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Two sets of nonlinear differential equations are derived and discussed for the time-dependent
correlations between x-components of spins (S = 1/2) in an Ising chain in the presence of a transverse
magnetic field. The equations are independent of temperature which enters only through the initial
conditions for the correlations. The equations are valid for the (general) inhomogeneous case in which
the exchange coupling as well as the magnetic field depend on the sites in the chain. In the derivation
use is made of a general formulation of the thermodynamic Wick theorem. For the homogeneous case
a nonlinear differential-difference equation is derived, generalizing the Painlevé III equation found

previously at zero temperature in the scaling limit. The finite-temperature field theory limit is discussed
also.

1. Introduction

The one-dimensional X'Y-model with spin 1/2 has received a lot of interest as
a nontrivial exactly-solvable quantum mechanical many-body problem. The
equilibrium properties for the ground state have been evaluated by Lieb et al.!)
and Katsura?) has derived the free energy per particle at finite temperature. The
time correlations between z-components of spins have been obtained first by
Niemeijer®), see also ref. 4. In general the zz-correlations at all temperatures show
a very slow (power-law) decay vs. time.

For the time correlations between x-components of spins the situation is more
complicated. The exact results at infinite temperature for the autocorrelation
between x-components of a spin show in general a predominantly Gaussian decay
vs. time*'"). (The correlations between x-components of different spins vanish at
infinite temperature'?).) These results have been derived using various methods
including numerical calculations’), an approach based on Toeplitz
determinants®”), cf. also appendix B of ref. 9 and ref. 13 and also a general
formulation®'!) of the thermodynamic Wick theorem'*'§). For the (general)
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inhomogeneous XY-model the correlations can be derived from a Lagrangian
corresponding to a classical lattice problem'®) which in special cases such as the
Ising chain in a transverse field, the isotropic XY-model, and the anisotropic
XY-model in zero-field reduces to the Toda problem!”'®). Detailed results for the
frequency-Fourier transform of the autocorrelation of one spin in the homoge-
neous case can be found in ref. 11.

At zero temperature the correlations show in general a power-law decay ~ ¢~*
as a function of time, where A can have several values depending on the specific
regime for the interaction parameters. Explicit results in the scaling limit have been
given for the correlations at large distances by Vaidya and Tracy'®) using an
approach based on Toeplitz determinants similar to the one developed by Wu et
al.?) for the correlations of the two-dimensional Ising model, cf. also refs. 22-24.
In refs. 25 and 26 an extensive treatment has been given of the impenetrable
(¢ = o) Bose gas, see also refs. 27 and 28 for expansions in powers of 1/c. Results
for the autocorrelation of one spin have been given by Pesch and Mikeska®),
based on a numerical evaluation of the block-Toeplitz determinant, and very
recently by McCoy et al.”?) in terms of a Fredholm determinant which satisfies a
Painlevé differential equation.

For finite temperature not much is known apart from an explicit evaluation of
the asymptotic behaviour of the autocorrelation in the special case of an Ising
chain with nearest-neighbour exchange J* in the presence of a transverse magnetic
field b =J%, or equivalently in the isotropic homogeneous XY-model in zero
field*®).

In the present paper we shall derive two nonlinear differential equations for the
correlations in the case of the (inhomogeneous) Ising chain in which the exchange
interactions and the (transverse) magnetic field depend in an arbitrary way on the
sites in the chain. The equations are independent of the temperature, but
temperature enters via the initial conditions. For finite temperatures the initial
conditions are such that explicit solutions cannot be easily obtained, even in the
homogeneous case with b =J*, for which the correlations are determined by a
Toda equation®) which, however, should not be compared with the one derived
in the high-temperature limit>"). The derivation of the Toda equation uses a
general identity first given in ref. 31 which amounts to a general formulation of
the thermodynamic Wick theorem, see also ref. 32: With this formulation one can
derive also closed differential equations for the general inhomogeneous XY-
model®**?), but in the present paper we restrict ourselves to the case of the Ising
chain in a transverse field.

The general formulation of the thermodynamic Wick theorem has also been
used to derive the nonlinear partial difference equations®) for the two-point
correlations of the two-dimensional Ising model on a general planar lattice which
in the homogeneous case leads to the lattice version of the Painlevé equation first
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obtained by McCoy and Wu¥) and which at the critical tcmpera.turelrcduces
to Hirota’s discrete-time Toda equation®). Very r§cent1y, qugdratlc dlﬁ’érencc
equations have also been obtained for n-point functions®*) which gcnerahze.the
nonlinear differential equations obtained by Sato et al., see .rcf..41 for a Fevnew.

In section 2 of the present paper we present some preliminaries regarding 'the
Ising chain in a transverse field, and in section 3 we glye a igenefal fom.lulanon
of the thermodynamic Wick theorem for fermions, 1mp1y1ng in particular a
theorem for compound Pfaffians. By introducing anticommuting c-nur.nbers, a
bosonic counterpart can be derived, as will be shown in section 4. In section 5 we
consider a slightly extended class of correlations containing not only the (physnc,:al)
spin correlations and we shall derive differential equations for the generating
functions of these extended correlations. By elementary integration two closed sets
of equations for the spin correlations are derived in section 6, where also a
discussion of the results is given. . 3

In particular, in the case of site-independent interactions, an ad(?htlonal
differential-difference equation is derived for the ratio of the spin correlations on
the lattice and on the dual lattice, which in the scaling limit becomes the
sinh-Gordon equation, independent of temperature. But, at zero terppera.ture the
boundary conditions have to be such that the solution is Lor.entz mv?mant; the
sinh-Gordon equation reduces then to the Painlevé 11 differential eqlfatlon of rc?fs.
19 and 21. In the special case of critical magnetic field, b = J*, and in the scaling
limit, the logarithm of the correlation function satisfies the free Imassless
Klein-Gordon equation, also for the finite-temperature field theory. This shows
that the crossover behaviour of the autocorrelation, from a power law at za?ro
temperature to a Gaussian at high temperatures, is rather com‘plicat.ed, going
almost certainly through at least one intermediate regime of exponential decay.

2. Preliminaries of the transverse Ising chain

In this paper we consider the (inhomogeneous) spin 1/2 Ising chain described
by the Hamiltonian

N=1 N
# =Y 2JS} ;H—‘Zl b;S:. .1
j=1 i=

Here J7 denotes the exchange interaction between the x—components o‘f nc?gh-
bouring spins at the sites jand j + 1 and b; is the magnetic field (in tbe z-qlrectlop)
acting on the spin at site j. Eq. (2.1) is the Hamiltonian for a finite Ising chain
in a transverse field with N spins and open boundary conditions (J5 = 0). '
The spin components satisfy Paulion-(anti)commutation relations, i.e. spin
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components S¢, S¢ referring to different sites (j # j) commute, whereas different
spin components Sf,S§, (&' # &), belonging to the same site j anticommute.
This feature can be overcome using the Jordan-Wigner transformation

it 1 fiz! .
Sf:ji(k=1pk>y2/““ Sf=ﬁ(k=11’k))'zj, Si=—3P= —iyy_1vy,
22

in which the operators y are (Hermitean) fermion operators®) satisfying the
anticommutation relations

i ¥4 = na-

23)
In terms of the operators y the Hamiltonian (2.1) is given by
2N -1
H =i Z TPk 2.4
witht -
Jyor=by, Jy=J7. (2.5)

The time-dependent correlation between x-components of spins at the sites
n+1and n+p+1is given by

1 n n+p
<Sﬁ+ |(t)S;+l+p> = §<<k1:[‘ Pk(’))%nﬂ(’)(kul Pk>y17|+\+2p> s (2.6)

where (r) and {-+-) denote the time evolution and the canonical average with
respect to the Hamiltonian (2.1), i.e.

A([) — eiJV’tA e«i)ﬁ s
@n
(AYy=TrA e MTre ¥,
for an arbitrary operator A.

The right-hand side of (2.6) contains a large number of time-dependent
Jordan—-Wigner factors, i.e. the P, k =1, ..., n, at the left, sandwiched between

e and e~ ™", and a large number of time-independent Jordan—-Wigner factors Py,
k=1,...,n+p, at the right.

This feature can be overcome using the commutation rule

(kﬁ yk)?f = (# + h,,,)(f[l yk> R 2.8)

where

By = = 2,V - 2.9)

1 Note that in ref. 31 a slightly different notation has been used.
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The proof of (2.8) is straightforward using (2.3). Note Fhat the' Hamiltonian
# + h, can be obtained from (2.4) changing the sign of the interaction J,, between
the operators Y and Yy, 41

From (2.8) we have

H Ylt) = Oy ﬁ i (2.10)
k=1 k=1

with
0. = 1 e i0f +hu) (2.11)
mt
and the time-dependent spin operator S%,1(1) can be expressed as
1

n 1 n
- FAT 2.12)
S;+1(1)=72<El Pk(t)>YZn+l([) \/iozwm(k[ll k)? |

Inserting (2.12) into (2.6) and using the trivial relations P} =1, we obtain the
spin correlations, p=012,...)

<S',‘,+|(Z)S;TH+,,> =3P Az 120142

(2.13)
(S5 () Sia—py =4(= 2 Arnsns1-2

with
Apmss=(OuiTmat - Pmas)sy S =LA
Apne= (OB Fms s S =2k 214

Apm = <Om.1> :

In view of (2.8) and (2.11) the right-hand side of (2.14) can a.1s0. be expres§ed
as the average of a string of (m) time-dependent y-operators multiplied by a string
of (m + s, resp. m — s, T€Sp. M) time-independent y -operators. In fact, from (2.10),
we have, cf. also (2.3),

Oy = 27(= D09, (1) 9Py - P (2.15)
so that

= 2= DD (1) - 0 OF1 B s

Ay = 25 (= DB (0) O s S =002

The correlations (2.13) with m = odd =2n + 1 are the correlations in the Ising
chain (2.1) with

(2.16)

by=Jy_1n J=1.u N,
Ji =Ty, j=1,...,N—1.

@17
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For even m = 2n, the cor.relations Amm s> A5 can be expressed in terms of
correlations of a “dual” Ising chain. In fact, introducing formally (Hermitean)

fermion operators y,, Yan+1, in addition to the operators Yis o, Yoy i (2.2), (2.3)
one can define the “disorder variables#) ' ’

1 (1 J
Ster=={ T 20221 )y =2 [T (— 25
+3 \/5 <k:l Yok -2 Yo% 1)}’2, > kl:[[ (—28%),

1 /4 i
v L . Yo .
S/+% = \/5 <k1:[l 2092~ 2 V2 - l))‘z;ﬂ = ﬁ(kl:[l (*2Si))(‘ 4iS7ST ), (2.18)
Siit= =y = — 28785,
forj=0,1,...,Nt. Since the anticommutation relation (2.3) is invariant under

the tran'sformation Ye*Vk-1» it is clear that the operators (2.8) satisfy the
appropriate Paulion-(anti)commutation relations and therefore may be considered
to be spin operators at the sites §,3,..., N + 1.

The Hamil

tonian (2.1), (2.4) can also be expressed in terms of the spins of the
dual chain

N N—-1
lekzl bivs v+ Y, Ty,
= k=1
N N-1
=253 OSE_4SE— Y JiSkry
k=1 k=1
N
:2};‘l JEASE St — Y be_1SiL (2.19)
in which the J* and b with half-integer subscripts are defined by
Jiy=b, k=1,...,N,
b%:(), bk—%zjlf—h k=2u---,N,
byiy=0.

(2.20)

The correlations between the dual spins are given by
<S;f+%(l)Si+%+p> = %(2i)pA2n,er+2p 5
" . ) 2.21
<Sn+%(t)s;l+%—p>=%(_21)pA2n.Zn—-2p‘ @20

Note that the left-hand side of (2.21) can also be given as an expression involving
a product of time-dependent and a product of time-inde
view of (2.18) and the relations y3 =1, [y, #] = 0.

pendent operators S, in

+ Eqs. (2.18) are equivalent to eq. (3) of ref. 31, apart from two minus signs, i.e. in €q. (3) of ref.
31 one should have Iy \Iy=—irftf,, and Fyaly = —io}_ 07,
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As a conclusion the quantities A, 45 Amw—, for odd and even m, s = even,
give the time-dependent pair correlations between the x-components of spins in
the transverse Ising chain (2.1), as well as the dual chain (2.19).

