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In this paper we present a systematic method to obtain various integrable nonlinear difference-
difference equations and the associated linear integral equations from which their solutions can be
inferred. It is argued that these difference—difference equations can be regarded as arising from Bianchi
identities expressing the commutativity of Bécklund transformations. Applying an appropriate
continuum limit we first obtain integrable nonlinear differential-difference equations together with the
associated linear integral equations and after a second continuum limit we can obtain the correspond-
ing integrable nonlinear partial differential equations and their linear integral equations. As special
cases we treat the difference-difference versions and the differential-difference versions of the
Korteweg-de Vries equation, the modified Korteweg-de Vries equation, the nonlinear Schrédinger

equation, the isotropic classical Heisenberg spin chain, and the complex and real sine-Gordon
equation.

1. Introduction

In the last decade a lot of insight has been gained in the integrability of
nonlinear partial differential equations (PDE’s)'*). One of the most successful
methods has been the inverse-scattering transform formalism, which provides an
exact linearization in the sense that the initial value problem of the nonlinear PDE
is reduced to the solution of only linear equations. In fact, for suitable boundary
conditions at infinity, the time evolution of scattering data is governed by linear
relations, so that the solutions of the PDE can be obtained with the help of a
Gel’fand-Levitan equation.

More recently, Fokas and Ablowitz?) have proposed a direct method of exact
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linearization of the Korteweg—de Vries (KdV) equation, based on a singular linear
integral equation involving an arbitrary contour and measure. Since then, other
singular linear integral equations have been studied for various other PDE’s as
well, including the nonlinear Schrddinger equation, the (complex and real)
sine-Gordon equation, the Boussinesq equation, the equation of motion for the
Heisenberg spin chain etc.>7), see also ref. 8 for a treatment of the
Kadomtsev—Petviashvili equation and the Benjamin-Ono equation. It has also
been shown that Béacklund transformations (BT’s) for PDE’s can be generated by
an appropriate singular transformation of the measure or by an equivalent
transformation of the plane-wave factor occurring in the integral equation®'?).

In this paper we study the problem of discretizing nonlinear PDE’s to obtain
difference-difference equations, while retaining their integrability. This problem
has of late been addressed by several authors using different starting points.
Ablowitz and Ladik'") started from a discretized linear problem, Hirota'?) started
from a discretized bilinear differential equation, and Date et al. used a discretized
bilinear identity'®), cf. also ref. 14. The treatment in the present paper is based on
the singular linear integral equations associated with the various PDE’s mentioned
above, and it will be shown that these same integral equations, after no more than
a simple and straightforward discretization of the plane-wave factor, also yield a
direct linearization of nonlinear difference-difference equations which may be
regarded as the double-discrete analogues of the PDE’s.

As corollaries the following two results will be given. First of all it is shown that
the integrable nonlinear difference—difference equations we obtain are equivalent
to Bianchi identities expressing the commutativity of Backlund transformations,
cf. refs. 3, 15-21. Secondly we will see that after applying a suitable continuum
limit to the difference-difference equations as well as to the associated wave
factors in the singular integral equations, we obtain integrable differential-
difference equations together with their direct linearizations. (A relationship
between BT’s and differential-difference equations was presented in refs. 22, 23.)

The outline of this paper is as follows. Sections 2-5 give a treatment of the
difference—difference equation of the KdV type. In particular, section 2 sum-
marizes the main results, and some details of the derivation are presented in
section 3. The continuum limit, as well as the differential-difference equation that
is obtained in this limit, are treated in section 4, along with some interesting special
cases, and in section 5 the relation with Bécklund transformations and Bianchi
identities is discussed. The last two sections are devoted to a treatment of the
difference—difference versions of the nonlinear Schrodinger equation, the sine-
Gordon equation and the equation of motion for the Heisenberg spin chain, with
a summary of the main results in section 6, and a discussion of the continuum
limit and a discussion of the connection with Bécklund transformations in section
7. (A preliminary account of the considerations in this paper was given in ref. 24.)
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2. The KdV class; results

In this section we present two linear integral equations involving an arbitrary
contour and measure, which linearize a certain class of nonlinear difference-
difference equations and differential-difference equations of the Korteweg—de
Vries type.

Proposition. Let u(n, m) be a solution of the linear integral équation

wln,m) _ pin, m)
k+1 = k+a’

i, ) + iy, m) j ar(0)

c

n,meZ, k,oeC, (2.1)

where C and d1(k) are an arbitrary contour and measure in the complex k-plane,

and
k k
puln, m) = (ﬁ* k) (‘” )pk(o 0, pgeC. @2)

Let the contour C and measure dA(k) be such that the homogeneous integral
equation corresponding to (2.1) has only the zero solution. Then the function

Mmmﬁﬂj%nﬁ)ﬂ@) nmeZ feC, @3

C

obeys the following nonlinear difference~difference equation:
W —a)u(n, m)—(p + Puln +1,m)+1]
x[(p—=Bumm+D)—(@+au@+1lLm+H+1]
=[(g — Juln,m) — (g + Pu(n, m + 1) + 1]
x[(g = Pun +1,m)— (g +o)u(n+1,m+ 1)+ 1], 2.4)
for fixed o, §, p and q.

Corollary. Let u(n, t) be a solution of the linear integral equation

w(n, 1) pk(na 1)
+1 k+o

W@J)+mgmnjdun . neZ tkaeC, 2.5

C

where C and dA(k) are an arbitrary contour and measure in the complex k-plane,

and
+ k" — 2kt
pn ) =220 ) exp{ 55 )0u0,0), pecC. @)
p—k pi—k
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Let the contour C and measure dA(k) be such that the homogeneous integral
equation corresponding to (2.5) has only the zero solution. Then the function

u@t)~lJ2012dl@) nez, 1, feC, X))

obeys the following nonlinear differential-difference equation:
dun, )= —[2p —(p +o)(p + Bluln + 1, 1)+ (p —a)(p — Bluln — 1, )]
xum-+1,0)—ur— 1,1+ 2pun + 1, Hun — 1,¢)
+ 2put(n, 1) — (2p 4o+ Bun, uln + 1, 1)
—@2p —o— P HuE —1,1)], (2.8)
for fixed «, § and p.

Remarks

i) The integral equations (2.1) and (2.5) may be regarded as the double-discrete
and the single-discrete analogues of the integral equation

uy(x, t)

wox, 1) +ipy(x, 1) Jdl(/) =pulx, 1), k,x,1eC, (2.9
c
where
i, 1) = e®=¥9p,(0, 0) (2.10)

which was proposed by Fokas and Ablowitz®) for the linearization of the
Korteweg-de Vries equation, cf. also refs. 5 and 25.

ii) From the proposition and its corollary it is clear that the
difference—difference equation (2.4) as well as the differential-difference equation
(2.8) are both also completely integrable, since solutions can be obtained from the
linear integral equations (2.1) and (2.5), respectively.

iii) In the continuum limit with r =n — t/p— o0, p =00, 2r/p —ix, and using
the time scaling (4/3)¢/p*—it, we obtain from (2.6) the result

_ 1\, p+k 2kt
P, 1) —m{(r +p> 1np—_ ke ]pk(O 0)

= pu(x, 7) = e*¥9p,(0, 0, @.11)

and from (2.5) with w(n, 1)—>u(x, t) we obtain the integral equation

ulx, ) +ipx, 7) fdll(l) u;c():_r[) p]i(j_’ ;) s (2.12)

I
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with pi(x, 7), as given by (2.11). Defining u(x, t) by

w(x, 7)

k+8"°

u(n,t)—»u(x,‘r)=iJ‘dl(k)

c

(2.13)

we also have with n =r -+ t/p, 2r/p —»ix the relation
Ou(n, t)= —%6,u(x,r)+§—izﬁxu(x,r). (2.14)
From (2.8) and 2r/p —ix we have
un + 1, 0)—-u(x,t) F2ip ~'ou(x, t) — 2p ~20%u(x, 7)
£ 3ip 7006 ©) + 2 p D D)+, @15)

and using (2.8), together with (2.14) and the scaling (4/3)¢/p*—ix, it is straight-
forward to show that u(x, t) satisfies the PDE

Dau = 0% — 3{ — aB@u)* + (o + (@)% + <aiu>1}

’ 1— (o + pu+2i0u (2.16)

This PDE contains a number of special cases which have been given before:

i) Defining uyo = —iafu and taking the limit «, f >0, we obtain
Oty = O3utgg — 3(0,00)? » 2.17)
which is the potential KdV, as given in eq. (2.13) of ref. 10.
ii) Defining u,, = —iou and taking the limits « » 00, f—0, we find
3 2
Dty = Dty — Do)ty (2.18)
i+uy,

which has been given in eq. (2.14) of ref. 10 and which is equivalent to the potential
MKdV.

iii) Finally, for « = =0, u,, = —iu satisfies
3(%m)
Ban, = 3uy, +Ta‘;“ .19

cf. eq. (2.15) of ref. 10, which can be shown to be equivalent to the MKdV.

