.

[65]Y. Hayakawa. S. Sato and M. Matsushita. Phys. Rev. A 36
(1987) 1963.

[66] M. Holschneider. R. Kronland-Martinet. J. Morlet and P.
Tchamitchian. A real-time algorithm for signal analysis with
the help of the wavelet transform. preprint (1988): and in:
Wavelets. eds. J.M. Combes. A. Grossmann and P.
Tchamitchian (Springer. Berlin. 1988).

6 March 1989

Volume 133. number 6.7

PHYSICS LETTERS A

6 March 1689

CONSERVATIVE AND DISSIPATIVE BEHAVIOUR IN REVERSIBLE DYNAMICAL SYSTEMS

G.R.W. QUISPEL

Research School of Physical Sciences, The A ustralian National University, Canberra. 4 CT 2601, Ausiralia

and

J.A.G. ROBERTS

Mathematics Depariment. Universitv of Melbourne. Parkville, Vic. 3052, Australia

Received 23 September 1988: revised manuscript received 5 December 1988: accepted for publication 10 January 1989

Communicated by A.P. Fordy

Conservative and dissipative behaviour can coexist in reversible dynamical systems. We recognize the presence of both behav-
jours quantitatively by calculating critical exponents associated with period-doubling and the destruction of KAM curves. A

“strange” attractor in a reversible sysiem is also investigated.

1. Reversible dynamical systems [1] combine the
properties of the two more commonly studied classes
of dynamical system. l.e. conservative and dissipa-
tive systems. That is to say. generally the phase space
of a reversible system contains both Kolmogorov—
Arnol’d-Moser (KAM) tori (typical of conservative
systems) and also (strange) attraclors (typical of
dissipative systems). For this reason reversible sys-
tems may also be of interest as perturbations of (re-
versible) conservative systems. Unlike dissipative
perturbations. reversible perturbations of conserva-
tive systems can preserve the stability associated with
KAM 1ori in part of the phase space. while intro-
ducing attractors and repellors in another part.

In this Letter we show the coexistence of conserv-
ative [2] and dissipative [3] behaviour in reversi-
ble dynamical systems by calculating critical expo-
nents associated with period-doubling and the
breaking of KAM tori. We restrict ourselves 10 the
study of mappings of the plane. In particular we in-
troduce a one-parameter reversible mapping of the
plane which has an elliptic fixed point and invariant
KAM curves in one part of the plane. and an at-
tracting fixed point in another part. The critical ex-

ponents associated with the period-doubling of the
elliptic fixed point and the breakup of the invariant
curves are those previously found in conservative
(i.e. area preserving) mappings (see also our pre-
vious Letter [4]). The critical exponents associated
with the period-doubling of the attractive fixed point
are those previously found in dissipative mappings.
We present numerical evidence that a strange at-
tractor may exist after the dissipative period-dou-
bling cascade accumulates.

Area preserving mappings have a Jacobian deter-
minant, J, equal 10 £ | everywhere in the plane. and
have been well studied [5]. Like all conservative
sysiems, area preserving mappings cannot have at-
tractors. If the mapping is close 10 integrable or has
an elliptic fixed point then the well-known KAM
theorems [6.7] state that typically the plane con-
tains infinitely many nested closed curves (KAM
circles) that are left invariant by the mapping.

In dissipative mappings. |J| <1 at any point. In
these systems. attractors are common. An attractor
may be a periodic orbit or it may be a strange at-
tractor [2.8].

Quantitative differences in the behaviour of one-
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Table |
Universal numbers of conservative and dissipative mappings of
the plane.

Conservaine Dissipative

[ €.721097200.

4.6662016091...