From the xx-correlations, the xy- and yy-correlations of the Ising chain (2.1)
can be obtained using the relations

d x
& <S::+1(t)va+l+p> = bn+l<S)r:+l(l)Sn+l+p>
= —bn+l+p<S;+l(I)Sﬁ+l+p>)
d2
a‘t‘z <S§+I(I)S;T+l+p> = —b,,+1b,,+|+,,<S{+1(I)S;V,+I+p> > (2-22)

of. ref. 44 and also section 7 of ref. 8.

3. Wick theorem for fermions

In this section we discuss a general formulation of the thermodynamic Wick
theorem which provides as a special application the (exact) factorizations needed
for the derivation of the nonlinear differential equations in sections 3,6 for the spin
correlations in the transverse Ising chain. Other applications with respect to the
one-dimensional X'Y-model and the two-dimensional Ising model have been given
in refs. 31, 33, 34. As a special consequence of the general formulation one has
a theorem on compound Pfaffians which will be discussed at the end of this
section.

3.1. General formulation of Wick theorem

Consider a set of (Hermitean) fermion operators y,, ..
Hilbert space 4 satisfying the anticommutation relations

s vy =6 (2.3)

From the operators y one can construct operators Q, consisting of a finite product
of exponentials of bilinear expressions in the operators y multiplied by products
of linear combinations of the y’s, i.e.

., Van, defined on a

p
0,=1] {xp B,) T}, G0
vl
with
B, =3 A Yutn (3.2)

mn
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Spv
r,= IL[) (Z )'ﬂvuln’yrn)v Z S, =2R =even, (3)
n=1\m Py

where the 4%, and 4,,,, are arbitrary coefficients and where it is understood that
r, =1 for S, =0.

For the traces of products of operators Q, multiplied by fermion operators Vi
we have the factorization property

25 2
Tr( nl Qp%”)/Tr( I:[l Q,,) B (kpfl) (¥} =PACL, 2., 29), (34

where the right-hand side is the Pfaffian*%) for the triangular array of ‘“pair
averages” X, 1 <k </ < 2s, which can be derived from the left-hand side of (3.4)
omitting all y, except , and y;,. More explicitly,

vl ep(elifiie) oo

The Pfaffian in eq. (3.4) is defined by
Pf ({Xkl}) = ZI (_ I)P 1_[ XP(Zk— 1)P(2k) 5 (3-6)
{k<1) P k=1

where X’ is the sum over all permutations P(k), k=1,...,2s, with
PQ2k)> P(2k — 1), P(2k +1)> P(2k — 1) and (—1)” is the sign of the per-
mutation. .

From the definition (3.6) we have the recursion relations

25
PE(1,2,...,28)= Y (= 1)X,; Pf(L,.... K, ...,2s5), G.7)
j=2

P(1,2,...,25) =s' T (= DI X PR, ks o d e, 28), (3.8)
k<t

in which Pf(l,...,k,...,4...,2s) is the Pfaffian of the (2s —2) x (25 —2)
triangular array which can be obtained from {X,}, 1 <p < g <2s, omitting all
Xoe» Xip» Xo» Xig» X Eq. (3.7) can be found e.g. in refs. 45, 46, and eq. (3.8)
follows from the fact that for each pair k& </ we have under the summation in
(3.8) the sum of all terms containing X}, in the Pfaffian Pf(1,2,...,2s).

In section 2 of ref. 9 we have discussed a less general formulation with I, =1,
taking into account only products of exponentials of bilinear expressions in the
y’s. With this formulation we could derive the differential equations for the spin
correlations of the one-dimensional XY-model at infinite temperature®'%). The
formulation with I',, % 1 is important for the extension to finite temperatures®")
and for the correlations of the two-dimensional Ising model***).

The proof of eq. (3.4) proceeds essentially along the same lines as the one given
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i section 2 of ref. 9. The proof is based on a “doubling” of the Hilbert space,;é
l,: Sa first step one labels all operators ¥y, .- Yav actlr.xg on the Hilbert space
b; a superscript x, SO that the left-hand side of (3.4) is expressed as

2
Tn( ﬁ Q:vi,) / Trx<p[ll Q:) (3.9)
p=! =
with ,

0:=T1 {exp<2 Ay :) ﬁ. (1—[ Apv,"nv,’n)}, (3.10)

y= mn n

the Hilbert space #,.
here Tr, denotes the trace over ' N )
" We ne):t introduce a second independent Hilbert spacet 4, = 4, with operators

P, k=1 2N, satisfying the anticommutation relations
5 ,...»2N, y
= ‘= 3.11
ks Y814 = Ok Begs (& E=x,y). (3.11)

The introduction of this Hilbert space may be visualize.d by f:onsxdermgdtv;;o
identical chains S, ... ,Sy and Sy - = S,ns TESP., w1th. spms. 1/2-::18 in);
applying the Jordan-Wigner transformat}on to the composite ck:iam w1G S;S)ian
S, ... S Since Pfaffians and determinants can be expresse aZ ;]1:\n "
integrals over Clifford (or Grassmann) algebras, see r.efs.-46, 47, the (?u i fgthe
the Hilbert space is reminiscent of the well-known trick in the evaluation o

Gaussian integral, i.e.

@© © © © 21
J dxe™™ J dye” = J J dx dy e~ () = jjdr rdpe”=n. (3.12)
s o Zo — 00
Then one considers the general set of 2% traces
i 3.13)
C§|52...57_,=Trx,y(nl Q;Q;V§{>, (
pe

where & &, = x,y and Qj can be obtained from the right-hand side of (3.10)’
e 6= i
rep]acinlg the operators yi by y%. Ty, is the trace over the direct-product space
4 ® 4,
The operator Q303 in (3.13) can be expressed as

0:01= (-1 11 {exp(z AT+ mﬁ))

v=1 mn

Spv .
X ﬁ (Z Aot CVEVT VTV | 5
p=1\k<l

s

+ Note that the superscripts x and y, which have been introduced to A\abe\ the two Hilbert spaces,
“re completely unrelated to those indicating the components of the spins ;.

(3.14)
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It is clear that the right-hand side of (3.14) i
: . and thus Q*Q’ is i i
canonical transformations of the form G707 s invariant under

Yi—yicosg —yising,

Yi—vising +ylcosg, G19
leading to

Vailn VRIS + Vi, (3.16)

YT VIV v, (3.17)

i.e. al} expre'ssions of the form Ym¥s+vihy2and iy + yi7Z are invariant under the
ransformation (3.15). Then the 2% traces C,...e,, defined by (3.13) transform as
the elements of an invariant tensor of rank 2s in two dimensions, i.e

25
Cotyentn, = Y (Z DC,E;(‘]))Ctiﬁ-v-t’b (3.18)

€ b= (o) \v=1
with

cosqg —sing

D(g) =

@ (sinq cos q)‘ 3.19)
From (3.18) and (3.19) we have

C(O) —_ C(k) coslj~2k in2k
; g sin*q, (3.20)
® ;
;N:ere C is the sum of all _traces Cee,...q,, Containing 2s — 2k superscripts x and
2k superscripts y. (Terms with an odd number of superscripts y do not contribute
in view of the canonical transformation Y= =1 yioyE)
Eq. (3.20) implies in particular (for g—0) that

CO = s-icm
) (3.21)

as the coeﬁicient of g% in (3.'20) vanishes. Eq. (3.21) is a linear relation between
(tir.aces V\{hl?h has.been derived on the basis of a continuous symmetry by
. ifferentiation. This procedure is well known in non-Abelian gauge theory, e.g
In connection with the derivation of Ward-Takahashi i iti i BRS.
iransformationn, ahashi identities using the BRS-

When we insert (3 13) in (3.21), the tr i i
. ¢ . .21), aces in the right-h i
factorized, in view of the property grihand side can be
Tr,, A*B’ = Tr, A*Tr,B*=Tr 4 Tr B, (3.22)
in which 4 and B are (analytic) expressions in the operators y, and 4* B*

, : d
A%, B” can be obtained from 4, B replacing the operators Vi 5

by i and by yy,
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respectively. As a result we obtain
(o))
-ogeverr(efen( 1L o)1)
x Tr{(pUk Q,v.»,,) Qk<k LL Qm,,) Q’(E, Q,v.-,)} . (3.23)

Assuming by induction that (3.4) has been proved for averages involving
(25 —2) operators ¥;, €q. (3.23), in combination with the recursion relation (3.8),
leads immediately to (3.4) for averages involving 2s operators Vi

Note that the formulation (3.4) of the thermodynamic Wick theorem has been
derived in the case of fermions. In fact, eq. (3.17) which has been used in the
derivation of (3.4) is based on the anticommutation relations of fermions, in
contrast to (3.16) which has been used also in the derivation of section 2 of ref.
9 which applies to the case of bosons as well. However, by introducing
anticommuting ¢-numbers*’) a bosonic counterpart of (3.4) can be derived as will
be shown in section 4.

The Wick theorem (3.4) can be considered to be an extension of the usual
formulation in which there is only one exponential of a bilinear expression of
y-operators and in which I',, = 1'*'%). Note that in the usual formulation the
operators y;,...,7, can also be replaced by time-dependent operators
9i,(t)s - - - » V4, (t2s), since each y,(¢), under the evolution of a bilinear Hamiltonian,
can be expressed as a linear combination of time-independent operators. The
formulation given in ref. 9 may also be made plausible from the usual formulation,
in view of the Baker—-Hausdorff expansion and the fact that each y(¢) under the
evolution of a bilinear Hamiltonian is a linear combination of time-independent

P’s.
3.2. Theorem for compound Pfaffians

In the preceding subsection, we have given an extension including products I',
of linear combinations of operators y,. Note that the left-hand side of (3.4) can
be expressed as a linear combination of traces involving exponentials of bilinear
forms and 2R + 2s, 2R = %,, S,,, operators y. Such a trace can be expressed in
terms of a (2R + 2s) X (2R + 2s) Pfaffian. The formulation of (3.4) implies a
property for this (2R + 2s) x (2R + 2s) Pfaffian in terms of a 2s x 25 compound
Pfaffian. In fact, from (3.4) we havet

1 This formulation is also very useful in connection with the two-dimensional Ising model®40%9),
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PR(1,2,...,285 25+ 1,...,25 + 2R)/Pf(2s + 1,...,25 + 2R)

(3.29)
= Pf , {PfG,j,2s +1,...,2s + 2R)/Pf(2s + 1,...,25 + 2R)}),
<i<j<2s
or with the notation
A={1,2,...,2s}, B={2s+1,...,25+2R}, (3.25)

Pf(4UB) Pf({i,j}UB)
PfB (i,jl))£A <{ PfB }) ' (3.26)

The compound Pfaffian theorem can also be inferred from the recursion relation

Pi(I,...,2525+1,...,25 + 2R)Pf(2s + 1,...,25s + 2R)
2s
=Y (=1/PY,.... /..., 2525+ 1,...,2s + 2R)
j=2

x Pf(1,/,2s+1,...,2s +2R), (3.27)
first discussed by Tanner®') and proved by Zajackowski*?), see also refs. 53-56 for
related expressions for determinants. [In fact, the theorem on compound deter-
minants may be viewed as a special case of (3.26).]

As an application of (3.4) we consider the one-dimensional XY-model with
open boundary conditions which contains the transverse Ising chain (2.1) as a
special case. For the one-dimensional XY-model we have the factorization
property (3.4), in which the operators Vi, and Q, in spin language are given by

Vzn+1=\/§{_ﬂl(—25})}sﬁ+|, Vzn+z=\/§{jl_[l(—25'f)}5%+n
0,=11 {exp(z Y Y CheSiSi... s;-ls,é')

ve=1 Jrziéé=xy
(ST (51, {sm} : (328)

where the C%, are (arbitrary) coefficients and where f,, is an arbitrary product

of spin components such that IT,, f,, is invariant under rotations over  around
the z-axis with S—— S}, S¥—— 8%, S;—S}. Eq. (3.28) corresponds to the case
that each I'j, in (3.3) is a product of y-operators. By taking products of linear
combinations, like in (3.3), more general expressions may be derived. Special cases
of (3.4) with (3.28) have been exploited in eq. (6) of ref. 31 and eq. (8) of ref. 34.
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4. Wick theorem for bosons

In this section we discuss the bosonic counterpart .of t'he treatment of .the
preceding section in terms of (Hermitean) operators satisfying the commutation
relations

Vs V) = 8= — 8k - @1
We define the operators
0,= 1 (0 B, 42

ve=1

in which the

4.3
B, =, AhVnla “3)

mn

are bilinear expressions in the operators y with arbitrary coefficients 44, The I'y,
are products of linear combinations of the operators y,, 1.e.

