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A systematic treatment is given of the equation of motion of the classical anisotropic
Heisenberg spin chain, both in the discrete case and in the continuum limit in which the spins
Sn(t) associated with the lattice sites m are replaced by a spin density S(x, t), which is a function
of the time t and the position x on the chain. In the case of axial symmetry the equation of
motion for the spins is shown to be equivalent to a new equation in terms of one real variable, i.e.
gm(t) in the discrete case and g(x, t) in the continuum limit. (From the treatment by A.E. Borovik
it follows that the new equation of motion for g(x, t) is completely integrable in the special case
of quadratic anisotropy.) Explicit expressions are given for the Lagrangians, both in the
ferromagnetic and in the antiferromagnetic case. The relation with the nonlinear Schrodinger
equation on the one hand and the sine-Gordon equation on the other hand is discussed in some
detail.

1. Introduction

The spin dynamics in one-dimensional spin systems has received a lot of
attention. From an experimental point of view one-dimensional spin dynamics
can be observed in systems consisting of weakly coupled chains. Due to the
small interchain interactions the phase transition to 3-dimensional long-range
ordering will occur at very low temperatures and a substantial amount of
short-range ordering will show up well above the transition temperature.

From a theoretical point of view many exact and approximate results have
been derived recently. Exact results have been obtained for the time-depen-
dent correlations in the one-dimensional spins XY-model, viz. the cor-
relations between the z-components of spins at arbitrary temperatures'?), and
the correlations between x-components of spins at infinite temperature®>). At
zero temperature explicit results have been obtained for the correlations at
large distances®’). Nonlinear differential-difference equations which are valid
at arbitrary temperatures®®) have also been derived.

The spin dynamics in Heisenberg chains has not been solved exactly but a
rather good insight has been obtained recently using an elegant description in
terms of two-parameter spin-wave continua'™'!), see also ref. 12 and
references cited therein. A successful explanation has been given for the
behaviour of the proton-spin lattice relaxation time in antiferromagnetic linear
chain systems''). Recent progress in the quantum inverse scattering method
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may turn out to be important for the spin dynamics in Heisenberg chains, see
ref. 15 and references cited therein.

Although quantum effects may be quite important, a number of interesting
results have been obtained by investigating the equation of motion for a
system of classical spins. Usually one applies a continuum approximation in
which the spins S, (t) at the lattice sites m are replaced by a spin density
S(x, t) which is a function of time ¢ and the position x on the chain, see ref.
16. A treatment of the equation of motion for the Heisenberg chain can be
found e.g. in ref. 17 for the isotropic case, and in ref. 18 for the case of
uniaxial anisotropy. The complete integrability of the Heisenberg chain was
proved in the isotropic case'®), cf. also ref. 20, as well as in the presence of a
uniaxial®’) or an orthorhombic?) crystalline field term. An exact relation
between the isotropic Heisenberg chain and the nonlinear Schrédinger equa-
tion was given in ref. 23, see also ref. 24. A quantum mechanical derivation
of the nonlinear Schrodinger equation was discussed in ref. 25.

Furthermore there is an approximate relation between the Heisenberg chain
with uniaxial anisotropy of the Ising type and the nonlinear Schrodinger
equation®), and another approximate relation between the Heisenberg chain
with planar anisotropy and the sine-Gordon equation in the ferromagnetic?®),
as well as in the antiferromagnetic case”). Explicit solutions for the anisotro-
pic Heisenberg chain can be found in refs. 28-33, and multisoliton solutions
have been discussed in ref. 34. (For treatments of the equation of motion in
two or more dimensions, see e.g. refs. 35-40.) The statistical mechanics of
solitons in the Heisenberg chain with uniaxial anisotropy was treated in refs.
41, 42.

The description in terms of the sine-Gordon equation has been useful in the
interpretation®?"#*=) of the central peak in inelastic neutron scattering found
in ferromagnetic CsNiF;*), as well as in antiferromagnetic TMMCY). Further
evidence for soliton motion has recently been obtained from Mdssbauer
linewidths in antiferromagnetic linear chains with Ising anisotropy*) and from
(frequency-dependent) susceptibility measurements in quasi one-dimensional
ferromagnetic TMNC®). A critical discussion of the mapping of an easy-plane
ferromagnet onto the sine-Gordon equation has been given in ref. 50.

In the present paper we investigate in a systematic way the nonlinear
differential equations for the anisotropic Heisenberg chain, both in a discrete
and in a continuum description. (The treatment in this paper will be restricted
mainly to the case of classical spins.) In a discrete description we have at
each lattice site m a 3-dimensilonal (real) spin vector S, subjected to a
normalization condition (S,, - S»)? = s, and the equation of motion is reviewed
In section 2.

Using the Holstein-Primakoff transformation™) in the theory of spin waves,
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the n =3 description in terms of spins S, can be reduced to an n =2
description with one complex field y,, at every lattice site m. The equation of
motion and the corresponding lL.agrangian are given in section 3. In the case
of axial symmetry we shall show that the spin dynamics can be described
completely in terms of one real field g, associated with every site m. In
section 4 we give the equation of motion and the Lagrangian in an n =1
description in terms of the variables q,,.

In section 5 we treat the continuum approximation for the Heisenberg chain
using a continuum version of the Holstein—Primakoff transformation. Both in
the ferromagnetic and in the antiferromagnetic case the spin dynamics is
determined by one complex field x(x,t) which is a function of time t and
position x. The equation of motion and the Lagrangian in the continuum n = 2
description with one complex field x(x, t) are given in section 5. In the case of
axial symmetry one again has an n = 1 description with one real field q(x, t).
The equation of motion and the Lagrangian are given in sections 6 and 7 for
the ferromagnetic and antiferromagnetic case, respectively. In section 8 we
discuss the relations with the nonlinear Schrédinger equation and in section 9
an extension of the sine-Gordon equation is derived under the assumption
that the spin density S(x, t) is nearly restricted to a plane for all x and t.* The
equation of motion and the Lagrangian in an n = 1 description can be helpful
in obtaining similarity solutions, which will be treated in a following paper*).

2. Discrete n = 3 description
Consider the Heisenberg spin chain described by the Hamiltonian
N-1 N
H==2 Su dnSni— 2 KulSn), @2.1)
m=1 m=1

where m =1,..., N labels the different sites on the chain. J,, describes a
site-dependent exchange interaction between the components of spins at
neighbouring sites m and m + 1 and K,,(S,) is an anisotropy field acting on
spin S, arising e.g. from crystalline fields and external magnetic fields.
Throughout this paper we shall assume that the tensor J,, is diagonal, i.e.

1+ f.
Jm:Jm]: 1—fn 1 m=1,..., N—1. 2.2)
1+ cp

* It has been shown recently®®) that this assumption is not always correct, even in cases when
there is a substantial amount of planar anisotropy.
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The components of the spins have the commutation relations
[Sma Sm’] = i€ - Smam’,m, (23)

where € is the completely antisymmetric Levi-Civita tensor.
The time evolution of the operator S, is described by the equation of

motion
S» =i[H, Sn]. 2.4)

From (2.1), (2.3) and (2.4), taking into account that J,, is symmetric, we have
Sm = Sm X (Jmfl : Sm*l + Jm ° Sm+1) + @Km(sm)y (25)

where 9PK,.(S.) is the sum of all contributions which can be obtained
replacing in the terms of K,.(S.) a factor S,, by (€ - S,).

Assuming the spins in the right-hand side of (2.5) to be classical, i.e.
ignoring the commutation relations between the spin components in 2K,,(S,,),
eq. (2.5) reduces to

Sp =8n X (i * Snci + o * Spit) + S X VK, (S,), (2.6)

where VK, = 0K,/3S,. Note that (2.6) is also valid exactly for quantum
mechanical operators in the case that the K, are linear functions of the
components S%, £ =x, y, z, arising, e.g., from external magnetic fields. For
spins with quantum number S =3, the K,, can always be chosen to be linear.

