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LINEARIZATION OF NONLINEAR DIFFERENTIAL-DIFFERENCE EQUATIONS
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A new linear integral equation is proposed, yielding an exact linearization of the integrable discrete versions of e.g. the
nonlinear Schrédinger equation, the isotropic Heisenberg spin chain and the complex sine-Gordon equation. The Bicklund
transformation is discussed, as well as a discrete version of the anisotropic Heisenberg spin chain.

1. Consider the following linear integral equation

- : Zneiw(l)tw'ne—iw*(w')[ )

Wi 0+ faamw) [ arw)— , 6D (w, )= ¥ielw @1 1)
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In(1)n labels the sites of an infinite chain, ¢ is the time, and the integer i labels solutions ¢>(’), belonging to dif-
ferent powers z/ on the right-hand side. The integrations in (1) are performed over an arbitrary contour C and its
complex conJugate C*, with arbitrary measure dA(z) and its conjugate d\*(z). For a given choice of the measure
‘and contour, ¢>n )(z, 1) is to be solved from (1) as a function of the variable z. We restrict ourselves to contours and
measures for which the solution of eq. (1) is unique, cf. refs. [1—4]. The dispersion w(z) has the general form
w(z) =Z,5 (v,z" +v,277), in which the coefficients v, can be specified for different cases. Eq. (1) can be con-
sidered to be the discrete analogue of the integral equation investigated in refs. [2—4]. The continuum limit of (1)
can be obtained by taking z = elk¢, w' = e~i'e, w=ella n >0 g >0, such that na - x, a—1d\(el@) > d\(!) and
‘by a proper rescaling of the time.

The following quantities will be useful

W0 = [A@zisPe, 1), YN0 = f M@z 1), )
C

where

Znelw( z)t
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.vFrom (1) and a similar integral equation for w,gi)(z, t), which follows directly from (1) and (3), one can derive the
Telations

bram @ =37 (2, 1) =¥ () Oy "B 2, 1) (4a)
Vnim (@, 1) = W, (2 )+ @4 (D) - QL (2, 1) (m integer), (4b)
POz, 1) = 9P -y (2, 1)+ B, (1) Qp - Yy (&, 1) —¥5 (D) QL -, 2, ). (40)
Pz, )= 317 (2, 1) + ¥y (D) Oy -y D)+ L QT -4, 1) (pinteger), (4d)
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independent of the choice of the dispersion w(z), and the relations

10:9,(z, 1) = —EO 197 B,z 1) + 70T 2 b, (2 ) =7, ¥ (1) QF b,z D+ ¥ () * Q, -, (2, D], (533

r=

0,9, (2, r>=—§ [1,®:() QF 4,(z, £) — YLD+ Q, - b, (2, )]

for the time-derivatives. In egs. (4) and (5) we have 1ntroduced the following matrix notation; ¢, and v, denot

the vectors with components (¢, ); = and V) respecmvely, the matrices @, and ‘¥, are defined by

the1r elements (® )11 = ,(1‘ /) and (¥, ) =y, @ and J and JT are the index-raising and lowermg operators, (J)Z]
8 i+1> (T )ij = 6; j+1 (T denotes matnx transposmon) The matrices Q, are defined by

Ipl-1
a,= Jg (sgn p) JT/HP=1PD2. g yi=(+IPD/2 | (0);; = 8; 65/ 0 -

It can be easily shown that @ is symmetric, ®= @7, and that ¥is hermitean, w=yT In the following we shall
work out the relations (4) and (5) and derive closed differential—difference equations for two specific choices of
the dispersion.

2. As a first example we consider the case that —y =v; =1,v, =0 for » > 2. Using eqgs. (4) and (5) one can
derive for the (0, —1) element of ®the discrete nonlinear Schrodinger equation (ANLS) [5], i.e
0,0y + Gpa1 +Bn 1 — 280 = 18,128y 1 +8001) . G =077, ©).
as well as the associated 2 X 2 linear spectral problem
- : — O 0
Xnt1 @ D= Ln A £) 0 02z = Mo A, 1)1 X, D= 07 0. 2070 1))
with

~
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In order to show that (1) also provides solutions of a discrete isotropic Heisenberg spin chain (dIHSC) we intr

duce the quantities
(0) (0)
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Note that the quantities S, and R, can be rewritten as
S, = fd)x(z) (z ~1),z 1), R,= fd)\(z) -1D1,@ 0,

where ¢ (z, 1) is the solution of the integral equation obtained from (1) by replacing z? on the right-hand side by :
(z - 1)‘l and where 1,[/ (z, t) is given by (3) with ¢S(’) replaced by ¢r. From (4), (8) and (9) one can find :
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Dpil = Pn = Oostln s dn—dno1 =0n( —Dp), =024 1g, 2 =140, ¥, =900, (10)
and
(1 + wn)(Sn-f-l _Sn)z (1 '—pn)qn ’ (1 + ‘[/ )(Rn+1 -R ) IQn (11)