=2R = (4.4

r,=11 (Z rl,,wmvm) pZS,N =2R =even,
p=1\'m v

where in contrast to section 3, the 1,,,, are anticommuting ¢-numbers belonging
to a Grassmann algebra®), i.e.

4.5

ol it = NpviimMpn = 0 - (4.5)

It is understood that I',, =1 for S, = 0. o
For the traces of products of operators Q, multiplied by boson operators ¥;,
we have the factorization property

2 2 _ 4.6

where the right-hand side is the Hafnian®#%) for the triangular array of “pair
averages” X, 1 <k <! < 2s, which can be derived from the left-hand side of (4.6)
omitting all y; except ¥, and y;, cf. 3.5).

The Hafnian in (4.6) is defined by

Hf ({Xk,}) =ZI n Xpok-1ypeK) » D
{k<t} P k=1

cf. (3.6) without the factor (— 1)*, where X’ is the sum over all permutations P({c),
k=1,...,2s with P(2k)> Pk —1), P2k + 1) > P(2k — 1). For the Hafnian
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we have the recursion relation

HE(,2, ., 20) =57 Y. Xy HI(L ..., K .. 4., 2s), @3)
k<1

cf. (3.8), where Hf(l,...,4...,4...,25) is the Hafnian of the

(25 —2) x (25 —2) triangular array which can be obtained from {qu},
1 <p < g <25, omitting all elements Xots Xips Xgp» Xy X,

The special case of (4.6) with I',, =1, (S,, = 0), was proved in ref. 9. The proof
of (4.6) with I',, # 1 is completely analogous to the one in section 3. As a first step
we label all operators y,,. .., 7,y on the Hilbert space 4 by a superscript x, so that
the left-hand side of (4.6) is given by (3.9) in which

Spo

0;=T1 {exp(Z Am;y:) I (Z nv)} “9)

v=1 mn p=t\'m

We next introduce a second (independent) Hilbert space %, 4, with operators
v% k=1,...,2N, satisfying the commutation relations

b vE] = gurder, (£, =x,p). (4.10)
Using (4.10) and (4.5) the product Q507 can be expressed as
0:0;= (=1 [ {exp(nz AL+ mm)
x Hfjl Z ol ViV — vy %)} ,
(s )f(zs)- 1) )

The right-hand side of (4.11) is invariant under the canonical transformation
(3.15) leading with (4.10) to

L R el T T T e S AN (4.12)
4.13)

As a consequence the 2% traces Cey,...e,, defined by (3.13) transform as the
elements of an invariant tensor of rank 2s in two dimensions. The properties
(3.18)(3.21) remain valid, and using (3.22) we arrive at

™{ffon)r(fie)
= zri(ejen( 11, 0Jen(11e)}
“f(enje 11, 0n)e(nen))

vt —vivioviv! —vivi.

(4.14)
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of. (3.23) without the factor (—1)**'~". Eq. (4.14) corresponds to the proper
recursion relation (4.8) for Hafnians, so that (4.6) has been proved. Eq. (4.6) is
completely analogous to eq. (3.4) derived for the case of fermions and may be
regarded as a compound theorem for Hafnians. The fact that the #,,,, in (4.5) are
anticommuting c-numbers, however, gives rise to nontrivial problems of inter-
pretation and also to limitations with regard to its physical applicability.

In fact, the applications in sections 5 and 6 for the transverse Ising chain will
be derived from (3.4) for fermions, using for each operator I',, a product of y
operators, i.e.

SI’"
Ip= ﬂ Va1 Spp # 0. (4.15)
pn=1
The analogue of (4.15) in the bosonic case, which would amount to
Spo
Fp=Y {Mpuntowsd Priwan} » (4.16)

=1

leads to t}:e trivial result that both the left-hand side and the right-hand side of
(4.14) are zero.

Factorization relations for the bosonic case can be derived assuming e.g. that

each I, with S, # 0 is a product of linear combinations of two y-operators, i.e.

5

-1z

p=1 La{pym)=£1

npv;una(p.v.u)’ymﬂ(p,v,ﬂ)} . (4.17)
Inserting (4.17) in (4.2) and (4.14) we find that every product of two traces in the
left- and right-hand side of (4.14) is a linear combination of 4** terms, 2R being
the number of factors (p, v, 1) with S, # 0. From these terms only the ones which
are proportional to

H {”pvwn + (p,v,u)"pvwn-(p.v‘m}

s

(4.18)

give a nonvanishing contribution, cf. (4.5). Dividing by this factor and working
out the result one obtains

2 S
Z | Trl: H <H B, Hl Pongpw® (v, #))Vip}
p=1\'v ne

{e(pvad = £1
s,

2 _ S
<] [T T |
p=1v ;

r=

_ 5w
D) TH I (H 51 v,"u(,,.v,,mp,v,m)}
k<! fa(poa =1} p<k \ v =l

Siv S
X (H By, H Pinglk, v, % (h‘h#))h{ H (H B, Hl )‘m,,(p,v,g)a(P» v, H))}
e

v p=1 k<p<i\ v
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Sw Spy
X (H B, Hl Vmu(l,v,y)“(l» v, ﬂ)) Vi,{ H <H B, 1—[’ )’m,,(p,v,,‘)a([]x v, N))}:‘
v n= =

p>1 v
_ S
e Tr[{ H <H B/IV H ’)’m-a‘(p.v,y) ’)’ip}
p<k\'v A=l
L 5w
(1180 T TL (1180 T i}
v p=1 k<p<i\'v a1
_ S . Sp
X <H B, H )’m,,(h.;g){ H (H B, H ’)’mAa(p.v.u)>’)‘fp}] s (4.19)
f A=l RN a=l
with
B, =expB,. (4.20)

Eq. (4.19) may be used in particular to derive expressions for a trace involving
2R fixed operators ,,,,,, and 2s operators y,, ..., 7,, in terms of traces involving
2R’, (R"<R), of the operators y,,,, and 2s’, (s’ <s), of the operators
Vi oo Vi This can be done applying (4.19) on an (extended) Hilbert space £® 7,
in which 4 is constructed from 2R operators 7, ...,y In fact, choosing the
operators y;,, . . ., ¥, as well as y,, ¢, in 4, and identifying the operators y,, .,
with the operators 7,,..., 7, in # and choosing furthermore B,, as a sum of
bilinear expressions in 4 and %, one can factorize all traces over 4®7 in a trace
over 4 and a trace over 4. After eliminating the traces over %, one can arrive at
explicit results containing only operators of 4. In these results traces involving 2R
fixed operators ,,,,, and 2s operators y, are expressed in traces involving 2R’,
(R < R), of the operators ,,,,, and 25, (s" <s), of the operators Vi

Obviously these relations have a much more complicated structure than the
relation which can be inferred from (3.4) in the special case (4.15) for fermions
and which expresses traces involving 2R operators ¥, and 2s operators y, in
terms of traces involving the same 2R operators 7,,,,, and only two, (or none),
of the operators y;, . .., ¥, We shall not write down the much more complicated
relations for bosons, as not much can be said about their usefulness in practical
applications at the present state of affairs.

5. Differential equations

In this section we consider the correlations
Tr(0,., TymiK) , .1

where the trace is taken over the Hilbert space of the spins S,

..., Sy, or
equivalently the Hilbert space of the fermion operators v, .

.., Yaw» the operator
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0., has been defined by (2.11), and T is a product of different fermion operator.s.
T;;e operator K can be an arbitrary product of exponentials (of bilinear fo.rms in
the y’s) and linear combinations of y’s, as described in the previous section.

5.1, Application of general Wick theorem

Since our main interest lies in the spin correlations (2.13), (2.21), we shall mainly
restrict ourselves to the case that

K=e M |Tre 5%, (5.2)
For O, we have the equation of motion

40,02 2000, 53

cf. (2.11) and (2.9), and the equation of motion for (5.1) can be written
&0, 1K) = = 20, THO(O0 1 (D0LT VK (54

The right-hand side of (5.4) can be decoupled into averages involving two
operators y besides I' and K, in view of

Tr(yut(1)OT1.9,K) THOTK) = Tr(r()p(1)OTK) Tr(OT ..K)

+ Tr(y(NOTK) Try()OTy.K) — Tr(pu)OT'yK) Tr(yy(£)OT1aK) »
(5.5

where O is a product of exponentials of bilinear expressions of the operators y.
Eq. (5.5) is a special case with s =2 of the general relation (3.4), cf. also (3.6),
with the operators

Oi=Ke¥, Qy=1, Oy=c"¥0rI, Q=1. (5.6)

In view of (5.5), eq. (5.4) can be expressed as

{% Tr(0,,I" WK)} Tr(0,,I'K)

= =27, Tr(,(t W 1 1() 00, T K) Tr(O,, Ty K)

= 20, Tr(y(1) 0 LyiK) Tr @1 1(1)00, I 1K)
+2J, Tr(y,()0, I1.K) Tr(y, . ()0, 1K) . 6.7
(Note that (5.7) may also be derived from a more restricted version of (5.5)
without the operator O, since the operator O,,, defined by (2.1 1) can be expressed

as a product of time-dependent operators y multiplied by a product of time-
independent y’s.)
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With the commutation relations, cf. (2.8) and (2.11),

()05 = Oy 1>

(5.8)
Pn+ I(I)On,t = 0n+l,t')'n+l s
eq. (5.7) can be rewritten
d d
- Tr(On Ty K) — 1n Tr(0, 1K) ¢ Tr(0,, I'yiyeK)
=—2J,Tr(0, _ l.anFVkK) Tr(0,41,¥n+ T1K)/TH(O0,, [K)
+ 27, Te(O, 1 7T 7iK) TE(Oy 1,70 1 T1K)/TH(O0,, T K) . (5.9)

For different choices of I' one can derive a variety of nonlinear differential
equations. As the main interest lies in the spin correlations, we shall restrict
ourselves to the following three choices of I' and vy,

F=Yosro Voes W=Vussers (5.10a)
or

F=Yy Vposrts W=Yees (8=2,46,..), (5.10b)
and

F=%niree Vnre V=Vnass (5.11a)
or

=% Vnosst V=Vnoss, ($=2,4,6,..)), (5.11b)
and

=1 %=y (5.12a)
or

=1 y=y, (5.12b)

corresponding to s = 0.
Proceeding from (5.10a), (5.10b) one obtains a closed set of differential
equations for the correlations

AR =THOpdnsr -+ - Vus Furs e VKD s (5.13a)
AQ=Tr(Ontn -+ Fuss1¥ae 0K
ok 0 1Y =¥k (5.13b)

(8=0,2,4,...).

FINITE-TEMPERATURE CORRELATIONS FOR THE ISING CHAIN 19
In fact, with (5.10a), (5.10b) inserted in (5.9), we have

A
d A6 — d Ind,, ., |A%=—J, A"—*‘fiﬂAEfl,,k—"—“’”—*—'A“Hk ,
nk d +

dr Aup s nnks
y y (5.14)
j 55,1—(1 lnA,l,H)/?;fL:J{ sl 0 - Zsf:ﬁ)k},
(s=2,4,6,..).
In (5.14) use has been made of the special values
Agwwl =%An,n+ss A5{11+:+Z=An,n+:+7_) (5 15)
A9 =3 e A= Aunina, '
(5=0,2,4,..),
in which the 4’s are defined by
An,n+s = Tr(On,ﬂnH o ‘Vn+:K) 5 (5 16)
Apps=THOW Y0+ Vs KD,
(s=2,4,..),
App=Tr(0,,K) .

In the case (5.2) the 4’s in (5.16) reduce to the expressions (2.14) for the spin
correlations (2.13), (2.21).
From (5.11a), (5.11b) and (5.9) it follows

L L e e T - ypl,

dt Ann+s nn+s
d - d 2 Auin—st1 7 Ayiposir 762
thEfk »— alnAn,n-—s Asr =1, T"Ans+l,k__Tm:x—Au—],k >

(5=2,4,...), (517
and from (5.12a), (5.12b) and (5.9) we have

4
%A;",{ ((‘; 1nA,,,,>A“’ = —J{%@A?Ll,k—zJﬁ‘"—“AwL,k},
nn nn
: (5.18)
d . d . Ay n Au L1
3 - (g am - affest A, -2 S

Apart from (5.15), other relations for the 45, A, can be derived from the
equation of motion

d

§ Oni =120, =10, + ). (5.19)
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In fact, from (5.19) and the commutation property

(‘#+hn)yn+l Vs = Vg "yn+.r(‘#+hn+s)1

(5.20)
we have, cf. (2.9),
d . .
d—[ An,n+s =Tr {(IK”OW - 1K0n,¢(‘” + hn))yn+l e yn+:}
= _Tr{oﬂ,/yn+‘ e Yn+:i[=#: K]}
F 20 s Tr{Onair o Vs usss Van K} - (5.21)
In the case of (5.2) we obtain the relations
. d
AEIS,Z:H = (2Jn +s) lfﬁ An.n+: 5
- d
AR = —(Nn-l)"'d—tA,,,n_n
) (s+2) -1 (5.22)
An.n+:+3 == 2An.n +542 = (Jn+.r+2) a An,n+x+z P
A®

e d
an—s—2= =245 = (J,_, )=
' 2 X 1= s z) th
(§=0,2,4,..),

nn—5—23

using (5.21) and a similar relation for dd,,_/dz.