Eq. (2.6) has been derived using the quantum mechanical equation of
motion (2.4). For classical spins (2.6) can equally well be derived using the
equation of motion

Sn={H, S.}, (2.7)
together with the Poisson bracket

{Sm, Sm’} =€ Smam’,m- (28)

3. Discrete n =2 description
For classical spins with length s = (S,, -Sm)%, one can introduce a complex
field x. for every site m, i.e.
S =Sk+iSh=xasV2,
Sw=Sn—iSh=xnsV2, 3.1)

1
S = (1= XtXm = XmX w)S,
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in which the y, satisfy the Poisson brackets
{Xms Xm'} = {X:na XIn'} = 09
{ms Xk = 1571 = XX = XonX bV B (3.2)

For quantum mechanical spins one has the Holstein—Primakoff trans-
formation’")

1

i 7 _
Si— (1 —%m—) a4, \/28S,

t 5
S,’n:ai,,(l—aé"g"‘) V78, (3.3)

an = S - ajnama

where S is the spin-quantum number and the operators a satisfy the boson
commutation relations

[am9 am'] = [a:ns atn'] = 07 [am: a:'l'] = Sm’,m- (3'4)

Introducing the operators

aha,\' a
= (1—=nEm '"> m__ 3.5
X ( 28 / VS+1 (3-3)

with the commutation relations

[er Xm’] = [Xl‘n’ X:n'] = 0,
1 1
[Xm, Xin'] = (S(S + 1))72(1 - X:nXm - XmX:rn)zam’,m, (36)
eq. (3.3) can be expressed in the form (3.1) with s =(S(S + 1))% thereby
implying that (3.1) holds also for quantum mechanical spins. In eqgs. (3.1),3.2)
and (3.6) it is understood that the expression (1 — x5 Xm — XmXh)? can also have

negative values corresponding to negative values of S7,.
Inserting (3.1) and (2.2) in (2.1) we obtain after a straightforward cal-

culation

N-1
H= -5’ 2—1 Jm[XTnXmH + X:rn+le +fm(X1Lann+1 +Xm+le)

1 1 N
+ (14 ) = 2|x DA = 2|x W1 - 2:1 Ko (S (Xoms X m))» (3.7

with 2|x | = XmXm + X mxm- The equation of motion for . is given by
Xm - 18[(1 - 2|in)%{]mfl()(m—l + fmflxtnfl) + -Im(XmH + meJrrnH)}
1 1
_Xm{1m~l(1 + Cm*l)(l - 2|X%n71l)2 + ]m(l + Cm)(l - 2|X3n+1|)2}]
+(1/\/§)(1 - 2lX%nD%(Vx +iVy) Ky — ixm V.Kp. 3.8)
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Instead of using the fields x, one may also derive the equation of motion in
terms of the operators a, or the corresponding classical fields. There is,
however, no need to use fields that satisfy boson commutation relations or the
corresponding classical Poisson brackets. In the n =2 description in this
paper we use the fields x,, for convenience, but other choices are possible, see
ref. 54.

The equation of motion (3.8) can be derived in various ways.

1) From (2.6) together with the transformation (3.1).

ii) From (3.7) and (3.6) with the quantum mechanical equation of motion
Xm = i[H, x.], afterwards treating the spins in the right-hand side as classical
spins. Ignoring the commutations in 9K,,(S,,), we have

. . 0H

Xm = —1 L [Xms Xm]- (3.9)
iii) From (3.7) and (3.2) with the classical equation of motion

. dH

Xm :{Ha Xm}:_a_X‘}_{Xm, th} (310)
iv) From the classical Lagrangian

= — L 9 h) A2 p
L=-H+53 (at In 2% )1~ 203, G.11)
using the Lagrange equations
d oL oL _
oo o G2

as can be checked by explicit calculation using (3.10)-(3.12). Eq. (3.12) can
also be derived using more general arguments. In fact, in view of the Poisson
brackets

{SZ arctan S'y"'}:{s(l—2|x2 |)% lIn X""}=8 ' (3.13)
ms an’ m ’21 E m’,ms .

cf. (3.2) and also e.g. refs. 55, 56, in which this property has been derived
previously, the Lagrangian (3.11) has the form

N .
L=—H{X.)+ 2 PuPuin, n=1,...,2N, (3.14)
m=1

where

X = Xms XN = Xoms (3.15)
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and

Pn=s(1—=2x4)% Pnin =2li1n)’(‘—;", m=1,...,N. (3.16)

From (3.13) it is clear that the P’s satisfy the fundamental Poisson brackets
{Prs Puk = {Pyin, Poin} =0,
{Pp, Prsn}t=Omm, mym'=1,..., N, 3.17)
and eq. (3.12) can be derived using the treatment of appendix A in the discrete

case, cf. remark i) at the end of the appendix.

Remark. Instead of the Lagrangian (3.11) one may take any Lagrangian of the
form (3.14) with arbitrary fields Pn({xm}, {x0Ds PosnExm} X 0D, (m, m’ =
1,..., N), satisfying the fundamental Poisson brackets (3.17). Lagrangians in
an n =3 description with constraints, i.e. in terms of spin vectors S, with
constant lengths s = (S, - Sm)% have been given in refs. 57, 58.

4. Axial symmetry. Discrete n = 1 description
In this section we investigate the special case of axial symmetry around the
z axis, i.e. (2.1), (2.2) with
fm=0, Kn(Sn)=Kn(Sh), “.1)

and using (4.1), we shall show that the n = 2 description in terms of complex
fields x» can be reduced to an n = 1 description in terms of real fields g.
Substituting

Xm = Km €% m=1,... N, 4.2)
eq. (3.8) for the time derivative x,, can be expressed as
Ko + 1Km®m

12 ) )1 = is[Jpm_1Km-1 ei®m-170m) 4 Tt ¢ Gms1=m)
—2k2)

— a1+ Co e (1= 26 2)73(1 = 262, )2
— Tn(1+ ) im(1 = 2k2) 731 — 262510
—ikn(1=2k%YV.R,, m=1,...,N, (4.3)
where we have introduced
Jo=Ty =0, (4.4)
in addition to the J,, m=1,...,N — 1, in (2.2).
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The real part of (4.3), i.e.

AL (1= 2030 = ST T 18 SINB = )+ st S s = )],
4.5)

can be solved formally, introducing a real variable r, such that

(1= 2K%)7 = ru() = Fu i), m=1,...,N. (4.6)
From (4.5) and (4.6) we obtain the relation

P = 2T nSKmKm+1 SIN(Ppi1 — b)) + gn(t), m=0,...,N, 4.7
where

8n(t)=gmui(t), m=0,...,N—1, 4.8)
is an integration constant.

We can get rid of g,(t) by introducing the variables
qmn =T¥m—Ty,, m=0,...,N. 4.9)

Eq. (4.9) implies in particular
qo=0, (4.10)
and from (4.9), (4.6), (4.2) and (3.1) we have
N
av=5" 2, Sh, (4.11)
m=1
which is a constant of the motion, due to the axial symmetry. Eqgs. (4.7)-(4.9)
lead to the relations
q-m = 2-ImSKme+l Sin(¢m+1 - ¢m), m = 17 ey N - 19 (412)
and
(1=2k%Y =qn—Gmt, m=1,...,N. (4.13)
From (4.12) and (4.13) we have

G (Jm$) ™!
(1= (dn = G P = (G — )

),m=1,...,N—1.
(4.14)

b1 — O = arcsin(

Taking the time derivative of (4.14) and using the imaginary part of (4.3), i.e.
b = $(1 = 262 T (K 11/ 6 ) COS(ms1 — )
+ Jm~1(Km—1/Km) COS(Qbm - d)mfl)}
= 5T (1 G (1= 26% 1+ T (14 G )(1 = 26000
—V.Rn(s(1—2k%Y), m=1,...,N, (4.15)
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we obtain

d 4nJns)"!

-, arcsin T -7

ot <{1 - (qm - qm-l)z}i{l - (qm+1 - qm)z}Z)

(qm+1 - qm)(gmﬂ + gm) _ (Qm _ qmﬂ)(gm + §m~1)
1- (qm+l - qm)2 1- (qm - qm—l)2

- Jm+ls(1 + Cm+1)(qm+2_ qm+1) + Jms(l + Cm)(qm-H - qm)
- Jms(1 + Cm)(qm - qul) + Jm*ls(l + Cm—l)(qm—l - quz)

~ V. Kni1(5(@ms1 — @) + VoK ($(@m — Gm-r)), m=1,...,N —1,
(4.16)

where we have used the short-hand notation
Gn = 0™ 1= (@1 — 4 ™H1 = (@ — G-} — iﬁn)%, m=0,...,N. (4.17)

From a solution q,(t) of (4.16), the corresponding spin vector S,,(t) can be
obtained using (3.1), (4.2) and the explicit expressions

k(1) = (VDL = (@ — Gm1)F (4.18)

bn(®) = %, arcsin(da(1as) {1 = (@ = 4o} H1 = (@uos — @} )

+ j dti[(qr — @) (& + G-){1 = (g — g}
0

—Jes (4 ci)(@re1 — q) — Jee1s(1+ - )(Gi1— Gr—2)
— V.Ki(s(qx — ge-0))] + 1(0), (4.19)

for a constant value k, k €{1,..., m}, with the understanding that the sum
over n in the first term vanishes for k = m. Eq. (4.19) can easily be derived
from (4.14) and (4.15).

