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A systematic method for deriving Backlund transformations for singular (linear) integral equations
is presented. The method leads in a natural way to the Béacklund transformations for the corresponding
(integrable) nonlinear partial differential equations. By repeated use of the method a hierarchy of
singular integral equations and Béacklund transformations can be derived, corresponding to so-called
multi-modified partial differential equations. Specific examples include the Korteweg—de Vries
equation and the first, second, and third modified Korteweg—de Vries equation; the Nonlinear
Schrédinger equation and the Anisotropic Heisenberg Spin Chain; the sine-Gordon equation and the
modified sine-Gordon equation.

1. Introduction

Bicklund transformations!) for integrable nonlinear partial differential equa-
tions (PDE’s) were discovered in the investigation of the sine-Gordon equation
in the context of differential geometry, a hundred years ago. For a review, see ref.
2. In the past decade many new Bicklund transformations (BT’s) for PDE’s were
discovered*™¥). In particular in refs. 5-7 BT’s were derived from symmetry
properties of the Lax representation. More recently BT’s have been investigated
using a singular transformation of the reflection coefficient in the Inverse
Scattering Transform®!).

Very recently a connection between the Korteweg—de Vries equation (KdV) and
a linear singular integral equation with arbitrary measure and contour was
discovered by Fokas and Abiowitz!®). Extending their treatment we have in-
vestigated the singular integral equations corresponding to the Nonlinear Schrod-
inger equation (NLS), the Isotropic Heisenberg Spin Chain, the modified
Korteweg—de Vries equation, the sine-Gordon equation, the Boussinesq equation,
etc.!619),

In the present paper we give a systematic method to derive BT’s connecting two
solutions of a given integral equation related by a singular transformation of the
measure, as introduced in ref. 20, see also ref. 21. From these BT’s for the integral
equations, it is straightforward to derive the BT’s for the corresponding PDE’s
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and also to derive new singular integral equations corresponding to so-called
modified PDE’s. Starting from the integral equation for the modified PDE, the
procedure can be repeated again, in principle, to obtain multi-modified PDE’s.
(For the reflection coefficient in the Inverse Scattering Transform similar trans-
formations have been used, but our treatment is more general, due to the fact that
the integral equation contains an arbitrary measure and contour.j) A different
treatment in which the Bicklund transformation is used to obtain the first and
second modified KdV equation has been given within the context of Hirota’s
method®).

The outline of the present paper is as follows. In section 2 we derive the BT
for the integral equation corresponding to the class of PDE’s containing the KdV
equation and we derive the singular integral equation for the modified Korteweg—
de Vries equation (MKdV). In section 3 the BT for the MKdV, the modified
modified KdV equation and the modified modified modified KdV equation are
discussed. In section 4 we treat the class of the NLS equation and the integral
equation and BT for the Anisotropic Heisenberg Spin Chain (AHSC). In section
5 the real and complex versions of the modified sine-Gordon equation are derived
from the BT’s for the real and complex sine-Gordon equation. Finally, in section
6 it 1s shown how we can derive BT’s for the wave functions in the spectral
problem, leading e.g. to an alternative form of the BT for the AHSC.

2. The KdV class

In this section we start from the integral equation defining the KdV class and
derive a (matrix) Backlund transformation using a singular transformation of the
measure in the integral equation. From the (matrix) BT we also obtain a (matrix)
modified PDE with the associated singular integral equation and linear problem.
The integral equation for the (matrix) modified PDE turns out to be a gener-
alization of the integral equation of type II for the MKdV class proposed in ref.
18.

2.1. Integral equation and constitutive relations
The integral equation defining the KdV class is

ul(xa Z)
k+1

w (X, 1) +ip(x, 1) Jdi(l) = pi(X, D)eys @n
C

from which the vector function u,(x, ¢) with components u{”, n integer, should be
solved as a function of the complex variable k. In eq. (2.1) ¢, is a vector with
components (c,), = 1/k", n integer, C is an arbitrary contour in the complex
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k-plane and dA(/) is an arbitrary measure. p,(x, t) is a plane-wave factor satisfying
the linear differential equations

- iaxpk (X, Z) = kpk(xo t), iatpk(x’ t) = a)(k)pk (x9 t) s
2.2)
wk)=>Y Ak’, 4,=0, forr even,

w (k) being the dispersion. The measure and the contour are to be chosen in such
a way that the solution u, (x, t) of eq. (2.1) is unique, see ref. 18, cf. also ref. 15.
From egs. (2.1) and (2.2) one can derive the constitutive relations'®)

2iaxuk: —kllk—JT'uk—i-iU'O'Ilk, (2.3)
210, u, = w(k)w,+ o) u, —iU-R-u, 2.9
kPu, =J"" - w, +iU - R, - u, (p even), 2.5

in which the (symmetric) matrix U can be obtained from the dyadic u.c, by an
integration over the same contour that occurs in (2.1),

usjuwmq, (2.6)

and in which we have used the following notations:

(J )n,m = 5m,n +1» (JT )n,m = 5n,m + 1> (O)n,m = 5n,05m,0 s (27)

rl—1
|Z:Jj+r/2—’r|/2,o.(_JT)—j—l+r/2+|r|/2, R=) AR,. (28
=0

r odd

|
R,=(sgnr)
j

2.2. Matrix PDE

In this subsection we recapitulate some results from ref. 18. Differentiating (2.3)
with respect to x and using (2.5) we can derive

(k+i0)idu,=— (0 U)-0-u,. 2.9)
Integrating (2.3) over the contour C, cf. (2.6), we obtain
20 U=—-U-J—-J"-U+iU-0-U, (2.10)

which will be used in subsection 2.4.
From (2.3)-(2.5) one may derive various PDE’s for different choices of w (k).

Taking as an example w(k) = k3, we have'®)

(0, —0Du = —3(0,U)- O+ 0.m, 2.11)
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which upon integration over the contour C, cf. eq. (2.6), yields the following
matrix PDE:

0,— 03U = —3010,U)0-(0,U). (2.12)
The (0,0) (1,0) and (1, 1) elements of U obey respectively
(0, — 0Dugo = — 3(0.u00) (2.13)
2
0, g = — 3 02100540 (2.14)
’ 14U
(@ iul 1)2
-3 =3 — 2.1
(@, Ou; I — 201, s (2.15)
and the relations between the different elements are
Otgg = (14 1)~ ! aiul,o s (2.16)
o= —i+ 200, —1]". 2.17)

Eq. (2.13) is the potential Korteweg—de Vries equation, i.e. 0,4, satisfies the KdV;
eq. (2.14) is equivalent to the potential modified Korteweg—de Vries equation, i.e.
v =0, In(i + u,,,) satisfies d,v — d3v + 6v°0v =0, and (2.15) is equivalent to the
MKdV.

The special case w(k) =k !

will be discussed in section 5.
2.3. Singular transformation of the measure
We introduce the singular transformation of the measure, cf. ref. 23,
dA) >t =2 =K a2 (2.18)
— = .
( Py ;

where p is a complex parameter, and consider the corresponding solution &, (x, ¢)
of the integral equation (2.1) with dA(/) replaced by di(/), i.e.

. ~ u
i, +ip, fdi ) k—+’, = pici, (2.19)
C
0= f di(Da,c,. (2.20)
C

In eq. (2.18) it is understood that dA(k) is such that the solution of the integral
equation (2.19) is also unique, and the contour should not pass through p and — p.
In appendix A it will be argued that (2.18) increases the number of solitons by
one, and another way of getting the BT will be presented.
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Starting from (2.18) one can derive a relation between U and U which is a
matrix generalization of the well-known BT for the KdV. In fact, using (2.18),
(2.19) and the decomposition into partial fractions,

p—k 1 1

- B 221
(p+Dk+D k+1 p+10’ (2:21)
we obtain
~ . —Da ] —Di
(p—F)i + 1Pkfdl(’)@k—+l)l =(p —k)pci + 1pkjd,1(l)(pp—+l)’
¢ C
=(p —k)puci +ip0- 0 - ¢, (2.22)

Taking into account that the homogeneous integral equation (2.1) has only the
zero solution, we obtain the relation

(p—k)i,=pu,—J" u, +i0 -0 - u,, (2.23)

which may be regarded as the basic relation for the BT, and which will be used
in the following subsections. Note that from (2.23) #, can be expressed in terms
of the vector u,, which is the solution of (2.1) with the measure dA(k), and various
integrals of u,.

2.4. Matrix Bdcklund transformation for U

The inverse transformation of (2.18) can be obtained interchanging p < — p,
di(k)«di(k). From (2.23) we thus obtain the inverse relation

(—p—Kw,= — pii, —J™ @, +iU -0, (2.24)

cf. (2.23) with p & — p, u, <> i, U < 0. Multiplying (2.23) by the vector ¢, and
integrating over the contour C with the measure di(k), we obtain, taking into
account that (p —k)dA(k) = (p + k) di(k),

p(0-U)=—0-J-J"-U+i0-0-U. (2.25)

Adding (2.25) and its inverse with p <> — p, U< U, we find, after eliminating J
and JT with eq. (2.10),

2100 +U)=2p0 - U)+i0-U)-0-(0—U). (2.26)

Eq. (2.26) is the spatial part of the matrix BT associated with the integral equation
(2.1), and is independent of the dispersion w (k). The time-dependent part of the
matrix BT can be inferred from the matrix PDE and (2.26). In the special case
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w(k) =k, cf. (2.12),
3(0+U)=0-ip(0-U)+40—-U)-0-(0-U)-306,U)-0-0,U
—30,0)-0-0,0. (2.27)
The (0, 0) element of (2.26) and (2.27) reduces to the well-known BT for the
( potential) KdV>™).