5.2. Generating functions

The results (5.14), (5.17) and (5.18) can be expressed equivalently in terms of
generating functions, we define

XA )= (A )™ Y AGA s~k

ksn4s+1
XORQA, D= (A" Z Aﬁ:}(ln-{—x—k,
k>n4s+1
- (5.23)
0= (4, )7t Y AGAn-sk,
k<n—s
BN ) = (4,,_ )" Y AGan-s-k
ksn—s
In fact, from (5.14) and (5.23) it can be shown that
d Aviiprssidn i,
d—tXSl:)L,R(j, )=—JA {% YULR
nn+s
An—l‘n+:+lAn+l,n+:—lX(:_Z)L)R
T T A s
An,n+: (5.24)
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A

mn—s

Ay rn-seiAnmin=s—1 g,
4 gorrg, [)=J"}'~l{_"_“-_f2_1__h__‘xsl}lﬁ
T

Apsrp—s—1An_tn—st1 Y(:—IZ)L,R}’
S R n-
Ans

(s=2,4,6,...). (5.24)

The derivation of (5.24) is straightforward, but somewhat‘ tedious. Note t}(leLt thNC(Ir)ci
is a complete separation with respect to the left generating functions X¥t, X¥

. he one hand, and the right generating functions X%, ¥R on the other hand,
o tl eino that X' oL and XO®, (and also XO' and XOR), satisfy the same diﬁ’erential'
gsa}t/ior%. This f"eature may not be obvious at first sigh't from the ldeﬁnitmn(:)ngt
can be checked explicitly. When one evaluates e.g. the right-hand s'1d6 of (X{ I8 / }i
using (5.23) and (5.14), one finds that the unwanted correlations 4%, wit

mk
k>m+s+1, ie. AL, 01, 4872 .41, which are not contained in X%t
X6r24, cancel in view of (5.15). This f:ancellatlon may be Felated tg the
Wniener—Hopf factorization exploited e.g. within the (block)-Toeplitz determinant
approach in refs. 19-23.

In a similar way one can derive from (5.17), (5.23) and from (5.18), (5.23),
respectively,

EX(5>Z)LR — 3 In _Aim_> X(:—Z)L-R
dt " d An,n +5-2,

A, — -
J/l_]An+l.n+s—l n—ln+s l(XE.:)—‘-"lR XS ‘Z)L.R),
" A A
nn+s=2%nn+s

4 ge-ma_ (44, _Au;) F6- LR
dr" dr =542,

=7 ). An—l.n»H— IAn+ Ln—s+1 (X"'S'j)f,lg _ A’}’SI::IZ)L.R) R
" Anp s s24un—s

(=24..,

(5.25)

and

4 yorr_ _g < f ﬁn_ﬂ%;‘in_—lg XOHR 7t At 1no ey J?$P>+L;“> ,
drm" "

(5.26)
2 XN(O)L'R = J (}v—l An— l,n:;fﬂ+ I+ X"‘S,OLLER _ 2/{ An‘ 1n— Ifni- In—1 Xf]ﬂ)_Lf\) s
de " " . i

(s=0),

i i ing (5.15).
again the unwanted terms cancelling upon using ( ‘
It may be noted that the coeflicients of X in the right-hand sides of (5.24)-(5.26)
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are of the form 4,_,  A,,, /A, A, ., which is reminiscent of the exponential
interactions in the classical Toda chain'™'®, In the following section we shall derive
nonlinear differential equations for the spin correlations which in special cases
reduce to the equation of motion of the Toda chain.

Using (5.15), (5.22), and the definition (5.23) one has the integral relations

1

— ©L -

ninlX,, A, =1,
C

1 d
— ()L, -1 -1
- Jle,, A2 =) T in .,
C
(5.27a)
1
—QE J\d’{X}A)R(’L t)l = (An,n+:)*|An,n+x+2 5
C
L dAXORQ, 1A = —(J, - 4
i n > ) = "( n+:+2An,n+:) EAWMH—Z,
C
and
L fdifg‘)“(i, DA =1,
™
C
L aaxer, 0= — ) S
i n d n=s 4y nn—s>
C
(5.27b)

nn—s—2s

1 .
— )L, -2 ~1
5 f dAXPY 2, 0472 = (4,,_)"'4
c

nn—s=25

1 . d
—_ ()L -3 -
27‘inan A DA = (o ogAy,_y) ‘aA
c

where C is an arbitrary contour surrounding the origin in the complex A plane.
Finally, from (5.23) we have
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dAXOY(A, AP =0, p=>=1,

—

dAxPR(4, A7 =0, p<0,

(5.28)
dAXORA, AP =0, p<—2,

dAXOY(A, 1) =0, p>—1.

Aty 0t——, at—— 0

Remarks

i) In this section we have derived a number of differential equations for the
quantities 4%} and XO-R(4, 1), cf. (5.14), (5.17), (5.18) and (5.24)(5.26), and also
for the corresponding quantities with tildes, cf. (5.13) and (5.23) for the definitions.
By means of the transformation y,—(—1)"y;5_,+, the equations for the quan-
tities with tildes can be inferred from the corresponding equations for the
quantities without tildes. The details of the derivation are somewhat tedious and
are presented in appendix A.

ii) The differential equations in this section have been derived using the equation
of motion (5.3), the thermodynamic Wick theorem (3.4), and the anticommuta-
tion relation (2.3). The order of the different steps in the derivation is not unique
and as an example a slightly different derivation is given in appendix B.

6. Applications

In this section we shall derive closed sets of nonlinear differential-difference
equations for the spin correlations, using the results of section 5. An alternative,
more direct, derivation will be presented in appendix C. Then we shall discuss the
necessary initial conditions, (which are only simple in the infinite-temperature
limit). For the homogeneous Ising chain in transverse field an additional equation
will be derived and the scaling limit will be discussed. Finally, a few remarks will
be made about the case of critical transverse field.

6.1. Spin correlations

In section 5 we have derived the nonlinear differential equations (5.24)—(5.26)
for the generating functions (5.23) of the correlations (5.13). By multiplying the
left- and right-hand sides of these equations by a suitable factor A7, by integrating
over 4 over a contour C surrounding the origin, and by using the integral relations
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(5.27), one may attempt to derive closed differential equations for the parameters
Apm+s (Of course the same information can be obtained by considering (5.14),
(5.17) and (5.18) for suitable values of k, but the equations for the generating
functions may be more convenient to use.)

Since the main physical interest lies in the spin correlations (2.13), (2.21), we
shall restrict ourselves to the case (5.2), in which all the traces involving the
operator K are thermal averages with respect to the Hamiltonian (2.1).

From the first equation (5.24) one obtains the closed sets of differentia]
equations

d? A
ElnAn.n+J= —Jan+:< n+1.n+s+1An»l,n+s—l _An+l,u+s—1Anvl,n+s+l>, (6.1)

Aﬁ‘rw—s Arzt,n+:
and
d /A4 J d /4
Al (D) o T g2 A (Aninssin
o dl< An,n+: Jn+s+l ”+l,n+:+ldt An+l.n+:+[ P (62)
(s=2,4,6,...).

Eq. (6.1) follows multiplying the first equation (5.24) for X by A~' and
integrating over a contour C surrounding the origin, cf. the first two integral
relations (5.27a). Eq. (6.2) follows from the first equation (5.24) for XOR after
multiplication of both sides by A and integrating over a contour C surrounding
the origin, cf. the last two integral relations (5.27a).

From the second equation (5.24) it can be shown that

dz 4 i lA +1 +1 A I 1A
a _ n—tn—s—14n4 1 n—-s n—ln—s A ln—s—
a2 A= J,.JH< q, - I ’) (6.3)
and
dA4,__ J, d4
A2 = nn=s-2 n 2 St ln—s—1
M A, JnfxflAnil'n_:_lden—mfs—l, 64
(s=2,4,6,..),
cf. (5.27b).
Furthermore, from the first equation (5.26) it follows that
& A A A A
-~ — 72 n4la+ 144 —1n—1 n+ln=14n—1n
a0 Ann = J,,< VI —4 i “) (6.5)
and
d 4 J, d
Ain* nnt2 _ n 2 G An-in+d
} dt_A,,,,, FAWRREINES d[—An—H,rHl, (6.6)
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and from the second equation (5.26) we have (6.5) and

d A -2 Jn 2 d An+ln-—| 6
9 A=z In e 7
A'z“”dt A, JII‘IAn—l,nq A 6.7

n—ln—1

Using eqgs. (2.13) and (2.21) for the spin correlations in the Ising chain (2.1) and
the dual chain (2.19), (2.20), egs. (6.1), (6.3), and (6.5) can be combined to

d N x x x
{HF 1n<S§n+g(t)Sg,.+%+,,>}(Sg,.+§(t)512,.+'i+,,>z
= J,,Jn +Zp{<S;n+ I(Z)S%xrw 1 +p><Sgn(l)S%Xn+p>
- <S§n+ 1(!)51;. +p><S;n([)Sl;n+ L +[1>} ) (68)

for integral values of p and n.
From (6.2), (6.4), (6.6) and (6.7) it follows in a similar way that

d <an+1(t)an+l+p>
£ ST 2 4 i)
(ShaiOSTaren)” 3, {<S%,.+%(t)&;n+%+,,>
I x x d Si(0)Si, )
= S%n+1(t)s‘§n+l+p>zd_{<x2—z,:w ) 6.9)
Toviez t <S%n+l(l)5%n+l+p>

for integral values of p and n. Both eqs. (6.8) and (6.9) are duality relations. If
i is odd, the correlations in the left-hand sides are spin correlations of the Ising
chain, whereas the right-hand sides contain the correlations of the dual chain. For
even n, it is the other way around. Eq. (6.8) was already given in ref. 31. In fact,
if one eliminates the time derivatives in (6.8), (6.9) using (2.22), the resulting
equations can be inferred from the Wick theorem (3.4) directly, in view of (2.2)
and (2.18), see appendix C for some details. Although the spin correlations are
completely determined by (6.8) and the proper initial conditions, additional
relations like (6.9) may be helpful, as it is not easy to find general solutions of (6.8).
So far we did not use eq. (5.25). Although (5.25) is obviously different from (5.24),
eq. (5.25) together with (5.27) does not lead to new closed differential equations
for the spin correlations. In fact, (6.1) follows from the first equation (5.25) for
XOR after multiplying by 1% and integration over a contour C surrounding the
origin, whereas (6.2) follows from the first equation (5.25) for X©* by integration

over C. In a similar way (6.3) and (6.4) can be derived from the second equation
(5.25).

Remarks

So far we have shown that both choices (5.10) and (5.11) for I" and y,, cf. (5.14)
and (5.17), and (5.24) and (5.25) respectively, lead to the same equations
(6.1)=(6.7), or (6.8), (6.9) for the spin correlations. This does not mean, however,
that egs. (5.24) and (5.25) are equivalent. In fact, both equations can be combined
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to derive new equations for the generating functions XPMR(A, 1). In particular one
can derive “algebraic relations”, which contain only the derivatives of the Spin
correlations 4,,,,, A,,_,, but which are linear in the generating functiong
XP-R(2,1), and also (second-order) differential equations which do not depenq
explicitly on 1. Further details are given in appendix D.