On the other hand, from every solution y,(t) of the Heisenberg spin chain
equation (4.3), one obtains the corresponding g, (t) with

an(t) = 2 {1-2x%F m=1,...,N. (4.20)
Using (4.1), (4.2) and (4.13), the Hamiltonian (3.7) Jcan be expressed as
N-1 1 1
H=- s2 E=1 Jm [{1 - (qm - qm~1)2}2{1 - (qm+l - qm)z}2 COS(¢m+l - ¢m)

N A
+ (1 + Cm)(qm - qm~1)(qm+1 - qm)] - 21 Km(s(qm - qul))- (421)
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From (3.13), (4.2) and (4.13) we have the Poisson brackets

{s(@m — qm-1), dm} = 8mwm, m,m'=1,..., N, 4.22)

implying that, cf. (4.10),

{S(¢m+1 - d)m)a qm’} = {s(d)m+l - d)m)s i (qk - qkAl)}
k=1

M=

(_ 6k,m+1 + 8k,m) = 8m’,m’ m, m, = 19 ceey N’ (423)
k=1

where we have put ¢y =0.
Introducing the variables

Pm = S(Pm+1— Pn), m=1,..., N, (4.24)
we have the fundamental Poisson brackets
{Pms P} = {qm, G} =0,
{Pms> Amt = 8, mym’'=1,..., N. (4.25)
From the treatment of appendix A for the discrete case (with P, = p,,

P.in=Qqm m=1,...,N) it is clear that the equation of motion (4.16) can be
derived from the Lagrangian

L{gm}, {dm}, {pmp) =—H + mzzl Pmdm

s2

i zhi

I {1 = (@ = G )1 — (G — g
X co8(Pms ™) + (1 + ¢ )(dm = Gm-1)(dm+1 = Gm)]
N N
+ 2 Rn($(ln = an-0) + 25 Pl (4.26)

using the Lagrange equations

9 9L 9L _ oL _

FTET M P @2
9 9L 9L _ B
E%—qu; 5 m—l,..‘,N. (428)

Eq. (4.27) is equivalent to (4.14); and (4.28) with (4.24) and (4.14) leads to
the equation of motion (4.16). From (4.26), (4.14) and (4.24) we obtain the
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L({nbA4aD) = s 1551 = (@n = 7M1= (s = 40)} = 431
2 Uns (A4 €n)(dn — G-t = Gn) + Ko (s(Gm = Gm-1))]

+s % G ArCSin (G (Jn$) {1 = (G = Q1) H1 = (Gus1 — Gu)2} D). (4.29)

In view of (4.27) it is clear that the equation of motion (4.16) can also be
obtained from

0 OL(dn}, {dm})  ILUdm}, {dnD) _ _
m . o =0, m=1,...,N, (4.30)

in which the derivatives, in contrast to (4.28), are not taken at constant p,,.
Therefore L({qn},{qn}) is an appropriate Lagrangian for the discrete Heisen-
berg spin chain in the case of axial symmetry.

Remark. A discrete n =1 description can also be given in the special case
that
J o
I = ~I . Kn(Sn) = Kn(Sh), 4.31)
J o

in eq. (2.1). This can be seen directly from the treatment in the case of axial
symmetry using the canonical transformation S}, — Sy, Sy, —=>(-1"S}, SiL,—>
=D"Ss.

5. Continuum n =2 description

In order to give a continuum description it is necessary to formulate the
problem in terms of variables which vary slowly over one lattice distance. If
the spin components satisfy |S&_,—S%|<1, then S,, can be replaced by a
function S(x, t) which varies continuously as a function of the position x on
the chain, and differences between neighbouring spins can be taken into
account using a few terms in a Taylor-series expansion. This is all right in the
case of small excitations from a ferromagnetic classical ground state, if one is
interested in excitations with small wave numbers q; it is not valid when there
is a substantial amount of antiferromagnetic short-range ordering. This short-
range ordering can exist, e.g., in systems of weakly coupled chains well above
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the transition temperature Ty *). (The weak interchain interaction can also
give rise to antiferromagnetic long-range ordering (LRO) at low temperatures
T < Ty, but in a state with 3-dimensional LRO the domains of excited spins
are not expected to move rapidly due to strong damping forces*).) In the
Hamiltonian (2.1) only the strong intrachain interactions have been taken into
account.

In order to have slowly varying fields also in the antiferromagnetic case, it
is convenient to apply a slightly modified version®) of the Holstein-Primakoff
transformation that we applied in section 3, cf. (3.1), (3.3), (3.5),

S = XmsV2,
Sm=xhsV2,
Sin= (1= Xk — XnX s, m = even,
St = (1fm + VXSV, .D
S = (W T+ v*Xm)s V2,
St = (P = [WP)1 = Kifin = Xnki)'s, m = o0dd,
where the % satisfy the Poisson brackets (3.2), or the commutation relations

(3.6) in the quantum mechanical case. [
In view of the relation s =(S. - Sn)? also for odd values of m, we have

wv =0 and |u]*+ |y = 1. Restricting ourselves to real values of u and v, we
have four possibilities u, v =0, £1 and for slowly varying fields, i.e. |{m+1—
Xm| <1, one can easily write down approximate equalities (=) between spin
components at neighbouring sites

case spin components
a) n=1,v=0, Sn=Sh+1, Sh=Sh+, Su=Si:,

b) p=—-1Lv=0, SL=-Shu, Sn=—Sht1, Su=Sh,
C) I.L:O,V:l, SfﬂzS;‘"H, S%z‘sfnﬂ, anz_sfnﬂ, (52)
d) IJ“:O’V:_la anz_S;H,], Synzsyn+1, anx'_sfrﬁ.].

Eq. (5.2a) is suitable to describe small excitations from a ferromagnetic
state. For v =0 we have a ferromagnetic classical ground state with S =s
for all m and the excitations x!, are contained in S}, for all m.

Eq. (5.2b) may be of some use in a description of small excitations from the
spin-flop state in antiferromagnets with preference for the z direction close to
the critical field at which the antiferromagnetic ordering in the xy plane tends
to zero. (An appropriate spin-wave treatment, however, should start from the
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classical spin-flop ground state in which neighbouring spins have nonvanish-
ing antiparallel components in the xy plane®®).) Egs. (5.2¢) and (5.2d)
describe excitations from the classical antiferromagnetic ground state with
S =s for m =even, and S, = —s for m = odd. (Note that most spin-wave
treatments, cf. ref. 62, introduce two different sets of boson operators ay, a}
and by, b} for both antiferromagnetic sublattices, but (5.1) gives an equivalent
description®).) Usually low lying spin-wave excitations in antiferromagnets
occur for wave numbers g =0, or g = m, and the modes q = 7 can be taken
into account changing the sign of v.

Therefore the low lying excitations are included in (5.2) together with the
condition

[Xm+1— Xm| <1, (5.3)
which is necessary for the continuum approximation

Xm () = x(x, 1),

Xm=1(8) = x(x, 1) £ dx'(x, ) +2d%x"(x, 1) + 0(d?), (5.4)

where d is the lattice distance and the primes denote differentiations with

respect to x.
We now apply the transformation (5.1) together with the continuum ap-

proximation (5.4) to the Hamiltonian (3.7) in the special case that
Jn. =J, independent of m,

_ (K(Sn)+ K(S.), m =even,
Kn(S0={ k(s KISy, m = odd. 5.5)

corresponding to a homogeneous exchange interaction and to a staggered
anisotropy field K(S,,) in addition to the homogeneous term K(S,). Replacing
the summation Z,, in (3.7) by an integration (1/d) f dx we have

H-= j dx #(x, x), (5.6)

with the Hamilton density
H(x, x") = —3Is2dl(p + )X X"+ xx™ + @+ F)x X"+ xx”)
+ (2= 21+ o)1 = 23D — 2lx [ (5.72)
- F(x, XT)/d + 0(d?),

or, using an integration by parts and x'— 0 for x - *o»,

H(x xH) =13 d(w + )X X+ x'x D+ @+ )X+ x'x)

+ (2= vH(A+c)1— 2lx2|)%'2] — F(x, xDIld + 0(d?, (5.7b)
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where 2|x* = x"x + xx'. Furthermore,
F(x, x") = Js"[2{p + fv — (u* = v)H(A + O)}x7

+w+ X x0T+ k(x x D, (5.8
with
ty_ 1 X+ xDs =xDs oo
KOwx) =K + K O E (1-al s )
L e )+ xDs (w— ) —x)s
AR K (IO, St e,
+ (2= A= 2s ). (5.9
For example, when
K(S)=1u,S¥ +3uS” +3usS7+b - S, K(S)=b,-S, (5.10)

we have

k(x, x") = il — u)(x X"+ xx) + 2(us + uy — 2u3)| x| + 2usls®

B x+xD B XD nepr ooy
+[ 3 MY, +B*(1 2le)]s, (5.11)

with
B*=3(b*(1+p+v)+bi(l—p—r),
Y =3+ —v)+bI(1— p +v)), (5.12)
B =3(b*(1+ p> =)+ bi(1— u+v%).