3. The KdV class; derivation

In this section we give the derivation of the proposition presented in section 2.
For that purpose, consider the linear integral equation
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) . ul(n,m;a)  pu(n,m)k! .
zz’k(n,m;a)+1pk(n,m)Jdi(l) ! ] = kk o nmyieZ, k,aeC,
(o}
3.1
with p(n, m) given by (2.2). Define
J . i
wn, i, By =1 | i) LK 7,0, pec (32)
k+p
(o}
Then from (3.1) and (3.2), using the relation
+k
Pl +1,m) = (”—)pk(n, m), (3.3)
p—k
we can derive
. — Dul 1, m;
(5 — K + 1,15 0) + ipy(n, m) de)(ﬁ-’“—;ﬁ”ﬂ—m“—)
c
ki .
4 BT i+ 1, 3,0 (34

k+a

Taking into account that the homogeneous integral equation corresponding to
(3.1) has only the zero solution, we have

(p—kul(n +1,m; ) = pui(n, m; o) + uit'(n, m; &)
= u"(n + 1, m;a, 0)ug(n, m;0). (3.5)
Using the relation
uit(n, m; 0) = ult'(n, m; o) + aul(n, m; o), (3.6)
we have, taking i =0,
(p = Kyul(n +1,m; a) = (p — a)uin, m; @)
+[1—u"n +1,m; a, 0)uk(n, m; 0), 3.7
and dividing by (k + B) and integrating over C we obtain, using (3.2),
(p — e)u®(n, m;a, B) — (p + u(n + 1, m;a, f)+1
=[1—u"n+1,m;a 01 —u"n, m;B,0)], 3.8)
Wwhere we have also used the symmetry property

uti(n, m;a, B) = win,m; B, ). 3.9)
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Because eq. (3.3) is invariant under p—> —p, n—n + 1, n + | >n, we also have a
second relation which can be obtained from (3.8), replacing p by —p and
interchanging » and n + 1, i.e.

(—p —a)u®n+ 1m0, B) = (—p + B, mya B)+1
=[1—u"®(n,m; a0 —u"n+1,m;p,0)]. (3.10)

Finally, in view of (2.2), we also have two relations which can be found from (3.8)
and (3.10), replacing p by ¢, and (n + 1, m) and (n, m) by (n,m + 1) and (n, m)
respectively, i.e.

(g — e)u®(n, m;o, f) — (g + Bu’n,m + 1,0, B) + 1

=1 —u"m,m + 1, O[1 — u'%n, m; B,0)], (3.11)
(—g—a)un,m+10,8)—(—q+pu(nmo f)+1
=[1 —u"(n, m; o, ][l —u"®(n,m + 1; 8, 0)] . (3.12)

Eq. (2.4) can now be derived directly by eliminating u'® from (3.8) and
(3.10)—(3.12). In fact, dividing eq. (3.8) by (3.11), and eq. (3.12) with n—n + 1 by
eq. (3.10) with m—m + 1, we obtain eq. (2.4).

4. The KdV class; continuum limit

Eq. (2.4) is a difference—difference equation which may be regarded as a discrete
analogue of a differential-difference equation. To obtain a corresponding
differential-difference equation we consider a limit

m-oow, b-0, mb=t, 4.1

in which b is a suitably chosen lattice parameter characterizing the distance
between two successive time-points, i.e. two successive sites m and m + 1, and in
which ¢ can be identified with the continuous time variable.

Rewriting the difference—difference equation (2.4) as follows:

[p—q—(p+a)p+Buln+1,m)+(p —a)(p — Bluln, m + 1]
x [u(n +1,m + 1) — u(n, m)]
+(p+Qun+1,m)—ulm,m+ 1)+ (p — qun,m+ Dun +1,m)
+(p—qummun+1,m=+1)—(p —q+ao+ punmun+1,m)
—(p—g—oa—PRum,m+NDu(r+1,m+1)]=0, 4.2)

it is clear that we can take a continuum limit with b = p + ¢ as lattice parameter,
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provided that
u(n+1,m+ 1) —um,m)y=0(p+4q). 4.3)

Eq. (4.3) can be satisfied by relabeling the sites (1, m) of the two-dimensional
lattice as (n’,m), n’ =n —m, and by using the relation

atn’,m+ 1) =alm’, 1)+ (p +q)dak’, 1)+ 0(p + 41, (4.4)

for an arbitrary function a(n’, m), in the continuum limit. Up to the order (p + gq),
we then have the relations

u(n,m)—u(n’, 1),
u(n + 1,m)—u(@m +1,1),

4.5)
u(n,m+ D—ou’ — 1,0+ (p +q)oun’ —1,1),

u(n + L,m + Dou@’, 1)+ (p +q)0un’, t).

Eq. (2.8) can now be obtained inserting (4.5) in (4.2) and taking only the terms
O(p +q), in the limit (p + ¢)—0.
To obtain eq. (2.5) we consider the continuum limit of the factor (2.2), which

we rewrite as follows:
P+ k)( 2%k(p +q) ) i
(n,m)={—— l+————) p0,0), n'=n-—m, (4.6)
rm=(25 ) (145 26 )

and in the limit (4.1) with b = p + ¢, we immediately obtain

, p+k\" — 2kt
Pln, m)—pi(n’, 1) = (ﬂ) exP(F—_kz p(0,0). 4.7

If we now drop the primes, it is clear from the proposition given in section 2
that the function u(n,t) defined by (2.7) and (2.5) satisfies the differential-
difference equation (2.8), and thus the corollary of the proposition has been
proved. (It is also possible to prove this corollary directly from (2.5)-(2.7) without
using the proposition itself.)

Note that the integral equation (2.5) can also be formulated in terms of the
variable z=(p+k)p—k)!, with the corresponding factor p(nt)=
z"expl(— 1/2p)(z — z~ 1], cf. ref. 26.

We shall now consider some special cases of eq. (2.8). For that purpose we first
rewrite (2.8) using the substitutions

2pu(n, t) L—»t
(p+a)p+BY 2p

QEE’ bEp;ﬂ
pP+o p+B

u(n, t)—

(4.8)
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Eq. (2.8) then becomes
ou(m, t)=[1—um+1,0)+abu(n —1, )] [u(n — 1, 1) —u(n +1,1)
+ (2ab +a+byun, un —1,t)+ Q2+ a+ bun, Huln +1,1)
—(+a)(I+bu(n—1,0un+1,1)— (1 +a)l +b)u*n,1)].

(4.9
Some special cases of eq. (4.9) are
)a=0, b=0, A, t)=—In[l —un, 1)
3,4 (n, 1) =2 — eAnD=A=10 _ et 10=400 (4.10)

and B(n,t)=A(n —2,t)— A(n, t) obeys the equation of motion for the Toda
lattice?”®), i.e.

B2B(n, t) = 26~ B0 — g=B0+2) _ g=B0=20) (4.11)

Note that in passing from (4.10) to (4.11) the first-order differential equation (4.10)
involving all lattices sites, is decomposed into two identical second-order
differential equations (4.11) for the even and odd sites respectively.

i) au(n, t)-u(n,t), a—oo, b=0:

dum, t)=[1—um, )+un—1,0D1—-um+1,0)+u@t)]—1. 4.12)

Under the substitution C(n, t)=u(n, t)—u(n —1,1), eq. (4.12) reduces to the
discrete Korteweg—de Vries equation, cf. refs. 29 and 30,

0,C(n, 1)=[1—C(n, H[Cn —1,1)=Cn+1,1)]. (4.13)
Eq. (4.13) can also be derived from (4.10) using the substitution
A, t)—A(m —1,t)=In[l — C(n, 1)].
iii) a=—1, b=1, D(nt)=5n2un,)—1}:
0,D(n, t)=tanh[D(n —1,t)—D(n +1,1)]. (4.14)

iv) au(n, t)—>—u(n,t), a—oo, b=1,
Em,0)=[u(n, ) —un — 1,0 [u(n —1,1)— 177"

O.E(n, t)=[1— EXn, OIE(m ~1,0) — E(n +1,1)], (4.15)

the discrete modified Korteweg-de Vries equation®").
From the considerations given above it is clear that all differential-difference

equations (4.10)-(4.15) are integrable, since their solutions can be obtained from
the linear integral equation (2.5).
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5. The KdV class; connection with Biicklund transformations
From appendix A of ref. 10 it is clear that the transformation
. _q+k
Pk"ﬂk=—q __kpk .1

induces a Bécklund transformation of the singular integral equation

. U,
uk+1pkjdl(1)k " =k”+"a, .2)

c

with a corresponding transformation

Uy

u =Jd,1(k)k !