2.5. Modified matrix PDE

Introducing
U =0-uU, (2.28)
we have from (2.26)
oU=—10U —ipU-+iU -0-U-, (2.29)

and the PDE for the matrix U~ can be derived inserting (2.28) and (2.29) in eq.
(2.12) and its counterpart with U— 0,

(0,—d)U - =[BipU- —5U " -0-U")-0-3,UT, (2.30)

in which the superscript s denotes the symmetrical part of a matrix, i.e.
B, = B,,, + B,,) for an arbitrary matrix B. Eq. (2.30) is a completely integrable
matrix PDE, which we call the modified matrix PDE of (2.12). In this paper the
term modified PDE will be used to denote a PDE, the solutions of which are
obtained by combining a solution of another PDE and its Biacklund transform.
The relation mapping a solution of the modified PDE on a solution of the original
PDE will be called a Miura transformation®). In the case under consideration eq.
(2.29) is a matrix Miura transformation, mapping a solution U~ of (2.30) on a
solution § = d,U of the matrix KdV (0, — 83)S = —6(S-0-0,S). In this con-
nection it may be noted that the Miura transformation (2.29), mapping a solution
of (2.30) on the matrix KdV, remains valid if all the matrices O are replaced by
arbitrary constant symmetric matrices P, as can be checked by explicit calculation.
Taking the (0, 0) element of (2.30) we have immediately

(0, — 0 ugy = 3ipugy0.ugy — %(”o?o)zaxu(fo ) (2.31)

which is equivalent to the MKdV, since the term with p can be transformed away.
For the (1, 1) element we have obtained the PDE

(0,— 83z = — 4(0,2)* + 2p*(sinh’z)d,z,
z =arsinh[— ip ~'0, In(u;; —ip )], (2.32)

cf. appendix B for some details. Eq. (2.32) has been given in ref. 5 and is a special
case of the second modified KdV, cf. eq. (3.21) and refs. 22, 25 and 26.
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2.6. Integral equation and constitutive relations for the matrix modified PDE

In subsection 2.5 we have shown that the matrix U~ = 0 — U obeys a PDE.
In this subsection we will derive a linear integral equation for this modified PDE.
(This integral equation will be used as a starting point in section 3 to repeat the
procedure and to derive the BT for the modified PDE, as well as the second and
third modified PDE.) For this purpose we need a wave function u; , which upon
integration yields the potential U ~.

Defining

uf=(p—k)ya,+(p+ku,, (2.33)
with inverse

ul —u Loug Fug
_ _ 2.34
“Ea k) T2 k) 234)

and defining the new measure

di(k) dick)

k)= "2 =" 2.35

dA(k) Pk ptk’ (2.35)
we have

u*zjdzl(k)u,}ckzﬁiu, (2.36)

e
in agreement with (2.28) for U ~. Two integral equations for u,” + eu;, ¢ = + 1,
follow quite directly from (2.1) and its counterpart with w,—,, dA(k)—dA(k),
expressing the measures dA(k) and dA(k) in terms of d4,(k). The result is

L
(i +eup) +i(p — ek)pkfdzml) %ﬁj‘— —2p—ek)ppep, €=t 1.
C
(2.37)
Eq. (2.37) can be rewritten as
_i(pP—kY) ut  2p’—k?) p
ug = py di,<1)k’+,= A= (2.38)
C
+ i(p*—k?) ) u; __pr 239
uy +Wk P dl{l(l)k—i—l R (2.39)
C

From (2.38) and (2.39) one can also obtain one single integral equation containing
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only u,” which reads

_ N (PPHKD) _
u, + J‘dil(l) Jdil(l )mpkmul
c

c

+ pk[ip Jdul) ’% —p? J da(0) jdila’) ,,(”,’L”j ,)] = — 2kpie,.  (2.40)
C

C C

The linear integral equation (2.40), together with eq. (2.36), provides in a direct
way solutions of the matrix PDE given by (2.30).

It is also straightforward to derive the constitutive relations in terms of the
vectors u;5 and u; . In order to do so, one could start from the integral equations
for u;” and u, with an appropriate uniqueness condition, but it is less laborious
to use the constitutive relations corresponding to eq. (2.1), cf. (2.3)—~(2.5), and the
Backlund relation (2.23), in combination with (2.33).

Multiplying (2.23) by (p + k) and the inverse relation (2.24) by (p — k), and
adding and subtracting the result, with the use of (2.33) one obtains

kuf = —2pu; —J"ut +4U -0 uf —iU- -0 u, (2.41)

ku =J" w7 +5U -0 u}f —HU* -0 -u (2.42)
which can be generalized using the algebraic relation

ku, =J7 - u, +iU - R, " u, (b even), (2.43)

given in eq. (7.3) of ref. 18 and in eq. (2.5) of the present paper, and egs. (2.33),
(2.41) and (2.42). The result is

kuf =(—JI")-uf +5U* R, uf +3i(— 1)U~ R, uy
—p(1— (= D)(k®'uy —3iU" - R,_,"u), (2.449)
kbugy =J" u; +4i(— 1)U R, uy +4U- R, u)
—lip(1—(— DHU~ R, _,-u; (b integer) . (2.45)
From (2.3), (2.23), (2.33) and (2.36) one finds
20, =u; —iU" -0 u,. (2.46)

Multiplying (2.46) by (p + k), and the inverse relation with u,—#&,, U~—-»— U~
u; —u; by (p —k), and adding and subtracting one obtains

0w —pu; +50- -0 uf, (2.47)
0u; = —kug +3iU--0-uf . (2.48)



BACKLUND TRANSFORMATIONS AND INTEGRAL EQUATIONS 327

In an analogous way from (2.4) one derives the relations for the time derivatives,
ie.
iu =Ywk)+ol{d") uf —iU*-R-uf+U" -R-uj), (2.49)
which in the special case w(k) = k* reduce to, cf. (2.11), (2.33) and (2.29),

@ —0Jui =3ipU~ —W~-0-U")-0-duf —3(0U") 0 duf .
(2.50)

Egs. (2.44), (2.45), (2.47) and (2.48), which are independent of w(k), together
with the two egs. (2.50), in the case w(k) = k?, form the constitutive relations
corresponding to the modified matrix PDE (2.30).

Remark. For p =0, egs. (2.38), (2.39) with (2.35) are equivalent to egs. (3.1a) and
(3.1b) of ref. 18, with v{" = — u,®/k, w? = + 3u; ®/k, which define the integral
equation of type II, describing the MKdV class. The constitutive relations (2.44),
(2.45), (2.47)-(2.49) are generalizations to the case p # 0 of the relations (3.15),
(3.19) and (3.25a)—(3.25d) in ref. 18. (The matrices V and W in ref. 18 correspond
to —3U "~ and iU+, respectively, in the special case p =0.)

3. The generalized MKdV class and beyond

In the preceding section we applied a singular transformation of the measure
(2.18) to the linear integral equation associated with the matrix PDE (2.14) for
the KdV class. We have shown that the transformation of the measure leads in
a natural way to a Biacklund transformation for the matrix PDE, as well as to a
modified matrix PDE (2.30) with corresponding linear integral equation (2.40) and
constitutive relations (2.44), (2.45), (2.47)-(2.49). This integral equation, which is
equivalent to (2.37) defines the generalized MKdV class. In the present section the
procedure will be applied again, to derive the BT for the modified matrix PDE,
as well as a second modified matrix PDE with its linear integral equation and linear
problem. At the end of the section we shall apply the scheme for the third time
to derive the BT for the (0, 0) element of the second modified matrix PDE, as well
as the PDE for the (0, 0) element of the third modified matrix PDE.

