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A systematic method for obtaining multicomponent generaiizations of integrable nonlinear partial
differential equations (PDE’s) is developed. The method starts from a general type of linear integral
equations, containing integrations over an arbitrary contour with an arbitrary measure in the
complex plane of k (the spectral parameter). Special k-dependent factors in the integrand are shown
to induce an extra coupling between solutions of these integral equations with a different source
term. In this way the direct linearization is obtained of muiticomponent generalizations of various
nonlinear PDE’s, such as the nonlinear Schrodinger equation, the derivative nonlinear Schrodinger
equations, the isotropic Heisenberg spin chain equation, the (complex) sine-Gordon equation, and
the massive Thirring model equations. In the present paper (I) we present the general framework to
derive finite-matrix PDE’s, and we also discuss Backlund transformations and multicomponent
lattice versions. In a subsequent paper (II) we treat a variety of examples of multicomponent PDE’s,
and discuss Miura transformations and gauge equivalences.

1. Introduction

The investigation of soliton systems on the basis of linear integral equations
has turned out to be advantageous in many respects. The direct linearization
(DL) method, introduced by Fokas and Ablowitz') for the Korteweg—de Vries
(KdV) equation, makes use of a singular integral equation in spectral space (i.e.
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in terms of the complex spectral parameter k) with an integration over an
arbitrary contour and measure. The arbitrariness of the contour and measure in
the integral equation enables one to capture a large class of solutions of the
associated nonlinear partial differential equation (PDE). The solution ¢, of the
integral equation depends on the coordinates x and ¢ of the soliton system via
plane-wave factors exp(ikx —iw,t), occurring e.g. in the source term of the
(inhomogeneous) integral equation. Under general conditions ¢, (x, ) can be
shown to satisfy a set of two linear equations, one independent of the dispersion
w, (the scattering or spectral problem), and one dependent on a specific choice
of w,. The parameter k has the role of the spectral parameter in the scattering
problem, and its potential ¢ is given by the integral of ¢, over the same measure
and contour as in the integral equation (¢ is a dummy parameter in the scattering
problem). The associated nonlinear PDE can be found from the compatibility
condition in terms of ¢(x, t) for the linear system, and can also be obtained from
it by exploiting the integration of ¢, to ¢.

In subsequent work the DL method was extended into several directions”™®).
In ref. 2 the DL was formulated for other types of integral equations apart from
the one associated to the KdV, and a more general structure was added by
including a factor k' (i integer) in the source term. In this way one can define
vector-solutions ¢, of the integral equations, where the components of ¢, are
the solutions ¢\ with i running from — to «. The linear equations for ¢, (x, t)
that are derived from the integral equation obtain a recursive structure in i (such
a structure is also present in the recent work of ref. 7b, cf. ref. 7a as quoted in
ref. 7b). The recursive structure of the linear equations provides, in the case of
polynomial dispersion, a scheme to obtain “‘closed” equations in terms of the
o X o potential matrices @ with as elements ¢’k ~’ integrated over the measure
and contour. These equations in terms of ® reduce immediately to genuine
PDE’s in terms of the (0, 0) element of ®, and with somewhat more effort to
genuine PDE’s in terms of the (1, 0) and the (1, 1) elements of ®. Furthermore
from the recursive structure one derives the Miura transformations (MT’s), i.e.
equations relating two of these elements of ®. Equations that have been treated
in this way include the nonlinear Schrodinger equation (NLS), the isotropic
Heisenberg spin chain equation (IHSC), both with w, = k°, the (complex)
sine-Gordon equation (CSG), a case with non-polynomial w, = k™, and (cf. ref.
3) the derivative nonlinear Schrodinger equation (DNLS), with w, = k°, and the
equations of the massive Thirring model (MTM), with @, = k. A new feature
introduced in ref. 3 was a factor f, in front of the integrations in the integral
equation, which for the mentioned equations had to be taken as f, = k.

An application of the DL method is concerned with Backlund transformations
(BT’s). As shown in ref. 4, BT’s can be obtained by considering singular
transformations of the measure — or, equivalently, of the plane-wave factors — in
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the integral equation. Furthermore, some linear combinations of the solution of
an integral equation and its Backlund transform have been shown to yield
solutions of integrable, so-called modified versions of the associated PDE. In
this way, linearizing integral equations have been found for e.g. the modified
sine-Gordon equation (MSG) and the anisotropic Heisenberg spin chain
equation (AHSC) with uniaxial anisotropy.

Another application of the DL method is the derivation of lattice versions of
the associated PDE’s, i.e. integrable nonlinear difference—difference equations
(PDfE’s). In ref. 5 it is argued that these (dd) equations can be regarded as
arising from Bianchi identities expressing the commutativity of BT’s. Lattice
versions that have been treated in this fashion include the ddNLS, the ddIHSC,
the ddCSG, and (cf. ref. 6) the ddMTM.

In the present paper we show how the DL can be formulated for multicom-
ponent generalizations of the PDE’s (and PDfE’s) that were treated in refs. 1-6.
For this purpose we introduce the following linear integral equation:

. * PP _
¢k[A7 B] +Cj*- da (l )CfdA(l) Akl’Bl'l (k _ lr)(l/ _ l) ¢I[A’ B] = Pl s

(1.1)

which apart from the factors A,,., B;, is the integral equation of type I as given
in ref. 2. Here we shall focus mainly on this integral equation as an example, but
other types of integral equations can be treated likewise, see also section 5 and
the appendix.

The solutions ¢, [ A, B] of (1.1) are vectors with components ¢ ’[ A, B], each
associated with a component ¢\’ = k' of the vector ¢, in the source term, and A
and B denote the functional dependence on the factors A4,,. and B,,.. (The
dependence of functions on the spectral parameter & is indicated as a subscript.)
As before®) the integrations in (1.1) are performed over a contour C in the
complex k-plane and its complex conjugate C*, with measures dA(k) and
dA*(k"), respectively”. Contour and measure can be chosen arbitrarily apart
from the condition that for given contour and measure the solution of the
integral equation must be unique.

We write (1.1) as a coupled set of integral equations:

w(]r P
BlA. B+ [ AN @) Ay 2 WILAL B = pye, . (1.22)
J

* The values of the spectral parameter on C* will be distinguished from those on C by a prime. For
a function f, = f(k) of the spectral parameter, we use the convention that £, = ( f(k' *))*. For the
vectors ¢,[A, B], #[A, B] we have (¢,[A, B))* = ¢7[A4, B], (,[A, B))* = ¢1[A, B] with
k'=k*.
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, 1Y
wlA Bl [ () B, 225 #11AB1=0. (1.2b)
J

The vector i, [ A, B] is the solution of the integral equation that is obtained from
(1.1) by interchanging the roles of A, and B,, and modifying the source term,
viz.

wlA. Bl + [ ar@) f A1) By AT, G w4, B

2
=jd)\*(l’) B,, ﬁ ¢, (1.3)
2

(as follows immediately from (1.2)). From the solutions of (1.2) one obtains the
o X o potential matrices

@[A,B]zfcu(k) &.[A, Ble, , ‘P[A,B]=fd)t(k) W [A, Ble, (1.4)

by integration of dyadic expressions over the contour and with the measure used
in (1.1). For the investigation of PDE’s we choose p, to be of the form

p. ~exp(ikx —iw,t), w, =2 MK (1.5)

In the case of PDfE’s we specify the dependence of p, on the lattice-sites later
on.

In ref. 2 we have investigated (1.1) in the special case that A, = B,,, =1,
yielding the DL of the NLS, the IHSC, the CSG and related PDE’s. The case
A, =k, B, =1 was investigated in ref. 3, leading to the DNLS, the MTM and
related PDE’s. Furthermore, the investigation of modified PDE’s by combining
Bécklund transforms in ref. 4, was shown to yield integral equations of the type
(1.1) with A, = |p|*+ kI, B,,, =1 (p is the Bicklund parameter) associated
with the AHSC. It is therefore natural to investigate the case where A,,. and
B,,. are given by general expressions in terms of k of the form

Ay =2 a, KI'™, By=2b, kKI'™, (1.6)

with summations over a finite number of terms. For A, B,,, of this more
general form, it is no longer possible to find closed PDE’s in terms of a single
element of ® by means of the DL method. It is always possible, however, to
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derive finite-matrix generalizations of the PDE’s that were found before. The
procedure of obtaining these multicomponent PDE’s will be explained in the
following sections.