4 c

—i = Jdl(k)%, (5.3)

where i, is the solution of (5.2) with j instead of p,. (Note that it is also possible
to obtain the function #, defined in (5.3), by a singular transformation of the
measure  dA(k)—dA(k) = (g +k)g —k)"'dA(k) as d= fe dI (k)i k + B,
where now 4, is the solution of (5.2) with the measure dI(k) instead of d1(k), see
ref. 10.)

Comparing eq. (5.1) with the relation
+k
e+ 1) = pulm) (5:4)

which follows from (2.2), it is clear that eq. (2.4) with u(n, m)—u(n’,t),
u(n 4+ 1,m)—u(n’ +1,1), ulm,m+ )i =10, u@+Lm+1D)-a@’,0),
ie.

(p+ B’ + 1,0 —(p —Juln’, 1) = 1]
x[(p = BYi(n' = 1,0) = (p +a)d(n’, )+ 1]
=[(g +Bya(n’ —1,1)— (g — 0Ju(n’, 1) = 1] _
x (g = Bu@n +1,0) — (¢ +)d(n’, 1)+ 1], (5.5)

provides a Bicklund transformation of the differential-difference equation (2.8).
Furthermore, introducing a second Backlund transformation

 ptk
prhe=E"p, (5.6)
p—k
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leading to

- =J‘dl(k)kLﬁ‘—(ﬂ’ (5.7

c

where #, is the solution of (5.2) with j, instead of p,, it is clear that eq. (2.4) with
u(n, m)—u, u(n + 1, m)—a, u(n,m + D>, u(n + 1,m + )14, ie.

[(p +B)a — (p — ) = 1[(p — BYi — (p + )il + 1]
=g +B)i — (g —o)u —1l(g — )i — (g + )it + 1], (5.8)

is a Bianchi-identity (see refs. 15, 17 and 18) expressing the commutativity of the
BT’s (5.1) and (5.6). This holds independently of the specific dependence of the
factor p, on variables or lattice sites. In fact, (5.5) is a Bianchi-identity for any
partial differential equation which can be derived from the integral equation (5.2)
with factor p, = pi(x, t), for any differential-difference equation which follows
from (5.2) with factor p(n,t)=(s +k)'(s —k)"p(0, t), as well as for any
difference-difference equation which can be derived from (5.2) with arbitrary
piln, m).

On the other hand, as we have shown in the previous sections, a Bianchi-identity
involving u, &, #, 4, following from two BT’s, as given by (5.1) and (5.6) of the
integral equation (5.2) with the replacements u—u(n,m), d—-u(n -+ 1,m),
d—u(n,m+ 1) and d—u(n + 1,m + 1) leads in a natural way to an integrable
difference-difference equation (2.4) associated with the integral equation (2.1),
2.2).

The above procedure can be applied to other linear integral equations as well
(see e.g. refs. 5 and 6). As a first step one derives the Bianchi-identity expressing
the commutativity of Backlund transformations of the factor p, in the integral
equation. Secondly the Bianchi-identity is interpreted as an (integrable)
difference-difference equation which can be derived from the integral equation
with a factor p, such as specified in (2.2). Furthermore, choosing a small
parameter for which one may take a continuum limit of the type (4.1), one can
derive an (integrable) differential-difference equation, the solutions of which can
be obtained from the integral equation with a factor p,(n, t) = (p +k)'(p —k)™"
X 0x(0,f) and the Bianchi-identity immediately leads to a BT for the
differential-difference equation. In the following sections we shall work out the
procedure mentioned above for the integral equation of the NLS type.
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6. The NLS class; results

In this section we present two linear integral equations involving an arbitrary
contour and measure, which linearize certain nonlinear difference-difference
equations and differential~difference equations of the nonlinear Schrédinger type.

Proposition. Let ¢,(n, m; ) be a solution of the linear integral equation

ot m)
i) + [aa0) [ o 2 s )
c c*
=Pk(",m)

, nymeZ,k,0eC, 6.1)
k4o

where C and dA(k) are an arbitrary contour and measure in the complex k-plane,
and

p—k\'[ , g—k\" , . il
=== 9'eC,p=—p%|0]=1.
pu(n, m) <p+k> (9 q*_k> p(0,0), p,q,0"€C,p=—p*|0'|
(6.2)

Let the contour C and the measure dA(k) be such that the homogeneous integral
equation corresponding to (6.1) has only the zero solution, and define

¢(n,m;a,ﬂ)sj%;i) ark), mmez,peC. 63)

c

Then the following results hold, for special choices of p, g, o, f and 0"
1) The function

& (n, m)=2pe(n, m; —p,p) 64
obeys the double-discrete nonlinear Schrédinger equation (ddNLS), i.e.
2pl+20gP +0°(q + p)g —p)d (M) *(t,m + 1)
+0"*(g* + p*)(g* — p*)$*(n, m)P(n, m + 1)
=g +pP0 + g0 m + D)
(g*=p¥dp(n+1,m+1)—0'(q — p)p(n,m)
0'(q +p)p(n+1,m)—(g* +p*)pn,m+ 1)
0 (g +p)¢(n+1,m—(g*+pNpn,m+1)
(g*—p®p(+1,m+1)—0(q—p)dn, ”(2.5)

+|g = p (A + [ (n, m)P)
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2) If A==iplg+qMlq|~2 0'=q*¢~", |g—q*[lpf=4q
function

‘. then the vector

S(n,m) = <S+("’ '”);SM("’ ) ST m) 5T, m)

, S¥n, m)), (6.6)

where

S*(n,m)=pd(n +1,m;0,0)—pd(n, m;0,0),
6.7
S¥n,m)= —1-pw(n+1,m; 0,0) + py(n, m; 0,0),

obeys the double-discrete isotropic Heisenberg spin chain (ddIHSC), i.e.

Sn,m)x S(h,m + 1)
Sr,m+1)—SHn,m)+ 1 1+ Sm,m): Sh,m+1)

B 1 , {1—8n,m)- S(n,m + 1)}

[S("””)J“S(”’m“)][l 2 {1+S(n,m)'S(n,m+1)}2}

B _ Sn+1,m)xSh+1,m+1)

= (-4 1m) = Sl 1m o D) A e RS S
SO+ 1,m)+ S0 + 1, m +1)]

o1 i =S+ Lm)S(n+1,m + D)2
2 {l+S(n+l,m).S(n+1’m+1)}z s

Sn,m)*Sn,m)=1. (6.8)
N IfA=qp~!, 0'=1, g* = —gq, then the function

s(n,m) =3p¢ (n, m; 0,0) 69)

obeys the double-discrete complex sine-Gordon equation (ddCSG), i.e.
Als(n, m) + s(n,m + D1 —4|s(n,m +1)—str+1,m+ 1)\2]'/2
+ A+ 1, m)+s(rn+1,m+ D1 — 4\s(n, m) —s(n+1, m“)‘z]”z
+ls(m+ 1) — s+ 1,m + D1 —422s(n, m) + s(n, m + DF|'?
—[s(n,m)—s(n+ 1,m)[1 —41%s(n + 1, m) +s(n + 1,m + D2 =0.
(6.10)
Remarks

i) Egs. (6.5), (6.8) and (6.10), which form the content of the proposition, are
obtained as special reductions of the two coupled equations
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of1 —(» F B+ (o + a0 (g + B —(g* + )] h
£+ (g* o> — (@* -+ B TO(p + 0F — (p*+ H)P]
_ 01— (g + PIF* + @+ HIO + B — (p* + )]
£+ () — (p*+ BN (g +o)d— (@ + P, (61D
00 + Bd* — (p* +a)§0"(a + Pl — (g™ + «)p]
1= (p* + B + (p* + )Pl (g o ¥ — (g% + P
~10°(q + B)* — (g* + )0 (p + Brb — (P* + )]
11— (g* + B + (g* + )P + (P* Foa)f*—(p*+ B, (612)
where we have used the abbreviations
F=F(nm;ap), F=F@+1mop),
FeFym+liap), F=Fa+lLm+Lap),

F* = [F(n,m;a*, ¥, etc, for F=¢,¥,
~ PipF(n, mi ) 13
w(n,m;a,ﬁ)zjdl(k) .[d’l*(l)('p/ckJr—’ﬁ)(T—T)’ (6.13)