6.2. Initial conditions

The nonlinear differential equations (6.8) and (6.9) must be solved under
Wél?»deﬁned initial conditions at r = 0. Restricting ourselves to the case (5.2), the
initial conditions at 1 = 0 are given by thermal averages with respect to the Ising

Hamiltonian (2.1). For egs. (5.14), (5.17) and (5.18) we then have the initia]
conditions

A:(fi l::o = <7n+| o YugsVnrs+ iyk> = detcﬂﬁ: (6'10)

where
- 1 1

Cp= <vn+2u—1y11+2ﬂ>7 a=1,...,5+1, B=1,...3s,

’ {@mu_lw, a=1, .5 +1, f=is41, (6.11)
and

A,(fi (=0 = <'}’u~ --')’n—:+1?u—:’)’k> = det C~a/i’ (6.12)
with

~ = L 1

Cy = <yn+2—2aYn+J~2ﬂ>, a=1,...,35+1, ﬁ=1,--',55:

’ {<7n+z—2ﬁk>, a=1...,+1, p=l+1, 6.13)

(s=0,2,4,..).

In the derivation of (6.10)-(6.13) use has been made of the Wick theorem'+'6)
together with the property

Dabmray =0, k#0. (6.14)

Eq. (6.14) follows from egs. (2.3) and (2.4). In fact, from eq. (2.3) and the relation
{A) = {A")* for the operator 4 = YV + 26, it follows that {y,,9,,, 2, is imaginary
.for k # 0, whereas on the other hand from (2.4) it can be shown that Yubms )
is real. (In the standard representation, V21 is real and v, is imaginary, see 2.2))
The equilibrium pair correlations are given by®)
Q) = {1 + ey, (6.15)
where 1 is the 2N x 2N unit matrix and the matrix elements of a for the Ising
chain (2.4) are given by

Gy =Jib 1 =101y

(6.16)
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The initial conditions for the spin correlations in (6.8) and (6.9) are given by,
of. (2.13), (221, (5.15), (5.22) and (6.10)-(6.14),

<S}f+%(f)5ﬁ+%+p>|:=o = <Sﬁ+%S:+%+v> =12D"Frrst - Vamszp) s

6.17)
<S}f+%(t)5ﬁ+%‘ﬁ>il=0= <Si+%S§+%~n> =4(=20)"(y . Vamzpe1)s
p=0,1,2,...,
and
d x
E(S;h%(!)Sm%w) “=0: —%JL,<?1,,Y2,,+1>5,;,0, ©13)

(p integer, n integer or half-integer).

In the uniform case J,=J, (k =even), J, =b, (k = odd), the determinants
(6.10)~(6.13) are translationally invariant, apart from one row or column. In
particular, the equal-time correlations are Toeplitz determinants®’).

A further characterization of the equal-time correlations has been given in the
scaling limit®?**) leading to the reduced density matrix of the impenetrable Bose
system. Following the monodromy treatment of Jimbo and Miwa®) for the
two-point function on the diagonal in the two-dimensional Ising model one can
also derive a recursion relation for the two-point function as a function of the
distance at zero temperature in the uniform case. An alternative derivation®') can
be given by studying the Toeplitz determinants®™®) generated by a kernel
corresponding to (6.15) and kernels with a linear factor added in the numerator
or the denominator. The recursion relations then follow from theorems on
compound determinants and the linear recursion relations satisfied by (6.15).

For arbitrary temperature the initial conditions (6.17) and (6.18) are such that
explicit solutions of (6.8) and (6.9) are not easily obtained. Of course, we do not
mean here the formal solution (2.16), which with the help of the Wick theorem!'*1)
can be expressed as a (2m + ) x (2m + s) Pfaffian consisting of pair correlations

) = 2 Eenlrus) » (6.19)
in which a and <y,,,y,> have been given by (6.16) and (6.15), respectively. From
a formal point of view one might argue that (2.16) provides a complete
linearization of the nonlinear differential equations (6.8) and (6.9) in the sense that
the appropriate solutions can be found solving linear problems. This feature,
however, does not seem to be particularly useful to obtain explicit results for the
spin correlations apart from special cases in which the Pfaffians or related
expressions in terms of block-Toeplitz determinants can be evaluated explicitly.
In connection with this a direct investigation of the differential equations (6.8) and
(6.9) may prove to be useful. In the remaining part of this section we shall discuss
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two special cases: the infinite temperature limit and the homo

geneous Ising chain
in a transverse field.

6.3. Infinite temperature limit

At infinite temperature substantial simplifications occur, in view of the property
TrO0,pw,=0, ifij<n,

' . (6.20)

orif i,j>n, i#j.

Eq. (6.20) is an immediate consequence of the reality of the trace, cf, (2.4, 29
and (2.11), and of the canonical transformation
{‘)‘k , (k<n),
Y=
Yo (k>n).

which implies that the trace is imaginary.
From the Wick theorem (3.4), cf. also section 2 of ref. 9, it follows that

(6.21)

Annss=Apy_.=0,5#0, for f =0, (6.22)
or equivalently
(S sOSfuy4s) = 0,p #0, for f =0, (6.23)

so that all spin correlations, apart from the autocorrelation function vanish at all
times at infinite temperature, as noted previously"®%12),

In view of (6.23), eq. (6.9) becomes trivial and eq. (6.8) reduces to

d? . . Sty (S, 4 YCSE)SE,

j1n<S§n+§(I)S§n+§ = _Jﬁm(g%"\w. (6.24)

de (St (S 14)
Introducing the variables

_ Sty 1 (0)SH D{SH(1)SE)

e ',,(l)=13'< ] ! 3+ o il , 6.25

(S HOSh 17 €29

eq. (6.24) leads to

y':":e_’n+l+c"n—l__2e_’n’ (6.26)
with the initial conditions

r0)=~InJ2, £ (0)=0, (6.27)

cf. also ref. 9. Eq. (6.26) is the equation of motion for the Toda lattice!™'®), apart
from a minus sign, which can be repaired introducing an imaginary time 7 = i,

For the homogeneous Ising model with Jy-i=b;=b, Joj=Jf = J*, independent
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f the site j, explicit solutions have been obtained in terms of periodic elliptic
0 )
: 8,9
functions®’). ) )
The spin correlations can be obtained from
' n

(ShusiISEnsg) = % eXD[~ th Jdlz exp{— rn(fz)}} ; (628)
0 0

and in the homogeneous case the result can be expressed in terms of a Gaussnar;
multiplied by an elliptic theta functions'g),. see~also refs. 10, 11 for moredggnerat
results on the XY-model. The results at 11'1ﬁmte temperature are qu.lte L eren
from the ones at zero temperature, given in refs. 19, 20, 29, 72, Wth}.l show l11n
general power-law decay ~ =%, where A can have sethral valuc]:gsziiependmg on the
specific regime for the exchange J* and the magnetic field %),

6.4. Homogeneous Ising chain

For the homogeneous Ising chain we have

Ty =b=b, Jy=Ji=J", (6.29)
cf. (2.5), independent of the site j. From (6.29) it follows that
Cp= (SO 40 » 630)

D, = (Sf0S]1p

independent of (the integer) j, for spins in the bulk of the c.hain. Her.e D, is Fhe
correlation function between two x components of spins at distance p in the‘Ismg
chain with exchange J* in the presence of a magnetic field b, whereas C, is .the
correlation between two x components of spins at distance p in the dual Ising
chain with exchange b in a magnetic field J*.

Eqs. (6.8) and (6.9) can be rewritten as

ad‘:z' In CP=JX2<%,L12> s (6.31)
(f‘;zln D,= b2<ﬁ+ﬁgzl_—c_ﬁ>, 632
and
J-‘D,,D,,H%lnbl”):'=bCpCp+,%ln C”C:’. (6.33)
From egs. (6.31)-(6.33) one can derive the relation
bJD,_,C, 1+ D, \C,_))— (D,C,+ C,D,—2C,D,) S4B, (634)

C,D,
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in which the dots denote differentiations with respect to the time ¢. The derivation
of (6.34), which may be regarded as an integral of motion of (6.31)-(6.33), or ag
another application of (3.4) is not entirely trivial and will be given in appendix
E. Inserting (6.31) and (6.32) in (6.34) we obtain

(o) o8 1)

GComa D Cona Dy
[b D, J c b ) J c |

? 4 4

(6.35)

In the high-temperature limit, where C,= D, =0 for p # 0 and the last term in
the right-hand side is 0, eq. (6.35) has been used to express Cy/D, in terms of
periodic elliptic functions®®) and the spin correlations follow from (6.31) and
(6.32) by direct integration®®). For finite B, the last term in (6.35) gives rise to
complications but it is possible to rewrite (6.35), with the help of (6.31), (6.32),
as an equation for just the ratio of the two-spin correlation function on the lattice
and the one on the dual lattice,

b 1/2 . Cp
G,= <I\TJ|> {sign(bJM)} D

(6.36)
We have
d > d
(- G,%G,,HG,,,,)<a In G,,> +(1= GG, )1 = G,G,) 351 G,
+ (| = ]P — G2G,,\G, 1) = |bJH(G,— G, )
x[2G,— G,s—G,_ )+ GG, ,G, ,2G;' = G;}, —G;I1)l,  (637)

see appendix F for the details of the derivation. It should be noted that eq. (6.37),
for zero temperature, can be seen as the Wick-rotated continuum-time limit of the
lattice-Painlevé equation of McCoy and Wu for the two-dimensional Ising model,
eq. (20) of ref. 35, but also that eq. (6.37) is valid for arbitrary temperature, the
temperature only entering through the boundary conditions. Given the solution

of (6.37), the correlation functions can be calculated by quadratures from
(6.31)(6.33), (6.36), i.e.

d G,G,,,—G,, G

—InF,="pptl —ptl7p

de nﬁ 1-G,Gpy ’ (6.38a)

d G,Gpir—G,.\G

“InH =-—rTexl Metldp

" T G,G, (1= GGy (6.38b)

d? F

ﬁln Cp—_—‘bJXIGP—Z(F pl* 1>’ 63%)
i
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& o e - (6.39b)
a—t—zlnDp—|bJ |G,,<H‘H1 1),
where
F,= Dy /Dy (6.40a)
6.40b
H,= Cp+1/cpa (6.40b)

At zero temperature, in the ordered phase |b| < |74, one then has the explicit
solution

bl 1/4
D,,=%(—sign.]")”(l —7;2>
o 1 6DGuD) — G G0)
PV L 5 AN B

=p

(6.41)

lJX| 12 .' .
C,= (m> {sign(bJ"}*G, D, .

Here use is made of the fact that, for t—w, D, tends to the square of the
(nonvanishing) long-range order, as calculated in refs. 57-59.

6.5. Scaling limits

In order to obtain a field-theory limit, where the details of the lattice disappear,
it is necessary to find a limit in which the correlation lengths, both on the lattice
and the dual lattice, diverge in the same way. Then it is possible to construct a
rescaling of the lattice spacing, the time variable, and the correlation functions,
ie.

noaxy=nfl, toxg=tft, (6.42)

D, ()= D (x, x,) =1lim €,D,(1)/3 , 643
CN= Clx,, %0) = im &,C, (v,

with a nontrivial result in the so-called scaling limit. Here we have added sign
factors,

€, = (—signJ", &= (—signb), (6.44)

to take care of the alternation in sign of the correlations with distance in the
antiferromagnetic case J* > 0, respectively & >0 on the dual lattice.

We want to have some feeling of possible scaling limits; so we shall list a few
existing results™%) for the asymptotic fall-off of the correlations for equal time.
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(We used the equivalence of the zero-field XY model with two identical Ising
models in transverse field when consulting ref. 57.) For very low, but fixed,
temperature there are three different asymptotic behaviours all characterized by
exponential fall-off with correlation length ¢&:

a) |b| < |7
D, =le{l = (b/J) e ek, 6450
X — 12
§={%NUIJD} e M-I (1 + 0(~), (6.462)
K= Te b+ oY), (6.472)
b) [b| =],
D, =6, (BlJ/2)7 1 e e, (6.45b)
T _
¢ l_4ﬁlJ‘|+(9(ﬂ D (6.46Y)
o N
K= Taggam + 0679 (6.47)
o || > 74,
D, = e, GBI {1 — (b)) etk ek, (6.450)
b 26| = [J*)) 2 i
¢z (%) + {%}ID} e H-PD(1 + 0(~"), (6.46¢)
4 o 2|7 wo
K= e — =1 -1). :
n° {nmb q6[—] J’D} ¢ (1+0(8) (6.47c)

We see that the correlation length &, given by (6.46a), diverges in the zero
temperature limit (f—c0), provided |b| < |J"|. So, “finite-temperature field the-
ory”t can exist only in the limit

B—o0, |b|-|J¥, B(J¥ —|b])—>6 = const, (6.48)

in which case the & in both (6.46a) and (6.46c), the latter with b and J*
interchanged, diverge in the same way. [The expansions given in refs. 57, 58 are
the best available at present although they are in the strictest sense not meant to
be used in the limit (6.48).]