For the fields y(x) we have the Poisson brackets (cf. (2.8) and also ref. 63
for the Poisson brackets between the components of the spin density)

X)), xM} = X', x' (=0,

., 1 5.13

D), x ()} = ids (1 — 2 a(x — y), C-13)
using (3.2) and the continuum limit

S D xied = (1) [[dx [ dy e, ' (5.14)

The equation of motion for the field y is given by

%) ={[ dx s x xm), (5.15)
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and with the property

[ ax g xh s h(x,x*xx(y)}

=—{[ 4 e x) & oo xx}

= —ids™'(1 - 2|X2|)%(;ff%+§—;giygz> (5.16)
we find, either from (5.7a), or from (5.7b),
X = iIsd[(1 =2 + f)x"+ (v + f)x ™}
— (= 12D+ is -2 (5.17)

The same result can be derived from the equation of motion (3.8) inserting
(5.1) and (5.4), cf. also (5.8). The equation of motion (5.17) can also be derived
from the Lagrangian density

L06x) = =06 X + 33 (57 In )1 =21y
—31s2d[(n + )X+ XX o+ )X+ XX
+ (2= v+ )= 22D

v F(x, T)/d+2d(~1n )(1—21X2|)z (5.18)

using the Lagrange equation

3 & 9% 0 9L _

—_ — — +¥ .
st oy ax = ax ax" (5.19)

Eq. (5.19) can be verified by a straightforward calculation, cf. (5.17); it also
follows taking the continuum limit (5.1), (5.4) of the Lagrangian (3.11), (3.7).
Furthermore it is a direct consequence of the treatment in appendix A, in the
special case D= N = 1. This is clear, since the Lagrangian (5.18) can be
expressed in the form

L(x x") = —H(X1, X2) + PiPy, (5.20)
where

X, = X5 Xo=x',

P = s(1—2|X2|)%, Pzzﬁ in X, (5.21)
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From (5.13) it follows that the fields P, and P, satisfy the fundamental
Poisson brackets

{P1(x), Pi(y)} = {PaA(x), Po(y)} =0,
{Pi(x), Px(y)} = 8(x — y), (5.22)
implying that the equation of motion (5.17) is given by (5.19).

Remarks
i) Instead of (5.18) one may also take any Lagrangian density of the form

(5.20) with fields Pi(x, x> x"---> x5 x> x™, .. .), k=1,2, satisfying the fun-
damental Poisson brackets (5.22). Lagrangian densities in an n = 3 description
with constraints, i.e. in terms of a spin density S(x,t) with constant length,
have been given in ref. 57.

1) If one inserts y = (1/\/5) sin 0 €'¢ in (5.7), (5.15) and (5.17), one obtains
the n =2 description in terms of the polar angles 6 and ¢. Special cases of
this description for ferromagnets have been treated, e.g., in refs. 17, 18 and
26. In ref. 27 a description has been given for the antiferromagnetic case
leading to four coupled equations containing four angles, but only two are
necessary to account for low-lying excitations.

6. Axial symmetry. Continuum n =1 description for ferromagnets

In this section we consider the continuum description of the Heisenberg
spin chain (5.7)-(5.9), (5.17), (5.18), in the special case of axial symmetry
around the z axis, for excitations from a classical ferromagnetic ground state
with u = +1, » = 0. (The antiferromagnetic case will be treated in section 7.)

We assume that

f=0, K(§)=R(S) = R((1-2x¥ks), K.=0, (6.1)
so that, cf. (5.8), (5.9),
F(x, x") = F((—2[x%is) = 2T — 1 - o)x? + R (1 — 2/x])s). (6.2)

We shall derive the continuum n =1 description applying the continuum
analogue of the treatment in section 4. The spin chain is supposed to be finite,
with the x-coordinate ranging from x; to xg, i.e. x € [x., xg]. (In the ther-
modynamic limit, for a infinite chain, x; > —%, xg— ®.)

In analogy with (4.2) and (4.6) we introduce

X =k €, (6.3)

(1- 22 = r(x, t). (6.4)
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Note that we do not include a factor d in front of r’, in the right-hand side of
(6.4), as r, — rn-; in (4.6) does not tend to 0 in the limit d —0.
From (5.21) and (5.22) we have the Poisson brackets

{sr'(x), sr'(y)} = {d)(x) ¢>((1y)} 0,

{sr’(x),%} =8(x—y), (6.5)

for positions x and y on the chain, i.e. X <X < Xg, XL <y < Xg.
Choosing a point x, 1 x, at the left of the chain, we have

{ d)()’), r(x) — r(xo)}:{s #,J{r’(xl)dxl}

- f dx, % 5(xi— y) = 5(x — ). (6.6)
For the variables
q(x) =r(x)—r(x), p(x)=d'(x)sd’, (6.7)
we have the fundamental Poisson brackets
{p(x), p(M}={a(x),a(y)} =0, {p(x),q(y)}=25(x—y). (6.8)
From the treatment in appendix A with D =N = 1 and
Xi(x) = Py(x) = p(x), Xa(x)= Pax) = q(x), (6.9)

it is clear that the equation of motion can be derived from the Lagrangian
density

£L=-3+px)q(x), (6.10)
which in view of (5.7), (6.1), (6.3), (6.4) and (6.7) can be expressed as, (v =0),
F = —Js2dpi{c + kK2 + (1 + o)1 — 2k + dE((1— 2x2s) + pg

2 q”q” | d’ P ” ? 1
=—Js du{ —q?+z (I—q )+zu(1+6)q’}+d F(sq") + pq.
(6.11)
The equation of motion is determined by the Lagrange equations
A7 _y, 6.12)
p
2

a9t aq  ox aq' ox2aq"
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Eq. (6.12) gives

- q __ Sq
D _Jd3}L(l _ qu)_ d(l_qr2)’ (6.14)

where we have introduced a scaled time variable

_ 2 _9%9a__4q
v = pld'st, g =gl= (6.15)

Eq. (6.13) leads to the equation of motion
9 L) i{ a" . @”+4d) 1 h - Da
61' (l_qlz + ax l_qr2+ (1~q12)2 q (“‘(1 C) 1)‘1

+(uIds?) ! Q%} 0. (6.16)

In view of (6.12), eq. (6.16) is also equivalent to the Lagrange equation

9 0%-9,9") , 3 3%(4nq,9")_ 9’ 3£ 49,9") _
ar g Tax  aq' ax:  aq" 0. ©.17)

associated with the Lagrangian density £(q., q’, q") that can be obtained
inserting (6.14) in (6.11), i.e.

1o 3_ " " ﬁs '
P q', @) = I (g - pas ene? e L 69)

The solutions of eq. (6.16) are in one to one correspondence with the
solutions for the spin density S(x, t) in the (ferromagnetic) Heisenberg chain
in the special case (6.1) of axial symmetry.

In fact, from an arbitrary solution q(x, ) of the n =1 equation of motion
(6.16), the spin density S(x, 7) can be obtained using (5.1) with » =0, (5.4),
(6.3) and the expressions of x and ¢ in terms of g:

k = (1/V2)(1— g™, (6.19)

and

o(x, 1) = J {dl: ¢'(x1, 1) + Al b (x1, T} + ¢(0, 0). (6.20)
C

Here (x;, 7;) denotes a point on an arbitrary curve C in the x7-plane going
from (0,0) to (x,7) and (dl,, dl.) is an infinitesimal two-dimensional vector
tangent to C at (x, 7y).
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The explicit expressions for ¢' and ¢, in terms of g are

¢’ =ql(1-q"), ©2D
3 _qm 3 (q//2+ qz) . _ no__ af‘;‘/aq/
b, = —a (1% q' —(n(l+c)—1gq wJd%s? (6.22)

and ¢(0,0) is an arbitrary constant.
Eq. (6.21) is obvious from (6.7) and (6.14). Eq. (6.12) is equivalent to the
Lagrange equation

0L _ 9 0L _

s oL 0 = (1 =22y
d¢7+az 9% 92 0, z=(1-2«")p, (6.23)

which follows from the Lagrangian density £ = —% +(s/d)$z, as given by
(5.18), in the special case (6.1), (6.2), considering ¢ and z as independent
variables. Note that (6.23) is the integrated form of (6.17) with respect to x, in
which the integration constant is fixed uniquely.

The result given in (6.20) is independent of the curve C, which is an
immediate consequence of Stokes’ theorem, together with the compatibility
condition (¢'), = (¢,)’ which is equivalent to the equation of motion (6.16).

On the other hand, from every solution x(x, 7) of the Heisenberg spin-chain
equation (5.17) in the case of uniaxial symmetry (6.1) with v = 0, one obtains
the corresponding q(x, 7) by

q(x,7)= J [dL {1 — 23Cxr, TP+ dL Q22 (x, 7] + q (0, 0), (6.24)
C

which is indepen(lient of the curve C, in view of Stokes’ theorem and the
relation 9(1— 2x2) ot = (2k*¢"Y, cf. (5.17), (6.1), (6.3) and (6.15).