There already exists an extensive literature on the subject of multicomponent
integrable systems® '’). Most treatments start from a specific linear spectral
problem, instead of from an integral equation as we do. The DL method,
however, is more convenient to investigate the relations between different
integrable systems. In particular, it provides a unifying framework to derive
MT’s, BT’s, and lattice versions associated with a given PDE. Recently,
investigations have been carried out on some general N X N matrix spectral
problems*™**). Also for some matrix spectral problems a more general
Riemann—Hilbert transform has been formulated®>°). But then there remains
the difficult problem to establish specific reductions”) that can be imposed
simultaneously on the spectral problem and on the integral transform (reduc-
tions only concerned with the spectral problem, for multicomponent systems,
have been treated in refs. 11-14). We, therefore, prefer here to investigate the
less general integral equation (1.1), which is already explicitly in reduced form.
Starting in this way, one can then formulate the more general integral transforms
yielding a larger class of solutions of integrable multicomponent systems at a
later stage. There is another kind of reduction which might be of interest for
obtaining multicomponent PDE’s, and that is a reduction from 2 + 1 dimensions
to 1+ 1 dimensions (cf. ref. 27, and also refs. 25, 28-30), but that kind of
reduction will also not be considered in the present paper.

The outline of the present paper is as follows. In section 2 we give the
constitutive relations, including also Backlund relations and some symmetry
relations. These equations can be derived immediately from the integral
equation (1.1) using (1.2)—(1.6), and they have a recursive structure expressed
in terms of an index-shifting matrix. In section 3 this recursive structure is
applied to derive an iterative algorithm corresponding to the ‘“‘recursion
operator” (2 (see ref. 2), and we show how the formulation in terms of o X oo
matrices implies a formulation in terms of finite matrices. In section 4 we treat
the BT’s and the Bianchi identities (leading to lattice versions of the multicom-
ponent PDE’s). In section 5 we give some concluding remarks, and discuss also
the DL for multicomponent PDE’s starting from an integral equation generaliz-
ing the one of type Il in ref. 2, with two integrations over the same contour with
the same measure, instead of over C with dA(k) and C* with dA*(k'). The
general case of an integral equation with two arbitrary contours and measures is
considered in the appendix, and the reductions to the special cases of this paper
are given.

In the investigation of the DL of multicomponent nonlinear integrable
systems, presented in this paper, only the application to the multicomponent
NLS and its hierarchy will be worked out explicitly. Further investigations of
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various other multicomponent PDE’s, and MT’s, will be presented in the
following paper II.

2. Constitutive relations

In this section we shall present the basic relations that can be derived
immediately from the integral equations (1.1), (1.3) or equivalently from the set
of coupled integral equations (1.2), i.e. relations for the derivatives of ¢, [ A, B]
and ¢, [ A, B] with respect to x and ¢ (cf. (1.5)), algebraic equations involving
multiplication with powers of k, Backlund relations, and some symmetry
properties. Together with the basic relations for ¢,[A, B] and ¢ [A, B],
constitutive relations for the potentials ®[ A, B] and W[ A, B] are obtained by
simple integrations as in (1.4). Furthermore there are a few symmetry relations
for the potentials that follow from “‘quadratic identities”, which are given at the
end of the section.

The following notations will be used: we introduce index-raising and
-lowering matrices J and J", with elements

(J)[jzaj,i+l > (JT)ijzai,jH > (2.1)
and a projection matrix O, with elements*
(0);; =609, - (2.2)

Then we define a set of matrices Q, by

pl )
> Ji.o.JT"_]_’, ‘pZO (2.3a)
j=0
Q, = (p integer) ,
- ZO P07, p=o (2.3b)
i

(Q,=0), cf. also ref. 2. Associated with the functions A, and B,, given in
(1.6), we use the matrices

A=>a,,J"-0d", B=2b,,J"-0J" (2.4)

* This matrix O should not be confused with the null matrix 0.
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and the sets of matrices

p—1
2} JA-JT T p=0 (2.52)
n 7= .
A=>a,,Jd"Q 3" = e (p integer)
- ZO JPILALITTT <0 (2.5b)
P

and similarly (changing the associated function A, into B,,) B,. Obviously,
A=A B=B,.
2.1. Algebraic and differential relations

Multiplying eq. (1.2a) by k”, we have (p integer)

Px
kl' k _ lr

kK¢ [A, B] + J dax(l’) A I'P¢) [ A, B]
o

P x(]! kp_l,p *
= kPpee = py | AAT(') Ay k=1 ¥, [A, B]
ot

=3 pe, —W*[A, B]-A, - pec, . (2.6)

In the last step of (2.6), use has been made of the fact that

kP —=1'*
Ay k=1 A Qe =c "A ¢, (2.7)
and an integration (1.4) has been applied. Similarly we have from (1.2b)
’ P ’ * *
kY, [ A, B] —j da*(1") B, k—kl’ I'’¢,.[A, B] =®*[A, B]-B, - pec, .
c* (2.8)

Inserting I' “¢ ;[ A, B] as determined by (2.8) into the integrand in the left-hand
side of (2.6), we obtain an integral equation for k’¢,[ A, B], similar to (1.1) but
with a different source term, namely

kg4, B+ [ an@) [ aaw) a, 87, 225 rgla, )
c* C

=" — WA, B]-A) pc,

*
PrPr

kg G (2.9)

~®[A, B]-B} f dax(l’y A
FA
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The first part of the source term in (2.9) is the r.h.s. of (1.1) multiplied by a
matrix independent of k, the second part is the r.h.s. of (1.3) with the functions
A, and By, interchanged, likewise multiplied by a matrix independent of k.
Hence, taking into account that the homogeneous integral equation has only the
zero solution, we obtain the following algebraic relation:

k’¢,[A, B]= ("™ —W¥*[A, B]-A,)- ¢,[A, B] - ®[A, B]-B}- 4B, A].
(2.10)

A similar argument applies when we insert I’ “¢ ;[ A, B] from (2.6) into (2.8).
We then obtain an integral equation for k”y, [ A, B], also with both types of
contributions to the source term. Again using (1.1) and (1.3), we obtain the
algebraic relation

k"W, [A, B]= ("~ W[A, B]-A})- §,[A, B] + ®*[A, B]-B, - ¢,[B, A].
(2.11)

The derivation of differential relations for ¢,[ A, B] and ¥ [ A, B] proceeds in
a similar way. Let us introduce differential operators 9, ( p integer) which act on
p, as follows:

i9,p, = k¥, , —iapp;f =1'""p), . (2.12)

Letting 9, act on the integral equation (1.1), and using again the uniqueness of
the solution, we obtain in an analogous way as in ref. 2

i0,:[A, B]= (" ~W*[A, B]-A,)- $,[A, B] . (2.13)
Similarly letting id, act on eq. (1.3), we find
id,W[A, B]=®*[A, B]-B, - ¢,[B, A]. (2.14)

The algebraic relations (2.10), (2.11) and the differential relations (2.13), (2.14)
can immediately be integrated according to (1.4) to give matrix equations in
terms of ®[A, B] and W[ A, B], namely

®[A, B]-J* =" —W*[A, B]-A,)-®[A, B] - ®[A, B]-B: - ¥[B, A],
(2.15)

W[A, B]-J7 = (J" —W[A, B]-A*)- W[ A, B] + ®*[A, B]-B, - ®[B, A],
(2.16)
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i0,®[A, B]= (" —W*[A4, B]-A,)-®[A, B], (2.17)
i9, W[A, B] = ®*[A, B]-B, - ®[B, A]. (2.18)

The constitutive relations can now be easily written down, identifying 3, with the
differentiations with respect to x and ¢, according to (1.5) and (2.12). These
relations are a generalization of the ones presented in section 2 of ref. 2. Note
that this generalization not only introduces matrices A,, B, or their complex
conjugates instead of Q, (A, B instead of O for p =1), but also a coupling
between quantities depending functionally on A, B and on B, A.