3.1. Bdcklund transformation for the modified matrix PDE

We introduce the singular transformation of the measure

Ldfy =4k 3.1
d, (k) dil(k)—q+kdil(k), (3.1

and consider the corresponding solutions &; + ei; of (2.37) with d4,(/) replaced
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by d1(0), i.e.
@ + i) +i(p — dopy J LW T =2Ap — dopies, (3.2)
J |
leading to
0= Jdﬂ(k)ﬁ,}ck . (3.3)
C

Eq. (3.2) has exactly the same form as eq. (2.19) with &, —3(#; + i) and
pi—>{(p — €k)p,. This means that the BT for U" and U~ can be obtained
immediately from (2.23) for the KdV with p -¢. We thus have

ut +eia; u +eu; ul +eu;
AN et S Bt SR Y el SNl SR DY 3 (el S a2
a0 )=o) ()

0+ 40" b
+i<%>-o : ("—"%) (3.4)

which can be expressed as

gkl =qui —JI"-uf +40*-0-uf +40--0-up. (3.5)
Eqg. (3.5), which is independent of w(k), may be regarded as the basic relation of
the BT of the modified matrix PDE. Multiplying (3.5) by ¢, and integrating over
dA,(k), with the use of (3.1) to evaluate the left-hand side, we obtain

g(0F —UH)=-(J"-UT4+07-H+1i0+-0-UF +1i0--0-U=*.(3.6)
From (3.1)+3.3), cf. (2.37) and (2.36), it is clear that the inverse Backlund
transformation can be obtained substituting g «> — ¢, uF —iF, Ut 0% in
(3.5) and (3.6). From (3.6) and the inverse relation, in combination with the
expressions

U -J+JT-U =-2i3,U +3U--0-U*+35U*-0-U", (3.7

U+t-J4+JT-U*=—-2pU-+JiuU*-0-U* —Liu--0-U-, (3.8)
which follow from (2.41), (2.42) and (2.48) after integration over the contour C,
it can be shown that

20,0 +U-)=2¢(0- —U)+40--U-)-0-(0+-U")
+i@0+-uty-0-(0--U"), (3.9)

2p(@- +U-)=2¢(0* —~U")— 4@~ +U)-0- (0 +U")
+4H(0* —U")-0- (@ ~U"). (3.10)
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Taking the (0, 0) element of (3.10) one can solve
gy — ugy = 2q1 F i[4(q* — p?) — (dgy + ugy — 2pi)’1'". (3.11)

Next from (3.10) and (3.11) one can evaluate the matrices O - (0+ —U™*) and
(U* —U*)-0in terms of U~ and U ~. Inserting the result in (3.9) one obtains

2i100° +U7)=2¢9(0~ —U") —2(q Fif4(q* — p?) — (i + ugp — 2pi)’]")
X (oo +tge) (U~ —U7)-0-(0-+UF. (312

Eq. (3.12) is the spatial part of the matrix BT for U™, associated with the
integral equation (2.40). Eq. (3.12) again is common to all modified matrix PDE’s
which can be derived for various choices of the dispersion w (k). (For the special
case w(k)=k* the modified matrix PDE is given by (2.31)). Taking the (0, 0)
element of (3.12) we have the BT for (2.31),

2i0,(#lgg + ugg) = + (fgo — ugo)4(q* _PZ) — (g0 + ugy — 2p1)1'?, (3.13)

which for p = 0 reduces to the well-known BT for the MKdV?).

3.2. Second modified PDE

Introducing the matrices
U +=0-4+U"-, U-——=0--u-, (3.14)
we have from (3.12)

g F5[4q* = p) — (ugp™ — 2p))1'")

-+
Ugo

20U~ +=2qU" -

U -0-U ")y,
(3.15)

The (0, 0) element of U™~ follows from (3.15), i.e.
ugy = %+ 2i[4(g* — p?) — (ugg" — 2p1)’17 "2 Quge” (3.16)

From (3.15) and (3.16) one can solve the matrices U~ ~ -0 and O - U™~ in terms

of U~"*. Inserting the result in (3.15) it follows that
2qU~ "= —4qU " +2qU~ +

q Fi4q* —p?) — oyt — 201"

q £3[4(q*> = p?) — (uge* —2p1)1"

y [Ziax(U ~t-0-U"1) N 4i(0,ug,")

=2ig U+ +

—+ + — 12
Upo Ugo

(@ TG =) — (ao” — 20071 (1 gy s
=)~ iy 2077 0P ] 3-17)
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Adding the matrix PDE (2.30) for U~ and its counterpart with U -0~ and
using (3.17) one can derive a matrix PDE for U~*. Eq. (3.17) which is
independent of w(k), is for ¢ # 0 a Miura transformation mapping a solution of
the PDE for U~* on a solution of the PDE for U~. Taking as an example
w (k) =k?, we obtain from (2.30)

0,—3)U-+ =2ip[(U~*-0-8,U-*y+U-~-0-3,U ")
—J(U-*-0-U - +U--0-U*)-0:0U T
~JU-*-0-U*+U -0-U-")-0:-3,U *F, (3.18)

in which the explicit expression for U™~ + O must be inserted. The resulting matrix
PDE, in terms of U~ * only, can be regarded as the second modified matrix PDE
of (2.12).

For the (0, 0) element of (3.18) we obtain, using (3.16),

ga (uog" —2ip)(0uqy" )
27| Ag® —p?) — (ugy* —2ip)

(az - 62' uO_,0+ =

1 .
— 15 (oo —2ip) —pzuﬂ, (3.19)

which in terms of the new variable z, defined by
U —2ip =i(g +p)ef—i(g —p)e7, (3.20)
can be written as
(0, =0z =—%0.2) +3;[(p +q) e +(p —qVe ™™
—2Ap’+q))0z. (3.21)

Eq. (3.21) is a completely integrable PDE, which can be called the second modified
KdV and which has been treated in the literature®**%), see also ref. 27, and for
q* # p? eq. (3.21) may be reduced to eq. (2.32). The Miura transformation??%%)
mapping a solution of (3.21) on a solution of (2.31) is given by

Uy =0z +3i{(q +p)& — (g —p)e *+2p}, (3.22)
as follows from (3.16) and (3.20).

3.3. Integral equation and linear problem for second modified PDE

Defining
wit=(g -kt (g+kul o=+, (3.23)

with inverse

a+ - o+ a—
up” +uy o Wi —uy

2k T 2R 24

i =
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and introducing a new measure di,(k) by

dAi(k) _ dA(k)

di (k)= —~ = 3.2
2(k) ik a+k’ (3.25)
we have
Ut = Jd,b(k)uzick =0+ U, (3.26)
C

It is now straightforward to derive two coupled linear integral equations for
u;* and u; ~. Inserting (3.24) into (2.40) and its counterpart with u; -,
d,(k)—d,(k), and changing to the new measure (3.25) it is straightforward to
show that

. N (PP + KUY G+ KI) .
u +Jd/12(1) Jdlz(l) &+ +1) PiPrit;

C

. . 24 kl')p,
+ pk[lp f ()~ (qui * —kui F)—q f dA(0) fd@(l’) %T)p ;
C C

C

:  2rl(q* + Ky = — gk + a7}
-p jcuz(l) J dil) e ]
= — 2peekllq — k) £ (g + R, (3:27)

which are two coupled linear integral equations for #; * and #; ~. The solutions
of the PDE for U~ * can be obtained from u, * using the integration (3.26) and
for any choice of contours and measure the (0, 0) element u,," is a solution of
(3.19).

It is now straightforward to derive the linear problem for ug,", or equivalently
for the function z given by (3.20). From (3.5), using also (2.41), (2.42), (2.48) and
the definitions (3.23) and (3.26) we have

wp ~ =2i0ug +4UY-0-u; + U -0 uy (3.28)

uf~ =2pu; +iUT 0wt +5iU- T -0-u, . (3.29)

Multiplying (3.28) and (3.29) by (¢ + k), and the inverse relations with

uf —ip, Ut oU0* by (¢ —k), and using (3.23) and (3.26), we have the
following relations between u; —, u; ~ and u; *

(g —k)+alg +k)uy = =2i0u*—35iU* ~ - O-u;*—3U" " -O-uf?,
(3.30)
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(g —k)+olg +k)u = =2pu* —3i0*~ O w7 +35iU~ -0 -u”,
(3.31)

where a = +,and da =+ ifa=—,and & = — if a = +.
From (2.47) and (2.48) and their Bicklund transforms it can be shown that

(—k—iogu = — U0 up — U~ -0 up?, (3.32)
Oui*=pu*+5U0"* -0 -u *+4iU" " -O-u;?. (3.33)

Eqgs. (3.30)(3.33) can be simplified using (3.11) (cf. (3.26)) for uyfy~. From (3.31)
one can then express O *u;} ~ and O * u;f * as linear combinations of O * u; ™ and
O - u; ~. Inserting these linear combinations in (3.32) one obtains

Lo, -+
_(41“0,0 +p)U’°"O' __

(—k —idJu; "= g u
Ugp
Liufm U %4+kU"9- 0 ugt
N 6 0,0 — ) u i (3.34)
Upo
with
ugy =2qiFi[4(q> — p*) — (ugy*t — 2pi))'?, (3.35)

and U~ ~ - O given by (3.15) and (3.16). Egs. (3.34) are constitutive relations
belonging to the linear problem associated with the matrix PDE (3.18) for U~ *.
The relations (3.34) are independent of the dispersion w (k) and are valid for any
matrix PDE for U~ * which can be derived for various w (k). In addition to (3.34)
one may also derive algebraic relations invovling the matrices J and JT, but we
do not go in further details.