Remarks
i) In the special case

c=0, F(sq)=bsq +ius’q?, (6.25)

it is clear from the treatment in refs. 21, 22 that the fourth-order partial
differential equation (6.16) is completely integrable. ,

ii) Egs. (6.17) and (6.18) provide the continuum n = 1 description in the
case of uniaxial anisotropy (6.1), for a ferromagnetic classical ground state.
The same results can be obtained taking the continuum limit of the cor-
responding expressions (4.29) and (4.30) of the discrete n =1 description.
Some details of the derivation are given in appendix B.
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7. Axial symmetry. Continuum n =1 description for antiferromagnets

The Lagrangian density in the antiferromagnetic case will be derived taking
the continuum limit of the discrete Lagrangian (4.29). In addition to (6.1) it
will be assumed in this section that K is an even function of S? i.e.

K(S)=K(S?) = K(-S?. (7.1)

The assumption (7.1) does not include a homogeneous magnetic field in the z
direction. This is not a serious restriction, since a homogeneous field term
—b X, S; gives a contribution iby (in the right-hand side of (5.17)) which in

the case of uniaxial symmetry can be eliminated using the substitution
ibt

x—x e’
We first consider the case w =0, v = 1. From (5.2¢) and (5.1) it is clear that
(= 1)" €0 0, = (—1)"(1-2k%), and G =(—1)"dp, (7.2)

are slowly varying functions of m. (Here it is understood that (1 —2Kfn)% can
also have negative values corresponding to negative values of cos 0,,..)
Using (7.2), eq. (4.5) with J,, = J can be rewritten as

% (= 1)™(1 = 262 = ST[Kpe 1K SIN( Byt + B) + Kk o1 SI(e + Brysr)]-
(1.3)

In (7.3), the left-hand side, as well as both terms in the right-hand side are
slowly varying functions of m. Eq. (7.3) can be solved formally introducing a
slowly varying function g, such that

(= 1" (1= 2K2) = G + G- (7.4)
Comparing (7.4) with (4.13), we find that
am = (=1)"qm, (7.5)

is a slowly varying function of m.
From (4.24), (4.14) and (7.2), (7.5) we have

pm371 = _(_l)m(d;m + (i;mﬂ)

=g arcsin( - qm(!Js)" l)-i-%(e — D7 +27n,
{1 - (qm + Qmﬂ)z}z{l - (Qmﬂ + Qm)z}i (7 6)

where e(= *=1) and the integer n have been introduced to restrict the arcsin
function to the interval (—3, 7).
Using (7.6) and the relation

c08(Pms ) = e{1 = G2UIS) H1 = (G + G ) 1= @uer + G ' (17
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the discrete Lagrangian (4.26), (4.29) can be expressed in terms of the
slowly varying functions G, cf. also (4.17) for the definition of {,. The result
is, using (6.1), (7.1), and taking J, = J, ¢, = ¢ independent of m:

L{Gn} {Gn) =I5 3 {1 = (G + G )H1 = (Gusr + @)} — G2 Ts) 2P
~Js* 1+ ¢) S Gm + Gn-) (st + dn) + Dy R(5(Gm + Gm-1))

+es 3 G arcsin(uUs) (1= G+ Gu )V 1= G+ @01 (78)
In the continuum approximation we insert
dm + dm-1—>q,
G+ Gn > q +dq' +:d°q"+ 0(d), (7.9)
and from this it follows that
dn =14 +1dg'+ 0(d") (7.10)

In fact, when we introduce the replacement §.—3§, we have the relation
G —3dq' +3id*q"+ 0(d®) = q, which can be solved by iteration to give G =
q +3dq’' + 0(d%).

The Lagrangian density £ corresponding to (7.8) is obtained replacing the
summation =,, by an integration (1/d) [ dx, so that L > [dx%. Then & is
given by

£ =Js’ed\(1- ¢){1 — (q + dq’ +1d?q")’} — (4 +3dd)*2Js)
- 13-
—Js2d'(1+¢)q(q +dq’' +3d*q") +d 'K (sq)+ Js’ed ™ (%)
(4 +3dq")@2Js)™
(1- g1 (q+dq’ +}d*q"7F
We insert the relation
(1-g)(1—{q +dq’' +31d*q"}Y) = (1—{q +2dq'}’)’
—d*(1—{q +1dq')(qq" +1q") — d*q’q” + 0(d*), (7.12)

)+ o(d?). (7.11)

X arcsin (

and a straightforward expansion in powers of d yields the Lagrangian density
_ e g1(d +%dq’) , ((q +%dq’)(21s)") .,
¥ =Js"ed ( s arcsin WW +d 'K(sq)
+Js%d ({1 - (q +3dg'YF — (q +1dq'y(2Js) 7
X (1-3d*(qq"—3q'H(1—q*) ' —1d*q*(1 - q")?)
—Js’(1+c¢)d 'q(q +dq’' +3d*q") + O(d?). (7.13)
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The Lagrange equation

2 2
008 9% 9 9% 3 % _ (7.14)

at 3q  9x aq’ 9x 9t g’ dx’aq"

gives the correct equation of motion in a continuum n = 1 description in the
case of axial symmetry for the antiferromagnetic classical ground state. We
shall not write down the explicit result which is more complicated than the
corresponding equation (6.16) in the ferromagnetic case.

Remarks
i) The result (7.13) has been derived for v = 1. The result for » = —1 can be

obtained replacing £ by ev, as can be seen by applying a rotation over
around the z axis at the odd lattice sites leading to the transformation

J>—J, J1+c¢)»J(1+¢), K-K, (7.15)

in the Hamiltonian (2.1) and the replacement £ — ev in (7.13).
ii) An important simplification can be obtained, if g, is small. Assuming
that ¢, is of order d, it can be of use to introduce a scaled time 7 such that

r=2Jdst, 24, —q+3dq =2Jdsq. + 0(d?). (7.16)

Eq. (7.16) is similar to eq. (B.3) derived in appendix B in the case of a
ferromagnetic ground state. There is, however, an important difference. In the
ferromagnetic case eq. (4.12) ensures that g,, is of order d in the continuum
limit; in the antiferromagnetic case the time derivative of the slowly varying
Gn is in general of order 1. The assumption that §,, is of order d involves a
restriction to solutions with small values of sin 2q5m.

For solutions with d;m ~ (0(d), use can be made of the relation

({1 = (q +3dq")P— (4 +1dq'y(2Ts) )

2
=(1fqz)—dqq/-%dzq’z—%dzlf’qz+@(d3). 7.17)

Inserting (7.17) in (7.13) we obtain the Lagrangian density

2 72
q-—d4 -1
=+ d R(sq)

P =Js’eds

—Js?ed 1+ e(1+ ¢))(q>+ dqq’) — 2Js2ed(1+ e(1 + ¢))qq" + O(d?.
(7.18)

Omitting a total differential which does not contribute to the equation of
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motion, &£ can be expressed as

2_ A
¥ =Js’ed [%q—’_q—z+§(1 +e(l+ C))q'2+@ﬂf_+c_))(1 )+ KgSQ)J_
1—gq d Js’ed?
(7.19)

Eq. (7.19) is identical to (6.18), cf. also (B.7), derived in the ferromagnetic
case, apart from the replacements pJ —»>eJ, p(1+c)J->—e(1+c)J, q—q,
q'—>q". Yet these replacements cause (6.18) and (7.19) to lead to quite
different equations of motion. Eq. (6.18) is in special cases equivalent to the
nonlinear Schrédinger equation as will be discussed in section 8. Eq. (7.19), on
the other hand, is related to generalizations of the sine-Gordon equation. This
will be discussed in section 9, where it will also be shown that the restriction
to solutions with small values of ¢ will also lead to sine-Gordon type
equations in the absence of axial symmetry, cf. also ref. 27 where some
special cases have been treated.

8. Relation with the nonlinear Schrodinger equation
Consider a special case of axial symmetry for a ferromagnetic classical
ground state, i.e.
v=0, f=0, K=bS"+3uS” K,=0. 8.1

Using (5.10), (8.1) and (6.15), and taking 7 =t for convenience, eq. (5.17) can
be expressed as

—ix = x"(1 = 2Jx2)2— (1 + )ux (1 —2x 2 — Bx — ax(1 = 2x ", (8.2)
with
a= d'2{2y(1 +c)—2+ u(]u)"l}, B = b(,u]dzs)’l. (8.3)

Neglecting in the right-hand side of (8.2) 5th and higher order terms in y, as
well as 3rd order terms containing derivatives x' or x”, we have

—ix = x"—(a + B)x + ax'xx- (8.4)
Substituting

b= e By (8.5)
we have

—i = "+ ol ‘ (8.6)

which is the nonlinear Schrédinger equation (NLS). The relation between the
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Heisenberg chain with uniaxial anisotropy and the NLS was noted previously
in ref. 22. It suggests that the NLS, like eq. (5.17) in the case of axial
symmetry, is in one to one correspondence with an (n = 1) equation with one

real variable y(x, t).
This is indeed the case*. In fact, using the substitution

o= || e”, 8.7)

eq. (8.6) can be expressed as
. 8 A " . rnt : " !
—i Wl (] 6 = [+ 2|0 + iy 0" — [w]0” + o], (8.8)

Using the decomposition into a real and an imaginary part, we have

3 F) .
Lajgp = -2 qupen, 89)
6=M—9'2+awf|2. (8.10)
||
Eq. (8.9) can be solved formally, introducing n(x, t) through
P =27 @.11)

From (8.9) we have
M =-2n'0"+g(t). (8.12)

Introducing the variable

t
y=m- f dtig(t), (8.13)
0
we have
y =3yl (8.14)
y=m—g)=-2n'0"=-2y'0". (8.15)

Inserting (8.14), (8.15) into the derivative of (8.10) with respect to x, we obtain

0 _5’>:i()’_'”7()’”2+)"2) />4
ot <2y’ ax \2y’ 4y"” +2ay’) =0, (8.16)

which is the equivalent real form of the NLS%*).

