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Starting from the linear integral equation for the solutions of the Korteweg—de Vries (KdV) equation, we obtain the
direct linearization of a general nonlinear difference—difference equation. In a continuum limit this equation reduces to
a general integrable differential—difference equation which contains e.g. the Toda equation and the discrete KdV and

MKdAV as special cases.

1. Consider the following linear integral equation

s, m; )
+ipy(n, m) fdk(l) si(2,m30)  py(n,m)
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In (1) n and m label the sites of an infinite two-
dimensional lattice, and the integration is performed
over an arbitrary contour C in the complex k-plane,
with arbitrary measure dA(k). For a given choice of
contour and measure sz(n, m; ), in which e is a

free parameter, is to be solved from (1) as a function
of the variable k. We restrict ourselves to choices of
contour and measure, for which the solution of (1)
isunique, cf. refs. [1—4]. For p;(n, m) we impose -
the linear difference equations

pr(nt 1,m)=[(p + k) (p — k)] pr(n,m),

pr(n,m+1)=[(q +K)/(q — k)] pp(n,m). @

We will show that the function s(r, m) defined by
sp(n,m;q)

s(n, m) =i fd)\(k) W
c .

. s, m; )
=1 [N =g 9
C
obeys the following nonlinear difference—difference
equation
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[pra)s(n+1,m+1)—(@p —pFsr,m+1)—1]
X [+ B)s(r+ 1,m) — (p — @)s(r,m) — 1]
= [(g+ s+ 1,m+ 1) — (g — B)s(n+1,m) — 1]
X [(q +B)s(r,m+ 1) — (@ - )s(rm) — 1], (4)
where p, g, o and § are free parameters.

2. In order to prove (4) we consider the integral
equation for the KdV [1-3],i.e.

. 4
up +iog OO =5 = ogey 5)
C

The notation is the same as in (1), but here the solu-
tions u;, are vectors with components u}p correspond-
ing to a factor cg) =k~ on the right-hand side. In
the case of the KdV the p; are plane-wave factors,

but here no specification of p;, is required. We apply

a Backlund transformation (BT) pj, = 5 = (p + k) X
(p — k)1 py, which is equivalent to a transforma-
tion of the measure dA(k) > dA(k) = (p + k) (p — k)1
X d\(k) as treated in ref. [4]. From (5) and the
uniqueness of the solution we have

(0~ 0= @+ ID)euy — U0y, 6)

where ;. is the solution of (5) with 7y instead of
py, JT and 0 are matrices with components Jll;
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=6; j+1> 0; = 61-’08]-’0 Lespectively, and the (sym-

metric) dyadics U and U, with componentsu (/) and
7.0, are given by

=i [ ) ugey U=if ® ey - ©
C C

We divide (6) by (JT + ) (k +6), and using the rela-
tions

Sk = [(JT + Ot)_l 'uk] (O),
uf0

w(@=1 [ @ s =1f MO ®
C C

cf. (1), (3) and (5), one finds after integration over C
|- (p+p)F+ @ —os=[1—2@] [1-u@], )

in which 5 is given by (3), (1) with by instead of pg,
and 7i(c) is given by (8) with iy instead of uy. The
inverse BT can be obtained by replacing p by —p, cf.
(2), and interchanging the quantities with and without
wiggles, which amounts to an interchange of & and 8.

We have
1+ —B)s — @ +a)F=[1-u@) [1—a@] . (10)

Applying a second BT, pg = Ag = (@+k)(q-k*

X py, we obtain two further relations (9" and (10") -
which can be inferred from (9) and (10) replacing
pbygqand¥andZ by § and & respectively. From the
four relations (9), (10), (9") and (10", with repeated
use of the BT, one can eliminate all the functionsu
and obtain the relation

1—(p+B)%+ (@ —a)s 1—(g+a)S+(q—B)F
1—(g+B)s+(@—)s 1—(@+a)F+{@—B)S
(an
which, in fact, is a Bianchi-identity [5,6] expressing
the commutativity of the BTs px ~ Ok and pp. > O
of. also refs. [7-9]. The equivalence of the Bianchi-
identity (11) and the difference—difference equation
(4) can now be easily established by introducing a
function py (1, m) of the lattice sites (7, m) such that
5,1, m) = 0y (0 + 1,m), g, m) = oy + 1,
pr(n,m)=pplnt1l,m+ 1), in accordance with (2).
This implies s = s(n, m), §n,m)y=sn+1, m), s(n, m)

=s(,m+1),5(n,m)=s+1lm* 1), which inserted
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in (11) yields the integrable difference—differenc
equation (4). (A similar connection between BTs an
differential difference equations has been discuss
in ref. [10]).

3, We now derive a differential—difference eq
tion which can be obtained from (4) in 2 continuur
limitm =, b= 0,mb 1, where b is a lattice p
eter and ¢ the continuous time. From (4) it is clear
that we cantakep +g=basa small parameter pIo
vided that s(u + 1,m + 1) — s(n, m)— 0. This mean
that we have to relabel (n,m) as (n',m), n'=n-—m
and then take the continuum limit with respect to]]
Accordingly we have

s(n,m)—>s(n’, 1), s+ 1,m)->s(n'+1,0),
S(T’l,m + 1)—)5‘(”’ - 1:t)+ (p +Q) a[S(nl‘_ 15t) )
s(n+1,m+ D—=sn', D+ @+ Qa5 1) -

In this limit (4) reduces to the following differenti
difference equation

35, D [2p—pra)y Bs(n' +1,1)
+(p—a) @ —B)stn'—1,0]
+{s(n' +1,0)—s(n' = 1,0)
+2pstn' + 1,0)s(" = 1,0) + s2(n', 1)]
—(2pta+f)s(n' +1, Ns(n', 1)
—(2p—a—P)s(’ -1, Hs(n', )} =0.