From (52) and (5b) we find the equations for the time derivatives of §,, and R,

iatSrz +Sn+1 +Sn~1_2Sn = "[qg(l + wn)—l +Q3_1(1 + \»Z’n__l)_l]@: >

i8,R, =(1+ V1) @301 —an-1)- (12)
From (12) together with the relations (10) and (11) we find after a lengthy calculation the (dIHSC) [6,7]
Sn =208, XS/ +8,41°8,) =28, XS, _ 1)1 +8,-S,_1), S,°S5,=1, (13)
with the identification for the spin vector S, = (2 Re(S,+; —S,), =2 Im(S,4; = 8,), 1 — 2(Rn+1 —R,))). In the
derivation of (13) we have used the fact that 1+ L[/n)(l + wn«l)'l =1+}9¢,|2 = 2(1 +S, 8, 1)1 In the con-

tinuum limit eq. (13) reduces to the IHSC discussed in ref. [3]. We have derived the Lax representation of the
dIHSC in terms of the quantities ¢, (z, #) and ¥, (z, t), defined above. The time-independent part, which is also
valid for the discrete complex sine-Gordon equation (dCSG, see below), is given by

Xni1@ D= GFE+D1+3E - 1S, -6]- %, 1), (14)

where ¥, (z, 1) = (ql;n (z, 1), Y,,(z, 1)). The gauge-equivalence [7] between the Lax representations of the dNLS and
dIHSC can be expressed by

- n n -
w060 g jl~p)>'xn(2,t), 1s)

supplemented by egs. (10) and (11) for the potentials. The Miura transformation between the dNLS and the
dIHSC can be inferred from (10) and (11).

3. We now consider the dispersion iw(z) = (z + 1)(z — 1)1, corresponding to v = 0, v, =i for > 1. Either
by applying 9, directly to (1) or by using (5) and (8) one can derive the relations

000 =0 +2(1 =)y > W =2a38, . (16)
where we have used the same notations as above. From (16) one has

0, ¥, =21g,1%, 9,p,=2qS, ., 0:4,= d, +2(1—=p})S,, 17)
which yields in combination with (11) the exactly integrable differential—difference equation

01(Sps1 = S,) = (Spe1 +S)(A — 418,41 — S, 1212 (18)
Eq. (18) is a discrete version of the complex sine-Gordon equation (CSG), i.e.the reduced O(4) o-model [8], cf
also ref. [4], and the linear spectral problem is given by (14). For real S =arcsin 2(Sy, 41 — S,) obeys 9, (6,41
—0,)=sin 6,1 +sin §,,, which is the discrete sine-Gordon equation [9 10] Another discrete version of the CSG
can also be derived for ¢, , namely 8, (¢,+1 — ¢) = @, ($,+1 + ¢, ), where the real function a,, is a solution of

10,0, +a,0,12=1 —al.

4. Biicklund transformations for the nonlinear differential—difference equations can be derived by considering
asingular transformation of measures dA(z) > dA(z) = (s — z)(s* — z1)~1 dA(z). This transformation can be
treated as in the continuous case [11], and the result is
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*@y — 58, —Re(s0ibn41) +3 +11s/? . [(—Re(s¢~52¢n+1)+% +%IS|2)2 e ( 1+]¢,12 )J 12

Gt~ bnr1 1+ 112 141y 12 1416412

%)

Eq. (19) is the time-independent part of the Bicklund transformation for the dNLS as well as for other equati(’)ni :
that can be found by considering different dispersions. The time-dependent part can be found in general by using‘i-_
the differential—difference equation itself. Other treatments of Backlund transformations for differential—dif- - *
ference equations can be found in refs. [12,13]. ;

It is also possible to find a differential—difference equation in terms of the eigenfunctions of the spectral prob
lem. Solving ¢, in terms of u, = ¢ 0)/¢’(O) from the linear spectral problem (7), i.e.

e = 1212, — 2% (U + w1 D)y, +lu, Pu, 1 1/(212 —lu, 112 1u,1?), (20)-
we find the equation for u,, by inserting (20) into
l62‘“)1 = —“[Z +Z—~1 -2+ (¢n+1¢; + ¢;+1¢n.)]un + (Z¢n+1 - ¢n) - (Z_1¢;+1 -(b;)urzz . (21) 3

In the continuum limit this equation reduces to the equation of motion for the Heisenberg spin chain with un- -
axial anisotropy (AHSC), as given in ref. [14]. Eq. (20) constitutes the transformation, which maps solutions of

the dAHSC onto the dNLS.

5. In this letter we have considered a linear integral equation (1), yielding solutions of the dNLS, the dIHSC;, the
dCSG and the dAHSC. Solutions of the nonlinear differential—difference equations can be found by choosing a
measure and a contour and solving the linear integral equation. Multisoliton solutions for instance can be found by
choosing the measure to be dA(z) = El =1¢;6 (z — z;) dz, and a contour through the poles of the delta functions. In;
the case of the d[HSC and the dCSG one can find the solutions by choosing a factor (z — 1)~ -1 on the right- hand
side of (1) instead of zI. A more extended version of this work will appear in the future.

This investigation is part of the research programme of the Stichting voor Fundamenteel Onderzoek der
Materie (FOM) which is financially supported by the Nederlandse Organisatie voor Zuiver Wetenschappelijk Onde
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