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The period-doubling behavior of one-parameter families of maps of constant jacobian i
form gu2=Ap. 85 &8s, An and det Dg, =Bc, g5 R? ~R”.

scaling transformation Ag,: R*—R” is
equation above in inverse powers of ap,,

approximation to the crossover scaling functions a5, and Bs,-

1. Introduction

The universality of period doubling in dissipative
systems was discovered by Feigenbaum [1-5]. Sub-
sequently it was found that another universality class
exists for period doubling in conservative mappings
in two dimensions [6-8] *'. A more rigorous mathe-
matical foundation of this universality was later given
in terms of the approach in a function space to the
fixed points of certain universal functional equa-
tions [10-17]. In the 1D case Sullivan has proven
that the quadratic map approaches the well-known
fixed point [ 18], and Groeneveld has constructed the
general unimodal solution [ 19].

On the other hand the crossover from conserva-
tive to dissipative behavior has been studied for 2D
maps of constant jacobian by several authors
[20-29]. In this paper I derive and study the func-
tional equation describing this universal crossover
behavior for 2D maps of constant jacobian.

2. Functional equation

Consider a 2D map of constant jacobian B:

! Address after 1 October 1986: Department of Theoretical
Physics, Institute of Advanced Studies, The Australian National
University, GPO Box 4, Canberra, ACT 2601, Australia.

' Very recently new universality classes were discovered for 4D

conservative mappings [9].
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s related to a fixed-point equation of the

(For B.=0the Feigenbaum-Cvitanovic equation is recovered.) The
“conjugate” to the transformation A% (x, y)— (ag.X, BrY)- Expanding the fixed-point
a low-order polynomial approximate fixed-point solution gz, is found together with an

x' =fy(x), f3:R?> >R*, xeR®>, Be[0,1].
(1)

The conservative and dissipative limits of eq. (1)
correspond.to B=1 and B=0 respectively. For B*=B
it is found numerically [1] that

g =lm A"fE A", (2)
n—co

where g, is a universal function, independent of the

specific function f we started from, C, is the value of

the bifurcation parameter at the nth bifurcation, and

A is a scaling transformation. For B 2 B, numerical

evidence indicates that eq. (2) generalizes to

n—1

0
im ] Agzwf%:L,,Bo/HAgzh
=0

n—w, Bo1 m=n—1
B2"=:B.

8r 2=

(3)

in taking this limit the effective jacobian B.:=B*is
kept fixed. Taking the composition of two functions
gwe get :

0
-1 n+1
gr’anogr)Bz,.zAan‘o H Aganofent | g
m=n

°HA§21/ °ABzf'zA§zl"°g,_1,Bz"*'f’AEz" . (4)

=0
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Hence the functions g, obey the universal equation:

8r—1,52=Ap.°8.5.°8.5 Az . | (5)

Taking the limit r— co we obtain the equation satis-
fied by g5.:=1limg, .

r—oc

ng=ABc°ch -85 °Ap. (6a)
and
det Dgg. =B, (6b)

(cf. the independent work in ref. [27]). At B.=0 the
Feigenbaum-Cvitanovic equation is recorded
[1-5,30]. At B.=1 we recover the area-preserving
functional equation studied by Collet et al. [13,14]
and Greene et al. [8]. Eq. (6) is invariant under

85.~S5.°85.°S5." 5 ABQ_’SB§°ABC°SE’=! ) (7)

where Sz, : R —R? has a constant jacobian that may
depend on B.. (Note that eq. (6) is also invariant
under gz, — g{gé,,, where jeZ\ {0} and g{;eu, denotes the
jth functional power of 8s2.) We will use this invari-
ance to restrict ourselves to

A% (x, ) > (ag.x, Ba.Y) . (8)

3. Solution

For B2=B,, using computer assistance, proofs
have been given that a solution of eq. (6) corre-
sponding to the generic period-doubling case exists
and the spectral properties of the linearization of the
renormalization operator at the fixed point g have
been established * [11,13]. These existence proofs
essentially proceed in the following way [14]:

(I) Find a low-order polynomial approximation
solution gz, 10w t0 €. (6).

(IT) Construct a concentration C in function space.