C c*

in combination with the relations

1= 1= (p + B0* + (p + )"l —(p*+ W+ (p* + )]

F[0(p + )b — (p*+ BISNO*(p* + )™ — (P + )%, (6.14)
L=[1—(q +BW*+ (g + o)™ —(¢*+ B + (g* + o]
F10°(g + )¢ — (g% + HIPIO*(g* + )™ — + 5%, (6.15)
and
U+ (o — B + (@ — BT+ (e = BY'dgp*=1. (6.16)

The result, as given in egs. (6.11), (6.12), (6.14)(6.16), wh'ich is.the ?ounterpzft
for the NLS class of the difference~difference equation (2.4), is derived in appendix
A from the integral equation (6.1) with

—k\(gazkY : —loY|=1.
pk(n,m)=<9p’——> (0 - k) p0,0), p.4,0,0"€C,16] =16
p*—k q
6.17)

The derivation of egs. (6.5), (6.8) and (6.10) from the general result (6.11), (6.12)
and (6.14)~(6.16) is given in appendix B.
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ii) Egs. (6.11) and (6.12) may be regarded as Bianchi-identities expressing the
commutativity of the two Backlund transformations induced by

—k
pi— P = O(P >pk, o]=1, (6.18)

—k
m—»m—0< k)pk, lo]=1, (6.19)

cf. (6.17) and (6.13) and (6.3).

iii) Various double-discrete versions of the NLS and the THSC have been
obtained in the literature with corresponding Gel’fand-Levitan equation'), or
bilinearization'?). The Lax representations corresponding to (6.8), (6.10) and (6.5)
are given in appendix C.

iv) Eq. (6.10) is a double-discrete version of the complex sine-Gordon equation.
A double-discrete version of the sine-Gordon equation (cf. refs. 12 and 32) may
be obtained from the integral equation (2.1) in the special case that

N\Nm
piln, nﬂ—(“ji) <Z+k )pk(o 0), n,meZp,qkeC. (6.20)

In fact, in ref. 24 it has been shown that the function

w(n, m) =%ln[ —1+i Jd/l(k)uk(n, m)il, (6.21)
C

where u,(n, m) is the solution of (2.1), with (6.20), and with o =0, satisfies
sinfw(n,m)+wn +1,m)+wr,m+ 1)+whn+1,m+1)]
—pgsinfjwr,m)+wrn+ 1, m+1)—wr+1,m)—whn,m+1)]=0
(6.22)

which can be regarded as the double-discrete sine-Gordon equation. In appendix
D it will be shown how eq. (6.22) can be obtained from a Lax representation.

Corollary. Let ¢, (n, t;0) be a solution of the linear integral equation

B, 1 a)+fdx<l>fdl*<z)’z,i(’%))”(—;fﬂ¢,<n )
C c*
_ pin, 1)

, neZ,teR, k,aeC, ) (6.23)
k4o

where C and di(k) are an arbitrary contour and measure in the complex k-plane.
Let the contour C and the measure dA(k) be such that the homogeneous integral
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equation corresponding to (6.23) has only the zero solution, and define

¢(n,z;a,/3)zj"”k}(c’%;—) daa(k), neZ,teR,o,BeC. (6.24)
C

Then the following results hold for special choices of py(n, t), p, o and f:
) If

= kY 2pk(f* =)+ 2(f +/%)
pilns l)=<%7§> CXP[ 'p—(f—ﬁd]!’ (0,0),

p.feCp=—p%|f|=1, (625
then the function
26
dn, 1)=20¢ (. t; —p:p) (6.26)
obeys the discrete nonlinear Schradinger equation (dNLS), i.e.

16 (n, 1) = (f +/90(n, 1) =1 + ¢ (n, P + 1, 0) +fro0—1, t)(]6.127)

2) If p(n, 1) is given by (6.25), then the vector function

S+, +S**mt) St t)—S**(n, 1)

[1—|S*(n, t)P]‘”) ,
(6.28)
where
S+, 1)=pd(n+1,1;0,0) = pd(n,1;0,0), (6.29)
obeys the discrete isotropic Heisenberg spin chain (dIHSC), ie.

S, 1) x S(n+1,1) S(n:lt)xS(nz)"J
a5, ’)“(f”*)[wsm D S@FLD 1+St—1,0° 800

S(n, 1) S 1)=1. (6.30)
3)If

pln, 1) = (” “k> exp(—gkf)pk(o,ox peC,p=—p*, (6.31)

+k
then the function

s, ) =4p¢(n, 1;0,0) (6.32)
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obeys the discrete complex sine-Gordon equation (dCSG)
ols(n, 1) —s(n— 1, )] =[s(n, t) +s(n —1,1)]
x [1—4ls(n, 1) —s(n — 1, )2, (6.33)

Remarks

i) The integral equations (6.1) and (6.22) may be regarded as double-discrete
and single-discrete analogues of the integral equation

)

w P DpF(x, 1) _pdx 1)
¢k(X,l)+jdl([)Jdl*(l)ij)d’l(Xﬂ)— ta
c &

(6.34)
pulx, 1) = e=e®@p,(0,0), x,1eR,keC,

which gives a direct linearization of e.g. the nonlinear Schrédinger equation, the
equation of motion for the isotropic Heisenberg spin chain, and the complex
sine-Gordon equation, cf. ref. 5.

ii) From the proposition given in this section and from its corollary it is clear
that the difference-difference equations (6.5), (6.8) and (6.10), and the
differential-difference equations (6.27), (6.30) and (6.33) are also completely
integrable, since solutions can be obtained from the linear integral equations (6.1)
and (6.23).

7. The NLS class; continuum limit

In section 6 we have given some difference-difference equations of the NLS
class, i.e. the ddNLS (6.5), the ddIHSC (6.8) and the ddCSG (6.10). To obtain
the corresponding differential-difference equations we consider the limit (4.1), in
which b is a suitably chosen lattice parameter.

From eq. (6.5) it is clear that we can take

g->—p, (7.1)
0'(q —p)—(g* —p*)—0, (7.2)
¢+ 1,m+1;,—p,p)=>¢(n,m; —p,p). (7.3)

Eq. (7.1) suggests that we can choose p + g as a small parameter and eq. (7.2) with
p* = —p is automatically satisfied for 60’ = g*/q.
In eq. (6.8) we can take a limit
A-0, |q|-lp|, (1.4
Sn+1,m+ 1)->Sn,m). (1.5)
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Therefore, in both cases, p + g can be chosen as a small parameter, provided that
(7.3) and (7.5) respectively are satisfied. Accordingly, we take

p +q——2ipft/m, (7.6)

where f is a phase factor expressing the phase of p + ¢. Up to the order (p +q)
we then have the following relations:

p(n,m)=¢(n',1), n'=n—m,

d(n+1,m)—¢m +1,1),

a.n
b m+ Do —1, t)+§iP—:—€f*B,¢(n’— 1),
bn+1,m + (', z)+%i”——; 9 pe0n's 1),
and also
Sn,m)—>Sn’,1),
S(n+1,m)->Sn" +1,1),
1.8)

.p+ ,
S(n,m + )=S0 —1, t)+§1p—p~"f*a,5(n ~1,0,

.p+ ,
S+ 1,m+ 1)>S(n’, :)+;1p—p‘1f*a,5(n 0.

Taking (6.5) with p* = —p, 8’ = ¢*/g and (7.1) and neglecting all terms O(p + q),
we have

=1+ |¢(m,m)]
« (p+@dn+1,m)+(F*)p +9)¢0,m+ 1)
@ +a) A+ Db, m)—2pld(n +1,m + 1) = $(n,m)]

and (6.27) follows immediately inserting (7.7) in (7.9). Analogously, eq. (6.30)
follows from (6.8) inserting (7.8)and considering only terms O(4).