Qpp —4.018076704...  2.5029078750...
Jns 16.363896879... -
Rian 0.2500888... -
O hant —2.6651429... -
O nans —1.637116].. -

parameter families of conservative and dissipative
mappings are found in the scaling exponents asso-
ciated with the period-doubling route to chaos [9].
It is found in many typical cases that the parameter
values C,. al which the period-doubling bifurcations
occur. converge asvmptotically geometrically to a
value Cpp With rate dpp. Associated with the period-
doubling is also an orbit scaling factor app. The val-
ues of dpp and app are found 1o be different for the
class of area preserving mappings [10] and for the
class of dissipative mappings [11]. but are universal
within each class [12.13] (note that we are restrict-
ing our discussion to the universality class of qua-
dratic mappings). For area preserving mappings an-
other universal orbit scaling factor Bpp also exists.
These values are listed in table 1.

For one-parameter families of conservative map-
pings. universal scaling behaviour can also be asso-
ciated with the breaking-up of a KAM curve with an
irrational “'noble™ winding number as the map pa-
rameter is varied [14]. The parameter value Ci
at which this occurs can be calculated by a method
due to Greene [15]. Three numbers associated with
the process. Ry aai. O¢ want @and dg an (cf. refl [4]).
have been found to be universal. These numbers are
also listed in 1able 1.

2. A mapping L 1s called reversible [16] if there
exists an involution G such that

L:G:L=G. (1)

This is equivalent 10 saving that L can be written as
~the composition of two involutions

L=H:G. H-H=(G-G=1d. (2)
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This definition is a generalization of the classical
definition of a reversible mechanical system [1]. It
is invariant under arbitrary (autonomous) coordi-
nate transformations.

A mapping L:(x. 1) (x'. 1) is called measure-
preserving (MP) if there is a function /(x. 1) such
that

r »

| flxovydvdr=+ |

Sl yydx dy (

[53)

D L«.D)

for any region D. An equivalent requirement is

x.y)

Jo== flxoyy )
Area preserving mappings are MP with f(x. »)=1.
All periodic orbits in MP systems have return Ja-
cobian determinant = 1. Measure preservation is in-
variant under arbitrary (autonomous) coordinate
transformations (where under the transformation the
measure f1is multiplied by the Jacobian determinant
of the transformation ) [17]. It is not difficult to show
that each differentialeinvolution is MP. However a
reversible mapping need not be MP: a necessary con-
dition for it not to be MP is that its composing in-
volutions be incommensurate (i.e. do not preserve
the same measure).

Until recently most area preserving systems stud-
ied have been reversible and many reversible svs-
tems studied have been conservative [14.18-21]. For
flows. however, Moser [22] has shown that revers-
ibility alone is sufficient for KAM theorems to hold.
Furthermore in ref. [23]. an example was presented
of a reversible flow that has “dissipativelike struc-
tures™ (cf. also ref. [24]). For mappings. Arnol'd
and Sevryuk [16.25.26] have very recently proved
KAM theorems for reversible (non-area-preserving)
diffeomorphisms.

An involution G satisfving (1) is called a sym-
metry of L. The fixed points of G often form a line
in the plane. called a symmetry line. If G is a sym-
metry then so are L"G for n an integer. The fixed
lines of these other symmetries are obiained by tak-
ing images of the symmetry lines of G and LG. The
points of intersection of different symmetry lines can
be shown 1o be periodic points of L.

A trajectory that is left invariant by a symmetry is
called a symmetric trajectory. It is readily shown that

Volume 135. number 6.7

any symmeltric rajectory inlersects a symmetry line
and. conversely. that any trajectory that cuts a sym-
metry line is symmetric. If a mapping has an attrac-
tor A4 then it also has a repellor G.4. An atiractor can-
not intersect a symmetry line because then G4=.A
and it is also a repellor. which is impossible.

A symmetric periodic orbit has a return Jacobian
determinant equal to = 1. When it equals +1. the
linearization around the orbit is typically elliptic or
hvperbolic. In the former case. the theorems of refs.
[16.25.26] can be applied 1o show that generically
the orbit is surrounded by KAM circles which are
svmmetric with respect to the symmetry line in-
volved. When a symmetric periodic orbit turns hy-
perbolic and period doubles it does so along and
across @ symmetry line, maintaining two points of
the new elliptic orbit on the line itself.