For the special case w (k)= k3, eq. (2.50) leads to (cf. (2.47))

0, — u =3p[U=* -0 0u*+ U~ -0 0u;*+ (@ ") O u;”

3

+@U ) 0w =L (U0 U U 0 U
. 3 _ _ _

10 a0V ) 0 (U -0 ug

.3
+U"‘O'uk‘“)~E(U‘+'O‘U“ +U"-0-U %)

{0t 2 QU0 (U U0 ),
(3.36)
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The n = 0 components of (3.34) and (3.36) form the linear problem associated with
the PDE (3.19) for ug,", when we insert (3.35) and (3.16).
3.4. Third modified PDE
Using (3.23)—(3.25) in (2.37) we have the integral equations
(" +eau )te ™ +eau; )

{(“fr P reu ) Fe(ul T +qu _)}
k+1

+1(p — 6k)(g — &k)py jdiz(l)

C
=4p —6k)g —ek)per  (e,6==21). (3.37)
Egs. (3.37) for ¢, ¢, = + 1 have the same form as eq. (2.1) with
w— it +eaur )+ oi T +eaus L p—(p —6k)g —ek)py .
Applying the singular transformation of the measure

~ r—k
di (k)= > diy(k), (3.38)

and introducing the solutions @] * + ¢, ™ + 6,(a;} ~ + iy ~) of (3.37) with
dJ,(k) replaced by dA,(k), we have the relations

- —k)[';"H ‘el T+ +€1ﬁk_)j|

4
—, ui v +eu t+eu T +eaug )
- 4
_JT. u " +eau el +eaug )
4
+i[0++ +60- " +0+- +610‘)]O
4
uftteur T+ e T +au; ) (3.39)
4 ’ )
in which the four matrices U** with o = + are given by
Ot = dez(k)ﬁz*ck. (3.40)

C

From (3.39) it is straightforward to show that (cf. appendix C for some details
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of the derivation)
— (oo™ + oo Wiop" —uee") '([4(g° — p?) — (doe" — 2p1)]"
+14(g° — p?) — (uge* — 2p1YT?)F
= [[4(q”> — p») — (lgp" — 2pi)1 — [4(g” — p?) — (ugo" — 2p V1"
+ (g tuge )+ (g™ +ugy —4ipY+16(p>—r?), (3.41)

which in combination with (3.16) and its inverse with ugy —tg ., ugy" ="
gives the BT for the PDE (3.19). The result can be further simplified introducing
the variable z defined by (3.20). From (3.41), taking into account the relations

Ugy = — 20,2,
. 3.42
[4(g° — p?) — (ugs" — 2012 = (g + p) e + (¢ — p e, (3.42)

(cf. (3.16)), one obtains after some straightforward algebra
(0.2 + 2))* = (sinh%} (Z — 2))[16(p* — r?)
—{(g +p) et — (g —p)e I, (3.43)

which is the BT for the second modified KdV (3.21). The BT for the special case
(2.32) has been treated by Hirota’s method in ref. 28 and in the context of
prolongation structures in ref. 29.

The third modified KdV can be derived solving (Z — z) from (3.43) and inserting
the result into the right-hand side of (0, — 93)(z + £), as given by (3.21) and its
counterpart with z—2Z.

The final result is in terms of the variable y =1(Z + z)

(0, —0Dy=—30.y)+3{(g+p)e?+(g—pye ¥—2g*+p)}0.y

3 [(g +pPe” — (g —ple ?10.»)"] 3
~Dd 3
’ XI: 1_D[(61+P)€y—(q~p)e*y]2:I 2D(8Xy)

2
! 1 2\/Baxy 2
3, —= arsinh
X[ [\/B e ([1 ~D{g+p)e—(q —p)ey}z]‘/2>:|:| ’

(3.44)

D

il

16(p>— 17’

Eq. (3.44)is an integrable equation, since its solutions can be obtained from a linear
integral equation, such as e.g. (3.27), with measures di,(k) and dA,(k), taking into
account (3.26) and (3.20). In the limit r — oo, (D —0), (3.44) reduces to the second
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modified KdV (3.21). A different version of the third modified KdV, in terms of
the variable ¥ — z) has been given in ref. 28.

From this point one might continue to derive the integral equation for the third
modified PDE, apply a singular transformation of measures and obtain the BT
for the third modified PDE, as well as the PDE associated with the next level of
modification. The procedure is systematic in terms of (matrix) functions U with
a sequence of superscripts + and — that can be defined in an analogous way as
in the preceding steps, cf. e.g. (2.36) and (3.14). It is not obvious, however, that
the coupled PDE’s for the different matrices U will lead to interesting closed
PDFE’s in terms of only one function and we shall not go in further details here.

4. The NLS class

In the preceding sections we have considered the integral equation for the KdV
class and by singular transformations of the measure we have obtained Bicklund
transformations and the first-, second—, and third modified KdV equation. In the
present section we start from the integral equation for the NLS class and in
subsection 4.1 we review some results obtained in ref. 18, which will be used in
the following. By a singular transformation of the measure we shall derive the
(matrix) BT for the NLS, as well as the matrix modified PDE, together with the
associated linear integral equation. The PDE for the (0, 0) element of the matrix
modified PDE will turn out to be equivalent to the equation of motion for the
classical Heisenberg spin chain with uniaxial anisotropy, and at the end of the
section a BT for the AHSC will be derived.

4.1. Integral equation and matrix PDE

For the NLS class we have the linear integral equation

b0+ [ @2y [ 5 DTED b 0 = s v @

C
where ¢, and ¢, are vectors with components (¢,), = ¢, (¢,), = 1/k", n being an
integer, C and C* are an arbitrary contour and its complex conjugate in the
complex k-plane, dA(/) and dA*(/") are an arbitrary measure and its complex
conjugate, p, (x, t) is a plane-wave factor satisfying the linear differential equa-
tions

— 100 (x, 1) = kp(x, 1), 10, (x, 1) = @ (k)p (x, 1), (4.2)

where w(k) =X,4, k" (r integer, 4, real) is the dispersion.
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Eq. (4.1) can be rewritten as

bt f ) o ¥ E = pics (4.32)

C*

I’y

in which the vector ¥, is defined by

- Jdi*(l') G =0, (4.30)

c*

and ¥, satisfies the linear integral equation

v+ de) sz *(1') % v, = Jdi*(l’) (lf"f;,) e . (4.4)

c o
From now on the choice of measures and contours will be restricted by the
condition that the solution ¢, of the integral equation (4.1) is unique.
From eqs. (4.1) and (4.2), or alternatively from (4.3), (4.4) and (4.2), taking into
account the uniqueness condition one can derive the constitutive relations

ki =d" ¢, —¥*-Q, ¢, —D-Q, ¥, (4.5)
kg, =J7 ¢, +@*-Q,- ¢, —¥-Q, ¢, (p integer), (4.6)
—10,9, =k +D®-0 -y, 4.7)
-0y, =0*- 0" ¢,, (4.8)
10,9, =0T - ¢—¥*-Q" ¢, (4.9)
0, =0*-Q- ¢, (4.10)

in which the matrices JT and Q have been defined by (2.7),
b=t o
Q,=(sgnp) 5 Jrr-blz.Q-gTIT R Q=Y 20, . 4.11)
j=0 r

The symmetric matrix ® = ®T and the antihermitean matrix ¥ can be obtained
from the vectors ¢, and ¥, by an integration over the same contour C that appears
in the integral equation,

D= Jdl(k)d}kck, Y= Jdl(k)!pkck . (4.12)

C C
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For dispersion of the type w(k)=2X,4,k", 4, =0 for r <0, one can derive a
closed PDE for the matrix ®, containing only ® and its derivatives and O, but
not the matrices J and JT. Taking as an example

w(k) = lk*+ Ak*, (4.13)
we have e.g.
i@,{bk = — /1253(([),( — 2}.2(D ° O - P* - O * ¢k + 1/{3ai¢k
+3i4,(0,®) 0 - ®*- 0+ ¢+ 314,®-O0 - ®*- 00,9, (4.14)

104, = 14,(0,®%) - O - ¢ — 14, D* - O - 0,9, — 1,(02®*) - O - ¢,
— A, ®@* - 0 - 02, + 4,(0,®%) - O 0,9,
+34L0*0-®-0-®P* 0" ¢,. (4.15)
For the (0, 0) element of ® we obtain
10,6000 + 402000 — 14303000 = — 2|00 Poo + 6143 Poo|"0bo » (4.16)

which is Hirota’s equation.
4.2. Singular transformation of the measure

We introduce the singular transformation of the measure, cf. (A.10)-(A.11),

~ . P—k
d/’l(k)—»d/’l(k)—p*;kdi(k), (4.17)

and consider the solutions of (4.3a) and (4.3b) with the new measure, i.e.

B+ [a70) 0t = s @.18)
C*

@jdf*(l')k’f‘,,fﬁho. (4.19)
C*

Using (4.18) and (4.19) and a relation similar to (2.21) we have

(P —K)e + Jdi*(l')%(p* —1)§F=(p —k)pei+ p¥*- 0 ¢y,

Cc*

(4.20)
(p— kW, — jdl*(l’)k lf/’ (p*—1¢F=—p®*-0-¢, (4.21)

c*
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in which the matrices ® and ¥ can be obtained from ¢,, ¥, by an integration with
the new measure, i.e.

d = de k)puc,, ¥ = de k)W, . (4.22)

C C

From (4.20) and (4.21) we derive

> . pip AR
(p—Kk)p+ Jdi(l) jdl ( )———(k = (p— D¢y
c*

C
& N PP F Fx. 0 -
=d-0- sz*(z et (p —k)peer + pP* -0 ¢y, (4.23)
A
(p— i+ [@20) [ @iy —L2T(p — 1y,
k (k _ l/)(]/_ 1) !
C Cc*

* * ~
- Jdl*(!’)%([)* e, +¥-0- fdl*(l’) :’f’l,c,,—pkcb*-o ‘e

Cc* C*

4.24)
Taking into account that the homogeneous integral equation corresponding to
(4.1) has only the zero solution, we obtain immediately
(P =K =pd— I+ ¥*-0 -+ B0y, (4.25)
(p—kWi=p*—I" ¢+ -0y —®* -0 ¢, (4.26)
which are the basic relations for the BT (for the NLS class).