The more usual scaling limits'®?') correspond to the case of zero temperature,

+ Recently the concept of temperature has been introduced in gauge theories and more general
quantum-field theories, see for instance refs. 62-65.
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for which there are again three different behaviours, but with two of them
characterized by power-law decay™™*):

a) ‘b‘ < ‘JXL J* b -2 1
D, =lte{1— @/} {1 + 2,:,12(1:/1*)2"(3 —;) (1 + @(;))} i (6.492)

b) || =1

1
D, =1}, e1/421/12(3551-1/4(1 - e 4 ) ; (6.49b)
o) o] > 17
1 le/bl" x[p)2) - 1/4 __I_M O ‘2}. 6.49c)
"=Z€"(nn)'n{1*(1/b)} I g T 00 ¢

Here Cg is Glaisher’s constant, given by

! im {5 Line Do v+ a2
lnCG=E—C'(—1)='1l1_r'r:0 ’Z:.nlnn—i N*'=N+g)lnN+7 .
(6.50)

At zero temperature, therefore, a scaling limit is only possible in the limits 5] 1 |7
and |b| 1]J%|, which can be seen as special cases of (6.48) with 6 = = co. These two
limits are also known as the high-temperature and the low-temperature phases of
the Ising field theory (2-dimensional ¢*-theory), see e.g. refs. 66, 67 for further
information. In general we expect a one-parameter family of finite-temperature
field theories to exist, given by (6.42), (6.48) with —o0 <8 < + 0o, for which the
Green’s functions will not be Lorentz invariant. Only in the limit 0 = £ oo we have
a more conventional field theory with Lorentz-invariant Green’s functionsT‘?-z‘).

We shall now take the scaling limit in eqs. (6.31)-(6.34) and (6.37). In order to
do so, we substitute the expansions

60 1Coar) = YC ([ 1)) £ (v/é)aixl Cnlt, 1)

2
+(y/2§2)%C(n/é,l/r) oo,
X}

(6.51a)
0
€n 1Dy 1(t) = 0D (n[E, tjt) + (5/-5)5;;D(n/€‘ t/t) (6.51b)

2
+(5/2¢1)§PD(n/¢, o+
1

t We are grateful to Professor B.M. McCoy for some useful comments concerning this and some
other aspects of the present subsection.
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and

¢, = (v/r)aixoan/c, o),

(6.51¢)
etc. We then obtain, in the limit & — o0,
ik aC\? ik dD\?
C—C—|—)=D—D—|—
ox? <6x0> 0x%D (0)([) ’ €32
02 oD ik oC\?
D—D-— —C—|—=
ox? <0x0> C@xfc <0x1> ’ (6.53)
62~C_6;C6C~ 0% oD oD
0xy0x, Oxg0x)  Oxgdx,  0xy0x, (6549
and
9°D aC dD 9:C 0°D oC D 0*C
C__ — — - —_— _ | =
( ox? 0x, 0x, + ox? ) ( ox? 2 0x4 0y +D 6x§> =aCD. (6.55)
Here we have set
8= (bylyny, (6.56)
T =¢/(bI, (6.57)
a = (19— |b|ye|br . (6.58)
Finally, from eq. (6.37) we have
I'GDlnG+ " n6) ~(Lmg)
e En aTq)nG):a, (6.59)
with
2 aZ
AN
and
G (x1, x0) = C(xy, %0)/D (%1, Xo) - (6.60)
With the substitution
=tanh G y), (6.61)
eq. (6.59) becomes the sinh-Gordon equation
Y = ja sinh(2y) . (6.62)

(For [b|# |J*, we may set a = | by proper rescaling of x, and x,.) Given the
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approprlalc solution of eq. (6.59) or (6.62), the scaled correlation function can be
dlrectly obtained from (6.54), (6.60), (6.61), i.e.

In D = sinh’G ) 5 - {(smh ¥y~ axp} (6.63)

0x,0%y

We consider now first the case of critical field, |b| =|J¥, with C =D, G =1,

o = 0. In this case, (6.54) and (6.59) are trivial and (6.52), (6.53) and (6.55) can
all be rewritten as

OmnD=0. (6.64)

Therefore, the logarithm of the spin-spin correlation function satisfies the free
massless Klein-Gordon equation in this case, with the solution

D (xy, xo) = filx1 — %) (%1 + X0) - (6.65)

It is now very tempting to assume f, = f; and to use (6.49b) or (6.45b) to determine
fi(x)* = D(xy,0). As a consequence one obtains at zero temperature the Lorentz-
invariant result

D(x,, xp) =const x (x} —x3)~'#,

(6.66)
in agreement with the prediction of Luther and Peschel®), correcting a misprint,
see also refs. 69, 29, 72. At nonzero temperature one would be tempted to
expect™")t

D(x,, x) ~ {sinh[4(x, — xo)] sinh[4(x, + x,)]} '

~ exP[_%(lxl - xo] + ‘xl + xo|)] s

(6.67)

which is of the form, respectively, predicted by Luther and Peschel, for the
Luttinger-Tomonaga model, [see eq. (25) of ref. 70 with x, small, the zero-field
isotropic X'Y-model corresponding to the case g =0, an extra power 1/8 being
needed here as in ref. 68], and by Nelson and Fisher’'), using a “fixed-length”
hydrodynamic description for the classical X Y-model at low temperatures. Note
that the zero-temperature result is Lorentz-invariant, whereas the. finite-
temperature scaling result is not. Also, the general result for the time-dependent
correlation functions of the transverse Ising chain have to be rather complicated.
Not only is there a cross-over from the Gaussian decay at infinite (or high)
temperature to the power-law behaviour at zero temperature, but in view of (6.67),

1 The result of ref. 70, as reproduced on the first line of eq. (6.67), cannot be correct close to the
light cone, where exponentially small terms may no longer be ignored. In fact, the fall-off of the first
form in (6.67) s qualitatively correct for the equal-time correlation function, both at low- and at zero
temperature, but egs. (6.45b) and (6.49b) lead to different values of the numerical coefficient. The
second line of (6.67) is always real, whereas the initial conditions involve an imaginary part, cf. (6.18).
Accordingly not much can be said for sure about the behaviour of D(x,, x,) in the time-like regime.
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which is based on the assumption f; =f;, one may expect an intermediate regime
with exponential decay. At very low temperature one expects the power-lay
behaviour (6.66), apart from some deviations on the light cone, within a certaip
length and time scale. On a larger scale one would expect a behaviour like (6.67),
whereas on some time scale one still might expect to see the Gaussian decay,

We finally consider the case of zero temperature and [b| # |J*| in some more
detail. In this case, the scaling limit results are Lorentz invariant'®), i.e.

C=C(s), D=D(s), s*=x}-xi. (6.68)

Therefore the sinh-Gordon equation (6.62) reduces to the Painlevé differential
equation of the third kind

d 1 /dp\* tdyg 1—pn*
Il e _an -0 =V
ds? n(ds Ry T 4n v TEe

which is precisely one of the main results of ref. 19, see in particular their

subsection 2.3.3. Also in this case eq. (6.63) can be solved explicitly, cf. eq. (6.41),
giving

(6.69)

C(s) = sinhG ¥/ (s)) exp(—41(5)) ,
D(s) = cosh(z () exp(—41(s)) ,

I(s)= de x[(ﬂy — sinh? l//(x):‘ .
dx

where the scaling 6 has been chosen such that D(s)—1 for s—oo, if [b] <|J¥.
In conclusion, we have generalized in this subsection the scaling results of ref.
19 for zero temperature to finite temperatures, cf. (6.62), (6.63) for |b| # |J* and
(6.64) for |b] =|/*|. In doing so, we have seen that the differential equations
determining the Green’s functions are basically unchanged. The effect of tem-
perature is restricted to the boundary conditions. These boundary conditions
ensure the Lorentz invariance of the Green’s functions at zero temperature, but
at finite temperatures the Lorentz invariance will not hold anymore and a more
detailed investigation of the boundary conditions would be of interest.

(6.70)

6.6. Homogeneous Ising chain in critical transverse field

The most simple case is the homogeneous Ising chain at the special value b = J*

of the magnetic field, corresponding to the critical field at zero temperature. In
this case we have

Je=b=J*, (6.71)
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independent of k=1,...,2N —1 in (2.4), and therefore
<Sf+%(’)sf+%+b> =C,=(S;(O8},) =Dy

for spins in the bulk of the chain. Eqs. (6.33), (6.35) and (6.37) are trivial and egs.
(6.31), (632) and (6.34) can be rewritten as

(6.72)

@ o p, = g D=t 6.73)
D= ( 7 1.
Using the substitution
e»ﬂp(l>=Jx2DP+1[2)ﬂ—l , (6.74)
P
eq. (6.73) may be rewritten as
By=2em—eti—eTh (6.75)
with the initial conditions, cf. (6.18), 2.2),
(8587, ) CSFSTep-1) ©76)
0) = —In x2S 2Lep i /A2I Sy ep =l ) ,
b0 g s
$(0) = 2By 110+ 6,10 = 28,0(S) - 6.77)

Eq. (6.75), which has been first obtained in ref. 31, is the equation of 1?not?on for
the Toda lattice with the correct sign. The interpretation of eq. (6.75) is different
from that of the Toda equation in (6.26). Eq. (6.26) refers to the inhomogfaneous
Ising chain at infinite temperature and the index n labels the autocorre.latlons .Of
spins at different sites n and n +1 of the Ising chain and the dual Islng chain.
Eq. (6.75) deals with the homogeneous Ising chain with b ='J" at ﬁ.mte tem-
perature and the index p labels the correlation function of spins at dlst?nce p.
From the solutions of (6.75) one can obtain the spin correlations, using the
integral

(S50SF4p = (S381 ) expl— 277180,(S))

B}

X exp\: - del szz {2 —exp(— p,,(tz))}] .
0

o

(6.78)

The initial conditions {S}S7,,) can be evaluated using (6.17?,‘ (6.1?) and
(6.10)-(6.14), in which the pair correlations Cyeyr) in (6.15), are explicitly given by

2n

1 1 _ i1
<Vle>=§5k1+EJd¢ tanh(BJ* sin ¢) €%

0

(6.79)
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Also in this case it is not easy to solve the differential equation explicitly for finite
B. There is, however, a treatment by Mohan®), in which use has been made of
an explicit expression for the operator O, derived in ref. 9. After an extensive
analysis of the leading terms in the limit 1— oo, he finds that the predominantly
Gaussian decay of the autocorrelation (p = 0) will persist without any change iy
the width of the Gaussian. Another treatment is ref. 72, in which the auto.
correlation has been expressed as a product of the Gaussian in the high.
temperature limit and a Fredholm determinant which is temperature dependent,
Inserting this result for the autocorrelation in (6.73), the nearest-neighbour and
the more distant correlations can be found in a recursive way, without solving the
initial-value problem for the Toda equation.
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Appendix A

In this appendix we show that the equations derived in section 5 for the
quantities ¥¥-®, 4%, with tildes follow from the corresponding equations for the
quantities without tildes. For that purpose we consider the transformation

Vo= = (= D" V2n ot > A
which transforms the Ising Hamiltonian (2.4) into
2N -1
HoHT=1 Y, JiVtmes In=Jonom- (A2)
m=1
Furthermore,
By = =200 P ¥m 1= — ZiJm}’ZN'—m)’zN-mH = h’er—m (A.3)
and therefore
0, =" e i* )l T o =TT+ Iy ) oYy (A.4)
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we define the quantities

AWT = Tr{O,T.,vV:nH e Yt sPmes+ leKT} »
" A.S
AT =Tr{O0 V- Pm-st K"} *3)

(s=0,2,4,..),

i i ined from K, cf. (5.2), replacing all operators
13), in which K7 can be obtaine 8
* g th)e corresponding yT. Starting from (A.5) and (5.15), one can define the
Vm

i T and KT instead of O,,, and
parameters AT v Ao A ©f. (5.16) with O, an .