3. An example of a one-parameter family of re-
versible mappings that we have investigated numer-
ically is

L: x'=—=y+yi+x. (5a)
DR R GRS
+2Cx +2x1=2x'=0. (5b)

Eq. (5b) has only one real solution for 1’ as a func-
tion of X' and 1 and this can be explicitly written out
in terms of cube roots. The mapping L, is also in-
vertible. It can be written as the composition of the
following two involutions.

H,: x'=x.
Pt oty
+2Cx+2x°=2x=0. (6)
G,: X' =—)y+ri+x, V=-1. (7)

Note that the symmetry line of G, is simply »=0.
The mapping L, with the quadratic and cubic terms
in 1 and )" removed reduces to the area preserving
Hénon mapping [27]. apart from a simple coordi-
nate transformation. However when these terms are
present the mapping is not area preserving. Instead
its Jacobian determinant varies throughout the plane.
The mapping L, has two symmetric fixed points
at (0. 0) and (1—C. 0). These points lie at the in-
tersection of the svymmetry lines of H, and G,. and
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it is readily checked that at these points /=1. The
points are elliptically stable for -1 <(C<1 and
1< C<3 respectively. The mapping also possesses
four asymmetric fixed points which come in the pairs
(x.. £1)and (x_. £1) where

x.=[1-Ct (1-C)"+4]/2. (8)

Each point in a pair is the reflection of the other point
in the pair by the involutions H, and G,. We have
concentrated on the pair (x,. —1) and (x_. +1)
which have J=1/3 and J=3. respectively. indepen-
dent of C. When (1—C)?<12. they form an attrac-
tor/repellor pair. In fig. 1 we have shown part of the
phase portrait of (5) when C=0.5 (note the trajec-
tories of two points just outside the KAM circles and
island chain which, for many iterations. seem 10
“stick ’ 10 a KAM curve but eventually converge 10
the attracting fixed point).

We have analyzed the period-doubling of the or-
igin as the parameter C is decreased below C=-1,
where it bifurcates 1o a symmetric two-cycle. We have
also looked at the period-doubling of the attractor at

14
Iy |
> 3
i Re |
| s
\
|
| |
| |

|
! X
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- |
e !
- ‘ |
V'/V ‘ . |
‘ | At |

Fig. 1. Phase portrait of the reversible mapping (5) for C=0.5.
Two symmetry lines are the x axis and the humped curve shown.
The symmetric fixed point at (0. 0) is surrounded by KAM cir-
cles. The attracting (At) and repelling (Re) fixed points are
marked with crosses. External 1o the KAM circles and island chain
are shown two trajectories that eventually converge 10 the at-
tracting fixed point.
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asymmetric attracting cycles

4 2 1
) —
-3 -2 -1 0 1
et ot —> C
Cpp ASYM Copsvm Ckamsvm
A |
4 2 1

symmetric elliptic cycles

Fig. 2. Intervals in the parameter C for the existence of (asym-
metric) attracting cycles and (symmetric) elliptic cycles in the
mapping (5). The numbers of 1. 2. 4 label the windows of exis-
tence of cycles with these periods in the symmetric and asym-
metric period-doubling.

(X4, —1) below C= —2.46..., where it bifurcates 10
an attracting two-cvcle. In fig. 2 we display the pa-
rameter ranges in which these two period-doubling
processes occur. The symmetric period-doubling ac-
cumulates at Cppsym= —1.473315... and the asym-
metric period-doubling at Cpp asym= —3.179095....