2.2. Bdcklund relations

Backlund transformations arise from singular transformations of the measure
dA(k) in the integral equation (1.1)*), or, equivalently, from transformations of
the plane-wave factor p,. Replacing p, by

_ -k
kathk, |GI:1’ (2-19)

where p is a free parameter, the solutions ¢,[ A, B], Y[ A, B] of the integral

equations (1.1), (1.3) become ¢,[A, B], ,[A, B], and the transformed
potentials are defined by (cf. (1.4))

DA, B]=fdA(k) &.[A, Ble,, W[A, B]=Jd/\(k) W.[A, Ble, .
c ¢ (2.20)

The coupled integral equations for ¢,[A, B], ¥,[A, B] (cf. (1.2)), multiplied
by p* — k, yield, using (2.19),

(0"~ LA, Bl + [ ax*() A, 225 (0p — 1314, B)
=0(p1—Jd") - pc, + OW*[A, B]-A-p.c, , (2.21a)
0°(p* ~ k)L A BI — [ AN (") By 2 ((p— 1) 114, B)

= —®*[A, B]-B-p.c, . (2.21b)

Inserting 0*( p* — k)i [ A, B] from (2.21b) into (2.21a), we obtain an integral
equation for (p* — k)¢, [ A, B], which yields, using again the uniqueness of the
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solution of (1.1), (1.3),

(p* = k) [A, B]=6(p1 —J" + W*[A, B]-A)- ¢,[A, B]
+®[A, B]-B*- §,[B, A] . (2.22)
Similarly we get from (2.21)

(p* = k)Y [A, Bl=(p*1—J"+W[A, B]-A*)- §[A, B]
— 0®*[A, B]-B- ¢,[B, A]. (2.23)

Egs. (2.22) and (2.23) are the basic Backlund relations. Since, according to
(2.19),

pr—k .
=k P (2.24)

p = 0%

we may also interchange the quantities with tilde and without tilde, at the same
time interchanging p <> p*, 6 <> 6*, in (2.22) and (2.23), giving
(p— k) [A, Bl=0"(p*1-J" + W*[A, B]-A)- ¢,[A, B]
+®[A, B]-B*- 4y [B, A], (2.25)

(p—K)W[A, B]=(p1—J" + W[A, B]-A%)- i [A, B]
— 0*®*[A, B]-B- ¢,[B, A] . (2.26)
From (2.22), (2.23), (2.25) and (2.26) the equations for the potential matrices

can be obtained by integration according to (1.4) and (2.20), and further
elaborations on BT’s will be presented in section 4.

2.3. Symmetry relations

There are a few relations for the dependence of the solutions ¢,[A, B],
Y[ A, B] of the integral equations (1.1), (1.3) on the functions A,,., B,,.. Let us
denote

(F-A-G)y=FAuG, (2.27)

inwhich F, =X f k" and G, = X, g,k" (n integer) are arbitrary finite expansions
in k. Since we have (cf. (1.2))



54 J. VAN DER LINDEN et al.

F{'¢[F-A-G, B] +fd)\*(1') A 225

X {G, ) [F-A-G,Bl}y=F; ' pe,, (2.28a)
Giy[F-A-G, B]— fdA*(z ) GiB,,F, k 1'
X {Fs '¢,[F-A-G,B]}=0, (2.28b)
we can conclude at once that
FN")-F.'¢[F-A-G,B]l= ¢ [A, G*-B-F*], (2.29a)
FN")- G [F-A-G, B]= A, G*- B-F*], (2.29b)

in which FW") =2, f,J™". Moreover we can use the relation

((F-A-G)y —(G-A-F),} — k =A,, %
=¢,-A[F, G]-¢,, (2.30)
with (cf. (2.7))
AF, G| = Z fg ™A, J" = —an fgd" A, ", (2.31)

to derive relations between solutions ¢, [F- A+ G, B] and ¢, [G - A - F, B], etc.
From (1.2a) we get in this way

S [F-A-G, B]+fd,\*(l’) G A, F, 7(—‘}7 Wl [F-A-G, B
2

=(1-W*[F-A-G, B]-A[F, G])- p.c, , (2.32)

which equation, together with (1.2b) where we substitute F - A - G for A, implies
that

& F-A-G,Bl=(1-W*[F-A-G,B]-A[F,G))- ¢,[G-A-F, B],
(2.33a)

Y [F-A-G,B]=(1-W[F-A-G, B]|-A*[F,G])- ¢[G- A-F, B].
(2.33b)
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With B[F, G] defined by the analogue of (2.31), we get from (1.2b)

WA, F-B- G]—fd)\*(l') G,B,, F, k—‘_'kT S [A,F-B-G]
2

=®*[A, F- B: G]'B[F, G- p,c; » (2.34)
or, using (1.2a) again,

Y [A, F-B-G]—®*[A, F-B-G]-B[F, G]- (G- B-F, A]

el p *
[ ax@) 6,8, F. T2 (@f14.F-B-G)

C*

+®*[A,F-B-G]|-B[F,G] - ¢,[G-B-F,A)=0. (2.35)
From this equation and the corresponding coupled equation, it follows that
& JA,F-B-G|+®[A, F-B-G|-B*[F, G]-¢[G- B-F, A]
=¢[A,G-B-F], (2.36a)
Y [A, F-B-G|—-®*[A,F-B-G|-B[F,G]-¢,[G-B-F, A]
=y, [A,G-B-F]. (2.36b)
Eqgs. (2.33) and (2.36) can also be integrated by means of (1.4).

2.4. Quadratic identities and resulting symmetry relations

We conclude this section by deriving symmetry relations for the potential
matrices ®[ A, B] and W[ A, B] under transposition and hermitian conjugation,
respectively. This is done via so-called quadratic identities, i.c. expressions for
the potential matrices in terms of integrations over quadratic forms in the
solutions of the integral equations (1.1) and (1.3). Here, associated to the
factors A, and B,,., we use also A}, and B}, where the operation A— A" is
defined by

Al =AL, (2.37)

and B— B' in the same way. From (1.4) and (1.2) we then have
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1 T T
o4, 8= [ k) b4, 81 4[5 A
C
1 *
+ j d)\*(l') BIZI’ ﬁ lﬂ,,[BT, AT]>
J
1
- [ w5 wa.BlolB A
C

[y ([ arw) B7 5 a4, B 18", A')

C

1
- 0@ - a4, BB AT
c k
1 * *
[arany L wita miis an. (2.38)
o Pr
Eq. (2.38) is the quadratic identity for ®[ A, B], and it shows that

®[A, B]=(®[B, A')"=d"[B', A'], (2.39)

where the superscript T denotes matrix transposition. The expression for
W[A, B] in (1.4) can be rewritten as

wia, B1= [ ax) wla, B)( - 44l B

1
+J'd)\*(l') Al =7 P [A, BT])
Ed

= [axo [ an@) 1 (B 6714, Blg LA B

+ AL [A, Bl A, B']), (2.40)

where again use has been made of (1.2). From the quadratic identity (2.40) for
W[ A, B] it follows that

W (A, B]=—-W'[A", B'] or W[A,B]=-W¥'[4" B']. (2.41)

Egs. (2.39) and (2.41) are generalizations of the symmetry relations resulting
from quadratic identities in ref. 2.
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3. The multicomponent NLS and its hierarchy
Having obtained the complete set of basic differential and algebraic equat-
ions, as well as symmetry relations, we can now derive matrix PDE’s. According

to (1.5) and (2.12), the differential relations (2.13), (2.14), (2.17) and (2.18)
yield

—io, ¢ [A, B]=F"[A, B],  —id,¢[A, B]=G."[A, B], 3.1

i0,,[A, Bl=2 A F[A, B], i9,4[A, Bl=2 LG [A, B], (32)

where
FP[A, B]=("™ —w*[A, B]-A)- ¢,[A, B], (3.3)
G’[A, B|=®*[A, B]-B, - ¢,[B, A], (3.4)

and the integrated versions of (3.1) and (3.2) expressed in terms of (cf. (1.4))
F7[4, B]= [ dA0 FP[4, Ble, .
C

(3.5)
G”[A, B]= f da(k) GP[A, Ble, .

In this section we shall show that there exists an iterative scheme to obtain
FP[A, Bland G'P’[A, B]forp=2,3, ..., completely analogous, but with the
matrices A, B instead of O, to the scheme presented in ref. 2. After that we shall
show that the results for o X o matrices reduce to equations for finite matrices.