K. We can also define generating functions X| WLRT(, 1), X E,‘,":"‘T(/L 1) replacing the
. . T P
49, and A in (5.23) by the corresponding A% and A%

mk my}

From the definitions (5.13), (A.5) and the transformation (A.1), it can be shown
that

d A6
A9, = (=1 PG s (A6)
implying that .
Am.m+:=(" I)JIZA;N-m,ZN—m-;- .
For the generating functions, we have the relation
PEORLT_ 1-1 -1 (A.S)
XOLR(A, 1) = X (= A7L DAT

The derivation of (A.8) is straightforward, but somewhat tedious. For example,

+s—k
A(”x,),k/lm s

1
X0, 0=

mm+s k<mts+l
(_ 1)I+.rl2 (_ 1):
T DT AL mavones ke

—1 Z

-
T Y47
AZN—m,ZN—m—: 1Z2N—-m~—s

A =i (=2

Z(Zs’)\;'im’(_l—l)m—m-:—n-l

YD GHNCY R (A9)

Using (A.6)~(A.8) it is straightforward to verify t}'lat eqs. (5'.14), (i,l}73;t(15ii(llzz,
(5.24)~(5.26) with tildes follow from the corresponding equations \»./1 o5 ” fo;.
For example, when one applies (A.8) and (Aj) to the first equau;)n ( {isf e
XOLR(2, 1) one finds that the FORLT(A7 1), (with m = n,ln + 1,n—1),sa ytion
sccond equation (5.24) for XORM(A', 1) with A’ = —A~'. Since the flr:t Cg‘llat on
(5.24) has been derived for any Ising chain of type (2.1), one can 1:3(:]:‘)]_ Aal) e
second equation (5.24) is also satisfied by the generatmg funct10n§ )(i 2 1(1 s )
the original Ising chain (2.1). This line of reasoning can also be applied to the 0

equations with tildes.
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Appendix B

In section 5, we have derived differential equations (5.14), (5.17), (5.18) for
the quantities 4%}, %), using the equation of motion (5.4) for Tr(0, I'yyK). The

nks
equations (5.14), (5.17) and (5.18) may be derived in several ways and in this

appendix we present a slightly different derivation,
Using (5.8) and (2.3) we have the identity

Tr(0, 'yipK)= —4 Tr(Op = 770 - el yiyeK)
=—4 Tf(?n—1(f)Vn(t)0,,~z.:}’n_ al Vi K) . (B.1)
We now apply the Wick theorem (3.4) with s =

2 to the right-hand side of (B.1),
of. also (5.5) with (1), (1), ,(t)~7,(2), O IALTETE et NS LSRR
Then

IO IyK) TH(O, o9, ,TK)
= = MO A WA)0, 0 9, TK) THO, o s 3Ty )
+Tr(y,_ ()0, —2¥n- 1Yl 7. K) Tr(y,()O, 2= 1Yl 1K) .
T Cn 1002901 1aTVK) TE(3,(1)0, - 30 7u K. )} (B2
In view of (5.8), (2.3), and the equation of motion (5.3), eq. (B.2) can be rewritten
Tr(0,, I'yyK) Tr(0, _ 370 17,TK)
=Tr(0,, LK) Tt(O, _s,,_ 7T yin, K)

_ d
— )7 THO, -y 1l y,K) 31 WO, T yiK)

d
+ (=) Tr(0, -1 7. yK) & Tr(0, -1 7.0, K) . (B.3)

Eq. (B.3) is different from (5.9), but with the special choice (5.10a), eq. (B.3)

reduces to
5 _ d
ASI:,}(AnAZ,n+:= szz,}(An.nH‘(Jnﬂ) IASIS)—l,kaAn~l.n+:+|
-1 d )
+ (o) An—l.n+s+laAn»l,k , (B.4)

which after substituting n — l-n, s55 —

2 becomes identical with the first
equation (5.17)
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For the special choice (5.11a), eq. (B.3) reduces to
- d )
%Af,k—DAn—znw = %Aﬁlx)—z,kAn,n+: —@7,_)"! <a Ay pgs— |>An ik

d
+ (2Jn—1)_1An—1.n+:~laAfl:)—lvk’ (B3

which after substituting » — 1—# becomes identical with the first equ;.ltion (5.14)
for s = 2,4, . ... The first equation (5.18) can be derived from (B.3) using (5.12b).

Appendix C

In this appendix we shall give an alternative direct derivation of egs. (6.8) and
(6.9). Starting with the Lh.s. of (6.8) one has

VL
(St 0" 3 10 s {040
[ M
= (ShasOSfusyr) 33 CShradOShr g

d o * :
- {a <S{n+‘7(l)S§n+§+p>}
x x Y s7 >
= = IIne p{(Sh S ) St sOSL
. x 1
= (i OSh sy DS OSfa )} ©h

where use has been made of eq. (2.22) and the companion equation fc.>r the dual
chain, cf. also (2.17). Eq. (6.8) follows then immediately from the special form of
the general Wick theorem (3.4)-

Tr(Q\y.7,Q57ev0) Tr(0103) = Tr(Qy.7,05) Tr(Q1 Q37 va)
= Tr(Q17.057:) Tr(Q17505va) + Tr(Q17.05va) Tr(Q17,Q37.) » (C2)

identifying
Ql = e—ﬂx’ CM'S;,, s

Q3 — et g

Ju+p

(C3)

Ya=Tur Vo=Tas1> (C.4)

Ye=Vnrzpr VYa=Vnr2p+1>
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and
St 44 = 20,7687,
Y X
St 4= 2009088,V 41 »
S%Xmar 1= 2iS§m')’me+ 15 ©9)

Oy =1, meven, «,=1, modd,

see eqs. (2.2), (2.18). In a similar fashion one can rewrite e
as

q. (6.9), using (2.22),
(s OS2 DSy (ST 144,
SO, XS] O,
= —CSLOS], 1 S (OSE
+(SLOSE 414,08 (ONEOS (C.6)
This again holds in view of (C.2), but now with the identifications

Q =e M eimS;n ,

Ql:e¥ix’S;n+l+pi 7

Ya="Vn Vo="ny1,

Ye="Vnt142p Ya="Vns242ps ©8)
eq. (C.5), and

S§yn+|+p=2S§n+|+p)’n+|+zﬂn+z+zp,

S%xn+%+p=2an_+11v0‘gzlxn+l+pyn+l+lp) (c9

x P X
1 =
S3n+%+p 210‘n+|708§n+|+p'yn+2+2p~

In both cases (6.8) and (6.9), the y,

' ’s cancel out trivially since y, d
in the Hamiltonian (2.4). ’ 1o Cosemot appear

Appendix D

In this a'ppendix we give algebraic relations which contain the time derivatives
of the spin correlations, but which are linear in the generating functions
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Xf.‘)"'k(’li t). From (5.24) and (5.25) we have

_(E_ In An,n+_:>XS;r—Z)L.R

dt An,n+:—2
A,.+1,n+:—lAn—l."+-V—3X(S—2)L-R An—l.ﬂ+:—lAn+1.n+s—3X(s~4)L,R
=JA — X7 T
Anss—2 mn ks =2

T 1<M’iﬂ::;l> (XOLR — X6 - PLR)
n— n N
" An,n+.r—ZAn.n+:

(s =4,6,...), (D.1)
and

_ g In An,n+2 X(O)L.R
dr "

nn

- J,,[x Arstanidoiaiyoun -1 dectaridesiani g (n°)+LiR}

A
gt octac e yotgy, (02)
nn‘Enn 42

and two similar relations for X¢=2'R and X¥®“R, which can be inferred from
(D.1), (D.2), using the transformation formulae of appendix A.

On the other hand, one may derive from (5.24) and (5.25) differential equations
which are independent of 1. We have

[t oo gz - |

i { A?l,n—f-.\‘ S_ (An.n +s5—2 X(;~2)L,R>}
dr A,,+|,n+:—-lAn-l,n+:—ldl An,n+s !

A Ap_onis—2 Ay _onisA -2
=JJ,_ l(J_M AR YR Ao iR YLk

2

2
A,.-],,.+s—l n=ln+s—1

A vs Annas— - Anpis Anvanss- o
n+2n4sAnnts—-2 2)L,R mn+s 42452 (s — 4L,
JJ, 1(__,4 Xe=2 ‘———XE.+2)LR .

2
An+l,n+:—l n+lnts—1

(D.3)

Egs. (D.1)~(D.3) [and also (5.24)(5.26)] may be regarded as relations of a linear
problem associated with the differential equations (6.8) and (6.9) for the spin
correlations. Egs. (D.1)-(D.3) are linear in the “wave functions” X"} belonging
to the “eigenvalues” 1 and the coefficients contain the potentials 4,,,,, 4,,_;
i.e. the solutions for the spin correlations. Egs. (D.1) and (D.2) which are algebraic
and linear inthe X$“® contain the eigenvalues A, whereas in (D.3) which contains
the time derivatives of X®R, the 1’s do not occur.

Finally, one can write down differential equations for X{™® at constant s which
contain only different values s’ = s + 2 through the 4,,,,, ,, in the coefficients. As
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an example we give the equation for s =0, i.e.

d Az—l 1 d d (Ay_2n-2
— {2 nm ! — yOLR - n—2n (O)L,R
dt (A,,‘,,A,,,z,,,th"" +J"_'ldt< Ap_zm i

A d
=J _ 2! ““L"—l_X(O)L,R
Y Ay dt T
An—ln—l An+ln+lAn—ln——l_4A ~1 +1A +1n=1
7 J / } } n=tn+14ny 10 OLR )

+J. nAn—l,n+]< yi YR, (D.4)
cf. (5.26). Here the s” = — 2 contribution, i.e. the 4, ,..,, can be eliminated using
6.5).
Appendix E

In this appendix we give two different derivations of eq. (6.34). In the first
derivation, we consider the function
bJXD-C* +D*C™)—(CD + DC - 2CD)
h(p, )= ( cD , (E.D)

where
DE= (S} p1), D =(S{S}:,)>

€ = (SOSf e C = (SEOST1.). ®
Eqs. (6.31)-(6.33) can be written in the form
cC—~C?=J¥D*D" - DY, (E.3)
DD — D*=p¥C*C~ - CY, (E.4)
JY(DD* —~ D*D)=bh(CC* —C*C). (E.5)
Taking the time derivative of (E.1) and using (E.3), (E.4), and
CC —CE=JD*D~+D~D*—2DD), (E.6)
DD — DD =bp¥C+C~ + C~C* —2CC), (E.7)
we find
R(p, tY(CD)* = bJ*{CD(C*D~+D-C*+ C~D*+D*C")
~(CD +DCYD~C*+D*C7)} - CYDD — DD)
—DXCC - &) +2CC(DD — DY) +2DD(CE — C?)
=bJ*{CC~(DD* -~ D*D)+ CC*(DD~ - D~D)
+DD~(CC* — C*C)+ DD*(CC~ — C-C)}
—b{CC~(CCH - C*C)+ CCH(CC™ - CC)}
—J{DD~(DD* — D*D)+ DD*(DD~ — D~D)} (E.8)
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and from (B.5), it is obvious that

(E.9)
h(p,1)=0.

