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INTEGRABLE LATTICE VERSION OF THE MASSIVE THIRRING MODEL
AND ITS LINEARIZATION
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A linear integral equation is propesed, yielding an exact linearization of a discretized version of Lhe classical massive
Thirring model on a two-dimensional lattice,

1. The massive Thirring model (MTM), which is a two-dimensional field-theoretical model for a self-coupled
massive spinor field ¥ = (¥, ), has received a great deal of interest in the past [1-9]. On the classical tevel the
model has been solved exactly by means of the inverse-scattering formalism [3—5]. On the quantum level the as-
sociated hamiltonian has been diagonalized via Bethe’s ansatz [7], and the exact S-matrix has been constructed
[8,9]. In contrast to the continuum model, very little attention has been paid to the formulation ol exactly in-
tegrable lattice versions of the MTM. A natural discretization has been obtained in ref, [10] in the context of the
XYZ Heisenberg spin chain, cf, also [11]. Exact results on the latter model [12—14] give an indication that this
discretization of the MTM is exactly integrable, but no inverse-scattering scheme has been found.

In this letter we propose a two-dimensional lattice version of the classical massive Thirring model, which is
shown to be exactly integrable in the sense that solutions can be found from a lincar integral equation. The contin-
wurn limits, which can be taken by letting either one or two of the lattice parameters 4 and & go to zero, will be

discussed.
2. Consider the following linear inlegral equation

pg(n, m)pf: (n, m)
wr@ o e g ®

In (1) n and m label the sites of an infinite two-dimensional lattice, and the solutions ¢ (n,m) are vectors with
componers ¢;€’)(n, m), associated with different powers CI(CI) =k —! in the source term on the right-hand side of
(1). The integrations in (1) are performed over an arbitrary contour C and its complex conjugate C*,with arbitrary
measure dA and its conjugate d\*. For a given choice of the measure and contour,tf)k is to be solved from (1) asa ,
function of the variable &. We restrict ourselves to contours and measures for which the selution of (1) is unique,
of, refs, [15—18]. Eq. (1) is similar to the integral equation presented in ref, [18] for the continuum MTM, except
that we now impose the quantities p; (n, m) to obey linear difference equations instead of linear differential equa-

dp(n,my+k faa@ [ o)
C c*

tions, i.e.
peln+ 1,m)=0[(p — K)(p* — k)] peln, m) s oyl + 1)=0"[(q — RN = )] pgln,m) 10121671 =1,(2)
where the complex parameters p and ¢ can be specified to obtain various dispersions in the continuum limit. More

specifically, if p = (i)~ 1 g=—1,andg=ib,8" =1,a and b being the lattice parameters, it is easy to note that if
a,b =0, n,m= e, such that na—+ —é x,mb -)-%r, x and ¢ fixed, we recover the dispersion for the continuous case,

ie. pylx, £) o exp[i(kr — k=18)] [18].
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We introduce the (dyadic) matrices

®(n, m) = [N, ey, ¥(mm) = Jaree) dtn, myey. (3-);‘5‘1
c C :

where
k( 1, 1)
Y .(n, m) = f d* (1) = &y (n, m) . (4)

From the integral equation (1) and a similar equation for Y, which follows directly from (4) and (1), several rela'(
tions can be derived, in the same way as in [18] , making use of the uniqueness of the solutions of the integral equa~
tion, for instance

Py = (T by~ 70, aT = 000, (1T ¥y + 0T - 003, o
K = (TP by — o0, Ty + 07 Q- (Th 1, — 0T 0 4) (55) -
¥ P + (T ¥t =% a, 0T + ¥-Q,, ¥, (5¢) 4
@ (P -y, - ¥ = [T - ¥, @7 (V¥ integer), (54)
where all the fields @ and W are taken at the same lattice point (r, #7). In (5) the matrix Q, is given by E:
Ipl-1 |
= -1-7 f e -pif2
Q, =sanp j);g JlerIp/2=1-j .o.(JT)f (p1—p)f ,
O is a matrix w1th elements O 8; 08, and J and JT are index-raising and -lowering matrices with componentsl:}
Jif w1 and J 8 ie1 respectlvely 1n addition to (5), one can also derive expressions which relate the solu-
tions orj(l) at dlff'Erent lattice points, for example k

