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KAM theorems for the product of two involutions of different types

G. R. W. Quispel '

Department of Mathematics, La Trobe University, Bundoora, Melbourne 3083, Australia

M. B. Sevryuk

Institute of Energy Problems of Chemical Physics, 117829, Lenin Prospect 38, Building 2,

Moscow, Russia

(Received 15 June 1993; accepted for publication 18 August 1993)

The properties of quasiperiodic motions in Hamiltonian, volume preserving, and reversible
systems are summarized. KAM theorems concerning lower-dimensional invariant tori are
announced for G-reversible mappings 4 such that the fixed point manifolds Fix(G) and
Fix(4G) of the reversing involutions G and 4G are of different dimensions. The case where the
manifold Fix(G) itself consists of several connected components of different dimensions is also

briefly discussed.

{. INTRODUCTION

In the studies of the behavior of dynamical systems,
invariant tori filled up with quasiperiodic motions continue
to receive much attention. Their importance stems, in the
long run, from the fact that any finite-dimensional con-
nected compact abelian Lie group is a torus."? Equilibrium
points and closed trajectories of vector fields as well as
fixed points of mappings can be considered as extreme par-
ticular cases of invariant tori. The properties of invariant
tori are very sensitive to what structures (symmetries) the
dynamical system in question is assumed to preserve. In-
variant tori of a system that possesses no symmetry and
satisfies no conservation law (such systems are often said
to be dissipative) are generically isolated in the phase
space, and one cannot expect the motion on those tori to be
quasiperiodic.3 On the contrary, dissipation-free or sym-
metric (Hamiltonian, volume preserving, reversible, etc.)
systems often exhibit smooth or Cantor families of invari-
ant tori with quasiperiodic dynamics. The latter case is the
subject of the Kolmogorov-Arnold-Moser (KAM) the-
ory.

The KAM theory is always and justifiably referred to
as a branch of the perturbation theory. Nevertheless, the
central KAM results can be reformulated in an entirely
nonperturbative manner. The most abstract form of the
KAM theorems is that for some integers dy,...,d, , k, m and
some structure (characterized by integers d,...,d,) in the
phase space, a typical dynamical system preserving this
structure admits k-parameter Cantor families of reducible
invariant m-tori supporting Diophantine quasiperiodic mo-
tions, the (k+m)-dimensional Lebesgue measure of the
union of these tori being positive.

Here and henceforth, the word “typical” means the
following: there is a manifold M of class CR equipped with
the structure under consideration such that in the space of
all C" systems on M preserving this structure, systems pos-
sessing families of invariant tori described above constitute
a set with nonempty interior in the C” topology. We will
not be interested in the values of R and r and shall only
suppose that R and r are sufficiently large. In many cases,
KAM theorems have in fact been proven in the real ana-
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lytic category only. As a rule, the KAM technique pro-
vides invariant tori which are analytic (C®, finitely
smooth) if the system in question is analytic (C*, finitely
smooth, respectively).

Recall also the meaning of the words “reducible” and
“Diophantine.” Given a vector field ¥ on an
N-dimensional manifold M, a V-invariant m-torus in M
with quasiperiodic motions is said to be reducible (to be
more precise, the variational equations along the torus are
said to be reducible) if near this torus, one can introduce
coordinates

(@1 mod 27,....Qp, MO 270, X{see0s XN m) n

in which the torus takes the form (x=0) and the field V'
determines the system of differential equations of the Flo-
quet type

dx )
—t~=ﬂx+0(]xl ), (2)

d
—£=w+0(x), )

dt
where o is the frequency vector and () a constant matrix.
Quasiperiodic motion dp/dt=w on the torus (x=0) is
called Diophantine if the frequencies @y ,...,@,, are strongly
incommensurable, i.e., they satisfy the Diophantine condi-
tion

| g1+ +G@mom| >cUqr ]+ +1gm]) 7Y

for all geZ™\ {0} where ¢ and y are some positive con-
stants. Analogously, given a mapping 4: M-M, an
A-invariant m-torus in M with quasiperiodic dynamics is
said to be reducible if near this torus, there exist coordi-
nates (1) in which the torus takes the form (x=0) and the
mapping 4, the form

A: ¢'=¢p+0+0(x), x' =Qx+0(|x|?), (3)

where @ and € are constants. The Diophantine condition
on the frequency vector w in the discrete-time case is

[27go+q101+ ** +Gmom| > (g + 2+ gm|) T

for all (gy,..s¢) €Z™\{0}, go€Z where ¢ and y are some
positive constants.
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