The integral equation (6.23), together with eq. (6.25), can be derived from (6..1)
taking the continuum limit of the factor py(n, m) given in (6.2). We first rewrite
pi(n, m) as follows,

—k\"
pln, m) = (h)

g +p*q*) —k(p* +q* +pb’ +¢0") + K*(1 +9’)]’"
) (pF—k)g* — k)

(7.9)

n'=n-m, (1.10)
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and from p* = —p, 8’ = g*/g and eq. (7.5) we have
(O°pg +p*q*) —k(P* + g* +pb’ +90") + k(1 + 6
(p*—k)g*—k)

2pki(f* — )t fm + 240 * + £ )t /m a1
P+ ’ B

and from (7.10) we immediately obtain

pi(n, m)—p(n’, 1), (7.12)

in which py(n’, t) is given by (6.25).
Finally we can take a limit of eq. (6.10) with 2 —0, provided that

stom+ 1) —s+1,m+1)—s(n,m)+s(n + 1, m)—0. (7.13)
Therefore we take

s(n,m)—s(n, t),

str+1l,m)-s(m+1,1), 714
s(n,m 4 1)—=s(n, 1) +228,5(n, t),
sm+1,m+1)—-s(n+1, 1)+20s(n+1,1),

and keeping only the terms of order 4, eq. (6. 10) reduces to'eq. (6.33). The integral
equation (6.23), together with eq. (6.31), follows by considering the continuum
limit of (6.2) with ¢ = 4p =1pt/m, 6’ = 1. We have

P 1) _ (p —k\'( dptim —k \"_ (p —k )
p0,0) \p+k/\ =Iptim ~k ) "\p 7k, P )

in agreement with (6.31).

(7.15)

Remarks

i) In this section the corollary of the proposition given in section 6 has been
proved by taking a suitably chosen continuum limit of the integral equation, as
well as of the difference—difference equation given in the proposition. Of course
€gs. (6.27), (6.30) and (6.33) can also be derived directly from (6.23) with (6.25)
and (6.31). In fact in ref. 33 the dNLS, dIHSC and dCSG have been obtained
“from an (equivalent) integral equation in terms of the complex variable
z=(p —k)(p + k) and p,(n, m)—z" e“® where the dispersion w(z) is given by
w(z)=fz +f*27" — (f +/*) in the case of the dNLS and the dIHSC and by
(z)= —i(z + 1)z — 1)~" in the case of the dCSG.

i) In the dNLS (6.27) we can take f = f* = 1 without loss of generality, as can
be seen introducing a new function @ (n, 1) =f"¢(n, t) expli(f + /* — 2)¢]. Taking
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a continuum limit, however, eq. (6.27) after some obvious transformatio‘ns
changes into the NLS for f = 1 and into the complex modified Korteweg-de Vries
equation for f= —1i. The dIHSC, which was given in r.efs. 34 and 35 for f=1,
reduces in the continuum limit to 8, = § x 8%, which is Fhe v}/ell-known IHS(?.
For f =1, eq. (6.30) is trivial and a higher-order expansion in powers ot.’ Ais
necessary to obtain a meaningful difference-difference equation. Some details o'n
the continuum limit of the dNLS, as well as of the dIHSC and the dCSG, will
i in appendix E.

beii%;virr: ls[;ctilj)}; 5 we discussed the relation between the difference—difference
equations for the KdV class on the one hand, 'and . t.he BT fgr the
differential-difference equations, as well as the Bianchi-identities expressing .the
commutativity of BT’s on the other hand. Such relations exist also in connection
with the difference-difference equations of the NLS class.

In fact, eq. (B.5) of appendix B, with p* = —p, 6 = —1, 2p¢:( —p,p)—»d)N(n’j 1),
wé(=p,p)>¢ 0 + 1,0, 208(—p, p)> & (v = 1,1) and 2pp(~p, p)—> (', 1)
is the BT for the dNLS (6.27) associated with the transformation

—k
o, t)ﬁﬁk(n,t)e’( 1 k>, (1.16)
g% —
whereas eq. (B.5) with parameters r= —r* and s, instead of p= —p* and g,
expresses the commutativity of the BT’s

r—k

r—k 17
r+k’

PP = pid’ jT_ik’ = Pe= —pib
for the NLS, the dNLS and ddNLS, independent of the specific dependence of
P, on variables or lattice sites. .

Furthermore, eq. (B.18) with S—S(n’, 1), S-Sx' +1,1), §-8n' —1,1),
§~>S(n', t) provides a BT for the dIHSC (6.30) undfr the transformatjon~(7.16)
with 8’ = g*/q and eq. (B.18) with jpp —s(n, 1), 3pd—s(n + 1, 1), 1pd —>s(n,.t),
%pt/?—n*(n +1,1) is the BT for the dCSG (6.33) corresponding to (7.16) with
6"=1. Egs. (B.18) and (B.19) can also be regarded as expressing the commuta-
tivity of Bécklund transformations. .

iv) From egs. (B.6), (B.7) and (6.11) one obtains for the function
x(n,m) = o2p (n, m), in the limit @ = f = a* = f*, a— oo the equation

=~ 0(p —p*) £iflp —p*} — 407 — 7} 70 x —7)
+1@ ~ g Fiflg - a* —4lox — 7P}67 - )
= —0l(q — 4" Fiflg — g* — 40 — 7)) — )
+1(p —p™ £ ilp —p P dlox — 2P} 2107 — D),

(7.18)
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in which we have used the notations (6.13). Eq. (7.18) can also be regarded as
a double discrete version of the NLS, as well as of the CSG. By taking a suitable
continuum limit, i.e. egs. (7.6) and (7.7) in the case of the NLS, and eq. (7.14)
together with 6’ =1, ¢ = Ap = ipt/m, in the case of the CSG, one may derive
differential-difference equations which are different from (6.27) and (6.33). These
differential-difference equations may be regarded as discrete versions of the NL§
and the CSG, since in the limit p =0, n— 00, 2n/p = —ix, these equations go over
into the NLS and the CSG respectively. We shall not write down the explicit
results for the differential-difference equations for the NLS and the CSG, since
the expressions are more complicated than the ones given in (6.27) and (6.33),
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Appendix A

In this appendix we derive the coupled equations for the NLS class (6.11), (6.12)
and (6.14)-(6.16) starting from the following two integral equations:

¢};(a)+f

Pod

m)-j

c*

[ o ki
r(a)-pkAkH, (A1)

i*

=0, (A2)
or, equivalently,

PPt ; k!

d>£(<x)+fdl(l)fdl*(/')m¢‘:(a)=mk—-w, (A3)
o

c

which for i =0 with p, = p(n, m) reduces to (6.1), and

i * _Pkpr e PpE 1
pi+ [010) [a2) s = [aneay P20

(A4

c c* c*
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Define
i@ B) = Jdl(k) ‘I’I:*(:‘_)B
VK
1//”‘(0(, l}) = Jdl(k) -+ ﬁ

c

It is easy to show that
(e, B) = ¢H(B, ),
Yo, B)=—Y (B, 0),
B(0) = ¢4 (@) + b k(@)
Y0y = Y (o) + (o) -
Using (A.1) and (A.2) we have

ke ie) + Jdl*(l) =) = pkk " —!l/“ (o, 0)px»
o
ke — J =¢""(e, 0)px
o
leading to

ki) + Jdl(l) Jdl*(l )(k—_l)(T—J) 1$(e)
c

&
Ji+! PPt

Y e A ¢‘»f(a,0>j Gy

c*

and

Ty a1 [ary 22— i@
Yi(o) + 0] k=11"=D
c

c*

I'l'+o

365

(A.5)

(A.6)

(A7)
(A8)
(A9)

(A.10)

(A1)

(A.12)

(A.13)

=¢.,.-.(a,0),,k+j m)!ﬂ SNt mjcu*(/) POE (A14)

c e
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Taking into account that the solutions of the integral equations (A.3) and (A4
are unique and using also (A.9) and (A.10), we have

(ko) i) = ' (0) — ¥ (o, 0) J(0) — (e, O)y (0) ,

(ke + )P i) = W {+1(0) — ¥ (e, OB (0) + b " (a, 0)p (0) .