(0" —K)y(n+ 1,m)=0[p —JT +¥* (n+ 1,m)- 0-37] -y (n, m)

s Cada

S e

+ @+ 1,m) 0 T Wy (n, m) + ®F (n, m)- O~ by (n, m)] , (62)
and \ ‘

(P* — )Y+ 1,m)=[p* — 3T+ ¥(n+ 1,m)- 0 9T] - [y (n, m) + @ (n, m)- T -0~ by, m)]

—p8@*(n+1,m)" T 00 b (n, m). (6b)

The inverse relations of {6) can be obtained by interchanging in (6a) and (6b) p + p*, 6 + 8" and the lattice points
(n, m) + (n + 1, m). Furthermore similar equations relating lattice points (n,m + 1) and (n, m) can be obtained
from (6) by replacing ‘

p=q, 020, (r+lm)>(nml). ' Ul

3, We shall now derive two coupled difference—diflerence equatjons for the quantities

Uy (nm)= [1 =g oln, mdy 1 (n.m), Wa(n, m)=dy oln,m), ' ®

where ¢; ;and (; ; are the elements of the malrices ® and ¥ defined in (3). From (6a) together with the relations
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¢g,0=0_y gand¥_5 1t vH.0 = —90,0%,1, cf. (5¢) and (5d), we can derive
p g 1(n+ 1, m) —Bpihg (1, m)= [1 =¥ o(n, m)] g oln+ 1, m)—0[1 — vy oln+ 1,m)] &g oln, m).  (9)
Similarly from (6b) and the relations ¥ _y +(1 — W, o)Wk p=0and 2Re y_y o+ 6,012 =0, we derive

lp*dg. ((n+ 1, m) — bpdg 1 (n,m)? +p* [1 =A*(n,m)] +p[1 —A(n, m)] =0, (10)
where
Afnm )= 11 =Yg oln+ Lm)} [T =g onm] ™1, 11— g olrm)>=1. (11)

From (10), 4 (n, m) can be solved either in terms of ¢y | or in terms of ¥ or ¥, by inserting (). Furthermore
(9) can be rewritten in terms of W, and ¥, , using (8), and symmeLrized by using also the inverse relation with

(n+1,m)< (n,m), 8+ 8% pep”, The resultis:
p*'abl(n * lrm)_epllbj(nr m)=é[\02(n+ l,m)—e'flz(n»m)] - %p* [A*(nl m} - 1] llD_l(n + 1: m)

+%3p[A (n, m)— 1] ¢ (n, m) -F%A(n, m)po(n+1,m) —%HA*(n, m)¥on, m), (12)
where A (n, m) is given by :
A, m) =5 [p 4 67 U30n, m)Wala+ 1,m)] =1 {lp +p" + 1 0a(n + 1,m)1? + [, m)I?]

5 (419 + 0% W3n, m)a(n + 1,m)1% = (p + 0% + [W(n + 1, m) 12 + [Wo(n, my 1212} (13)
or by a similar expression which can be obtained from (13) by replacing § > 6%, ¥3(n, m) > py (. m), ¥y(n + 1,
m) - p¥i(n + 1, m). From (12) one can also derive an equation for Wa(n + 1, m) — 8a(n, m) and with the re-
placements (7) one obtains

Voln, m+ 1) = 8'Ua(n, m)=34* [+ B*(n, M)} ¥y (n, m+ 1) — 10'q[1 +B{n, m)] ¥ (n, m)