*Very recently this equation has been derived (independently) by Boiti, Laddomada and
Pempinelli using the same type of reasoning®).
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From an arbitrary solution of (8.16) we obtain a solution of the NLS, viz.
w(x, 1) = [2y'(x, OF eXp[i f {dL 6'(xy, t)) +dl, 6(xy, 1)} +i6(0, 0)], (8.17)
C

where (x, t;) is a point on an arbitrary curve C in the xt-plane connecting
(0,0) with (x,t), and (dl,dl) is an infinitesimal two-dimensional vector
tangent to C at (xy, t;). The explicit expressions for 6’ and 6 in terms of y are
given by, cf. (8.14) and (8.10),

—
0 __2y” (8.18)
Sy 74y ,
0= 2y 4y’2 +2ay’, (8.19)

and 6(0, 0) is an arbitrary constant. The integral in (8.17) is independent of the
choice of the curve C, as follows from Stokes’ theorem and the compatibility
relation 90'/dt = 96/ax which is equivalent to (8.16).

On the other hand, from every solution of the NLS the corresponding
solution y(x, t) of (8.16) can be obtained using

y(x, t):f{dlx%lllflz(xl, t) —dL (¥ 6")(xi, t)} + y(0, 0), (8.20)
c

so that there is a one to one correspondence between the solutions of (8.16)
and (8.6).
Eq. (8.16) can also be derived from the Lagrangian density

22 12
P &y 4y,y ) ay?, (8.21)

using the Lagrange equation

9L 9 0¥ 9% 0%
at dy *ax ay'  axay" (8.22)

The Lagrangian density (8.21) can also be derived from the Lagrangian
density in terms of ¢ for the NLS®), analogously to the derivation in section 6
for the Heisenberg spin chain.

A direct connection between the n = 1 equations (6.16) and (8.16) may be
obtained as follows. Substituting:

!

g=x-w, qg=1-w, qg=—w, 1-q*=2w'—-w" (8.23)
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and expanding

(w28 3 g, (8.24)

eq. (6.16), with 7 = t, can be expressed as

i( —W )zg{i_ﬁ«wﬂ+wv_ Wi’
at 2w’ —w?)  ax 12w” ax 2w’ —w?) 2w — wHw"
+(pu(l+c)— 1)w’”+2f,w"}. (8.25)
I
Using the scale transformation

9 4 0 ad 5 4
3 4 2
W= WA~ —at—))\ at’ 8 ->A ax’ (826)

and multiplying both sides by A%, eq. (8.25) changes into

i(_—_vb_ﬁ)__a_{li(w”erwz)w Www’
at 2w’ —aw?/  ax 12w”ax 2w’ —aw?/  Qw'— awHw”
+(u(l+c)— DAw” + Z f;)\l+4w/{}. (8.27)
i

In the special case (8.1) we have, cf. (5.8), (5.9), (8.3), 6.2), (6.3) and (6.7)
(omitting a constant),

F =3uJd*s*{a(1—w' )Y +2B8(1 —w")}, (8.28)

in which the term with 8 does not contribute to the equation of motion. If we take
the limit Aw'?— 0, and assume aA’w’ to be finite, eq. (8.27) reduces to

d (—w\ _ 3 (1 3 (wo+Ww? W' N s
at (2w’> ©ox (W ax ( 2w’ )_ZW’W”+2aw )’ & =zah, (8.29)

which is equivalent to the NLS (8.16). The equivalence holds in the limit of
large «, i.e. large anisotropy, and for small values of w’, i.e. small k or S* ~ s,
cf. ref. 22.

Remarks

i) From the considerations above one may infer that the term —{u(1+¢)—
1}q" in the equation of motion (6.16) is not really important. This can also be
seen directly from the Lagrangian density (6.18). In fact using (6.2), (8.1), (8.3)
and the substitution

[ wto-1
q(x, 7)>q(x, ) 4[#«(1 +¢)—1+u/QQin)

}Vq%LTL (8.30)
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we find, neglecting terms of order d* and higher,

"2

2 _
£ =Jstdp [% 4 ;‘,2 +%aq’2], (8.31)

apart from a total differential.
ii) For the isotropic Heisenberg spin chain, i.e.

f=c=0, un=1, K=K,=F=0, (8.32)

there is another relation®?) with the NLS. Lakshmanan®) has shown, that if
S(x, t) is a solution of the equation of motion

sS=8x8", (8.33)

of the isotropic Heisenberg spin chain with t = 7, then

(8- 8 f S-S
g = " expi | dx| — -S’)’ (8.34)

is a solution of the coupled set of equations formed by (8.9) and the spatial
derivative of (8.10) with a =4. A similar relation exists between (6.16) with
w=1,¢=0, F=0 for the Heisenberg spin chain and eq. (8.16) giving the
n = 1 description of the NLS.

In fact, let q(x, t) be an arbitrary solution of (6.16) with w =1, c=F =0
and 1 = t, then the function

y(x, t) = f {dL y'(xi, t) +dl y(xi, t)} +¥(0,0), (8.35)
Cc
with
,_Lq"2+q.2
y _4(1 l_qIZ s (836)
1 (4"4'—q"q qq(q”2+q)}
y 2(X { 1-— q/2 (1 _ /2)2 ’ (837)

and where (x;,t;) denotes a point on an arbitrary curve C in the xt-plane
going from (0,0) to (x,t) and (dl,, dl) is an infinitesimal two-dimensional
vector tangent to C at (xi, t;), is a solution of eq. (8.16), for arbitrary a(# 0).

Note that y(x, t) as defined by (8.35)-(8.37) is independent of the curve C,
as follows from Stokes’ theorem together with the compatibility relation
ay'lot — dylax =0, or

3.9"”+q° i(q q’ —q 'q qq(q”2+q))
atZ 1— /2 ax 1_ (1 /2) 0, (8~38)
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which can be rewritten as

. " ' "2 22
e = )
Eq. (8.39) is satisfied if q(x, t) is a solution of (6.16) with . =1, c = F =0 and
7 =t. The proof that y(x, t), as defined by (8.35)-(8.37) is indeed a solution of
(8.16) is more cumbersome and is presented in appendix C. The corresponding
solution y(x, t) of the NLS (8.6), or equivalently (8.9), (8.10), can be obtained
substituting (8.35) into (8.17)—(8.19).

9. Relation with the sine-Gordon equation

In section 7 we derived the Lagrangian density (7.13) for the Heisenberg
chain with uniaxial anisotropy (6.1), (7.1) in a continuum (n = 1) description
with one real field q(x, t) for excitations from a classical antiferromagnetic
ground state. Eq. (7.13) and the corresponding equation of motion, which we
have not written down explicitly, are rather complicated. Substantial sim-
plifications occur under the assumption that the spin density S(x, t) is nearly
restricted to the xz-plane, or equivalently that the polar angle ¢(x, t) is small.
Under this assumption we have derived the simplified Lagrangian density
(7.19) which may be considered to be an extension of the Lagrangian density
for the sine-Gordon equation. However, starting from the assumption that ¢
is small, see also ref. 52, one can derive a Lagrangian density of the
sine-Gordon type under much more general conditions, also when there are
large deviations from axial symmetry.