Wwe write (E.5) in the form 0
DD+~kCC+=D+D—kC+C, (k=b/_]") (El )
Differentiating (E.10) we have iy
pii+ —kcEt=D*D —kC*C. (B.11)

From (E.10) and (B.11) it follows that
(DD - kCCHDD T —kCC*) — (DD+ —kCC*Y €12

=(DD* —kCCHD*D _kC+E)— (DD —kC*CY.
Working out (B.12) we have ) ) N
DZ(D+ﬁ+~D'“)+k2C2(C+C"+—C‘“)~kCD(C+D++D+C+—2Cj+D+)
— D*(DD — DY + k*CH(CC ~ ¢y—kC*DH(CD + DC — 2CD). 5
B (E.
Inserting (E.3) and (E.4), and also (E.3) and (E4) with p +1 instead of p, we
obtain

PADCCH* + CIDD*+)—kCD(CY D™ +D+E+ —2C*DY)

= D*C-C*+CT D™ D)~ kc+D*(Ch + DC —2CD), (E.14)
where e s
C++=<S;+%(1)S;(+ll+p+1>’ D++:<Sj(t)Sj+p+2>' ( )
Dividing (E.14) by CDC+D*, we immediately have
b b (E.16)
= =2 h(p.1),
Fh(p+10=h(p.0)
so that E17)
h(p,1)="h(0,0),

= = have
ie. h(p,t) is independent of p and t, cf. (E.9). For p =0, t =0, we

D=C=i D =D* =%i<7’2m3’1m+1> s
€~ =C* = —§ihndam-1)> D =10 amn 1) » (E.18)
¢= *IEJX<?2m7’2m+|>’ D= *%bz’ C= 'IXJXZ >
and from (E.18) and (E.1)
h(0,0) = b2+ J*2, . (E.19)

leading with (E.17) to (6.34).
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The second derivation is based on an application of the general Wick theorem
(3.4). From (2.2) and (2.18), using also (2.3), it is straightforward to show that

S5 =2, §f~%xvz,-|, Sfiy= ZiS/x;%VZPI}.’ZJ’ x E20
Si = 41'}’051'—%72/'—1?2/71,‘“, Si= “ZI%SH%M s
for integer j and k, so that
(854 (DSEp{SFe (DS
= — 4<S}‘_%(I)Sﬁ+%><Sf_§(t))’zj—I(Z)sz(’)yzn1(’)Si+§)‘zk> .
Applying (3.4) with s =2 and
0, =e P (Tre )7ISFu(t), Qy=0s=1, Q4=Si.y,
P =Vy(0)y V=950 V=V () ¥iy=V2k»
we find

(S34(OSE(STAOST)
= _4<Sf-%(t)?2j—1(1)72](I)SZ-»%)(SJX—%(’)YZH1(’)S;+{Y2k>
+ 4S5y (00919211 (D SEL STy (2 (DSF 43 V20)
—4<Sf—%(t)l’21—~1(t)Si+%72k><Sf-%(t))’2/(’))’2/+l(t)SZ+%> .
Inserting the relations, cf. (2.2), (2.18) and (2.3),

(B21)

(E.22)

(E.23)

SEelV2e = 19085 Si1v2-1=7S], Sf-%?’z/:}’oij,
2

Si_yVya = = 296874157, Sﬁ{}’n—l}’z;: ”‘%isﬁ-% s (E.24)
Sf—%?z;—ﬂz;‘ﬂ = ’%iS]y+%» S/X—%)‘zﬁ’zju = iSf—%Sh%,

in (E.23) we obtain the factorization property

(S5 (OSEY(STDSEY +2( 8114 (ST Y(SHOST(DSE
+ 2(SFOSHST 4 (DSF4(DSE L) + (ST14(DSE 4y Y(SHDSE) =0,

(E.25)

which is valid for the general inhomogeneous Ising chain as described by (2.1).

For the homogeneous Ising chain we can take into account eq. (6.30) and a

similar relation for the three-spin correlation functions involving S?. From (E.25)

and an analogous relation which can be inferred from (E.25) replacing j and k by
j+1and k +14, respectively, we then obtain

BI{(ST ST PCSTOSE 1) + Sy (NSE 4 )SFNSE 1)}
+ 2677815 (OSE 4 Y{(SHOSTNSE) + (S (SSH))
+ 267X (SFOSH (S]] (0SEy) + (ST (ST (0SE.))

+ 2bIX(SJ(1)SEH(S]41(1)SF 1y ) = 0. (B.26)
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The averages involving S” and S can be evaluated using the first and second
time derivatives of S*(¢) which for the homogeneous Ising model are given by

d
— 87 () = J5S1,.1(),

4 exyy =
T F0)=bSj(1), ¢

ad% S5(1) = = b*S;(1) = 27D {S5()SF. (1) + S;_(DS;(1} (B.27)
di;z- S54 () = = TS5 4 (1) = 2B {ST 4 (ST 1) + STy (DS] 3 (D}
Inserting (E.27) in (E.26) we obtain
T {(S5aOSECSHOST 1) + (ST (DST_4 )(STOSE 4 1)}
d? kg
= (SF (ST g (SHOSE) = (STOSE G (ST OSEY)
d d
+ Z{d—, <S/’(t)Si>}{a <S;+%(t)sz+%>}
=B+ PA(STOSHSFy(DSE41 ) » (E.28)

which is equivalent to (6.34)

Appendix F

In this appendix we derive eq. (6.37). For convenience, introduce the short-hand
notations, for terms appearing in (6.35),

D,..D,_ C,.1Co_\
Q)= Zbtiset y prZestient (F.1)
C? D’
D? C?
R(x)= T2 ChE b7 5, (F.2)
P P
(Cps1 Dy +Co1Dy )
S =pyro—ettp=l T oottt (F.3)
CPDP
Then one has
R(+)=bJ|(G;?+GY), (F.4)
Q(+)=1+G,Z,G,,+1G,,_. (F.5)
0(-) 1-GG,. G,
S GG,y +Gpn)
T (F6)
2(-) 1-GiG,.\G,,
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D,, D, ,—D? C - C?
Q(—):R(_)+Jx2< p+ 1 é2| p>~_b2< p+|C;)—21 C,,)
» )

dZ
= R(=)+3:InG,, (F)

where in the last step use is made of (6.31), (6.32) and (6.36). Therefore, all terms
in (6.35) can be expressed in terms of the ratio G, i.e.

(d% In G,,>2 =8 — (24 bY) = Q(+) + R(+)

= a_pr 8=0(+) d?
=R(+)—J2— b2+ 5 {R(—)Jr@lnG,,}

=|bJ(G; 2+ G2 — T2 —b?
dZ
{G(G,,,+G,_)—1-G%G,,,G,_\} {|bJ‘\(G;2 - GYH+ dTZ]n G,,}
(1-GG,,,G,_) ’
(F.8)

+

which is eq. (6.37).

References

1) E. Lieb, T. Schultz and D. Mattis, Ann. Phys. 16 (1961) 407.
2) S. Katsura, Phys. Rev. 127 (1962) 1508.
3) Th. Niemeijer, Physica 36 (1967) 377, 39 (1968) 313.
4) S. Katsura, T. Horiguchi and M. Suzuki, Physica 46 (1970) 67.
5) A. Sur, D. Jasnow and I. J. Lowe, Phys. Rev. B12 (1975) 3845.
6) U. Brandt and K. Jacoby, Z. Physik B25 (1976) 181.
7) U. Brandt and K. Jacoby, Z. Physik B26 (1977) 245.
8) H.W. Capel and J.H.H. Perk, Physica 87A (1977) 211.
9) J.H.H. Perk and H.W. Capel, Physica 89A (1977) 265.
10) J.H.H. Perk and H.W. Capel, Physica 92A (1978) 163.
1) J.H.H. Perk and H.W. Capel, Physica 100A (1980) I.
12) H.W. Capel, Th.J. Siskens and E.J. van Dongen, Physica 76 (1974) 445.
13) L.L. Gongalves and H.B. Cruz, J. Magn. Magn. Mat. 15-18 (1980) 1067; J. Phys. C14 (1981) 2785.
14) C. Bloch and C. de Dominicis, Nucl. Phys. 7 (1958) 459.
15) M. Gaudin, Nucl. Phys. 15 (1960) 89.
16) E.H. Lieb, J. Comb. Theory 5 (1968) 313.
17) M. Toda, Phys. Reports 18C (1975) 1.
18) M. Toda, Suppl. Progr. Theor. Phys. 59 (1976) 1.
19) H.G. Vaidya and C.A. Tracy, Physica 92A (1978) 1.
20) H.G. Vaidya and C.A. Tracy, Phys. Lett. 68A (1978) 378.
21) T.T. Wu, B.M. McCoy, C.A. Tracy and E. Barouch, Phys. Rev. B13 (1976) 316.
22) B.M. McCoy, E. Barouch and D.B. Abraham, Phys. Rev. A4 (1971) 2331.
23) R.Z. Bariev, Phys. Lett. 68A (1978) 175.
24) M. Jimbo, T: Miwa and M. Sato, Proc. Japan Acad. 55A (1979) 267.

FINITE-TEMPERATURE CORRELATIONS FOR THE ISING CHAIN 49

25) H.G. Vaidya anc! C.A. Tra?yl, J. Math. Phys. 20 Kl979) 2291.
M. Jimbo, T. Miwa, Y. Mbri and M. Sato, Physica 1D (1980) 80.

2'6;) D.B. Creamer, H.B. Thacker and D. Wilkinson, Phys. Rev. D23 (1981) 3081.

;g; M .'limbo and T. Miwa, Phys. Rev. pM (1981) 3169.

29) W, Pesch and HLJ. Mikeska, Z. Physik B30 (1978) 177.

30) M. Mohan, Phys. Rev. B21 (1980) 1264, B23 (1981) 433.

31) J.H.H. Perk, Phys. Lett. 79A (1980) 1. o B . o -

32) H.W. Capel, II Intern. Symp. on Selected Topics in Statistical Mechanics, Dubna (1981) p. 117.

33) J.H.H. Perk, to be published.

34) LELH. Perk, Phys. Lett. 79A (1980) 3.

35) B.M. McCoy and T.T. Wu, Phys. Rev. Lett. 45 (1980) 675.

36) B.M. McCoy and T.T. Wu, Nucl. Phys. B180[FS2] (1981) 89.

37) B.M. McCoy and T.T. Wu, Phys. Lett. 80A (1980) 159.

38) R. Hirota, J. Phys. Soc. Japan 43 (1977) 2074.

39) B.M. McCoy, J.H.H. Perk and T.T. Wu, Phy‘s4 Rev. Le.tt.l 46 (1981) 7.57.

40) J.H.H. Perk, IT Intern. Symp. on Selected Topics in Statistical Mechamcs, Dubna (1981') p. 165.

41) M. Sato, T. Miwa and M. Jimbo, in: Lecture Notes in Physics, Vol. 126, D. Iagolnitzer, ed.
(Springer, Berlin, 1980) p. 429.

42) B. Kaufman, Phys. Rev. 76 (1949) 1232,

43) L.P. Kadanoff and H. Ceva, Phys. Rev. B3 (1971) 3918.

44) J. Lajzerowicz and P. Pfeuty, Phys. Rev. B11 (1975) 4560. )

45) E.R. Caianiello, in: The Many-Body Problem, A. Cruz and T.W. Preist, eds. (Plenum Press, New
York-London, 1969) p. 193. o

46) E.R. Caianiello, Combinatorics and Renormalization in Quantum Field Theory (Benjamin,
Reading, Mass., 1973).

47) F.A. Berezin, The Method of Second Quantization, (Academic Press, New York-London, 1966).

48) B.W. Lee, in: Methods in Field Theory, R. Balian and J. Zinn-Justin, eds. (North-Holland,
Amsterdam, 1976) p. 79.

49) C. Becchi, A. Rouet and R. Stora, Commun. Math. Phys. 42 (1975) 127.

50) H.S. Green and C.A. Hurst, Order-Disorder Phenomena (Interscience, London, 1964), eq. (8.66).

51) H.W.L. Tanner, Messenger of Math. 8 (1878) 56.

52) W. Zajackowski, Messenger of Math. 10 (1880) 36.

53) Th. Muir, Trans. Roy. Soc. Edinburgh 30 (1881) 1.

54) Nanson, J. Reine Angew. Math. (Crelle J.) CXX11 (1900) 179.

55) Th. Muir, Proc. Roy. Soc. Edinburgh 49 (1929) 264.

56) A.C. Aitken, Determinants and Matrices (Oliver and Boyd, Edinburgh and London, 1966).

57) B.M. McCoy, Phys. Rev. 173 (1968) S31.

58) E. Barouch and B.M. McCoy, Phys. Rev. A3 (1971) 786.

59) P. Pfeuty, Ann. Phys. (N.Y.) 57 (1970) 79.

60) M. Jimbo and T. Miwa, Proc. Japan Acad. 56A (1980) 405, 57A (1981) 347.

61) J.H.H. Perk and B.M. McCoy, private communication.

62) D.A. Kirzhnits and A.D. Linde, Phys. Lett. 42B (1972) 471; Sov. Phys. JETP 40 (1975) 628.

63) L. Dolan and R. Jackiw, Phys. Rev. D9 (1974) 3320.

64) S. Weinberg, Phys. Rev. D9 (1974) 3357.

65) J. Tiopoulos and N. Papanicolaou, Nucl. Phys. B111 (1976) 209.

66) B.M. McCoy and T.T. Wu, Scientia Sinica 22 (1979) 1021.

67) B.M. McCoy and T.T. Wu, Proc. 1980 Guangzhou Conf. on Theoretical Physics, Vol. 1 (Science
Press, Beijing, and Van Nostrand Reinhold, New York, 1980) p. 68.

68) A. Luther and I. Peschel, Phys. Rev. B12 (1975) 3908.

69) H.C. Fogedby, J. Phys. C11 (1978) 4767.

70) A. Luther and I. Peschel, Phys. Rev. B9 (1974) 2911.

71) D.R. Nelson and D.S. Fisher, Phys. Rev. B16 (1977) 4945.

72) B.M. McCoy, J.H.H. Perk and R.E. Shrock, Nucl. Phys. B220[FS8] (1983) 35, 269.