~ 1B, m) = 1] aln, m+ 1) +50'[B*(n, m) — 1] (n, m), ‘ (14)
where

B(n,m)E[I—wo,o(”:m'*'l)][l—‘Po,o(”.m)]_] (15)
can be inferred from the expression for A (n, ) in terms of ¢/; and using the replacements (7). Egs. (12) and (14),
together with (13) and (15), form an exactly integrable set of coupled difference—difference equations. In a con-
tinuum limit with p = £i|p| = (ig}~1,8 = -1, g = xilq|=ib,0' = 1,4, 6 >0, m n> =, na— ~3x, mb = 1t, eqs.
(12) and (14) reduce to —id ¥, = ¥y — W5 12¥;, 3,95 = ¥; — |¥; |2¥,, which are the equations of motion of
the MTM, of, rel. [18].

4, As was shown in rel. [18], cf, also ref. [5], there exists an equivalent formulation of the MTM in terms of only
one complex field. This property is also true, if we consider the lattice version of the MTM. In fact, from ), 1D
and (7) it is straightforward to derive a difference—difference equation for ¢ 1 (n, m) namely

B{n, m)[p*¢g, 1(n+ 1,m+ 1) — 0péy 1(n, mt 1)] — 0'B*(n+ 1, m)[p" 0,1 (1 + 1,m)— 6pay 1 (n, m)]

=A(n, m)[a ¢, (n+1L,m+1)— 6'q¢0’1(n +1,m)] = 64%(n m+ g g, 1l m+1) - quﬂ,l(”- m)] ,
(16)
where
A, my=(1/20){[p +p* + |P*g L (n + 1,m) — Opdg 4 (n, m)|*]
2112} Can

ti{alp|® - [p+p* +1p*dg ((n+ 1,m)— Opy 1 (n, )]
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and the expression for B(n, m) can be obtained from (17) using the replacements (7). In a continuum limit with *
p=(a)y1,80=—-1,g=ib,0'=1,b>0,m =, mb~ 2t B, 1 (1, m) - B, (¢), we obtain the integrable differen-
tial—difference equation

9 (41 —¢,,)=i(|¢n+1‘|2 + |¢’n|2) (@1 'ﬁbn)""%”‘iﬁnﬂ - &yl (b1 — b5)
— a(Bay + ) [1 = (48N Gy = 014112 (18)

Taking a second continuum limit with @ + 0, 1t =+ °°, na = —%x, &, (£) = ¢(x, 1), we obtain from (18) 8, 0,¢ = ¢

+2i[¢| 28, ¢, which is the equivalent formulation of the MTM in terms of one complex field, cf. ref. [18]. Taking }

2 different continuum limit with g = —p, n’ =n —m, m—, (p+ g)ym = =2ipt, $(n, my=>é(n', £}, ¢(n+1,m)
o+ 1, 1), b(n, m D) > dln — 1,0+ 3p= o+ )80 — 1,0, 8+ 1, m 1) (e, ) +3ip (P
+q)d; @(n',1), as in ref. [19] where we studied the lattice nontinear Schrddinger equation, we obtain from (16} a
discrete version of the (potential) derivative nonlinear Schrodinger equation (DNLS), cf. eq. (8) of [18], but we
shall not give the result here. ‘

Another difference—difference version of the DNLS, which is different from (18) has been given in [20] .

5. In this letter we have presented an exactly integrable version of the massive Thirring model on a two-dimen-
sional lattice. The solutions of the classical equations of motion can be found by choosing a measure dA and a
contour C and solving the linear integral equation (1). Multisoliton sclutions e.g. can be found by choosing dA(k)
= }:{Zl ¢;8(k — k;)dk and a contour through the poles of the delta functions. Additional results, such as the de-
rivation of the associated linear spectral problem and the Bicklund transformalions, can be derived from (1), but
we do not present them here. The case of fermions, where the fields take on values in-a Grassman algebra, cf. ref.
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[6], can be treated also by imposing that the factors o, obey anticommutation relations, but it does not seem easy {o i

extract nontrivial results from an integral equation as given in (1).
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