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A description in terms of one real variable g (x, ¢) is proposed for the equation of motion of the classical Heisenberg

spin chain with uniaxial anisotropy.

In this letter we consider the classical Heisenberg
spin chain in the case of axial symmetry, which in the
continuum limit is described by the equation of mo-
tion [1,2]

S=SXJ-S"+SXVF, (1)
where
J=diag (1,1,1+¢) {2)

is the exchange interaction between neighbouring
spins. S =S(x, t) is the (normalized) spin density in
the continuum limit as a function of the time ¢ and
the position x on the chain, and the dot and the prime
denote the differentiations with respect to ¢ and x,
respectively, e.g. S = 3S/d¢ and S’ = 3S/ox. F = F(S?)
is an anisotropy field with uniaxial symmetry acting
on the spins and arising e.g. from a crystalline field
and an external magnetic field in the z-direction, and
v =(0, 0, 3/3S5%).

In a two-component (r = 2) description with polar
angles 0 (x, 1), ¢(x, 1), i.e.

S(x, 1) = (sin 6 cos ¢, sin 6 sin ¢, cos 0) , (3)
eq. (1) can be rewritten
(8/31)(cos 0) = (3/ax)(¢' sin20) , “)
6=0"/sin0 — ¢'2 cos 0

+c¢(0"sin 0 +0'2 cos §) — OF/3S” . )

Eq. (4) can be formally solved introducing a poten-
tial function g (x, ¢) such that
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cosf =q'(x,1). ©)
Then
¢'=4/(1 —q'%), Q)
where an integration constant f(¢) has been absorbed
ing.

Inserting (6) and (7) in (5) we obtain
: q" (q"2 + ZIZ)CII m 0 '
p=— - o —cq" ——F(q). (8)

1-¢% (1-¢7)7? dq

From (7) and (8) it follows that g (x, t) must obey
the compatibility condition
a ( q‘ )_ a ( _q/" _(q/lz +é2)ql

or\1 _g2) ax\1_g2 (1—42)2

—cq" - %F(q')) ) ©)

The one-component (r = 1) description with the
variable ¢ (x, t) in eq. (9) is completely equivalent to
the n = 2 description in egs. (4) and (5).

In fact, for a given solution ¢ (x, ) of eq. (9), the
corresponding 0 (x, t) and ¢(x, t) are given by

6 (x, )= arccos ¢ '(x, 1), (10)
oG, 1) = [1aL, ¢'Gep. 1) + dlp $xy, 1)} +6(0,0),
C (11)

where (xq, #1) denotes a point on an arbitrary curve
C in the x#-plane going from (0,0) to (x, £), (dZ,, dI;)
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is an infinitesimal two-dimensional vector tangent to
Cat (xq, ;). ¢  and ¢ are given by eqgs. (7) and (8)
and ¢(0, 0) is an arbitrary constant. The result in the
right-hand side of (11) is independent of the choice of
the curve C, as can be seen using Stokes’ theorem and
the compatibility relation (9).

On the other hand, from any solution 0 (x, 1), ¢(x,
1) of egs. (4), (5), one obtains the following solution
of eq. (9):

q(x,t)= f{ dl, cos 0(xq, 1)
¢ (12)
+dl, (¢'sin26)(xy, 1)} +4(0,0)
where ¢(0, 0) is an arbitrary constant.
In connection with eq. (9) the following remarks

can be made:
(i) In the special case

¢=0, F(q)=3449" -Bq', . (13)

it is clear from refs. [3,4] that the fourtf:\)rder partial ¥
differential equation (9) is completely integrable.

(i) The equation of motion (9) can also be derived
from the lagrangian density

o n 14)
. ! 14 1 2 - 2 n ! (
La.q.q )=§q—“‘q,7 —3¢4"?+F(@),
1—q
using the Lagrange equations
3 3L 3?
9 oL oL 0% of _ (15)

- +— - —
ot ac} 0x aq axz aqn

(iii) The lagrangian (14) is a convenient starting
point for obtaining similarity solutions. In the isotropic
case with ¢ = F = 0, we have the similarity solutions

q(x,t)=px +G(x —vr), (16a)
where p is a constant, and
q(x,0)=1"24(n), n=xt712. (16b)

Eq. (16a) leads to one-soliton and spin-wave solutions
[5,1]. The general one-soliton solution for the isotrop-
ic Heisenberg spin chain [5] is equivalent to the follow-
ing solution of eq. (9) for ¢ = F=0:
q(x,0)=cos Y

X {x — 4a(a? +v2)~ tanh[fa(x — vt) + 7]}

1)

4g  cos[ux +5 (a2 —v2)r+d]

+sin Y

a2 +v2  cosh[ia(x — vt) +7]
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where Y, a, v, vy and d are.constants.
Inserting eq. (16b) in (9) we find

d23\2 1(. dg\?_ dg d[])2
(52,7) gl nge) - (o ea){(aﬁ -1
(18)
where § and € are integration constants. Eq. (18) can
be related to the fourth Painlevé transcendent, see ref.
[6]. Details will be published in the future [7].

(iv) Recently it has been shown that there is a rela-
tion between the isotropic Heisenberg spin chain and
the nonlinear Schrodinger equation [8,9]. In connec-
tion with this it is of interest to note that, for every
solution g (x, t) of eq. (9) with ¢ = F = 0, the function

y(x,t)=f{dlxy'(xl,tl)+dlt)3(x1,t1)}, (19)
C
cf. (11) for the notation, where
r_ 1 (q"2 +é2)
V=5 ) (20
8a\ 1 —q"? )
. _ l_ q/lél _ ql"q’ q.q/(qllz + éZ)
Y 4 . 2 | @1
1—q (1-4"%)
is a solution of the equations
ylZJ‘; +yll)'}2 _2yl.);‘);l+y12y"" —2y’)}")}”’
(22)

+y!l3 + iayl3y" - 0 .

Eq. (22) is the equivalent real form of the nonlinear
Schrédinger equation which has been derived (indepen-
dently) in ref. [10]. Note that the right-hand side of
(19) is independent of the choice of the curve C, in
view of the compatibility relation 8y'/d¢ = 3y/0x which
is identically satisfied if g (x, #) obeys eq. (9) with ¢
= F'=0. The proof that y(x, ¢) is actually a solution
of (22) is a matter of straightforward but rather tedious
algebra, and will be given in a more extended publica-
tion [7].

(v) The considerations in this letter have been re-
stricted to the equation of motion in the continuum lim-
it. The equation of motion for the discrete classical
Heisenberg chain with uniaxial anisotropy can also be
reformulated in an n = 1 description with one real
variable q,,(¢) assosicated with every site m of the i
chain [7]. L
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