The continuum limit (12) is consistent with the i
gral equation (1), in which we have

_ p+k\* (q+k\"
piln,m) (p—k) (Q~k)

(2) [+t

R A 2kt
oo~ {E3] wel2)

and the solution of (13) can be obtained from th
integral equation

' (', 9
sy (n', 1) + oy (n', 0) Cfdx(l) s,an

=y, DIkt ),
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using also

(', 1)
s, =1 A® S’;{Z 7 (16)
C

Eq. (13) therefore is a general integrable differential—
difference equation. In order to discuss some special
cases we first note that the quantity s, = (2p)~ -1

X (p + @) (p +B)s(n, t) obeys
afsrz = [Sn—l — Sl’H'l + (ZAB +A4 +B)Snsn_1

+(2+A+B)s,18,
—(1+AA+B)Spe1Sn-1 s,%)]

X (1—58,41 +ABs, 1)1 Q17)

withd = (@ — ®)/(p + @), B=(p — p)/(p +§), and
where 1/(2p) — t. An integral equation similar to (15),
in terms of z = (p + k)/(p — k) has been investigated
in ref. [11] for the discrete versions of the nonlinear
Schrodinger equation, the isotropic Heisenberg spin
chain and the complex sine-Gordon equation.

We now list some special cases contained in (17).

(i) A, B~ 0. In this case (17) reduces to

0y, =2—exp(Vy, = Vp-1) — XPWps1 — Vn)s

Yp=E-In(l—s,), . (18)

which after differentiation yields the equation of
motion for the Toda lattice [12], i.e

2
az:rn =2 exp(_—rn) - exp(—rn+2) - exp(_rrz.—Z) >

rnEyn.—Z_yn' (19)
(ii) As, = s,,A >, B—> 0 yields
atsﬂ = (Sn - Sn—l - 1)(Srz+1 '“S - 1)- 1 > (20)

which with ¢, =5, — s, _ reduces to the Kac—
van Moerbeke equatzon or discrete KdV [13,14], i

=(1 —a,) (a,_1 — a,+1)- The discrete KdV
can also be obtamed frorn (18) usingy,, — ¥, _1
=In(e, — 1).

()4 =-1,B=1,z, = %1n(2sn — 1) gives
02, = —tanh(z,41 —Zp_1) 5 (21)
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which is a potential equation for the discrete MKdV,
ie.
8y = (1= 03)(By_y = brs1) - (22)
Eq. (22) can also be inferred from (17) in the limit
AS ——A —> oo, B=

(s —Sn l)(sn 1t 1) 1

We conclude that (4) can be considered as a differ-
ence—difference version of egs. (17)—(22). Hence we
can regard (4) as a generalized discrete time Toda
equation, cf. [15], with the corresponding lineariza-
tion (1).

4. Finally we derive the lattice sine-Gordon equa-
tion starting from (5) with

prn+ 1,m)= [+ k)@ ~ B)] pz(r.m),

prln,m+1)=[(@+ kD)@ — k)] pyln,m)

(23)

instead of (2). In this case we can consider the BT

¢~ Dy as before, leading again to (6), and the BT
pk > pr = (@ + kK 1)/(q — k~1)pg, which yields the
relations

(q - k‘l)ﬁk = (q + J)'uk — O'JT'O'uk ) (243)

(q+kDuy = (g — 9)u +UIT 092, (24b)

where U = ifc dNk) uycy, uy is the solution of (5)
with gy instead of pg, J is the matrix with compo-
nents J;; =8; ;41 . From (6) we have

p@—v)=uCLD —pg=a(-L1) —tu (25)
withu =4(0.0) y=4(0.1) — 1, From (24) we find

q@@ —u)=1—-vbd (26)
and _
g —u= -1 +put-11) 27

Eliminating u(~1-1) from (25) and (27) and using (26)
we can derive the following Bianchi-identity in terms
ofv,i.e.

v PeEI-00)=1. (28)

Identifyingv = v(r,m), 0 =vn,m+1),0=v(@E + 1,m),
¥ =v(n+ 1,m + 1) as before and substitutingv = exp
2iw, we find the lattice sine-Gordon equation [16,17]
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sin[wn, m)+wn + 1,m)+wn,m+ 1)
twrn+1,m+1)] —pg sin[w(n, m) —wn + 1, m)
—-wn,m+1)+wn+1,m+1)]=0, (29)

and solutions of (29) can be found from (5) together
with (23).

In conclusion, we have given the direct lineariza-
tion for the nonlinear difference—difference equa-
tions (4) and (29). A similar treatment has also been
given starting from other linear integral equations,
such as eq. (1.3) of [3] with suitable pz (n,m), lead-
ing to difference—difference versions of e.g. the non-
linear Schrodinger equation, the complex sine-Gordon
equation and the isotropic Heisenberg spin chain,
cf. also ref. [18]. These results will be published in
the near future [19].

This investigation is part of the research programme
of the Stichting voor Fundamenteel Onderzoek der
Materie (FOM) which is financially supported by the
Nederlandse Organisatie voor Zuiver Wetenschappelijk
Onderzoek (ZWO).
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