In table 2 (example 1) we present our calculations
for the parameter and orbit scalings of the two se-
quences of period-doublings in L,, based on periods
up to 1024. It is seen that the critical exponents for
period-doubling of the origin are those found in con-
servative mappings and that those for period-dou-
bling of the attractor are those associated with dis-
sipative mappings. (Note that for some other
mappings, which differ from (5) only in the con-
stant coefficients of the quadratic and cubic terms in

Table 2

Universal numbers of reversible mappings of the plane. Example
1 is the mapping L, given by eq. (5). Example 2 is the mapping
L,givenbyeq. (9)

Example 1 Example 2
Fpp.sym 8.7210... 8.7210972...
Qpp.syMm —4.018... —4.0180767...
Brosvm 16.36... 16.3639...
Opp.asyM 4.66920... 4.6692
Qpp.asym 2.5029... 2.502...
Rxamsym 0.250... 0.25008...
O RAMSYM ~2.6... —2.665...
SR KAM.SYM —1.6.. —1.63...
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v and y’, we have observed that the normal sym-
metric period-doubling terminates at a four-cycle. We
observe that the symmetric four-cycle becomes hy-
perbolic and bifurcates asymmetrically to produce
an attracting four-cycle and a repelling four-cycle
which are initially enclosed by apparently invariant
curves that still encircle the hyperbolic symmetric
four-cycle, cf. also refs. [23,24].) An analysis of the
possible bifurcations in reversible non-area-preserv-
ing mappings is given in ref. [28] (and cf. refs.
[19.20] for the reversible area preserving case).

In table 2 we have also listed critical exponents
calculated for the breaking in the mapping L, of the
KAM circle around the origin which has winding
number (3—./5)/2. Applying Greene’s method. we
find that the circle breaks at a value Cyxamsym
=—0.889335.....

Under the heading example 2 of table 2, we have
included numerical results for another reversible non-
area-preserving mapping which we partially inves-
tigated in ref. [4]:

Ly = —y/(143%/2500) +x
P T T/ (14250007)

¥ =2x' =2Cx =2x"+y. (9)

Unlike the mapping L,, this example has singularity
lines, i.e. lines in the plane where the mapping is not
defined. The numerical results however are in good
agreement. Furthermore, the critical exponents found
for symmetric period-doubling and KAM curve de-
struction in the mappings L, and L, agree well with
other examples studied in ref. [4]

For both L, and L, we have found that for many
values of C in some range beyond Cpp asym an ap-
parently aperiodic attractor appears. For L,, this at-
tractor consists of two pieces for —3.23<C<-3.20
and one piece for —3.301 <C< —3.23. It does not
seem to exist for C< —3.301. This attractor arises in
a similar way to the one found in Hénon’s dissipa-
tive mapping [29]. Note that Hénon’s dissipative
mapping is not reversible though because, for ex-
ample, it can be shown that whilst it has an attractive
fixed point in some parameter range, its other fixed
point is not a repellor but rather hyperbolic. Like
Hénon’s attractor, we find self-similarity and an ap-
parently endless series of folds in our attractor - see
fig. 3. It would seem therefore that this attractor is
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Fig. 3. (a)-(d) Strange attractor in the mapping (5) for C=— 3.300. and successive magniﬁca\ions ((b‘) isa magniﬁcation of the boxed
regio-n in (a). etc.). At the centre of each picture 1s the hyperbolic fixed point (x4, —1) which was originally attracting.

strange. We note too that in our example, reversi-
bility implies that coincident with the period-dou-
bling cascade of attractors and an eventual strange
attractor there exists a period-doubling cascade of
repellors and a strange repellor.