3.1. Iterative scheme

First we mention a few properties of the quantities defined in (3.3) and (3.4).
It is obvious from (3.4) that

GY*[A, B]-A,- ¢ [A, B]=®[A, B]-B}- G'P[B, A]. (3.6)

Two other properties follow with the help of a recursion relation for the matrices
A, (or B,) as defined in (2.5),

A -J7+JP-A =A . (3.7)
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Using (3.3), (2.16), (3.7) and (3.4), we find that

(™ - w*[A, B]-A,)-F{"[A, B]=F{ [ A, B]
+GP"[A, B]-A, - ¢,[A, B], (3.8)

and, using (3.3), (2.15), (3.7) and (3.4), that

DA, B]° B,, 'chq)[B, Al = G,((”+q)[A, B]— F(p)*[A, B] ‘Bq . ¢k[37 A].
(3.9)

For a differential operator 9, satisfying (2.12), we have, according to (2.17),
(2.18), (3.3) and (3.4),

i0,¢.[A, B|=F"[A, B], i, ¥[A, Bl=G”[A, B], (3.10)

for instance, when g =1 we have 9, = — 4, and (3.10) becomes (3.1). Now it
follows from (3.3) with (3.10), (3.8) and (3.6) that

Fi7"7[A, B]=19,F\"’[A, Bl -G'”"[A, B]-A, - ¢,[A, B]
~®[A, B]-B:-G{"[B, A]. (3.11)

Similarly it follows from (3.4) with (3.10), and using the relation which is
obtained by subtracting (3.9) from its counterpart with p and ¢ interchanged,
that

i0,G{"'[A, Bl = —F”"[A, B]-B, - ¢,[B, A]
+®*[A, B]-B,-F\”[B, A] . (3.12)
Solving G\”’[ A, B] formally in terms of F {”’[ A, B] from (3.12) and inserting the

result in (3.11), one can derive an equation which determines F{**[A, B] in
terms of F\”[A, B].

Restricting ourselves here to the case ¢ =1, 3, = —d,, we introduce a formal
operator . ' which denotes an indefinite integration over x (i.e. containing an
arbitrary integration constant). Then (3.11), (3.12) yield

FP"V[A, B]=0F "[A, B], (3.13a)
QF P'[A, B]=—ia F\P[A, B]

—i®[A, B]-B*-9, ' (®*[B, A]-A-F"[A, B]
~FP%[B, A]-A- ¢,[ 4, B])
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+i{0](®[A, B]-B*-F?*[B, A]
—F(P)[A,B]'B*'(I)*[B, AD}-A- ¢, [A, B], (3.13b)

GP"V[A, B]=ia; ' (®*[A, B]-B-F VB, A]
—F*D*[B, A]-B- ¢,[B, A]) . (3.13¢)
Egs. (3.13) form the iterative scheme which enables us to evaluate F’[ A, B]
and G[A, B] for r=2 starting from F"[A, B] as given in (3.1). It can be
shown that the undetermined integration constants involved in the definition of
d_ " drop out of the result. The proof of this is completely the same as the one

given in appendix A of ref. 2, and will not be repeated here. Starting the
iterative scheme (3.13a) from F”[A, B]= ¢,[ A, B], we write (3.2) as

i0,d,[A, Bl=2 L Q¢ [A, B] when w,=2, ALK . (3.14)

r=2 r=2

The operator (2 in (3.13b) is generally referred to as the recursion operator, or
(hierarchy-) generating operator. For multicomponent systems such an operator
has been treated before in ref. 21.

Up to the third order the iterative scheme (3.13) with (3.1) gives

F?[A, B]= -3’¢,[A, B]-2®[A, B]-B*-®*[B, A]-A- ¢,[A, B],
(3.15a)

GP[A, B]=i{(3,®*[A, B])-B- ¢,[B, A]— ®*[A, B]-B-3,¢,[B, A]} .
(3.15b)

FO[A, Bl=id)d,[A, B] +3i{(3,®[A, B])-B*-®*[B, A]-A- ¢ [A, B]
+®[A, B]-B*-®*[B, A]-A-3 ¢, [A, B]}, (3.16a)

G[A, B]= — (3:®*[A, B])-B- ¢,[B, A] - ®*[A, B]-B-97¢[B, A]
+ (BX(I)*[A, B]) -B- ax(bk[B’ A]
—3®*[A, B]-B-®[B, A]-A*-D*[A, B]-B- ¢,[B, A].
(3.16b)

Using the results (3.15a) and (3.16a) in (3.14), we have established the DL with
w, = M,k* + Ak’ for the equation
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i0,®[A, B]=(—1,0> +i1,02)®[A, B]
—20,®[A, B]-B*-®*[B, A]-A-®[A, B]
+3iA,{(8,®[ A, B])-B*-®*[B, A]-A-D[A, B]
+ ®[A, B]-B*-®*[B, A]-A-9 ®[A, B]} . (3.17)

The scattering problem associated to (3.17) is therefore given by (3.1) with (3.3)
and (3.4),

—i9, ¢ [A, B] = kb [A, B] + D[ A, B]-B*- [ B, A], (3.18a)
—id, P, [B, A] = ®*[B, A]-A-$,[A, B], (3.18b)

where in (3.18a) also (2.10) has been used. Note that (3.17) does not contain the
index-shifting matrix J. This feature will enable us to derive immediately a
finite-matrix PDE, as will be shown in the second part of this section.

The iterative scheme (3.13) works only for polynomial dispersion. As for
other types of dispersion, we consider here only the special case w, = k. For
p=—q=-1,(3.7) givesA_, = —J" - A-J (and a similar relation for B_,), and
(3.11) with (3.4) gives

—i9 FUV[A, B]= ¢,[A, Bl + ®[A, B]-B*,-®*[B, A]-A- ¢,[A, B]
+®[A, B]-B*-®*[B, A]-A_, - ¢,[A, B]. (3.19)
Hence we obtain the equation
9.0,®[A, B|=®[A, B]—®[A, B]-J"-B*-J-®*[B, A]-A-®[A, B]

— ®[A, B]-B*-®*[B, A]-J"-A-J-P[A, B], (3.20)

which, in contrast to (3.17), contains the matrices J and J" explicitly. This
feature requires a separate treatment which will be given in the following paper.
In the remaining part of this section we shall investigate further the case of
polynomial dispersion, exemplified by eq. (3.17).

3.2. Finite matrices

Let the functions A,,. and B,,., occurring in the integral equation and given in
(1.6), be finite sums of the form
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N, N
_ —ra T,
Ay = a_,. .k "l ,
a=1a'=1
Ng Nj
_ —Spryr —s
B, = by kT, (3.21)
B=1p'=1

Then from (2.4) with (2.1)—(2.3) we have

A, . =a_,, _, and (A),=0 fori#r,, j#r,
(a=1,...,Na'=1,...,N.),

. . , 322
(B),,, —b_, , and (B),=0 fori#s,, j#s) (-22)

(B=1,...,Ny; B’ =1,...,Nj).

In other words, the o X o matrices A and B are vanishing except for finite
submatrices a and b, respectively, where the N, X N_. matrix a and the
Ny X N;;’ matrix b are defined by

(a)aa’ = a*r;r,fra > (b)BB’ = bﬁsl’;',—sﬁ . (323)

Also corresponding to (3.21), we introduce finite submatrices of the o X
potential matrices ®[ A, B] and ®[B, A]: the N_, x N, matrix ®(a, b) and the
N L;, x N, matrix ®(b, a), respectively, with elements

(3.24)

(®(a, b)), s =(P[A, B]) (®(b,a)),., = (P[B, A])

re'sg ? Sgre "

Now, restricting the equation (3.17) for o X o matrices to the (7., 5 ) elements,
we get, with a'=1,..., N;, and B=1,..., Ny, the equation for finite
matrices:

i9,®(a, b) = (—1,0> +iAr,02)®(a, b)
—2A,®(a,b)-'b*-®*(b,a)-a-P(@a,b)
+ 3ir,{(3,P(a, b)) -b* - ®*(b,a)-a-P(a, b)
+ ®(a,b)-b*- ®*(b,a)-9,P(a,b)} . (3.25)
This result is the generalization, in the case of arbitrary A,, and B,,., of the
equation that is obtained by taking the (0,0) element in ref. 2 (where
N,=N_ = N, = Nt;’ =1). One can also consider other reductions, generalizing

the equations obtained by taking of (0, 1) and (1, 1) elements in ref. 2, but this
will be treated in the following paper.
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The scattering problem associated to (3.25) can be formulated in terms of an
(N.. + Né,)-dimensional vector x,(a, b), defined by

k A, B T —i(kx —awyt)/2
o et

From (3.18) we have

. } k1% @, b)-b*

—id,x.(a, b) = [(I’*(b, a)-a _(% . 3%)] ‘x,(a,b), (3.27)
in which 1 is the N X N unit matrix. It is possible to obtain the complete Lax
representation of (3.25) by computing also 19, x, (a, b) from (3.26) with (3.15)
and (3.16).