4.3. Matrix Bdcklund transformation
The inverse transformation of (4.17) can be obtained interchanging p <> p*,
di(k)« dA(k). From (4.25) and (4.26) we thus obtain the inverse relations
(P —k)p=p*¢—J" -+ ¥* 0§, +®-0-¥,, (4.27)
(P*—kW=p =" Y+ ¥ -0, —®*- 0 ;.. (4.28)

Integrating (4.25) and (4.26) over the contour C with the measure di(k) and
using the relation (p* — k) dAi(k) = (p — k) dA(k) to évaluate the integrals on the
left-hand side we have

p®—pd=®-0 IO+ 0-¥+¥*-0 -0, (4.29)
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¥V -V =¥-J-J¥Y+¥-0O-¥Y-D*-0®. (4.30)
The matrices J and JT in (4.29) and (4.30) can be eliminated with the relations

—2i0®0=J"" 0+ J+DP-0O-¥Y-¥*0-0, (4.31)
and

¥Y-J-JI-Y+¥Y-0-Y—D*-0- D=0, (4.32)

which follow from (4.5), (4.7) and (4.6) resp. after integration over C. Using egs.
(4.29), (4.30) and the inverse equations with p «<>p*, ® < ®, ¥ ¥, in combina-
tion with (4.31) and (4.32), we obtain

2Ap*® — p®) = — 2i0(D — @) + (P* —¥*)-0 - (D + D)
—(@®+D)-0-(F—-¥), (4.33)
(p*—p)F—¥)=@*—D*)-0-(D—-—D®)—(F-—P):0-(F—-V¥). (439

From egs. (4.33) and (4.34) it is straightforward to derive a relation containing
only @ and ®. In fact taking the (0, 0) element of (4.34) we obtain a quadratic
equation in Yy, — Yo, Which can be solved to give

2

(4.35)

>

l/’;o,o* Yoo =%(P —p*) i‘%\/lp _P*IZ— 4|<l§0,0 — oo

in which the left-hand side is imaginary as the matrix ¥ is antihermitean. From
(4.34) one can solve the matrix O - (¥ — ¥), and inserting the result in (4.33) we
arrive at

210D — D)+ (p*+p)®—®)= — (p*—p)D + D)
- 2(%@ —-p*=* %i\/ll’ _P*|2 - 4|¢~0,0 - ¢o,olz>(‘50,o — o)
X [(®—®)- 0 (D+ D). (4.36)

Eq. (4.36) is the spatial part of the matrix Bicklund transformation associated
with the integral equation (4.1). It is independent of the dispersion w(k) and is
common to all matrix PDE’s which can be derived for various w(k). The
time-dependent part of the BT can be inferred from the matrix PDE and (4.36).

4.4. Modified matrix PDE
Introducing
t=P+ D, 4.37)

we have from the integrated version of (4.14) and its counterpart with ®—®
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10,0 + 1,020~ —il03®~
=L@ 0P * D -0 D)0 D"
*%/12((1)’ 0P+ P -0 D )0+
+AL(@® -0 P *+ DT -0 D) 07, |
+IL[(@ -0 PT*+ DT -0 D *):-0-0D"T. (4.38)

From the matrix BT (4.36) it is straightforward to express @ * in terms of ® .
From the (0, 0) element we have

b= F 200 —3(p +p*) )/ Ip —p*F — 4ol (p#p*). (439

Next one can solve the matrices (® +®)-O and O:(® + ®) from (4.36).
Inserting the result in (4.36) one obtains after some algebra

(p*—p)®" =(p*—p)®~ +2(p*—p)®=—2i0® —(p +p*)®"
+2{¢arld o’} (3P —p*) TP — p*F — 4ad
X {i0 (@ -0 ®)—i(0,Indgy+3(p +p*)®P~ OB~
F @ —p"p —p* — 4o’} 7
x (0. In g —3i(p +p*)® -0-d}. (4.40)

Inserting (4.40) in (4.38) we obtain the modified matrix PDE for ® ~, and if p # p*
(4.40) is the Miura transformation mapping a solution of the PDE for ®~ on a
solution of the matrix PDE for @. (In the special case (4.13) the PDE for @ is
the integrated version of (4.14), but (4.40) is independent of w(k).)

As an example we write down the (0, 0) element of the matrix PDE in the case

(4.13). The result is, cf. (4.38) and (4.39),

10,00 + 402050 — 140304y

_ 1 3: _ _n lzaxquTO —i(p +p*)¢OTOIZ
= ((— 242 1314000 4p) <|¢o,o| =+ lp —p*|2 — 4|¢0TOIZ )
20900 —i(p +P*)¢0T0)} 26x’¢0?0|2
Vo =0 =digoi I lp —p P —4ldsl”
(4.41)

+ {( — 3+ %%69(

and (4.39), with ¢4 = ¢y + 2¢,, gives the Miura transformation mapping a
solution of (4.41) on a solution of (4.16).
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Taking p* # p and introducing the new variable

a(x, 1) =2p —p*|"pao(x + A(p +p*) —3As(p + p*), 1)
X exp[— i(p +p*)x —%(p +p*) Ayt +%(p +p*)2Izt], (4.42)

h=h+3p+p*),
eq. (4.41) can be simplified to

2
(0, + 502 — ih00a = {(— 4, + %iisax)“}{ib’ —p*laf+ 1|6—X(|If|1|2}

0, 0 |al?
{( 1T 430y — 2 } o (4.43)
V1=laf) /T—]aP
In the special case 4, =0, 4, =1 eq. (4.43) is equivalent to the AHSC
0S=8x08+8x@p —p*|2S2+ b)e:, S:S=1, (4.44)
in which the polar angles of the spin vector S, i.e.
S = (sin 4 cos a, sin 8 sin a, cos ), (4.45)
can be expressed as, cf. egs. (3.19) and (3.20) of ref. 17,
I 0,1
6 = arcsinja|, d.a = m nlaz’
= |al1”
Imd,Ina | |a al? 1 W 2—laP
= -1 2 —= _— . 4.46
dt (1= Ia|z]1/z = Ialz]m 8 lp ’ Ia|z]1/z (4.46)

The Miura transformation mapping a solution of the AHSC on a solution ¢, of
the NLS has been worked out in ref. 17 and can be regarded as a direct
generalization of the Lakshmanan result®) for the isotropic case. In the special
case 4, =0, 4; = 1, eq. (4.43) may be regarded as a complex version of eq. (3.19)

with p = 0.

4.5. Integral equation and linear problem

Defining
oF =(p— k)‘i;k +(p*—k)py,
i =(p—kW,+(p*—ky,, (4.47)
with inverse
- OF +or ¢k — &
%=k *Tar—n
. ~ '/’ e (4.48)
PRI TS D I

20p—k)’ 2Ap*—k)’
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and introducing a new measure d,(k) by

di (k)= —;1/1_(—]2 :;% , (4.49)

it is easy to show that

D* = J‘d’ll(k)qski—ck =® o,

C

(4.50)
Y= Jdll(k)l//kick =P+V.

C
From (4.1) and the associated equation with ¢,—@,, di(/)—dA(), it is
straightforward to derive two coupled integral equations for ¢/ and ¢, . In fact,

inserting (4.48) in (4.1) and the associated equation, and changing to the new
measure (4.49), we have

N _ e P =Dpplt L _
(@ + o )+(p—k)fdll(1)fdll(l)—(k_1,)(1,_1)(¢, +é)

=2p —k)pec,
.51
N - N wn 2 =Dpwp?
@F —#)+(p —k)fdw)jdxl(l)———(k_,,)(,,_l)w, $)
=2(p*—k)pier
leading to
. woon PP+ & —p —p®D)pw}
¢+ f cul(l)fdzl(z) T
- f di() j ) PEL Bp* + p)b i + 3P —p*)6 7]
=((p k) £ (p* = K)pecs. (4.52)

Egs. (4.52) are two coupled linear integral equations and ® ~, i.e. the solution
of the modified matrix PDE, can be obtained from ¢, integrating over the
contour C, as in (4.50). These equations which were introduced in a slightly
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different notation in ref. 20, give a complete linearization of the AHSC (eq. (4.41)
with 4; =0, 4, =1) as well as of other modified PDE’s which may be derived for
other choices of w(k). (In this context we note that the bilinearization of the
Heisenberg spin chain with orthorhombic anisotropy was given in ref. 31, and very
recently the Riemann-Hilbert problem was settled by Mikhailov*).)
It is straightforward to derive the linear problem for ¢, From (4.5)-(4.7),

(4.25), (4.26), (4.47) and (4.50) we have

¢ =204+ (p+p*)p+¥ *:0:¢,+ @ -0y, (4.53)

v, =¥ 0y —D *-0-9,. (4.54)
Multiplying (4.53) and (4.54) by (p* — k) and using also the inverse relations with
pop* oo b, Yo, ®o® WP, it can easily be shown that

(p—p*)pi =209 +(p+p* ) —¥ *- 09, +®" -0y, ,

4.55
2k =20l WO T DOy @9

and

(p—pWi =¥ -0y -@*0-9¢,,

Ok =W 0P — @ *-0-dF —(p+pOi . (4.56)