It is interesting to see how the strange attractor
manages to avoid cutting the symmetry lines of the
reversible mapping. In fig. 4, we show portions of the
symmetry lines of L3G, and L]G, in the vicinity of
Iixe strange attractor of L,. We find that the higher
the power of L, in the symmetry L3*'G,, the closer

a part of its symmetry line comes to the attractor and
the more loops it has. These observations are con-
sistent with the fact that the symmetry lines of these
symmetries are just images (under L) of that of
L,G,=H,. The increasing proximity to the attractor
with increasing i indicates that the symmetry line of
H, must intersect its basin of attraction. As a resullt,
all symmetries of the form L%*1G, have part of their
symmetry lines in the basin of attraction, and the
folding of these lines is a consequence of the natuTe
of the attractor. Symmetry lines cannot intersect in
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the basin of attraction since their intersection yields
a periodic orbit which is not attracted by the attrac-
tor. Consequently, symmetry lines are nested par-
allel to one another and to the attractor in this region
as fig. 4 indicates. Note however that all the sym-
metry lines are “anchored” outside the basin of at-
traction due to the fact that they pass through the
two symmetric fixed points.

4. In closing we would like to point out that the
mapping L, is not an isolated example. Rather it is
typical of reversible non-area-preserving mappings
that we have been able to construct by combining
area preserving involutions (like G,) with non-area-
preserving involutions (like H,). The methods we
use will be expanded on elsewhere [30]. It seems 10
us that our results should have some physical rele-
vance - they indicate, for example, that a pertur-
bation of a reversible conservative system need not
itself be dissipative (but just reversible) in order to
introduce dissipative features into the dynamics. In
some cases the regions of conservative or dissipative
behaviour in the phase space may be so small that
they are only seen for special initial conditions. It
would be interesting to look experimentally for the
presence of both behaviours [23].
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A theory is presented for first order phase transitions of multifractal chaotic attractors of nonhyperbolic two: dimensional ma)pOf
(These p};ase transitions manifest themselves as a discontinuity in the derivative with respect 10 ¢ (analogous to temperature

the fractal dimension g-spectrum. D, (analogous 10 free energy

{ransition is obtained.

Recently the multifractal properties of chaotic at-
tractors have been a subject of intense study. In par-
ticular, the spectrum of dimensions D, characteriz-
ing the multifractal properties of attractors [1] has
been shown to follow from a thermodynamic for-
malism [2]. In this formalism, 2 first order phase
transition [3-5] is manifested in the g-dependence
of the dimension spectrum as a discontinuity in the
derivative dD,/dg. (D, is analogous 10 the free en-
ergy while g plays the role of temperature.) In this
note we present a theory which yields a complete pic-
ture of the behavior of D, and the singularity di-
mension /(«) associated with these first order phase
transitions for nonhyperbolic two-dimensional maps
with constant Jacobian. (These results are contained
in our egs. (18)-(24) at the end of the paper.) Our
results for gy and D+ (egs. ( 18) and (19)) have been
obtained previously in ref. [5] using a different
method. A

As a guide to how we will proceed in the two-di-
mensional case. consider the one-dimensional qua-
dratic map at eriticality [4], X, =1X,(1 —Xx,), with
r=4. Almost every initial condition in [0, 1] pro-
duces an invariant probability density, p(x)=

).) A complete picture of the behavior associated with the phase

[m*x(1 —x)]~'/* for 0<x<1. The definition of D,
for an attractor lying in an M-dimensional phase
space 1s

Dq=lim(q—l)“lnlq(e)/lne, 1)
€e—0

where Iq(e)=X,p? and p; is the fraction of time a
typical orbit falls in the ith M-dimensional cube of
an M-dimensional cubic grid of unit grid size €. That
is, p, is the “‘natural measure” in cube i. (For M=1
the “cubes” are intervals of length €.) Applying eq.
(1) to the quadratic map at criticality, we express I,

as
L(e) =1 () +I™ (e) . (2)

In eq. (2), I3 represents a “hyperbolic contribu-
tion” to I, which arises from the bulk of the intervals
away from the special points, x=0, 1, where p(x)
goes to infinity. For these intervals p;,~ €, and there
are ~1/€ such intervals. yielding I{" ~¢971, The
term 1™ (€) is the “nonhyperbolic comriblu‘tior.\”
arising from the inverse square root singularities in
p(x)atx=0, 1. From the contributions to 2, pf frorr}
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