Numerical evidence indicates in the known cases
that the approximate solution need only be very
crudely known. The proofs however require much
more precision and so two more steps are needed:

(III)Iterate C a number of times (taking gz, 10w as

2 For B.=0 there are also proofs that do not rely on computer
assistance [10,12,15,17]. Also monotonic solutions have been

found [31].
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initial choice), producing a high-order polynomia]
approximation solution gg, nign-

(IV) Show that the concentration mapping prin-
ciple can be applied on a suitable ball around
&Be high - :

Here our aim will be to execute step (I) of the
above procedure for the more general case 0<B.<1.
Cf. ref. [13] for a similar approach to the area pre-
serving case (i.e. B.=1). We look for a solution gz,
to the universal period-doubling eq. (6) that can be
expanded in a Taylor series. Since we are interested
in the case f5.>>1, a3 > 1, we will expand eq. (6) -
in powers of 1/a g, taking 85, of the order of a3,. We
therefore expand g, as follows:

25 x _ 2o<jr2k<p+ 191 ji 5 XV
y Zo<jrakepr2drp Xy |
(9)

and in order to find a low-order polynomial approx-
imate solution we retain the powers a3, through
ag.! ineq. (6),1.e. take p=1ineq. (9). We write the
function g in a new notation

X 14+ A x4 Asy+ux?
85, = P2 , A
< ¥ ) <k+,12y+/14x+u X +WXxy+q'x )
(10)
where the dependence of the coefficients
kA, Aay A3, Ay, u, ', w and g’ on B, has been sup-
pressed. In eq. (10) the coefficient a, o has been
normalized to 1. We still have one freedom left in the
normalization of gz,, due to the invariance proper-
ties (7). We will come back to this point later. Insert-
ing (10) in (6b) and (6a) respectively, and equating
like powers of x and y we obtain

lxlz ‘—13/14 =Be s

constant term in det Dgjp_, (11a)

/11 W/ +2Azu—2).3u,=0 5

x-term in det Dgjp, , (11b)
/13 W, = O 5
y-term in det Dgs, , : (l1c)
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l=a(l4+A +i:k+u), (11d)

constant term in 1st component,

T =Asds +A7 +20u, (11e)

x-term in 1st component ,

I3:(0‘/,3)(/13/11 +'{3}-2 +2/13u) B (llf)

y-term in 1st component,

~_ ’ 2 2
=(Va)(hut+dsu +ATu+2u’), (11g)

x2-term in 1st component ,

E=Blk+Ak+As+u' +kw +K°q") , (11h)
constant term in 2nd component ,

/{2 21% +/{le +/‘{3}.4 —}-2/1371'
+Akw' +34,k%q" (111)

y-term in 2nd component ,

Ta=(Bla)(Axds + A Ag +Aa W’
422U + A kw') (113)
x-term in 2nd component ,
7 = (Bla)u’ +Aau+ATu +2uu’ +A, AW
+wu+wu +3k*u'q +3kAiq’) , (11k)

x3-term in 2nd component ,

w’:(l/a)(lzwl +2/11/13ul
A AW A AW W R+ 3kPw ), (119)

xy-term in 2nd component ,
7 =(Bla®)(lag +Wq +3a' k> +q 23 +20 7
+Au'w FAuw'), (11m)

x3-term in 2nd component .

Here 1 =45, i=1,2,3, 4 @:=up:il' 1 =ugz; k=
sz etc. Egs. ( 11) can be solved consistently to the
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order we are working here (1/c). From the fact that
7.7, —T524 =B? we find, using (11b) and (11c) that
k2q’(2u+4,)=0 and so, for the solution we are
interested in,

g =0. (12)

From (1le), (11a) and (11i) we obtain two similar
equations for A, and 4,

T /2 =A +Aa+2u—B/Ay (13)

Tolhy =2y + 4y +2u—Be/A; . (14)

Expanding 4, and A, as Taylor series in B, about B,=0
(assuming these series exist and converge for all B.e
[0, 1], cf. egs. (18) and (19)), i.e. 4= > a;BL,
1, =% ,A;B. we can prove by induction that the
coefficients in these two Taylor series must be equal,
a;=A;, and hence