From (4.7) and (4.8) and their counterparts with ¢,— ¢, etc., it can be shown
that

(—k—i0)pF =30+ -0 -yF +;0~ -0y}, 4.57)
— 10y =@ *-0-¢] +3® * 07 . (4.58)

Using (4.56) one can solve the vectors O « 7 as linear combinations of O - ¢~
and O-¢ /. Inserting the result into (4.57) one obtains after some straightforward

algebra

(—k—inggr = PR 0 014

do0
| Yoo 4a p+p*—12k - _
HIZ @t — | ®F |- 09, 4.59
+2|:¢0T0 +< boo ) :| 0-¢ ( )

with g5 = Yo — Yo, given by (4.35) with ‘50,0 — $oo = Pop-
Eq. (4.59) is independent of w (k). For the special case (4.13) the time-dependent
part of the linear problem of the AHSC can be inferred from (4.14) and its

counterpart with ®—>®, ¢,— ..
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We have
(10, + 1,02 — 14,037
=L@ 0D *+DP -0 D *-0-¢;
_+_((I)+ .O.q)**_}_q)‘ .O.(D+*).O.¢ki]
+3[0 D) 0 (D *- 0 ¢pF + D *-0-p7)
+(axq)—).o .((D'F*.O .¢ki _+_q)~* .O .¢kTr)
+ (@ 0P+ D 0D %000,
+(@ 0P *+D -0 D"*)-0-0,07]. (4.60)
It is also straightforward to derive the remaining constitutive relations for the
matrix @, but the results will not be presented here.
4.6. Bdcklund transformation for the AHSC

From (4.51) it is clear that i(¢; + ¢, ) and Y@ — ¢ ) satisfy an integral
equation of the form (4.1) with dA(/) replaced by di,(/) and p, replaced by
(p —k)p, and (p* —k)p,, respectively. Similarly, it can be shown that
X +¥0) and W — v 0) satisfy (4.4) with dA(/) replaced by dA,(/) and p, by

(p —k)pe and (p* —k)p,.
We now apply the singular transformation of measures

q—k
q* —k

and introduce the functions @, + ¢, ), 2f; + ¥ ) that are the solutions of the
integral equations mentioned above with d4,(/) replaced by d/,(/).
From (4.25) and (4.26) we immediately obtain the basic relations of the BT, viz.

g — k)P +edi)=39(di +ed ) =W (@7 +edy)

TP *+eP ) 0 (o +edy)

+i{® +e®) 0 +eyr), (4.62)
g — W +ef)=3g* Wi +ey)

W+ )+ )0 )

—i @+ ed )0 (¢ +ep), e==1, (4.63)

di,(k)—di (k) = di,(k), 4.61)

in which the matrices ®* and ¥+ are defined by

o = J\dfl(k)(;kicks Y= Jdﬂ(k)'/;:ck- (4.64)

C C
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From (4.62) and (4.63) one can derive the spatial part of the BT for the PDE
(4.41).
The result is given by

_ {(axqgojo —3i(p+p *)qyofo Oc$oo— 3i(p +P*)¢o?o)< 1 )

[IP ‘P*|2 - 4“50})‘2]1/2 B [IP _P*|2 - 4|¢0T0‘2]1/2 50?0 + dop

X ([|P —p *|2 - 4|(50T0|2]1/2 + [‘P _P*‘z - 4‘¢0T0|2]1/2)

P +pT a4 )<<1§0T0+¢0T0>}
=(@q*—q’+ “50?0 - d’ofo‘z + %([LP _P*|2 - 4|<50?0‘2]1/2

—lp —p*P— 4o o1
A,axd’;ojo —3i(p + NP0 00— Y(p +p*9 ofo,z 4.65
-r| [tﬂ 'P*’2 _ 4($&0|2]1/2 [‘P wp*‘2; 4(¢0T0‘2]1/2| . ( . )

+

Some details of the derivation are presented in appendix D. The BT for the AHSC
is rather complicated and it does not seem to be easy to derive a second modified
NLS equation in terms of only one function.

5. The sine-Gordon equation

In the preceding section we have described a general scheme, independent of
the dispersion w(k), of deriving Backlund transformations and modified PDE’s,
on the basis of a singular transformation of the measure in the integral equation
associated with the original PDE’s. As specific examples we have treated
w(k)=k* in the case of the integral equation (2.1) for the KdV class and
w (k) = 1,k*+ A;k* in the case of the integral equation (4.1) for the NLS class. In
this section we present some results on Bicklund transformations and modified
equations for w (k) = k ~! starting from the integral equations (4.1) and (2.40) with
p =0, for the NLS class and the MKdV class, respectively.

5.1. The NLS class

In the special case w (k) = k ~! the function ¢, defined by (4.1) and by the (0, 0)
element of (4.12) satisfies the PDE

axat¢0,0 = ¢0,o[1 - 4’81(170,0‘2]1/2 P (5-1)

cf. egs. (6.3a) and (6.5) of ref. 18. In terms of the variable y = 20,¢,,, eq. (5.1)
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can be expressed as

dux |
=0,| — |, 5.2
X z<[1 — IXIZ]m) (5.2)

which may be regarded as the complex sine-Gordon equation.
The spatial part of the BT of (5.1), cf. also refs. 33 and 34, is given by the (0, 0)
element of (4.36), i.e.

2i6x($0,0 — o) =—(p*+ P)((f;o,o — b))
+ i($0,0 + d’o,o)Hp 4 *‘2 - 4]‘50,0 - ¢0,0|2]1/2 . (5.3)

The time-dependent part of the BT can be inferred from (5.1), inserting (5.3) for

0o — Bop) in order to evaluate 6)(6,((50,0 — Pop)-
The modified PDE corresponding to (5.1) can be found inserting (4.39) into

0.0,050 = 3(ddo + Do)l |5z(¢00+¢00){ 12

- 5(¢0,0 —¢ooll — |az(¢0,0 - ¢0T0)‘2 1. 5.9
The result in terms of the variable
a(x,1)=2p — p*|~'pgoe VT (p* s p), (5.5

can be expressed as

0.0, +5(p+p*a

l LD p*l ]aa 1 * _ 8xa
[2 27 ][1 —p(p —p*)0a F 9, <W>

1 IP p*[‘laa 1 * 0.4
*[zaiw}[“ Ko =00 25

Eq. (4.65) is again the spatial part of the BT for the PDE for ¢ .

z:ll/z

27172
] . (5.6)

5.2. The MKdV class

From (2.40), in the special case p =0, we have the integral equation

. u;
v+ jdl(l) jdl(l’)%v, =P =5, (5.7)

C

which is the integral equation of type II of ref. 18. For the (0, 0) element of the
matrix

= Jd/l(l)v, ¢, (5.8)

C
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we have, in the special case w(k) =k ~', the PDE, cf. eq. (6.17) of ref. 18,

0.0,v90 = vo[1 + 4(5100,0)2]1/2 s (5.9)
Eq. (5.9) can be regarded as the potential sine-Gordon equation, since the
substitution

0 = arcsin 2i0,v,, (5.10)
gives the sine-Gordon equation
0,00 =sinf. (5.11)
For the quantity vy, = — 3ug, we have the BT
10(Bo + vop) = F o0 — o) P — (Bo + V001", (5.12)
cf. (3.13) with p =0 and the change of notation ¢—p. For the quantity
(5.13)

I .
w :;) (o0 + Vo)

one can derive the modified PDE

_ llp 716XW . 5Xw 212

1 —15 Fii 277172
+w £ 22N pow 10— , (5.14)
[1—w? [1—wi]

which, for imaginary p, may be regarded as a real counterpart of (5.6). Solutions
of (5.14) can be found from the linear integral equation (3.27) with p =0 and
g—p, noting that w = — 1p ~'ug,".

Instead of the BT for the potential sine-Gordon equation one can consider the

BT for the SG equation (5.11) itself. From (5.9) and (5.12) one can show that

iUo,o[1 + 4(5:1’0,0)2]1/2 + iU~o,o[1 + 4(6t50,0)2]1/2

=+ I:(az(ﬁo,o —vp))[p* — (Bop + vo0)1"*

17?),0 — Ué,o o
- [p2 — (50’0 + 00’0)2]1/2 a1(170,0 + Uo,o) . (5.15)

In terms of the variable 6, defined by (5.10), eq. (5.15) can be rewritten using (5.11)

as

cos 0(0,0)+cos 0(0.0) = + i[(sin 0 — sin 0)[ p2 + X0 + 0)2]'?

(sin § + sin 0)[(3,0)* — (0.0)]
AP +30.0 + 01" J (5.16)
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Writing 2ip sin o = 8(0 + 6), eq. (5.16) can be worked out to give

[tan o T tan X8 — 0)][ip cos & + L tan 3@ + 6)8 (0 — 0)]

x cos (@ + ) cos ¥ —0) =0, (5.17)

whereas eq. (5.12) with (5.10) and (5.9) leads to

X0 +0)= +ip(cosa)d (0 —0). (5.18)
The only consistent solution of (5.17) and (5.18) is « = + ¥ — 0), leading to

00 +80)= + 2ipsin¥§ —0). (5.19)
From (5.19) together with (5.11) we have

06 —0)=F2ip 'sini(0 +6). (5.20)

Egs. (5.19) and (5.20) form the well-known BT') for the SG.
In terms of the variable a = (& — 6) egs. (5.19) and (5.20) yield the PDE

000 =[1+4 p*(0.a)]"sina, (5.21)

which is the modified sine-Gordon equation (MSG). The solutions of (5.21) can
be inferred from the solutions of the linear integral equation (3.27) with p = 0 and
q—p. From (3.26) one obtains the function ug,* leading with (3.16) and the
0,0 element of (3.14) to ugy(= — 2v,y) and dgo(= — 20,), and « = + %((7— 0) is
determined by (5.10). Multisoliton solutions were obtained by bilinearization in
ref. 35.

