CSE2DMO Kruskal’s Algorithm for Minimal Spanning Trees Lecture 9

1 A circuit in which only the start/end vertex occurs twice is called a cycle
2 A connected graph without any cycles is called a tree.
Theorem A connected graph G is a tree if and only if v = e + 1, where v is the number of vertices and e is the
number of edges in G.
3 A spanning tree for a graph G is a tree T such that:
(i) every edge of T is an edge of G, and
(ii) the vertices of T are exactly the same as the vertices of G.

The problem of finding the spanning tree of smallest weight, we need to consider the edges in order of increasing
weight. One algorithm is known as Kruskal's Algorithm. Kruskal’s Algorithm also keeps track of the accumulated
weights of the edges. The weight of an edge often represents the cost of creating a connection in a network.

Kruskal's Algorithm
Input: n, m, Vi, -+, Vo, €1, -+, €m, W1, -+ , Wm
Output: {eij};’;ll, W [The edge set and weight of the spanning tree.]

(1) Sort the edge set in order of increasing weight.

(2) Fori=1ton (a) let N(z) = ¢. [This gives the initial labels.]

(b) let &; = the it* edge in the ordered edge list

(3) E «— @. [This gives the initial set of edges.]
(4) W «+— 0. [This gives the initial weight]
(5) Count «+ 0
(6)

(

6) Forr=1tom
a) If &, ={v;,v;} and N(z) # N(j) then
(i) B+ EU{e} (il) W« W +w, (iii) Count «+ Count + 1
(iv) Fork=1ton (a) if N(k) = N(z) or N(k) = N(j) then N(k) + min(N(z), N(j))

(v) if Count =n — 1 then Output E, W.
(b) If &, = {v;,v;} and N(z) = N(7) then do nothing, move to next r.
In Summary
(1) First order the edges — put them in order of increasing weight
(2) Construct a table — apply Kruskal’s Algorithm
(3) Write down the conclusion — the edges of the spanning tree & its weight.

Example 1 Edge List: e; = v3v4 e; = vsvU3 €3 =U1Uy €4 = UiUs €5 = UsVy €5 = V1Us3
N(1) N(2) N(3) N(4) Edges Weight
Initial Values 1 2 3 4 o] 0 Spanning Tree 1:
After Step 1
et otep Edges: ...............
After Step 2
After Step 3 Welght ......
Example 2 Edge List: e; = vivy ey = viUy €3 = UsUs €4 = U3Uy €5 = U1U3 €5 = UsUy
N(1) N(2) N(3) N(4) Edges Weight )
Initial Values 1 2 3 4 [ 0 Spanning Tree 2:
After Step 1 Edges: ...............

After Step 2
After Step 3




Example 3 Edge List: e; = viv3 ey = v3Us €3 =U1Uy €4 = UiV €5 = UsU3 €5 = U1U3

N(1) N(2) N(3) N(4) Edges Weight
Initial Values 1 2 3 4 1% 0 Spanning Tree 3:
After Step 1
After Step 2 Edges: ...............
After Step 3 Weight: ......
After Step 4
1 N(1) N(2) N(3) N(4) Edges Weight
Initial Values 1 2 3 4 %] 0 Minimal Spanning Tree:
After Step 1 1 2 3 2 e1 17 Edges: ej, ez, e3
After Step 2 1 2 2 2 e1, e 28 Weight: 33
After Step 3 1 1 1 1 e1, €z, €3 33
2 N(1) N(2) N(3) N(4) Edges Weight
Initial Values 1 2 3 4 5] 0 Minimal Spanning Tree:
After Step 1 1 2 3 1 el 5 Edges: e, ez, es
After Step 2 1 1 3 1 e1, e 14 Weight: 25
After Step 3 1 1 1 1 e, €s, €3 25
3 N(1) N(2) N(3) N(4) Edges Weight
Initial Values 1 2 3 4 %] 0 Minimal Spanning Tree:
After Step 1 1 2 1 4 el 1
After Step2 1 2 1 1 3 Hdges: e1,€2,€4
et otep e €2 Weight: 8
After Step 3 1 2 1 1 e, € 3
After Step 4 1 1 1 1 e1,€e2,€s 12
Using Kruskal's Algorithm to find a minimal spanning tree for the graph with:
Vertices: v vy U3 Vs Us Vg
EdgESZ V1Va V1VU3 UVUiVUs 7V1Us V1V VUaV3 VUaVg V3Vsq VU3VUs V4VUs Uslg
Weights: 8 9 7 11 10 6 3 5 1 2 4
(The edges and weights are listed in corresponding order.)
€1 = ... ... €y = ......... €3 = ......... €4 = .. €y = ......... €g = .t
€7 = . ..., €g = ......... €g = ......... €10 = v iinann €11 = i
N(1) N(2) N(3) N(4) N(5) N(6) Edges W
Initially 1 2 3 4 5 6 1% 0
1.
2.
3.
4.
5.
6.
7. 1 1 1 1 1 1 e1,€ea,€3,€4,€7 17

Minimal Spanning Tree
Edges: e1,e2,€3,€4,€7 Or V3Us5,V4Vs, V2V, UsVs, V1V4
Weight: 17