Dividing (A.15) and (A.16) for i =0 by k +
and using (A.7) and (A.8), we have

(= B, B) = (1 =" (et, 0)) (B, 0) — (1 =y '%"(B, 0))¢"(a, 0),

)

(A.15)
(A.16)

B, integrating over the contour C,

(A.17)
Tt (= B, B) = (1= ¥ ", 0))(1 — ' 2°(B, 0)) + ¢ (e, 0)¢"%(8,0),
(A.13)
which for B = « reduces to the identity
(=40, 0D — (e, 0)) + (e, 0)p er, 0) = 1 . (A.19)

Let us now consider the Bécklund transformation (6.18) of the integral equation
(A.3). Tt is then straightforward to show that the solutions ¢ j(c) and i) of
(A.1) and (A.2) with p, replaced by i satisfy the integral relations

o ;
(0* ~ i) + fdm J W) G 0" = D)
5

C
= — - k! Li* 1 w(] _Pkﬂ/""
=0(p k)Pkk+a+91& (@, 0)p, + $ (o, 0) | da (l)k——l” (A.20)
and
(p* ~k)ll71;(a)+fdl(1) fdx*(z')(/c__%h (% — D)
C c*
— Al N _(P*“l/)l"
- —0§ (a,O)ﬂk+[di*(l)m e
&
e [ £, .
&

where { “/(, #) and ¢ *(«, B) are defined by (A.5) and (A.6) with /(a) and @i(«)
instead of y4(x) and ¢/(a).
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Comparing with the integral equations (A.3) and (A.4) and using also (A.9) and
(A.10) we immediately have

(p* — k)P i) = 0(p + o) i(x) — B4 (0)

+ 0 (t, 0)p4(0) + B (e, O) X0 , (A.22)
(0* = W L@) = (p* + )y i) — Y F(0)
+1"(e, O (0) — 06 (a1, 0)}(0) - (A.23)

Hence, after dividing (A.22) and (A.23) for i = 0 by k + f, and integrating over
the contour C, we have

(P*+ B )~ 0(p +)p (e, B) = (1 — ¥ (8, 0)$ (e, 0)
=001 =" (e, 0)"(8,0)., (A.29)
=1 @+ B, B) = (p* + (e B) = — (1 = e, O)(1 — ¥ (8, 0))
— 66" (@, 0)¢ (5, 0), (A.25)

where we have omitted the superscripts 0,0 on the left-hand side. ‘
Egs. (6.11), (6.12) and (6.14)-(6.16) are most easily derived introducing the
matrix

_(1=4",0) ¢, 0) > (A.26)
g(“)=<~¢>'~°‘(a, 0 190
Then (A.24) and (A.25) can be cast in matrix notation
001 = (p + B (e B) + (p + W (@ BY) = (p*+B)b(e B)+ 0(p +a)¢(a,ﬂ>>
( 0p +B)*@ B) = (p* + )X B) 1= (p*+ P (e B) + (p* + ) (o, B)
)
=87'():0-9(f), 0= (0 1>, (A2

where §(a) can be obtained from g(a) replacing ¢° and x//‘-"‘ by gE”’ ?nd e,
Considering the Bicklund transformation (6.19), we have in a similar way,
omitting the superscripts 0,0 on the left-hand side

(9'(1 = (g +BW (@ B) + (g + @) (e BY)

—(@*+ B)f(e B +0(g + )b (o, ﬂ))
0°(q + BYb*(e, B) — (g* + 0)p*(, B)

1= (g* + B (@, B) + (g% + o) (o, )

~§7@) 0 g(f), 0= (% ?) (A28)
where J («, §) = §/*°(a, #) and §(a, B) = $°(a, B) are defined by (A.5) and (A.6)

with y4(a) and ¢4(«) replaced by the solutions J/4(xr) and ¢4() of (A.1) and (A.2)
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with §, instead of p,, and §(a) can be obtained from g(«) replacing ¢ and s
by ¢ and .
Furthermore eq. (A.19) implies that

g@) - gi@)=1,

(A29)
in which the 2 x 2 matrix g'(x) is defined by
gh(@) = g(0) = (g(@*))* . (A.30)

For the matrices g(a), §(«), §(«) and the matrix §(a), which can be obtained from

(A.26) replacing ¢ and ¥ by ' and f"° respectively, we have the obvious
relations

§7') 083 §7'(B) 0 gl@)=8"(@) 0 9(8) §7'(B) 0-9(),

(A31)
1=87"()0-9(B) (G '(«) 0-g(B)

=§7' () 0 g(B) @ (@) 0 -gB), (A3)
T=g7'(@)a9(A) g7'(B) 9(«). (A.33)

Inserting the expressions (A.26)-(A.28) we obtain egs. (6.11) and (6.12) from
eq. (A.31), egs. (6.14) and (6.15) from eq. (A.32) and eq. (6.16) from eq. (A.33).
Eq. (6.16) is an algebraic identity relating ¢ (e, f) and ¥ (a, ), eqs. (6.14) and
(6.15) are relations between ¢ (o, f) and Y («, f) and their Backlund transforms
under the transformations (6.18) and (6.19), and (6.11) and (6.12) are Bianchi-
identities expressing the commutativity of both BT’s. ~

Identifying ¢ («, B), & (o, B), & (@, B), ¢ (@, B), (2, B), ¥ (2, B, ¥ (e, B), V(e B)
with ¢(n,m; o, B), d(n+1,m;a, B), d(ny,m+1L;0,p), ¢(n+1,m+1;a,p),
v, mya, ), y(n+1,mya,B), y(m,m+ 1;a,8) and Yy(n+1,m + 1, B), re-
spectively, we obtain from (6.11), (6.12) and (6.14)-(6.16) a set of
difference—difference equations for the four coupled fields ¢, ¥, ¢*, ¥ *, defined
on a two-dimensional lattice. (Note that for general « and B, ¢*(n, m;a, f) =
[¢(n, m;a*, f*)]*.) This set of equations is completely integrable, since the
solutions follow from (6.1) with the factor p,(n, m) as given in (6.17). In the
general case the set of equations is rather complicated, but in appendix B we shall
work out the special cases mentioned in the proposition given in section 6.

Appendix B

In this appendix we derive the ddNLS, the ddIHSC and the ddCSG, as given
by egs. (6.5), (6.8) and (6.10).
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1) For the ddNLS we take & = —p, f =p, p* = —p. From (6.14) and (6.16),
'Eh =y (—pp)é=0( —p, p) etc., using also (A.7) and (A.8), one can derive
with¥y = \P);

L= (1 +2pf(p, —p ) =2pY (=P, P)) > (B.1)
and
111%%’;%= 1+ 4p[|¢ (—p.PIP (B2)
+2pd(p, —
and from (6.11) we have )
{+2pf (5, —p) _00'(a = P)$(=p.p) +(@* =P")I(=P:P) ®3)

ol (p =0y 0@+ I (—pp) + 0@ +PF(=pP)
From (6.15) we obtain V
1—(0'(q —p)$(—p,p)— (@*—p")E(=P,P))
1+ 4pPle(—p. )
% (0%(q* + pH)*(—p.p) — (g + P)F*(= P, )
(q +p 1+2p0(p, —p)_q~p>(4*+p 172pu7(*p,p)_gj—_p>_

“\T2p 1+20(p-p) P 2p 1—2pY(—p,p) 2 b

Using (B.1)-(B.3) to climinate the y’s we have
1 +l‘l_|22_l%“21’i +0°q +p)q —p)$(—p,P)F*(—p.P)
+0°%(g* +p)a* —pN)$* (=P, P)F(—P.P)
- &‘i‘z (1 +4pPIFC— . PP

60’(q —p)b(—p,p) +(g* —p®$(=p.p)
B +pI(—pp)+0'd +p)p(—p,p)

la=PP 4 ol (— p,pIP)
+T‘[J‘2—( + \PH \

X0(q*+p*)</7(—p,p)+9’(q +p)d2(—p,p)’ 3.5
06°(q — p)$(—p,p) + (g* —P)$(—P:P)
d e (6.5) follows from (B.5) using (6.13), (6.4), and 8 = — 1.
an(Z)‘ann(the)caoseOtvtht Zzojﬁ —o* = f*, one can solve f — Y = (o, o) — (2, @)
from (6.14) as a function of ¢ = ¢ (a, ). We have
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Wi, o) = p + i

A T e

*[p* = pF —4lp +aPl0(p +0)d (4, @) — (p* + ) (o, )12, (B.§)

and in a similar way we have from (6.15)

N ,
V(o o, o —4q !
)=V a)= 2|q+a\2 2[g +of
x[lg*—qf - (8.7
Inserting (B.6) and (B.7), eqs. (6.11) and (6 12) can be expressed m terms of the
¢’s. We now restrict ourselves to the special case p¥*=-p,0=—1,a=F=

In that case we obtain from (6.11) and (6. 12) with ¢ = ¢ (0, 0), ¥ =(0,0), the
following equations:

ip‘ (6°9¢(0,0) = g*$ (0, 01 — |p|$ (0, 0) — F(0, O)2

+ % 0960, 0)— g*$(0, O))[1 — o9 ©, 00— (0, )1~

—p($(0,0)— §(0,0)

-

+0°p($(0,0) ~ $(0, 0)

q9+q* ijg|[lg P e i
X{zq—*ilj[‘ P ,z‘ 0°6(0,0) — g*$ (0, O)IZJ }= (B.3)

PE*(0,0) = $*(0,0))(0"g 0, 0) —
+p($0,0) -

—wwawﬁ?

and
a*$(0,0)
$(0,0)(0'36*(0, 0) — g *§*(0, 0))

w&&%ﬂ?