Due to the occurrence of ®(b, a) as well as ®(a, b), eq. (3.25) is in general
not a closed matrix PDE, but it forms with its counterpart interchanging a and b
a set of two coupled matrix PDE’s. There are two cases where (3.25) is a closed
matrix PDE. The first case occurs whena =b, i.e. in (3.21) N, = N,, N.. = Né,
anda, , =b, . We then obtain a (closed) matrix PDE for ®(a, a), where a can
be a general N, X N, matrix. This matrix PDE is a matrix generalization of
Hirota’s equation”') which is the combination of NLS (A, = 0) and the complex
modified Korteweg—de Vries equation (A, = 0). The second case is that a and b
are (square and) hermitian matrices, i.e. in (3.21) N, =N_., Ny = N[;,,
Ay = a,:n and b, , = b:’”. In the latter case we apply the symmetry relation

n,m

(2.39) (cf. also (2.37)), and (3.25) becomes
i0,®(a, b) = (—1,0° +iA,0))®(a, b) — 20, ®(a, b) - b* - ®'(a, b) -a- d(a, b)
—3ir,{(3,®(a, b)) -b* - ®'(a, b)-a- ®(a, b)
+®(a,b)-b*-®'(a,b)-a-9 d(a,b)}, (3.28)
which is another finite-matrix generalization of Hirota’s equation. In the case
that the matrices a and b are positive definite, so that their square roots exists,
the matrix a'’* - ®(a, b) -b* "> can be shown to satisfy a simplified version of
(3.28) where a and b are replaced by unit matrices. This version can also be

found in ref. 16. Furthermore, in the special case that N, =1 in (3.28), ®(a, b)
becomes an N, -dimensional vector ¢p(a) for which

i, (@) = (— 1,0, +11,9.) p(@) —2A,(d*(a) -a- H(a)) P (a)
-3ir{(d*(@)-a- p(a)s, dp@) + (p*(@) -a-9, b)) d(@)) . (3.29)
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Of course, taking N, =1 instead, gives essentially the same vector generaliz-
ation of Hirota’s equation (for the vector-NLS, see refs. 10 and 12). The
scattering problems for these special cases of (3.25) follow from (3.27).

In this section we have seen that the assumption of hermitian A and B (cf.
(2.37)) is important in order to derive closed matrix PDE’s (the multicomponent
NLS and its hierarchy). In the following paper we will show that this goal can
also be reached in cases of ‘minimal departure from hermiticity’, such as e.g.
A, =kA,,, B, = B,, with A and B hermitian (leading to the multicomponent
DNLS and its hierarchy).

4. The Backlund transformations and the associated multicomponent PDfE

In this section we shall derive the Bianchi identity expressing the commutativi-
ty of two BT’s, and investigate its interpretation as a lattice version of the matrix
PDE (3.25). After that we shall elaborate the BT for (3.25) and also a modified
vector PDE corresponding to (3.29).

4.1. The Bianchi identity
Consider two BT’s, one induced by p, — g, given in (2.19), and the other by
P> P With

A ! _k !
pkzg qq*_kpk> ‘0|:1 (41)

As a matter of fact, we then have the basic Backlund relations (2.22), (2.23),
(2.25) and (2.26) also in a version with p, 8 and the tildes replaced by ¢, 6’ and
hats, respectively. Proceeding in this way, we consider also the BT’s induced by
P— ﬁk and by g, — p,, and note that ﬁk = p,. Hence we find that o.[A, B]=
&,[ A, B], meaning that the two BT’s commute. The Bianchi identity, which is
based on this commutativity, is

~JT-(¢,[A, B] - 0'd,[A, B])— 0'd7 - ($,[A, B - 0¢,[ A, B])

+JT - (d,[A, B] - 06,[A, B]) + 64" - ($,[A, Bl - 6'¢,[A, B)= 0.
(4.2)

Using the algebraic relation (2.10) for k¢, [A, B] in (2.22), one obtains

—J"- (¢ [A, Bl - 0¢,[A, B])= — (p*&d,[A, Bl - 0pd,[A, B])
— WA, B]-A-($,[A, B] - 0¢,[A, B])
—®[A, B]-B*- (§[B, A] - 4,[B, A]), (4.3)
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and, using again (2.10) for k¢, [ A, B], in (2.25),

—J"- (LA, B] - 6,[A, B]) = ~(p* b, [A, B] - 6pey[A, B])

—W*[A, B]-A-($,[A, B] - 6y [A, B])

— @[ A, B]-B*- (5[ B, Al — #[B, A]) . (4.4)
Related to the BT (4.1), there are also relations similar to (4.3) and (4.4) where
D, 0 and the tildes are replaced by g, 8" and hats, respectively. Inserting (4.3),
(4.4) and the two other relations in (4.2), we get the Bianchi identity in the form

(P*=q") il A, Bl +6'(q— p*) 1A, B]

+6(q* —p)d[A, B +06'(p — q)h,[A, B]

— (¥*[A, B] W[4, B])- A-(¢,[A, B] ~00'$,[4, B])

— (0'®[A, B] - 0D[A, B])-B*-(#[B, A~ w[B, AD)=0. (4.5

Subtracting (4.3) and (4.4) it furthermore follows that

(F*[A, B]-W*[A, B])-A-(d,[A, B] - 0,[A, B])
+(®[A, B] - 6®[A, B])-B*- (¥ [B, A]— ¢,[B, A]) =0 . (4.6)

Using (4.6) (once with the tildes, and once with hats instead), the Bianchi
identity (4.5) can be written in still another form, which in the integrated version
reads

{p*1 - (W*[A, B]- W*[A, B])-A} - ([ A, B] - 0'D[A, B])
—{g*1—(W*[A, B]-W*[A, B])-A} - ([ A, B] - 60[A, B])
+6'(D[A, B]— 6D[A, B])-{q1— B*-(¥[B, A] - W[B, A])}

— 0(d[A, B]— 0'®[A, B])- {p1—B*-(W[B, A] - ¥[B, A])} =0.
(4.7)

From the Backlund relations (2.23) and (2.26) we obtain with the algebraic
relation (2.11)

—J"- (WA, B]- W[A, B])=—p*(d[A, B] - ¢ [A, B])
—W[A, B]-A* - (§[A, B] - #[A, B])
+®*[A, B|-B- (¢[B, A] - 0¢[B, Al),
(4.8)
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and

—JT-(§[A, B] - @[ A, B]) = —p(¥[A, B]— §,[A, B])
~W[A, B]-A*-(§s[A, B] - ¥,[A, B])
+ 9*‘1)*[14, B] ‘B- (ék[B’ A] - 9¢k[B7 A]) ’ (49)

respectively. It is straightforward to write down a Bianchi identity based on

P [A, B]= t,lA;k[A, B], analogous to (4.5), with the use of (4.8) and (4.9), but we
shall not give this identity here. Subtracting (4.8) and (4.9) we find also that

(p* = P)(¥lA, B] - ¥4, B])
+ (W[A, B] - W[A, B])-A*- (4[4, B] - %[ 4, B])
— (®*[A, B] - 6*®*[A, B])-B-(¢,[B, A] - 0,[B, A])=0. (4.10)
Consider now the reduction from o X matrices to finite matrices as

described in (3.21)—(3.24). We also define the N, x N, matrix W(a, b) and the
Ng. X N; matrix W(b, a) by

(¥(@,b))ae=(¥[A, B]),,, , (W(b,a),,=(W[B, A]),,,, - (4.11)
Then the integrated version of (4.10) yields

(p*—p){¥*(a,b) — ¥*(a, b)}
—{¥*(a,b) — ¥*(a,b)} -a- {¥*(a, b) — ¥*(a, b))}
+ {®(a, b) — 6®(a, b)} -b*- {®*(b,a) — 6*®*(b,a)} =0. (4.12)

From (4.11) one can solve (assuming p # p*)

{(W*@@,b)— ¥*(@,b)}-a=(p* — p)1™) — (1% —T(@, b)-a}'"],
(4.13)
with

I'(a,b) = % {®(a,b)— 6d(a,b)} - b* - (®*(b, a) — 0*P*(b, a)} .
lp—p* (4.14)
The square root in (4.13) has to be understood in the sense of the expansion
(1—x)"?=1—14x+ ..., and the sign before the square root has been deter-
mined by observing that the left-hand side of (4.13) tends to zero for a— 0.
Similarly, from (4.10) with A and B interchanged, one has
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b*- (¥(b, a)— W(b,a)}= —1(p* — )1 — (1™ —b*-T*(b-a)}'"].
(4.15)