To see this, we start from the general Hamiltonian density (5.7b), (5.8),
which under the substitution y = « €', cf. (6.3), can be rewritten in the form

H =TJs*d[(1+ f)(v + w)k*+ (v + fu)x'((—1 + cos 2¢)
+ k¢ {u+ fv — (v + fu) cos 2¢}
— 2k’ (v + f) sin 2¢ + (w2 = v + ¢)(1 — 2k Y]
=2Js*d " [{p + fr — (u’ = )1+ )’ + (v + fu)x® cos 2¢]
—d"'k(x, x"), 9.1)
where k(x, x) in the special case (5.10) is given by, cf. (5.11) and (6.3),
k(x, x") =25+ uy — 2us)* + 35U, — up)k? cos 2¢
+ SV2(B*k cos ¢ + Bk sin &) + sB7(1 — 2k + Luss?. 9.2)

From the Poisson bracket

{p(x),—q(y)}=8(x—y), 9.3)
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for the quantities
p(x)=d'sd(x), qy)=(1-2x(y), 9-4)

cf. (5.22), we obtain upon applying the treatment of appendix A with N =D =
1, the Lagrangian density

£=-H~-pq

q2q/2
L (14 D+ )+ (02 = V(14 O+ 2,9, 0. )

+d"'F(q,p) - pq. 9.5)

= —%Js2d[

Here
g(p,p',a,q)=d’s’p*(1— g ){p + fv— (v + fu) cos(2ds~'p)}
+2ds 'p'qq'(v + fu) sin(2ds 'p)
—q’q"(1—q")"'(v + fu)(1 — cos(2ds~'p)), (9.6)
and using (9.1), (9.2), cf. (5.8),
F(q, p)(=F(x, x") = Js*(1 = g*)(a + a2 cos(2ds ™ 'p))

+s(1— qz)%{BX cos(ds'p)+ BY sin(ds~'p)} + sB*q + 3 uss?, 9.7)
with
ar=(u+fr) = (w’ = v+ ) +iJ (U + uy — 2us),
ar = v+ fu)+4J (U — w). 9.8)

The Lagrange equation for p, i.e.

3L 3 oL
o axop =" 9.9)

can be expressed as

—a+d' O E 1742 (3_8_13_8):
q+d apF(q,p) 3 Js°d ap  ax ap’ 0. (9.10)

We now investigate solutions with ¢ small, i.e. ¢ = O(d), or equivalently
p = 0(1). Then we can expand

F(q, p) = Fi(q) — Fi(q)pd —3 Fx(q)p*d* + 0(d%), (9.11)
where

Fo(q) = Js™ (e + a)(1 — ) + sB~(1 — @27 + sB7q + duss?,

Fi(q)=-B"(1- g, (9.12)

Fa(q) = 4Jar(1 - V) + s 'B*(1 — ).
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For large F, we indeed have solutions with small pd, and from (9.10) and
(9.11) we have

pd =—(g+ F)F;'+ 0(d. (9.13)

Inserting (9.12) in (9.5) we obtain the Lagrangian density

”2
2 =35 -+ D+ ) L AN+ ) - =)+ el
+d”'[Fo(q) +(q + FYQF)™. (9.14)

Introducing a scaled time 7 = 2Jdst, cf. (7.16), and assuming the magnetic field
to be small, i.e. B*~ O(d™), B> ~ O(d'*™), B* ~ 0(d™), with n;, m2, 13>0, eq.
(9.14) can be simplified to

1.2 2
$:J82d[%a2 a- (11t.2§V+lL)q
HHO+ D0+ )= (w2 =)0 + ol + 75D, ©.15)

apart from terms of higher order in d. Eq. (9.15) is a straightforward
generalization of the Lagrangian density (7.19) with K(sq) =
3sHu+ (us—up)g?. In fact, (7.19) can be obtained from (9.15) inserting
f=u=0,u1=uyv=eg B*=p"=0.

The term with q'* can again be eliminated using the substitution

2_ .2 _
q(x, 1) - q(x, T)_}_%{(P« v )(1+acl)+ szl+f)(1/+u)}dz " (9.16)

and with the substitution q = cos 6, we obtain the Lagrangian density

2
¥ :Js2d[%%—%(l +f)(y+,,t)9'2—%%cos 26
2
+J€d2 sin 6 +de2 cos 0], (9.17)

omitting a constant which does not contribute to the equation of motion and
terms of higher order 0(d'*"), with n >0.

Choosing the magnetic field in the z or x direction, i.e. 3* =0 or 87 =0, we
obtain from (9.17) the Lagrangian for the double sine-Gordon equation. For
special cases, i.e. a vanishing magnetic field (8* = 7 =0) and a;+ ay # 0, cf.
ref. 22, or a1+, =0, (1+ (v +p)—(u*—vH(1+c)=0, and B* =0, B*#0,
cf. refs. 26, 27, eq. (9.17) reduces to the Lagrangian density for the sine-
Gordon equation. Note that the double sine-Gordon equation is not com-
pletely integrable®), in contrast to the sine-Gordon equation.
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Lagrangians of the type (9.17) may be suitable in cases with large a,, and
therefore in general for systems with a substantial antiferromagnetic short-
range ordering (v = 1). For excitations from a ferromagnetic classical ground
state (v = 0) we can only obtain (9.17) in the presence of a large orthorhombic
anisotropy. Furthermore, for 6 values close to zero, or q ~ 1, some difficulties
may be expected, if ¢ is not small compared to F(q), cf. ref. 52, For
ferromagnetic systems with small deviations from axial symmetry, eq. (6.16)
which can be related to the NLS if y is small (q'~ 1), will give a better
description.

10. Concluding remark

In this paper we have investigated the equation of motion for the classical
anisotropic Heisenberg spin chain, both in the discrete case, as well as in the
continuum limit. In the case of axial symmetry the equation of motion in the
discrete case has been shown to be equivalent to an equation in terms of one
real variable g, (t) associated with every lattice site m. A Lagrangian from
which this new equation may be derived has also been obtained.

In the continuum limit we have derived the equation of motion and the
Lagrangian density in terms of one real field g(x, t) which is a function of the
time t and the position x on the chain. The results obtained in the continuum
limit depend on the type of (short-range) ordering which is present in the
chain. The equation in the ferromagnetic case with quadratic anisotropy is
completely integrable, and the relations with an equivalent real form of the
nonlinear Schrodinger equation®) have been discussed in some detail. The
equation in the antiferromagnetic case is much more complicated. Sim-
plifications can be derived assuming that the spin density vector S(x,1t) is
nearly restricted to a plane. Under this assumption one can derive various
extensions of the sine-Gordon equation, also when there are (large) deviations
from axial symmetry.
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Appendix A

In this appendix we discuss a way of obtaining Lagrangian densities
associated with a fairly general class of Hamiltonian systems.
Suppose we have a classical Hamiltonian

H = [ dr X} (300 (00X - ), (A1)
where r =(x,,...,xp) is a D-dimensional vector, {X,(r,t)} is a set of 2N
(complex) fields depending on r as well as on t and the 9, for k=1,...,D

denote the differentiations with respect to x;.
We also suppose that the Poisson brackets for the X, are arbitrary given

functions, i.e.

{(Xu(r), Xop(r)}=ap(r,r’), n,n'=1,...,2N, (A.2)
and for two arbitrary functions A = A({X,}), B = B({X,}) we have the Poisson
bracket

g (0A 9B 0A 9B\
{A’ B}_ Z <(9X,, GX,,/ (’")X,,’ aX">(Lnn'(ra r ) (A3)

nn'

We also assume that the equation of motion for the X, is given by the
Poisson bracket

X,={H, X,}, n=1,...,2N. (A.4)

In this appendix we will prove that the equation of motion is the Lagrange
equation

0L 9 ¥ XA oL
L N 5 S 80—t =1,...,2N, (A5
dX, ot aX, e 00, X kzl 0010, X " A

for any Lagrangian density of the type
N -
LUAXY X} {00X,), .. )= —H + 2_1 P,P,.x, (A.6)

in which the

P, = P,(( X}, {0 X0}, {0k0 X}, - . ), ‘ (A7)
satisfy the fundamental Poisson brackets

{Pn(r), Pp(r)} = {Pnin(r), Pnun(r’)} =0,

[Pn(r), Pk (PO} = 8pmdp(r =), mym'=1,.. N, (A8)

dp(r — r’) being the delta function in D dimensions, asshming.also that (A.7)
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can be inverted to give
X = Xu({Pn}, {3kPn}, {3k0iP0}, - . ). (A.9)
Proof. Starting from the equation of motion (A.4), we have using (A.7)
P,={H, P,}. (A.10)

Expressing the Hamiltonian (A.1) in terms of the P,, i.e.
H = [ dr (P}, (0P} (0P} - ), (A1)

cf. (A.9), and using (A.10) and (A.8), it follows after integration by parts that

oH

Pt 3Pn+N a 2 k aakPrH—N * kEs:l 9y 90k0 PN to=0, (A-12)
for n=1,...,2N with the notation P, ., =—P,, for m=1,...,N. It is

straightforward to show that (A.12) can be obtained as the Lagrange equation

+Z“ 0% .=0,n=1,...,2N,

oF 9 0% S
oP, ot oP, <« “aakP = 300,

(A.13)

for the Lagrangian density

~ ~ N .