F 2 - pfigo.0) - f0,0p7

" {q ;qq II;JI [!qqu)zl _

Ip [1=[pl6(0,0) = 40, 01~

{f] +a* | [lq*—qu_
2q g | 4qP

N 172
~q*$0, O)Iﬂ } =0. (B9
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For the THSC we consider the special case 60’ = g*/g, in addition to p* = —p,
g=—1,a=p=0. Introducing real vectors S and U by

St StTE S GH* s
SE( T T >,

= pd(0,0) — pp(0,0), (B.10)
Si=—1-pf0,0)+pp(0,0) = Fiplp| (1 —|S*PH"?, §-5=1,
and
Ut4+ U™ Ut —-U** :
UE( 2 0 ’U>’
U* = pd(0,0)— pg(0,0), @B.11)

Ur=4(g — g*pla)™ — pF©0,0) + pYr (0, 0) = Fiplp|'(u — U,
U-U=p=ilg—q*ip|

egs. (6.11) and (6.12), or egs. (B.8) and (B.9) can be combined to give the
equations

SxU+SxU+348—8)= (B.12)
and

U-§-0-8=0, (B.13)
where

1= _pdte” (B.14)

laP

From the definitions of § and U we have the obvious relation

U+8§=8+0. (B.15)
Using (B.15) to eliminate U from (B.12), we obtain

S+SxT=8x85-S-8), (B.16)

and from (B.12) and (B.15) with §—S, §—sz, U-U, U—

also obtain a second relation,

S+Hx0=—8§x5-

ﬁ, eliminating ﬁ, we

uE-9). (B.17)

Taking into account that U - U = g, one can solve U from (B.16) as well as from
(B.17) to obtain the equation
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5l =1+ Qu S S+ (S Sy

(B.18)

In the special case u =1, taking the upper signs and using the identifications
§—8(n,m), $-Sn + 1,m), §>Sn,m + 1) and S’—»S(n +1,m+1),eq. (B.18)
immediately reduces to the ddIHSC given in (6.8).

(3) Finally, for the ddCSG we consider the special case p = $i|p
A =q/p, in addition to § = —1, « = § = 0. From (B.8) we obtain

A (0,0) + F(0, )1 — |p[} (0, 0) — F(0, 0)2
+ 4B 0,0+ $0, )1 —|p[ (0, 0) — $ (0, )Py

» 0= —q*q,

+(6(0,0)— §(0,0)

A=2%  R[G*+ 2y . 12
X{ 21 +I—A|[(4|Tz)—lllzlplzl¢(0,0)+4;(0,0)@ }

+(6(0,0) — $(0, 0))

=2t Ji[[ar+ 2y
22 A

N N 12
W [2[2p [ (0, 0) + b (0, O)IZ] } =0, (B.19)

which for 1 real, i.e. g* = —gq, 6’ =1, together with (6.9) and (6.13) reduces to
(6.10).

Appendix C

In this appendix we will give some results concerning Lax fepresentations for
the ddTHSC and the ddCSG, and also for the ddNLS. From egs. (A.22) and
(A.23) of appendix A we have for i =0

(P* = k)P2) = 0(p + o)) — B(1 — ' (a, 0))pL(0) + ¢, 0 1(0),
cn
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and

(5% = ) = (P + 010 — (1 = 2 OWAO) =087 091 )
(e
Using the identifications (6.13), and defining the 2-component vector
1, m; ) = (Un, my ), Yiln, m3 ), (C3)
we can cast (C.1) and (C.2) in matrix form as follows:

O0(p +a) 0

(p*—k)xk(n+1,m;a)=< 0 P*+a

>'lk(",m;a)

—g7'(n+1,m;a) 0 - gi(n,m;0),

cf. also egs. (A.26) and (A.29) with g(a)=g(n + 1, m;.oc). .
Eliminating yx(n, m; 0) = (¢ 4(0), ¥ £(0)) from (C.4) with the relation

24, m; 0) = (k + B)a(n, m; B) - p(n, m; B),
cf. (A.15) (A.16) and (A.26), we obtain the expression

0(p +a) 0
0 p¥+a

()]

(C.5)

(p*—k)xk(n+1,m;oc)=( )'xk(n,m;a)

—(k+8)a7'(n 4+ 1,m;a)- 0 - g(n,m; B) * yu(n,m; B).

In a similar way one has

(C.6)

0(g+a) 0

(q*—k)zk(n,rn+l;a)=< 0 o

)'xk(n,rn;a)

—(k+B)g'(n,m+1;0)0"-g(n,m; B) - g(n, m; B).

The combinations g~'(n+1,m;a) 0 g(n,m;B) and g~'(n,m+ 1;0)- 0’
*g(n, m; B) in egs. (C.6) and (C.7) are given in (A.27) and (A.28).

For special choices of «, 8, 6, 8’, p and g we find from (C.6) and (C.7) the Lax
representations of the ddIHSC, the ddCSG and also of the ddNLS.

@) In the case a = =0, p=—p* 0=—1, 0’qg=q* eq. (C.6) can be
rewritten in the form, using also (A.27),

(%)

(P + E)ge(n + 1,m; 0) = (p1 — kS(n, m)) * pu(n, m; 0), (C38)
where the spin matrix S is given by
Si(n,m)  S*(n,m) ) ‘2 co
= , §=88'=1, (€9
Str,m) (S‘(n, m) — Sin,m)

and where S*(n,m), S~(n,m) = S*(h,m)*, and S*(n, m) are given in (6.7). EF"
(C.7) can be rewritten introducing another spin vector U, defined by (B.11), in
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terms of which we have, cf. (A.28),

*
(g* = E)p(n, m + 1, 0) = <q*1| ~ 30"+ Dkt -kZ—* U(n, m))‘zk(n,rn;O),

(C.10)
where the alternative spin matrix U is given by
Ui(n,m) U*(n,m) \ _
= U=UT,U2=— 2|k 4[2 4 .
Un, m) (U_(n,  — Unm) Hplla* — afal
(C.11)

From the compatibility relations of (C.8) and (C.10) we can derive eq. (6.8) by
choosing §|p[?|g* — g[’|g|~* = 1, and eliminating U in a similar fashion as was done
in appendix B. Therefore (C.8) and (C.10) can be considered to be the Lax
representation for the ddIHSC.

(ii) The Lax representation for eq. (6.10), the ddCSG, is immediately obtained
for a = =0, p=—p* 0=—1, g=—g* 0'=1 from (C.6) and (C.7) by
inserting (A.27) and (A.28) (with the identifications (6.13)) and using (B.6) and
(B.7) for f —y and §f — .

(iii) Finally, we derive the Lax representation for the ddNLS as given in eq.
(6.5). From (C.5) one has immediately for a # f8

(ke 4+ a)u(n, mya) = (k + B)g =" (n, m; )  g(n, m; B) * 3(n, m; p),

(C.12)
- (s ) (. 3 B) = (1 +(B-a(Ba) (=P p) )

B—0)p*(, B) 1+ (@ — B (o B)
cf. (A.17), (A.18) and (A.26). For the ddNLS with p*= —p, 0 = —1 we derive
the Lax representation in terms of a two-component vector

M= (Xk,n(”: m;p), Xk,z("’ m; —p)). (C.13)

Using (C.12) to eliminate y,,(n, m; —p) and y,,(n, m; p) one derives from (C.6)
the relation with ¢ (n, m) =2p¢ (n, m; —p, p)
(p* = k) (n + 1,m) = L (n,m) &(n,m),
(p —K)0 (p—K)p(n+1,m)
(p +k)0¢*(n + 1,m) p*—k ’
where use has been made of eq. (A.27).

From (C.7), using also (A.28) and (B.1), (B.3) oneé can also derive the other
member of the Lax representation. The result is

(C.14)
ZL(n, m) =<

(g* = kYA (n, m + 1) = M (n, m)A(n, m),

(C.15)
My(n, ) = (Mk,u(") m) Mk,lz(": m)) ,

Mk,z|(”a m) Mk,zz("’ m)
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where
Mo m) E% ((p —k)g +p)+(p +K)g —PIR(n, m)),

Sl m +1)—0°(q — p)b(n, m)R(n, m))
M, o, m) = % ((g*—p)p(n,m C16)

Ma(n,m) = £ 2+p 0'(q +p)p*n,m+ 1) = (g* +p)p*(n, m)R(n,m)),
" 4

My n(n, m) Ez_l‘p ((p +k)g* —p)+ (p — K)g* +p)R(n,m),

with
_1=2py(=p.p)
R m) =y 206 (= p.p)
0(g* —p)p(n,m+1)+0'(g+p)p(n +1,m)

Vgt —petmmr DT 7 TE T 2 (C.17)
=00 —p)dmm+@*—pHom+1Lm+1)

Appendix D

To derive the lattice sine-Gordon equation (6.22) we start from the integral
equation (3.1), in combination with eq. (6.20) for the factor pi(n, m). Introducing
the notations

V() = ul(n, 15 0), vga(n, m) = 1i(n, m; 0).,

(D.1)
v(n, m)=u'%n,m;0,0)=1i jdl(k)u‘{.(n, m;0),
c
we have from (3.5) with i =0
(p = k)vg(n + 1,m) = pogy(n,m) + (1 — v(n + 1, m)vg,2(m, m), D.2)

and the inverse relation is obtained by replacing p——p; (n + 1,m)=(n,m),
(n,m)—(n + 1, m), i.e.