Note that the integrated and reduced version of (4.6) is identically satisfied by
(4.13) and (4.15), since it follows from (4.14) that

{F(a, b)-a)" - {®(a, b) — 6®(a, b)}
= {®(a,b) — ®(a, b)} - {b*-T*(b,a)}", n=0,1,2,.... (4.16)

Inserting (4.13) and (4.15), with the necessary alterations for the various
BT’s, in the left-hand side of the reduced version of (4.7), we obtain the relation

[(p*+p1™ + (p* — p){1¥) ~T(a, b)-a}'"] - {B(a, b) — 0'd(a, b))}
~[(g*+ g™
+(g* - 1% —T'(a, b) -a} '] - {d(a, b) — 6d(a, b)}
+0'{®(a, b) — 6®(a,b)} - [(g* + )1’
—(g*— {1 —b*-T"*(b,a)}'"?]
~ 6{®(a, b) — 6'®(a, b)} -[(p* + p)1°%
—(p*—p){1™ —b*-T*(b,a)}'"’| =0 (4.17)

in which I''(a, b) can be inferred from (4.14) replacing p, 0 and the tildes by g, ¢’
and hats, respectively, I'(b, a) is the expression for I'(b, a) with an additional
hat on each occurring ®, and I'(b, a) is the expression for I''(b, a) with an
additional tilde on each occurring ®. Eq. (4.17) and the relation that can be
obtained from it by interchanging A and B are Bianchi identities expressing the
commutativity of the two BT’s generated by (2.19) and (4.1)*). Moreover, using
the identifications

®(@@,b)=®, (a,b), &@b)=>, . . (ab),

] . (4.18)
®@,b)=?,,,,(@b), ®@a@b=2,,,@b),

and similar ones for ®(b, a) etc., eq. (4.17) and its analogue with A and B
interchanged are two coupled partial difference equations for the N/ X N
matrices ®, , (a, b) and the Nj X N, matrices ®, , (b, a), defined at the sites
(n, m) of a two-dimensional lattice. The set of PDfE’s is integrable, since
solutions of it can be found from the linear integral equation (1.1) with p, given
by

*In the special case that A, = B,,, =1, eq. (4.17) has been given in eq. (7.18) of ref. 5, apart
from some misprints.
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pe=nnm=(0 L) (00 225 ) 00,0 (4.19)
instead of by (1.5). According to (4.19), the primitive translations in the n- and
m-directions can be interpreted as BT’s in the way of (4.18). In the case that A
and B are hermitian we have CD:’m(b, a)= @i,m(a, b), and eq. (4.17) with (4.18)
becomes a PD{E in terms of the N, X N, matrices ®, , (a, b), which is a lattice
version of the multicomponent PDE (3.28). As shown in ref. 5, the integrable
PDE’s can be obtained from their associated lattice version by applying two
appropriate continuum limits, and, applying only one of these limits, one obtains
integrable nonlinear differential-difference equations. One may expect this to
remain true in the multicomponent case. Multicomponent differential—-differ-
ence equations have been studied in ref. 19.

4.2. The Bdcklund transform

Let us investigate a further consequence of (4.3): using the constitutive
relation (2.13) with p =1 (8, = —d,) for J*- ¢, [A, B] and for J" - ¢, [ A, B],
one obtains

~i0 (¢, [A, Bl — 0¢,[ A, B]) = — (p*&,[A, B] - 6peh,[ A, B])
+6(¥*[A, B]—W*[A, B])-A- ¢,[A, B]
~®[A, B]-B*- ([ B, A] - #,[B, A]).
(4.20)

Reducing the integrated version of (4.20) to finite matrices as defined by
(3.21)-(3.24) and (4.11), we can use (4.13) and (4.15) with the result that

—ia {®(a, b) — 6®(a, b)}
=10[(p* +p)1Y) = (p*— p){(1? —T(a,b)-a}"’]- ®(a, b)

—1d(a,b)-[(p* + p)1°P + (p*— p){17%) - b* - T*(b,@)} "]
(4.21)
Eq. (4.21) and its counterpart with A and B interchanged are the spatial part of
the BT for the coupled PDE’s given by (3.25) and its counterpart with A and B
interchanged. The time-dependent part of the BT can be inferred from (3.25)
for ®(a, b) and for ®(a, b), with (4.21).
Furthermore, eq. (4.21) can be used to derive the modified equation to eq.
(3.25), in the sense of ref. 4 and also ref. 32. This modified equation is an
equation for

® (a,b)=®(a,b) — 6P(a,b). (4.22)
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Using (4.22), eq. (4.21) can be rewritten as
—ig. ® (a,b)+ 1 ® (a,b)-[(p* +p)1
+(p*—p)(17% —b*-T*(b,a)}' ]
= 30(p*—p)[{(1"’ ~T(@,b)-a)'"- ®(,b)
+®(a,b)- {1 —b*-T'*(b,a)}'?], (4.23)

in which, according to (4.14) and (4.22),

% ® (a,b)-b*-® *(b,a). (4.24)
|p—p*|

From (4.23) with (4.24), ®(a, b) can be solved to be

I'@,b) =

* r .
®(a, b) = p*0 p f dz CXP[—T{'I W) — I, b)'a}l/z]
0

-[2i9 @ (a,b) —(p* + p)® (a,b)

~(p*-p)® (a,b)- {1" ~b*-T*(b,a)}""]

-exp[—7{1™ —b*-T*(b,a)}'"?], (4.25)
which enables one to determine the modified equation to eq. (3.25), but only in
a formal way unless the integral in (4.25) can be evaluated.

In the case that N, =N_., N, =N, =1, and a= a', we deal with N,-

dimensional vectors ¢(a), ¢(a) and ¢ (@), and we find the modified equation to
the vector-PDE (3.29) in the following way. Combining (3.29) for ¢(a) and for

d@) = (a) + 0d(a), we get
10, (@) = (1,05 +i1;0)) (@) +2A,0(p*(a) - a- H(a)) P(a)
—20,[{¢ *@ + 6% d*@)}-a- (¢ (a) + 6b(@)}]{d (a) + ¢ (a)}
+3iA,0{(¢*(@) -a- $(a)d,P(@) + (¢ *(a)-a-9,b(a)) d(a)}
—3in[{d *@ + 0% d*@)} -a- (¢ (@) + 0b(a)}]o,{d (@) + ()}

=3in[{d (@) +0*d*(@)}-a-0.{¢d (a)+0d(@)}|{d (a)+od(@)},
(4.26)

and, in this case, we see that (4.25) with (4.24) reduces to

@ - p*o"*p [{1%)_ !p*—4p*|5 ¢‘(a)¢r*(a)-a} N
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+ {1 - ﬁ)*—‘z $ *@@)-a- ¢‘(a)}1/21(N"‘)]‘1 ' [Ziax —(p"+p)

el e @as @ @ e

Substituting (4.27) in (4.26), one obtains a PDE in terms of ¢ ~(a), which is the
modified equation associated with the vector-Hirota equation (3.29). Eq. (4.27)
can be regarded as a Miura transformation mapping a solution ¢ (a) of the
modified equation on a solution ¢(a) of (3.29). The modified equation is a
vector-generalization of eq. (4.41) of ref. 4, and this equation, i.e. the scalar
version with N, =1, has been related to the AHSC, cf. refs. 4 and 32.

5. Concluding remarks

In this paper we have treated the direct linearization (DL) of finite-matrix
generalizations of the nonlinear Schrédinger equation (NLS) and the complex
modified Korteweg—de Vries equation (CMKdV). For that purpose we have
introduced the linear integral equation (1.1) with A,, and B, given by (1.6).
This linear integral equation is a generalization of the integral equation of type I
treated in ref. 2 which is obtained from (1.1) for A, = B,,, = 1. Starting from
(1.1) we have derived in section 2 the constitutive relations including also
Backlund relations and some symmetry properties. In section 3 we have derived
a recursion operator {2 which may be used to generate finite-matrix PDE’s for
various dispersions w,. Choosing w, = \,k” + A,k>, we have treated two finite-
matrix generalizations of Hirota’s equation in the special cases that A,, = By,
and that A, = A7, B,, = B7,. These equations include the finite-matrix
generalizations of the NLS for A, =0 and of the CMKdV for A,=0. It is
interesting to note that there is an alternative way to obtain the DL of
multicomponent nonlinear integrable systems. In fact, one may start from the
treatment of ref. 23 for a general N X N spectral problem, and apply special
reductions”) leading to the spectral problem of the multicomponent case. This
approach, however, leads to a large set of coupled matrix integral equations,
whereas in the present treatment we have a single integral equation (1.1) for
&, | A, B], with the factors A,, and B, inducing the coupling between the
components of the system. The questions connected with the alternative method
have not been investigated here.