Remark. From eq. (5.7) it can be shown that the integral equation (2.1) with
dispersion w(k) = k ~! yields solutions of the sine-Gordon equation as well as of
a shallow water wave equation. Some details are presented in appendix E.

6. Biicklund transformations for the wave functions

In the preceding sections we have given a general method to derive Bicklund
transformations for integrable PDE’s using a singular transformation of measures
in the corresponding linear integral equation. From this transformation one
immediately obtains the basic Backlund relations containing both potentials and
wave functions. Here the term wave functions is used to denote the solutions of
the linear integral equations which depend on the (spectral) parameter k£ and
which appear as eigenfunctions in the associated linear problems. The potentials
denote the functions, obtained through integration of the wave functions over the
contour C in the complex k-plane.
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So far we have considered PDE’s and BT’s containing only the potentials, and
which have been obtained after eliminating the wave functions by integration over
the contour C. In the present section we will investigate PDE’s and BT’s in terms
of only the wave functions, which in a number of cases can be derived by
eliminating the potentials from the linear problem and the basic relations of the
BT. Examples include e.g. the BT for the potential MKdV and the AHSC.

6.1. The KdV class

The linear problem for the KdV is given by the » = 0 components of egs. (2.9)
and (2.11). From eq (2.9), writing a = In «{?, we have the relation
Oy = 0% + (0,a)* — ikd,a, 6.1)

mapping the wave function «{) on the potential 0,4, that satisfies the
Korteweg-de Vries equation. Inserting (6.1) in (2.11) it is clear that a = In u®
satisfies the PDE

(6, — 0a = 3ik(0,a)* — 2(0,a)®, (6.2)
which is equivalent to the potential MKdV, i.e. the PDE for d.a is equivalent to

the MKdV.
From the basic relation of the BT (2.23), using also (2.3), it follows that

(p — k)i, = (p + k)u, + 2id.u, +i(0 —U)- 0 - u,, (6.3)
implying that
(p—k)e“ P=p+k +2id.a + i(iy — o) - (6.4)

From (6.4) and the inverse relation with p <> —p, a & a, uy, <y, it can be
shown that

20 (a+a)=—2k+(p—k)e¥ 9 —(p+k)e @9, (6.5)

which is the spatial part of the BT for the potential MKdV (6.2).
Substituting z = d — a in (6.5), we have

da=—10z+kk —li(p —k)e+H(p +k)e 7. (6.6)

From (6.2) and its counterpart with a —4d, and using (6.6), we obtain again the
second modified KdV (3.21), i.e.

(0,— 0Dz = =502 +3l(p —k)V e+ (p+kYe *—2p*+kI)oz. (6.7)
6.2. The NLS class

For the function

u(x, )= — ¢Px, O P(x, 1), (6.8)
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defined in terms of the wave fucntions ¢ and ¢ of the linear problem of the
NLS, cf. the n = 0 components of (4.7), (4.8), (4.14) and (4.15), in the special case
A, =1, 43=0, one derives the PDE
Ou —udu* ou* —u*o.u
— a X x a2 X X
ow=ia, (MR ) e (M)
2iu

120 % * _ %2
+ a —|u|“)2 (Ou — u0u*)(0,u u*?0.u)

2(k + k*)u?0.u* N 2i(k + k*)*uPu*? N 2ikk *utu*
(1= [uf? =[P A+ upy
cf. eq. (2.17) of ref. 17 with « = 2, apart from a misprint. In ref. 5 the invariance
of (6.9) under k < k* was used to obtain the BT for the NLS.

From the basic relations (4.25), (4.26) of the BT for the NLS, together with egs.

(4.5)-(4.8) and (6.8) we have, noting that ,, is imaginary,

L g o, S

10u=(p —k)uW+ (p —k)uw— (p* —k)u — pu+ ¢ — ¢ou’ . (6.10)

k

Solving ¥/ /¢ from (6.10) and inserting the result in the inverse relation with
p (—)p*’ U l?, lllfc()) « l/];?)’ 4)0,0 « (50,0’ we ﬁnd

(0, + (p — k)i — oo + Poi” + p*i)

x (10u + (p* —k)u — oo+ Pou’ + pu)

6.9)

=(p*—k)p—k)d +u). (6.11)
From eqs. (4.7) and (4.8) one also has the relation
101 = — ku + ¢og — Pou’, (6.12)

from which one can express ¢, in terms of u:
10u + ku — u*(i0u* — k*u*)
4’0,0 = .

’4
Inserting (6.13), its complex conjugate, and the inverse relations with ¢o,0—’$0,0»
u—u, in (6.11), we have

(6.13)

l—‘u

(10 + ku)(— 1+ iu*?)
L= uff

[iaxﬁ+(1) — k)i + p*ii +

10 u* — k*u™) (% — y?
_ (0 ”|)4(” ”)}x[iaxuﬂp*—k)uwu

l—lu

(10,7 + ka)(— 1 + w?a*)  (i040* — k*a*)(u* — i’
1—af 1—|al*

=(p*—k)p—k)d +u), (6.14)
which is the BT for the PDE (6.9).
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In the special case p* =k, eq. (6.11) leads to
10 = oo — o’ —k*u, (6.15)
cf. eq. (2.19) of ref. 17. Egs. (6.12) and (6.15) lead to

(p —p™u

D 6.16
FRra (6.16)

showing that the PDE (6.9) with k —p* is equivalent to eq. (4.41) for A, =1, 1, =0,

and thus to the AHSC (4.44), cf. ref. 17. Eq. (6.14) (cf. eq. (4.65)) is thus an

alternative expression for the BT of the AHSC.

$oo=
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Appendix A

In this appendix we argue that the transformation (2.18) can increase the
number of solitons by 1, and we also discuss another way of obtaining the
Backlund transformation.

N-soliton solutions can be obtained from the integral equation (2.1) together
with (2.6), choosing as a measure a linear combination of N simple poles, i.e.

di(k) = (A1)

k k

and a contour C enclosing k,, k,, . . . , ky. For an analytic function f(k) we then
have

Jf(k) di(k) = Zl &Sk, (A2)

and (2.1) reduces to a set of N linear algebraic equations. (In view of (A.2) di(k)
may also be regarded as a linear combination of delta functions
dA(k)=XV_, g,6(k — k) dk, cf. ref. 15.)

Consider now the transformation (2.18) with — p # k,, then

~ 1 g 1 X g
- - A3
G =+ o Z (A-3)
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N
~ 8u ~ gzx(p - kaz)
2 g =P TH) A4
& pa;p+ka p+k, &4

Eq. (A.3) is a linear combination of N + 1 simple poles, so that the new function
U, which can be found from (2.6) with the measure (A.3) is an (N + 1)-soliton

solution.
In order to give a different, but equivalent, way of getting the BT, let us consider
the singular transformation of the plane-wave factor

p—k

— Pk - AS
P+ (A.5)

PP =

It is clear that g, obeys the differential relations (2.2) as well and by defining a
solution #(x, t) of (2.1) with g, instead of p,, i.e.

L, i R
U+ 1D Jd/{(l) k——fl—l = PiC (A.6)
c

we obtain a solution

U:[uwmﬁ (A.7)

of the matrix PDE (2.12). On the other hand, multiplying (A.6) by
(p +k)p —k) ', itis easy to show that &,(p + k)(p — k) ! satisfies the integral
equation (2.19). As a consequence we have

. (p—k).
= . A8
U (p + k) u (A.8)
Inserting (A.8) in (A.7) and using (2.18) and (2.20) we immediately obtain
U=0, (A.9)

implying that the Backlund transformation derived in subsection 2.4 can also be
obtained as a result of the transformation (A.5) of the plane-wave factor p,.

A similar result can be derived for the integral equation of the NLS type treated
in section 4. One has the relation®

®:JM%MM,¢=JM@MM, (A.10)

C C
in which ¢, and ¥, are the solutions of (4.2) and (4.3) with
p—k

=" p,. 11
P Pr p*_kpk (A.11)
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Appendix B

Eq. (2.32) is most easily derived using two relations of the linear problem in
subsection 2.6. From the integrated version of (2.48) we have

0u;,=—u+s3iu oMo » (B.1)
100 = — tgy+ %iMOTOuOTl s (B.2)
from which
_ Oui)’
Ugp = 2Wurs (B.3)

From the integrated version of (2.41), using also (B.1) it follows that

. ) L . 20uy)? . -
2pur, = %l(u o+ 2i)* — %l(ul,o)z +2i= (u—*;; - %l(u 1,0)2 +2i, (B.4)
1,0
from which one can solve
(u10)* =2+ 2ipu;y + 2[(1 +ipu;) + (0. 7)12. (B.5)

Substituting (B.3) and (B.5) in the (1, 1) element of (2.30), i.e.