(p + K)og (1, m) = poga( -+ 1,m) = (1 = vt mogan +1,m) 03

From (6.20) and (3.1) we have furthermore
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(@ =k =uiln, m + 1;.0) + ipk(n,m)fd,z(z)(q;ﬂ)_‘;j(#”w
+
J

_ Peln, m)k! 1
= Y/l A S V) . -
(g +k71 yan u (n,m+1,oc,0)kpk(n,m), 4

cf. (3.2), leading to

(@ =k ™Duiln,m + 1) = qui(n, ms ) + =, m; o)
=%, m -+ 1.0, O)ud(n, m3 0) .5
Foroa=0and ;=1, eq. (D.5) yields the relation

g =k Noan,m + 1) = ol m) + (1 —v(n,m + D)o i(n, m), (D.6)
and the inverse relation is obtaine

d by replacing q——q, (n,m + D> (n, m),
(nm)y—>(n,m + 1), ie.

(9 + k0o, m) = qu, ,(n, m -+ D~ (1~ v, m)w, (1, m + . ®)

Egs. (D.2), (D.3) and (D.6), (D.7), respectively,

' provide the two members of the
following Lax representation in terms of the 2-c

omponent vector v = (v, Vi),

namely
= Kyn +1,m) = L (n, ) - v(n, m), (D.8a)
1
(q —E)vk(n,m 1) =, ) wy(n, m) (D.8b)
where
P I—ov(n+ 1, m)
Ln,m) = —
(1, m) K21 = o, ) va(n +1,m)], (D.9a)
1 —v(n, m)
1-v(n,m+1) 1 ~
M (1, m) = th—u(n,m)* F(l —oln, )=t .
L=v(,m + 1) p (D-9b)
Substituting
—I+ov(n,m)=exp 2iw(n,m), (D.10)

cf. (6.21), the compatibility relation of (D.8a) and (D.8b), with (D.9), yields the
lattice sine-Gordon equation (6.22) in terms of w(n, m).

Remark

From (D.8) and (D.9) one can also derive a modified lattice equation in terms
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of the wave functions. Defining

2(n, m)y= —e7 4 (n, m) v, o(n, m) (D.11)

we have from (D.8a) and (D.9a) the relation

z(n + 1, m)[k zzk(n’ m) +p e—Zi(w(n,m)—w(n+1,m))]

B =i+ 1)

=1+ pzn,m)e (D.12)

and from (D.8b) and (D.9b) the relation

z (Vl m+ 1)[q + Zk(”l m)eZi(w(n,m+l)+w(n,m))]
K\ >

—2i0w(n,m+ 1)+ w(n,m)) A

! 1
=gz {n,m) + e e (D.13)
From (D.12) we can solve A(n, m) = exp 2i(w(n + 1, m) — w(n, m)) in terms of z,,
and similarly from (D.13) B(n, m) = exp 2i(w(n, m + 1) + w(n, m)), and then use
the relation

A(n,m + 1)B(n,m) = B(n+1,m)A(n,m)™", (D.14)

in order to find the modified equation in terms of z(n, m).

Appendix E

In this appendix we present some details on the continuum limit of the dNLS, -
the dTHSC, and the dCSG, as given by egs. (6.27), (6‘3(')) and (6.33). . .

1) We first consider the continuum limit of the dNLS in the two special cases:
2 f=1,b) =i o

a) In the case f=1, we can take a continuum limit with %7—?00, n— oo,
2n/p— —ix. From (6.25), using also the time scaling 4¢/p?— —1, it is then clear
that

p—k Lkz 0.0

oiln, t)=exp[n lnp > +pz_k2 00, 0)

= pi(x, T) = explitkx — k?t)]p,(0, 0) . (E.1)

The function ¢(x, t) defined by

= PP, 1; —p)->dulx,T) (E2)

is a solution of the integral equation

OprCeT)
5,01+ 420 [ o) HEDREE )= s, E3)

C cr
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with p.(x, t) given by (E.1). The function ¢ (x,t) defined by
5P (n, )= (x,7) (E.4)

can be found from the relation

P(x,7)= fdl(k)qﬁk(x, oF (E.5)
Cc

as follows from (6.24) and (6.26).
The PDE for ¢ (x, t) can be inferred from (6.27) with f =1 using the relation

—pB £ 10 B (5 )42 0B (5, T) — OB T F S5O0

(E.6)
in combination with (E.4) and 4¢/p?— —1. The result is
(0. + 9D (x, 1) = —=2d (x, D)Pp(x, 1), (E.7)
which is the NLS, cf. also eq. (4.24) of ref. 5 with },=1, 4;,=0.
b) In the case f= —i, we can take a continuum limit with r =n + 2t — o0,

p—o0, 2r[p— —ix. From (6.25), using also the time scaling (8/3)it/p*— —1, we
have

—k 4pk
puln, 1) = exp[(r ~20ml o *;{%}pk«), 0
—pilx, ) = explillx — K0)]pi(0, 0) E3)

Defining ¢,(x, t) and ¢ (x, ) by (E.2) and (E.4), it is clear that ¢,(x, ) satisfies
(E.3) with p,(x, t) given by (E.8).
The PDE for ¢ (x, t) can be inferred from (6.27) with f = —i. Using the relation

— 3P0, (n, )= —(8/3)ip 0.4 (x,7) + 4ip 10, (x, 7),, (E9)

which follows from (E.4) with n =r —2t, 2r/p —» —ix, and using also (E.6) and
(6.27) with f'= —i, and again the time scaling (8/3)it/p*— —t, we obtain

(0. — 9D (x, ) = 6 (x, PO (x,7) (E.10)

which is the complex modified Korteweg-de Vries equation, cf. eq. (4.24) of ref.

5 with 4, =0, ;= 1. (Note that in eq. (4.24) of ref. 5 for 4, # 0, the terms with
1, can be eliminated after an obvious transformation.)

2) For the dTHSC with f = 1, we again take the continuum limit p —» o0, n— o0,
2n/p——ix, and use the time scaling 4¢/p?>— —t. We have

$uln, 1;0) >y (x, 7),  d(n, 150,009 (x, 1), (E.11)
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in which ¢,(x, 7) satisfies the integral equation

4 :
b 1)+ Jdl(l) Jdi*(l')%¢ﬂx,ﬂ=g"%r—), (E12)

c c*

with pe(x, ©) given by (E.1), and

b(x,7) = Jdukm(x, Dk (E13)
c

Furthermore, cf. (6.29),

S*(n, ) =pd(n +1,1;0,0) = pd(n, 1;0,0)>2i0,p (x, 7). (E.14)
The PDE for S(x, ), defined by (6.28) and S(n, t)—S(x, 7) can be derived from
(6.30), using

4

S(n+1,t)+S(n—1,1)~2S(n,t)—+—]76§S(x,r) (E.15)

and the time scaling 4¢/p*— —t. We find
0.8(x, 7) = S(x,7) x 38(x, 1), (E.16)

which is the THSC, cf. eq. (5.22) of ref. 5 with 4, =1, A= 0'.
3) For the dCSG we can take a continuum limit with n—o00, p—oo0,
2n/p— —ix, and the time scaling —pt— —it. We have, cf. (6.31),

—k t
P, 1) = exp[n ln‘;ﬂ - ‘ﬂpk(o, 0)

—py(x, 7) = explilhx — k™'1)]pi(0,0) - (E.17)
Furthermore,
duln, 15 0) = (x, 1), $(x, 10,002 (x,7), (E.18)

where ¢(x, t) satisfies (E.12) with p,(x,7) given by (E.17), and ¢(x, 1) can be
obtained using (E.13). From (6.32) we have

Sn, t) — S —1,1)—i0,p(x, 1), (E.19)

and eq. (6.33) with eq. (E.19) and the time scaling —pt— —ir leads to the complex
sine-Gordon equation

3.0.6(x, 1) = b (0 {1 — 40,0 G, D), (E.20)
cf. eq. (6.10) of ref. 5.
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