As a straightforward application of the DL of multicomponent systems, based
on (1.1), we have derived in section 4 a Bianchi identity (4.17) expressing the
commutativity of two Bécklund transformations (BT’s). With the identifications
(4.18), this identity can be interpreted as an integrable lattice version of the
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finite-matrix generalization of the NLS. Furthermore, working out the BT, we
have also obtained a so-called modified equation (4.25) with (4.26), which is a
vector generalization of a nonlinear partial differential equation (PDE) that has
been shown to be equivalent to the equation of the motion for the (classical)
Heisenberg chain with uniaxial anisotropy.

Finite-matrix generalizations of PDE’s can be derived from other types of
integral equations as well. As an example, we present some results for the
integral equation

/ P Pr
v [C, D] +f da(l) J’ da(l’) Cy,. D, m v[C, D] = p,¢c; ,
C C

(5.1)

where C, dA(k), p, and ¢, have the same meaning as in section 1, and C,,, and
D,, are again given by finite sums of the form (1.6),

Co=2 Co k'™, Dyy=2d,, 1'""I". (5.2)

The contour C and the measure dA(k) in the integral equation (5.1) can be
chosen arbitrarily, apart from the condition that its solution must be unique. The
functional dependence of the solution on C,,. and D, is denoted by v, [C, D]*.
In the special case that C,,, = D,,, = 1, eq. (5.1) is the integral equation of type II
treated in ref. 2.

Eq. (5.1) can be expressed as a coupled set of integral equations (cf. section 1)
for v,[C, D] and

, P
wlC.D]= | ar(W") Dy 225 w.(C. D] (5.3)
C

and the potential matrices V[C, D] and W[C, D] are obtained by integrating
over the same contour with the same measure as in (5.1), (5.3):

v[C, D]:f dA(k) v [C, D]c,, W[C, D]:fd/\(k) w,[C,Dle,. (5.4)

Introducing matrices C, and D, by

Cp=;;ncn,mJ'"-Rp-JT , Dp=ny2mdn’mJ"’-Rp-JT , (5.5)

* The Cin v,[C, D] denoting the factor C,,. in (5.1) should not be confused with the contour C of
integration.
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with
rp—1
Jf.o.(_JT)P_l“f, p=0,
j=0
R =< (p integer) (5.6)
P - '
— 2 FT0-(=JT), p=0
j=0

one can derive the algebraic relations
k*v[C, D] = {4 + (-1)’W[C, D]-C,} - v[C, D]
+V[C, D]-D,-w,[D, C], (5.7)
k'w,[C, D]={(—d")" + W[C, D]-C,} - w,[C, D]
—(—1D?V[C,D]-D, - y[D, C],

and the differential relations

ia,v,[C, D] = ("™ —W[C, D]-C,)- v[C, D],
ia,w,[C, D]=V[C, D]-D, - v[D, C],

if pisodd, (5.8)

in which 9, is a differential operator satisfying (2.12). For the matrices V[C, D]
and W[C, D] one has the symmetry properties

V[C, D]=V'[D", C"], W[C,D]=W'[C',D"], (5.9)

where C,,. =C,,, D, =D,,. Egs. (5.7)-(5.9) can be derived directly from
(5.1), but follow also as a special case from a more general treatment which is
presented in the appendix.

The integral equations in the appendix contain an integration over a contour C
with the measure dA(k) and an integration over a contour C’ with the measure
dA'(k'), without the requirement that these integrations are related as in (1.1)
and (5.1). Starting from these integral equations we derive constitutive relations
(including Bécklund relations and symmetry properties), as well as recursion
relations similar to the ones presented in section 3. With these recursion
relations one can derive in a systematic way coupled multicomponent PDE’s of
the AKNS-type. We also show in the appendix that the results obtained by
starting from (1.1) or (5.1) are contained as special cases in the treatment of the
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AKNS-type, i.e. as reductions of (A.9)—(A.18). The DL based on (5.1) is
restricted to PDE’s for which the dispersion w, is an odd function of k, and
therefore the first PDE resulting from the recursive scheme is the one with

_ .3
w, =k,

(8, — 02V[C, D] +3(8 V[C, D])-D-V[D, C]-C-V[C, D]
+3V[C, D]-D-V[D, C]-C-9 V[C, D] =0. (5.10)

which can be used to deduce finite-matrix generalizations of the Modified
Korteweg—de Vries equation (MKdV).

In this paper we have shown that the DL method based on the integral
equation (1.1) or (5.1) leads to a systematic treatment of integrable multicom-
ponent versions of the NLS, the CMKdV and the MKdV. Their solutions can be
obtained as follows. Having specified the dispersion w, and the factors A,,, and
B, or Cy,. and D,,., we solve the integral equation for special choices of the
measure dA(k) and the contour C. Then, for the same measure and contour, we
calculate the potential matrix defined in (1.4) or (5.4). The solutions of the
various components are given by special elements of this potential matrix (cf.
(3.24)). A still remaining subject is tke derivation of more multicomponent
nonlinear systems likewise from (1.1) and (1.4), but considering other specific-
ations of the dispersion w,, the factors A . and B,,., and the special elements of
the potential matrix ®[ A, B]. In the following paper II we will investigate this
further, and show that the DL method based on the integral equation (1.1) also
leads to a systematic treatment of integrable multicomponent versions of such
equations as the IHSC, the CSG, the Getmanov equation, the DNLS, and the
MTM. For the generalizations of the IHSC, the CSG and the Getmanov
equation, the factors A,, and B, are of the ‘hermitian’ type, as for (3.28), but
for the generalizations of the DNLS and the MTM we must consider a ‘minimal
departure from hermiticity’.
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Appendix

In this appendix we show how the results presented in sections 2 and 3 can be
generalized in a straightforward way to a more general type of integral equation.
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Instead of eq. (1.1) we consider an integral equation with a two-fold integration
over contours C’ and C, with measures dA’(k’) and dA(k), respectively, which
need not be related to each other, i.e.

o ¥ PP
DA, B+ [ ax () | anD) Ay BT, oS B4, B1= pic,.
C' C
(A1)
Eq. (A.1) can be rewritten as a coupled system as follows:
b [A, B]+J’d)\’(l') Ay k [A, B] = peye
o
(A.2)

7

’ * p !
WilA. Bl - [0AD)BY, 75 A, B)=0
C

There is also a related integral equation with the roles of dA’(k’) and dA(k)
interchanged, namely

! 3L pk P
Bela Bl [ ) [ V@) ALBy G i BULABI= pic,
©C (A.3)
with the coupled system
! p,' ’
BLLA Bl [ A AL, (25 wlA, BI= pjey.,
c (A.4)
" P ! —
WIA.BI- [ V@) By 2 b1l Bl
The integral equations for ¢5,[A, B] and Y. [A, B] read
e * pkp;'
Y. [A, B]+ J’ da'(l )fd)\(l) B Ay m YA, B]
C’ C
Jd)\ (I') B,,. ]’:"pfl (A.5)

and
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, S PP ,
wita, B+ [\ [ ax ) B1,Aw =y wilA.B)
C C’

% P;Ic'Pl
=) dAD) Bew g € (A.6)
C

due to (A.4) and (A.2), respectively.

Following the same line of reasoning as in sections 2 and 3, one can derive the
relations involving the solutions of the integral equations (A.1), (A.3), (A.5)
and (A.6), and the corresponding o X o potential matrices

®[A, B]= [ dr() (4, Ble, . ¥'[4, B]= [ dX (k") dLlA, Ble, .
c c (A7)

W[A, B]=fd)¢(k) Y [A, Ble,, WA, B]=JdA’(k’) U, [A, Ble,. .
¢ < (A.8)

We omit a detailed derivation, and give only the results.