LAPY (0P}, {0udP}, .. )= — T + 5__‘,] P,P,.x. (A.14)
Eq. (A.13) can also be derived from the variational principle

SJdtJ’er:O, (A.15)
under variations

P,(r,t)-> P,(r,t)+ 6P, (r, 1), (A.16)
with

apn(r’ tl) = 6Pn(r7 tz) = 0’

8P,(r,t)=0, for r outside a finite volume. (A.17)

From (A.15) and (A.9) we then have

5Jdtjdr:£=0, (A.18)
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under variations

Xo(r, t) > X, (r, 1) + 86X, (r, 1), (A.19)
with

86X, (r, t) = 8X,(r, 1)) =0,

6X,(r, t)=0, for r outside a finite volume. (A.20)

Eq. (A.18) together with (A.19) is equivalent to (A.5), and this completes the
proof that (A.4) is the Lagrange equation for (A.6).

Remarks

i) Thé considerations in this appendix apply in particular also to the
discrete case in which the Hamiltonian is a function of 2N discrete fields
X, (t) which do not depend on r. In fact, in this special case where the
dimension D = 0, we have [dr =1, 3,.X, =0 and 5y(r — r') = 1, in eq. (A.8). As
an application of (A.5) one can derive (3.12) from (3.14).

ii) In section 5, the treatment of this appendix can be applied in the special
case D=1, N =1 to derive (5.19).

iii) To obtain explicit expressions for the Lagrangian density (A.6) the
P, = P,({X,}, {0 X}, {0:0:X,}, .. .) must be solved from a set of partial
differential equations which can be found on the basis of (A.3) and (A.8). In
the special case that P, = P,({X,}) this set of differential equations is the
following:

8Pn1 8P,,Z aP"l 3Pn2
E { B }(""3"4("’ r')=
e L0X 0X,, 90X, 0X,
(8n2’n|,N - Snlfnz.N)(SD(r — r’)’ ny,..., n4€ {1, ey 2N} (Azl)

Appendix B

In this appendix we discuss the derivation of (6.18) taking the continuum
limit of (4.29) in the case of a ferromagnetic classical ground state. We first
consider the case w =1, »=0. In that case gm — gm-1 and ¢,, cf. (4.6) and
(5.2a) may be considered to be slowly varying functions of m. We therefore
apply the continuum approximation g, — g.-1—> q', where we do not include a
factor d in front of q’, as g, — g~ is not small in the limit d = 0, cf. (6.4) and
(6.7).

From eq. (4.12) we then have

4m > 2Jsk’¢'d + 0(dP), (B.1)
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implying that

q'—2Js(k*¢')d* + O(d). (B.2)
From (B.1) and (B.2) we have

4m— qd '+ 0(d*) = Isq.d + 0(dD), (B.3)

where we have used the time scaling (6.15). The right-hand side of (B.3) does not
contain an integration constant of order d, as a consequence of the condition
qo = q(x9) =0, cf. (4.10) and (6.7).

The Lagrangian density £ corresponding to (4.29) may be obtained replac-
ing the summation £, in (4.29) by an integration (1/d) f dx, so that L—
fdx & To find & correctly up to order d, we insert the following expressions
in (4.29)

An = qm-1—>4’,
Gus1 = dn—q'+q"d +2q"d*+ 0(d), (B.4)
Gm = Jsq.d + 0(d?).
Then
£ =Is{(1 - q)(1 - (q'+ q"d +1q"d*)) — g*d°}
+(1+¢)q'(g'+q"d+1q"d)]1d "+ K(sq")d™

s _q;q,2d+@(d2). (B.5)

Expanding the terms in the right-hand side of (B.5) in powers of d, the
Lagrangian density & can be rewritten as

F=TIsH(1-qH+(1+c)gBd '+ K(sqd '+ Is¥(1+¢)-1}q'q"

"2

2 _
11 i 0 - Da'a fa - o (B.6)

Eq. (B.6) has been derived for the case pu = 1. The Lagrangian density for
w=—1 can be derived from a discrete Lagrangian using slowly varying
functions which can be obtained from the ones for u = 1 applying a rotation
over 7 around the z axis at the odd lattice sites, leading to the transformation

J—>—-J, J1+c)»J(1+¢), K->K, (B.7)

in the Hamiltonian (2.1). Apart from a total differential which does not
contribute to the equation of motion, the Lagrangian density for pw = =1 is
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given by
£ = Is'dy {(qT q ”+Al— w(l+c)g”

JdZ 1322

which is equal to (6.18) in view of (6.2).

Appendix C

In this appendix we prove that the function y(x, t), defined by (8.35)—(8.37),
i.e.

,_1_E
y ZQE(T_—qT),
- % <1 —qu’z—(l —12/2)2)’ (C.1)
with
E=1a"+d),
Ji1=4q"4'-q"q, J.=24q'E, (C.2)

is a solution of the equation
om0 0”+y) _
y+y P v +4ay'y" =0, (C.3)
(which is equivalent to (8.16) for y’# 0), provided that q(x, t) is a solution of
(6.16) with r=t, u =1, ¢c=F =0.
To show this, we first evaluate the derivatives of y, using (C.1). A straight-
forward calculation yields

. Er 2q/ //E
2ay - 1-— (1 _ /2)27
Eu 4q/q/lEl+2anE+2qlqu 8q/2q1/2E
2 "= r + ’ + 12\3>
L (T-q% (1-q"’
" E" 6 ' rrE//+6 112E1+6 'a”E'+ 6g" mE+2 'a™E
2ay" =g+ 4 q qz S 949 4
1-q (1-4")
24q12q112E1+24q1ql/3E+24q/2ql/qu 48q13q//3E (C 4)

(1 12)3 + (1 12)4 ]
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and

S 204q'd'—J, 49'd'T, _¢"d'+d'q" — 44"~ 44"

2 v — + ] - ! -
ay 1¥q,2 (1_q2)2 (1_q2)3 1_
(q,, ,Vqq///)gzqq/E_qu/E_zqq’E_sqq’qr2E

(1__qr2)2 (l_qIZ)E'

We furthermore have, evaluating (y>+ y")/y’ and its derivative:

"2 " By
2a8(y +y> 44"q" t44'q
ax y 14

8q1q111E1+8q/q1111E+8q/rqu+4ql ll(q!/!2+q )
+ 122
(1-4")

16q12EE7+ 16qquE2+32q/2q//qu 48ql?quEZ

(1 72)3 (1 72)4 ’

and

2EE’ 4q'q"E*
8 20,1 — - + -
yy ( . 2)2 (1 q _)3

The derivatives of E are given by
E/: qu/H+ q'q'/’ EH: q,”2+q”q""+q + qq ,
EIH: 3ql!/q///!+ql/qlllll+3qlql/+qq

From (C.2) and (C.4)-(C.8) we see that

I I Ak
2a[y+y 8x(yyy>+4 ny

__MN Y2 Y4
1;q12+( _ 12)2 (1 ’2)3+(17q’2)4’

with

'y1 — qll(q-/+ q/IIH)_ qm(q + ql//r)’

P 22 "2 1

4qr rl =12 4ql quq +4q/quqq/l+6q//2qq _3q q __q qq

‘3qq q+6qu3 m+3q/ 172 nm
:24q/2q112E/+E(_24qq/q/2+ 18q/q//3 24q/2 " lrl_6qrquq2)
:24Eq/3q"(q”2_q2).

77

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

(C.10)
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Let us now consider an expression of the form

i q i( q’/’ 2E )}
at l—q’2+ ax 1—q’2+(1 -q"77

K, K [
<(1 — q’2)+ K+ Ks 6x)
_ Y Y2 ¥s Y4
*1_q/2+(1_q/2)2+(1_q12)3+(1_q12)4’ (Cll)
where K, K, Kj; are as yet unspecified, and the second factor in the left-hand
side of (C.11) is equal to ' X left-hand side of (8.39). Evaluating the deriva-
tives in the left-hand side of (C.11) and using (C.8) for E’ and E”, we have

1= K@+ q") + Ko +a"),

72 = d(Ki+2q'q"Ky) + q"(K, +64'a"K») + 4"q'(4"K: + 49" K5)
+449'q'K>+ q"(q"K2+79"K3) + ¢%(q"K> + "' K5)
+64q9'q"K:+4q'q°K;+44q'q"Ks, (C.12)

¥:= E'(49'K,+24q"7q"K;)+ 2Eq"K,+ 8E(q"*q"K,+3q'q"K; + q*q"' K>),

74=8Eq”q"(K, +64'q"Ks).

Choosing
K,=-39'(q"+4)=-6q'E, K,=-q", K;=4q", (C.13)
it is straightforward to check that
Vi=Y, Y2=Y2 V3=V Ya= V4 (C.14)

implying that

) ,,,,_i(y”% y'z) ) ]
za{ery p y +4ay'y
_'3 ! "2+ 7? " " a
= ql(gq’z Pogrra ) (€15

9 _q 9 (9" 4@’ +4q) J_
[atl—q’2+ax (1—q'2+ 1-q7 ) =0.
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