(8, — 0Dur, = Bipury — 3uoue0)d:gy (B.6)
one obtains

(0 — 0y = — 30ui) 0L +ipury)' + Qi 1P —3p*0ury . (B.7)

Note that eq. (B.7) can also be derived from the Biacklund transformation for eq.
(2.15)
(1 =204, ) )(1 —20,uy 1) =[1 +ip(it;, — “1,1)]2 > (B.8)

which can be inferred from the (1,1) element of (2.29), using also (2.17).
It is now easy to show that the quantity

b =20, 1n<u;1 - %) (B.9)
obeys the following PDE:
bbby 1
(61'61)17 :%6)(|:4p(2_)bZ_1—2—b3:|’ (B.lO)

and eq. (2.32) is obtained substituting b = 2ip sinh z.
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Appendix C

In this appendix we give the derivation of the Backlund transformation (3.41)
for the PDE (3.19). As a first step, eq. (3.39) is rewritten

(r7k)l;k+a:ruk+a_JT.uk+a_+_%i[U++ ‘O‘uk”
+l~J+_'O'u,f‘i+L~J’+'O'uk‘“+0‘_'0'uk_5], (C.1D
(r—kyi; =rug*—JI" u "+ {00 u "+ 0" - 0-u "
+0-*-0u*+0---0-u;7. (C.2)
Integra}ing (C.1) over diy(k), and using the relation (r —k)dA,(k)=
(r + k)dAy(k) to evaluate the left-hand side, we have
r(0++ —UtH)= —JTU++ — O++-4 +%i[0++ cQ-U*T
+0*--0-U*-4+0-*-0-U +*4+0 -0-U].

(C.3)
Using (C.3), its inverse with re> —r, U*« 0%, and the relation
JT-Ur+ 4+ U+ J = _2pu—+ +%i[U++ cO-Ur"4+U* -0 U+
—uU-*-0-Ut-uU"-0-U ], (C4

cf. egs. (3.8) and (3.14), we find
2r(0** —U**)=2p(0-*+U-*)—{0O**-U+*)-0-(0*+-U"")
~ L@+ —u*r)0-(0*t-—U*)
+40-*+U" -0 (0~ +U¥)
+4H0--+U )0 (0 +U ). (C.5)
From (C.2) we obtain after integration over d4,(k)

FO-—U-)=—JT-U* -0 - J4HO -0 U

+0+‘-O°U"+U’+'O°U++—+—L~J’_'O'U+7],
(C.6)

and from (C.6), the inverse relation with r «» —r, U*« 0%, and the relation

JT.U~++U7+.J:_2iaxuf++%i[u—+.O.U++_+_Uf—.o.u+—
+U**-0-U-*4+U"-0-U" "], (C.7)
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cf. (3.7) and (3.14), it can be shown that
210 (0-*+U H=2r0*—-U"H+4@0-*-U-*"-0- 0+~
U +3[0- - —U-)-0- (0~ —U*)F.
(C.8)

In a similar way one can derive two relations for Ut~ —U*~and 0-—-—-U~ -,
but we shall not give them here.

From the (0, 0) element of (C.8), using (3.16) and (3.35) for i0,u4," and u}~,
respectively, one has

Liort + i+ (oo™ +uge™)
AT —udy ) +2r =+ - — 7
2o o0 2dgy" —ugy™)

+[4(q* = p) — (ugo™ —2piY1"}, (C.9)
and eq. (3.41) can be derived inserting (C.9) and (3.35) in (C.5).

{[4(g* — p?) — (g™ — 2pi)]"”

Appendix D

In this appendix we derive eq. (4.65). From (4.62) and (4.63) we obtain the
relations

(g ‘k)d;ki =qpF —J"PF +%(\T’+*'O'¢ki +¥-*-0-¢F

+O -0y +D -0-y)), (D.1)
(@—kWE=g*yF —IT Y +3F -0y +¥ -0-yf
4j)+*.0.¢ki_(i)A*.o.¢k¢). (D.Z)

Integrating (D.1) over d,(k) and using (¢ —k)dA, (k) =(g* — k) dZ (k) to
evaluate the left-hand side, we find

GO g0 =T —D -+ P*-0-DF
+ ¥+ 0 +D -O-¥ +D"-0-¥). (D.3)
From (D.3) and the relation, cf. (4.31) and (4.50),
JT-(I)‘+(I>‘-J=~—2iax(l)“—§((l>‘-0-‘l’++(b+-0-‘1")
+iP* 0Pt +¥*-0-07). (D.4)

and the inverse relations with gg*, ®*—®*, Y%t it can be shown that
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2Aqg*® —g® )= 20 (D —D )Y D +D)-0-(F*-¥")
— @ +®*)-0-(F —-¥)
+3P*—¥ -0 (@ +O")
+ PP 0 (D + D). (D.5)
Integrating (D.2) over di,(k) we have
P —¥)=—UT ¥ P D+ (F 0¥ +PF-0-¥Y)
— @ *0-® +H*-0-D). (D.6)
From (D.5) and the relation, cf. (4.32) and (4.50),
Pt —JT-Wt = 7%(\11—.0.\]1— +¥*r-0-¥H)
+i@* -0 ® +P*-0-0), (D.7)
in combination with the inverse relations, it can be shown that
(@*— ) (¥ —¥H)=—3F —¥ )0 (F —¥)
*%(\i';+ —‘l’*)‘O'(‘i’J“ _\y+)
+® *—® %0 (D —d")
+{D*—D+*) 0 (DT — D). (D.8)
Eq. (4.65) can now be derived solving the imaginary quantity 1/70T0—l/10T0+

g* — g from (D.5) and inserting the result, as well as (4.35) and (4.39) in the (0, 0)
element of (D.8).

Appendix E

In this appendix we discuss the relation between the integral equation (2.1) in
the case w(k)=k ~', and the sine-Gordon equation and a shallow water wave
equation.

Consider the Miura transformation which maps the function v,, defined by (5.7)
and (5.8), on the function u,, defined by (2.1) and (2.6), i.e.

a)cuO,O = aXUO,O + U%,O s (El)

cf. eq. (2.29) with ugy= — 2vy and p =0.
Using egs. (7.5), (3.26b) and (3.14b) for p = — 1, and (6.16), with the minus
sign, of ref. 18, it can be shown that

dog = 0000 — 5+ o1 + 401" (E.2)

From (E.2), together with (5.9), we have
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- 0.0uq

Voo = m[u—(w . (E3)
Solving dp,, from (E.2) and using (E.3) one can derive

61 avazuo,o _ (alu0,0)z + a11"0,0 ) (E4)

1 4+ 20,uy, 1+ 20,uy,
Eq. (E.4) can be expressed as
1
20.0,1n[1 4 20 =[1+ 20 —_ E.
xYt I][ + :uo,o] [ + zu0,0] [1 +2a’u0,0], ( 5)

which is equivalent to the sine-Gordon equation (SG).

From (E.5) it can also be shown that the matrix element u, ,, defined by (2.6),
satisfies a PDE which is equivalent to the sine-Gordon equation. In fact,
integrating (2.4) with R = J7- O - J, and taking the (0, 0) element, we immediately
obtain the relation

2i0uyg = 2u, o — iuj, . (E.6)

The same fact can also be seen in the following way. Using egs. (7.5) and (6.15)
of ref. 18, we obtain the relation

Uog=TVio— 1+1[1 — U%,o]l/z s (E.7)

showing that the PDE’s for u,, and v, are equivalent, independent of the

dispersion (k). For the special case w(k)=k ', v, satisfies an equation

equivalent to the sine-Gordon equation, as follows from eq. (6.16) of ref. 18.
On the other hand, from (E.1) together with (E.3) one has

0 a:uoo 5):5#00 2
a‘(l T 2a,u0,0> Hoo <1 + 20,0, (E.8)

Substituting s = u,, + 3¢, €q. (E.8) can be rewritten as
5020,5)(0,5) = 10,08 + (0,5)(0.5) , (E.9)

which after differentiation with respect to x gives the shallow water wave
equation’®’)

5030, = (075)(0:) + 2(0,0,5)(0.5) - (E.10)

Therefore, from the linear integral equation (2.1) with w(k)=k ! one can

obtain solutions of the SG (E.5), as well as of the shallow water wave equation
(E.10). This is not surprising, since on general grounds it can be shown that any
solution of the SG leads to a solution of the shallow water wave equation. For
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that purpose we consider the equation

00w @)ow) _ 80 ]

w w? w

, (E.11)
where we have included an arbitrary function g(¢). For g(¢) =0, eq. (E.11) reduces
to the SG eq. (E.5) with w =3+ du,, and in the case g(r) =4, eq. (E.11) is
equivalent to the Liouville equation 0,00 = €’.

It 1s now easy to show that any solution of (E.11) for arbitrary g(z) leads to
a solution of (E.9). In fact, from (E.11) we have

Ow)@w)  (8,0w)dw  (Ow)Ow)
w B w + 2 o

00w — 2wo,w , (E.12)

and (E.12) is the compatibility condition for a variable s(x, ¢) defined by
Os=w, (E.13)

ow (@w)y

R

(E.14)

PN,

Inserting (E.13) in the right-hand side of (E.14), one immediately obtains (E.9).
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