A.l. Algebraic and differential relations
Defining the matrices A, and B, according to (1.6) and (2.5), we have the
algebraic relations ( p integer)
k¢, [A, B]=(" —W'[A, B]-A,)- ¢ [A, B]
—®[A, B]- B} B, 4],
k'’¢;[A, B]=(" —W[A, B]-A)- é,[A, B]
~®'[4, B]-B, - y,.[B, Al
K"y [A, B]= ("™ —W[A, B]-A)- 4[ A, B]
+®'[A, B]-B, - ¢,[B, A],
k'"gi.[A, B]= (™ —W'[A, B]-A,) - ¥, [A, B]
+®[A, B]-B:- ¢,.[B, A].

(A.9)

For a differential operator 9, satisfying

0,p=Kp,, —id,pp=k'Pp,., (A.10)
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we have the relations
i9,d.[A, B]= (" —W'[A, B]-A,)- $,[A, B],
—i0,é,.[A, Bl= (" —W[A, B]-A*)- ¢,.[A, B],
(A.11)
i0,4,[A, B]=®'[A, B]-B, - ¢,[B, A],
~i0,¥,[A, B]=®[A, B]-B}- ¢,[B, A].

Eqgs. (A.9) and (A.11) are generalizations of the constitutive relations given in
(2.10), (2.11), (2.13) and (2.14). By simple integrations over C or C’ one gets
the analogues of eqgs. (2.15)—(2.18).

A.2. Bidcklund relations

Definition of the transformation

~ p_k ! ~1 — ,_k, ’
P B=O0 T P P e =0 “;_k, P (A.12)

in the integral equations (A.1), (A.3), (A.5) and (A.6), leads to the Backlund
relations (with two parameters p and p’)
(p' = k)d[A, Bl=0(p1-J" +W'[A, B]-A)- ¢[A, B]
+®[A, B]-B*-y[B, A],
(p—K)$i[A, B]=6""(p'1 4" +W[A, B]-A*)- $,[A, B]
+®'[A, B]-B-¢,.[B, A],
(P’ = k)i [A, B]=(p'1 —Jd" + W[4, B]-A*)- 4] A, B]
—0®'[A, B]-B- ¢, [B, A],
(p = k). [A, B]=(p1—J"+W[A, B]-A)- [ A, B]
— 0 '®[A, B]-B*- ¢,.[B, A].

(A.13)

Egs. (A.13) are a generalization of (2.22) and (2.23). According to (A.12), the
inverse Backlund relations that generalize (2.25) and (2.26) are obtained from
(A.13) by interchanging p<>p’, <> 6™, and the quantities with tildes and
without tildes.
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A.3. Symmetry relations arising from quadratic identities

For the potentials defined by (A.7) and (A.8), one can derive the quadratic
identities

W[4, B]= [ k) - 44, BB A)

1
Pi

- [axee) - wita st a1,
!

1
Pi

®14,B)= [ V() - $L[A, BI$LIB A

~ [ aaw Wl BIB, A,
c ‘ (A.14)

WA, B]= | aA®) | () 1 (Bubi (A, Blb B, AT
FAL LA, BIYLLAL BT

WA, B)= [ () [ ara0) 7 (BL LA, Blo (4" B')

+ Alk’l)[ll/c’[A’ B]ll,l[AT’ BT]) ’

which generalize (2.38) and (2.40). From (A.14) we obtain the symmetry
relations

®[A4, B]=®'[B", A"], ®'[A, B]=®'"[B, A"], (A.15)
W'[A, B]=—-W¥"[A" B']. (A.16)
Egs. (A.15) and (A.16) are a generalization of (2.39) and (2.41).

A.4. Recursion relations

In analogy with (3.3), (3.4) and (3.5) we define
F”[A,B]=(" —W'[A, B]-A)- ¢,[A, B],

F/P[A, B]=(W" —W[A, B]-A*)- é.[A, B],
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G{”[A, B|=®'[A, B]-B, - ¢,[B, A], (A.17)
G/"'[A, B]=®[A, B]-B;- ¢ [B, Al,
and the corresponding matrices F'”/[A, B], F'”[A, B], G'”[A4, B] and
G ”)[A, B] (cf. (A.7) and (A.8)). Then the recursion relations generalizing
(3.11) and (3.12) are
Fi/"?[A, B]=i0,F\”’[A, B|-G''"[A, B]-A, - &,[A, B]
—~®[A, B]-B:-G\"'[B, A],
F(""P[A, B]=—i0,F;\” [A, B]- G'[A, B]-A’- ¢, [A. B]
- ®'[A, B]-B, - G,\"[B, A],
i0,G”[A, B]= —F' [ A, B]-B,- ¢,[B, A] + ®'[A, B]-B, - F{”)[B, A]
~i9,G\"'[A, Bl = —=F'”[A, B]-B}- ¢.[B, A] + ®[A, B]-B:-F,'"[B, A],

(A.18)

in which 4, satisfies (A.10).

A.5. Special cases leading to reductions

For the choice
C'=C*, dX(k')=dA*(k"), p,=pr (A.19)
it follows from (A.1) and (A.3) that
é.[A, Bl= &, [A, B]. (A.20)

Hence the set of integral equations (A.1) and (A.3) reduces to one equation, eq.
(1.1). With (A.20) and

wilA, Bl=w[[A, B], ®[A, B]=®A, B,
W'[A, B]=W*[A, B],

(A.21)

the results presented in this appendix reduce to the ones of sections 2 and 3 in
this special case.
A different reduction is obtained choosing C' and dA’(k") such that

fdA/(k/) £, :fdA(k') £ (A.22)
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for an arbitrary function f, depending on the spectral parameter, together with
the requirement that

P:k' = TPy - (A.23)

For the following it is convenient to introduce the % X o matrix € with elements
(e)ij = (71)i8i,j ) (A.24)

so that ¢_, =€-¢,, € =1. For the solutions of the integral equations (A.1)
and (A.3) we then have

¢ik‘[A,7 B’] =€ ¢k’[A’ B] H (A25)
with
Ay = Afk,Al’ » By = Bik,—l' . (A.26)

Therefore, also in this special case, the set of integral equations (A.1) and (A.3)
reduces to one equation, which is the generalization of the integral equation of
type II as given in ref. 2, with the extra factors

, ¥ * '

Ay v =A4,=Cy, B_,, =B, _=Dyy. (A.27)

In terms of the functions C,, and D,, defined in (A.27), we obtain here the
integral equation (5.1), with

¢4, B]=—c- ¢ (4, B'|=v[C, D]. (A.28)
The reduction implies also that
¥ [A, Bl=—e-y[A", B'|=w,][C, D],
®[A,B]=—e-®'[A, B']-e=V[C, D], (A.29)
W'[A, B]=—€-W[A, B']|-e=W|[C, D]-¢,
with definitions given in (5.3) and (5.4). From (A.27)—(A.29) it also follows that

&[B', A'l=—€-b_,[B, A]=y[D, C],
(l’ik[Bg A,] =€ d’k[Ba A] = wk[D’ C] >
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®[B', A'|= —e-®'[B, A]-e=V[D, C], (A.30)
W'[B’, A'l = —e-W[B, A]-e=W[D, C]-¢.

For the coefficients in (1.6) and (5.2), we have, according to (A.27),

(1), = (1)@ = Cpps (1B, = (~1)b),=d,, . (A3D)
Furthermore we use the properties of € in the multiplication with J, J”, viz.
(A.24) and (2.1),

e-d=—-J-g, e-d =-Jd"¢, (A.32)
and with O, viz. (A.24) and (2.2),

£-0=0-e=0. (A.33)
From (A.32) and (A.33) it follows that

e-Q,=(-1)""'Q,-e=(-1)""'R,, (A.34)

with Q,, defined in (2.3) and R, defined in (5.6). Now, using (2.5), (A.32),
(A.31), (A.34) and (5.5), we find that

€ .Ap = (—l)P_lA;”* - € E(_l)P—lcp , B; e = (_1)p——18 . B; = DP ,
(A.35)

and applying (A.28)-(A.30), (A.32), and (A.35), egs. (5.7)-(5.9) can be
derived from (A.9), (A.11), (A.15) and (A.16). Note that in this special case
(A.23) implies that (A.10) can only be satisfied for p odd, so that the differential
relations (5.8) are restricted to odd p.

Eq. (5.10) can be derived evaluating F ’[ A, B] with the recursion relations
(A.18) and using the reduction (A.28)—(A.30). Moreover the Backlund rel-
ations, the quadratic identities and the recursion relations for the integral
equation (5.1) (i.e. (A.1), (A.3) in the special case (A.22), (A.23)) can be
worked out from (A.13), (A.14) and (A.18), respectively, using the reduction
(A.28)—(A.30).
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