Ay=4y, (15)
and hence we can express  in terms of 4,
u=A1 124 — A +Bel22 . (16)

From (11g), using (16), (11b) and (11c), we get the
following equation expressing & in terms of A;:

(17)

Zi/2y =24, +Be/A, (Az B, z)
by

= = = +=+
1/11—22,] +B§//11 /11 /11

Eliminating A5, 8 and k from (11d), (11f) and (11h)
and using (16) for @ and u, and (17) for o and &, we
obtain the following equation for A;:

A /,1l —2/1I +B2 //1I
(T 1T =27, + BT (2 + BT, + 4 /7)

1 L_ _’Lg
DY A
7, +B. b B.
= A
7 [ T <B +1+2A 21)
A/xl—le+3/,1 (;1 +§£+&ﬂ "
I/Al_zz +B2/%, A A/ (18)

>

(In egs. (17) and (18) Al =4, pod 1=, Bs)
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(18) can be solved numerically as follows: We expand
eq. (18) in a Taylor series about B.=0. From this we

obtain
M =Ayp=(4—1/3)B.+O(B) . (19)

For small enough values of B, we can use this linear
approximation for 4, z, Ayps and 4, s and obtain
Az, from (18) using Newton’s method. Repeating
this procedure we find 4, g2, A,,ch etc., until we
reach B2 "= 1. (Unfortunately the procedure start-
ing from B, =1 and iterating towards B.=0, for which
we would not need to use Newton’s method, is unsta-
ble.) A plot of A, as a function of B, is given in fig.
2B. Now that A, is known as a function of B., the
orbit-scaling factor « is given by eq. (17) (see fig.
1A), uby eq. (16) (see fig. 2D), and 4, by eq. (15)
(see fig. 2B). To determine the other coefficients we
choose the normalization

Asp=1. (20)

Note that the choice of normalization has great influ-
ence since we do not normalize constants but func-
tions of B,, in this way getting rid of e.g. factors
A3,52/43 5, Using eq. (20), u’ is given by eq. (11b)
(see fig. 2E), A, by eq. (11a) (see fig. 2C), B by eq.
(11f) (see fig. 1B), and k by eq. (11d) (see fig. 2A).
Note that at B.=0 we have A =A=44
—k=u'=w' =¢q' =0, f=«?, in agreement with the
exact solution given in ref.[30]. The accuracy of our
approximation can be gauged from the exact values
at B,=04and B.= 1, indicated in the figures by crosses.
It is interesting to note that our approximate solu-
tion gz, can be transformed into the two-dimen-
sional dissipative Hénon map [32,24-26] by a linear
coordinate transformation Sz, (cf. eq. (7)). Note
however that since this transformation depends
explicitly on B,, the scaling matrix Ap, is certainly
not invariant under this transformation. Finally it
should be noted that another numerical solution g,
to the universal functional equation (6) can be found
in an analogous way to the above, starting from

h=0G+1/3)B.+0(B2), B0, (1)

which crosses over to the following function near

B.=1:

I=1-1(1=B,)+a(l-B.)?+b(1-B,)" ">
+O((1_Be)ln 6n2+1y B 41,

460

PHYSICS LETTERS A

17 November 1986
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204
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104
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0 18,

Fig. 1. The universal crossover scaling exponents &, and S, as
functions of the effective jacobian B.:(A)|cag, |;(B) B5 (the
crosses at B,=0 and B.=1 indicate exact values).

where the coefficients a and » can be determined
numerically. This solution for g, has a reverse tan-
gential bifurcation at B.,=1 with two exact linear
solutions of eq. (6), i.e. with
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0 13, 0 1Be
] |
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0 T e 0 -
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Fig.2. The coefficients in the universal function
< x B 1+Ax+y+ux?
By =\ k+Ay+dax4ux?
0 . as functions of the effective jacobian B (A) Kk (B) 415 (C)
0 132e [Asl; (D) |ul; (E) u'(the crosses at B, =0 indicate exact values).
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It is not quite clear how the latter three solutions for
gs. should be interpreted.

Finally it should be remarked that « and g as
defined by eqgs. (6) and (8) are not identical to the
o and f studied in ref. [27].
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