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Abstract

The finite basis problem for semigroups asks when a given finite algebra has a finite
basis for its identities. This problem is one of the most investigated in variety theory. In
this note we look at some easily established equivalent decision problems.

1 Introduction

We show how one may efficiently associate with each semigroup (monoid) S a syntactic
semigroup (monoid) S such that S has a finite basis of identities if and only if S has a
finite basis of identities. Using this and a result of Sapir [14] we obtain a language theoretic
equivalent to the finite basis problem for semigroups and monoids. While our techniques are
completely elementary, the results may provide a useful alternative approach to the finite
basis problem for finite semigroups.

1.1 Syntactic semigroups and monoids

In this section we gather togethor some basic facts concerning syntactic semigroups and
monoids. For a more complete treatment, the reader should consult a book such as [6].
Recall that if S is a monoid, and W is a subset of S, then the syntactic congruence ~yw of W
in S is given by (a,b) e~y if for every ¢,d € SU{1}, cad € W < ¢bd € W. (This congruence
is the largest congruence for which W is a union of congruence classes.) In the case where S
is a free semigroup (monoid), the quotient by the syntactic congruence of a subset L is called
the syntactic semigroup (syntactic monoid) of L, and we denote this by Syn(L) (or Synn (L),
respectively). A language is regular (accepted by a finite state automaton) if and only if its
syntactic semigroup (or monoid) is finite.

We will say that a subset W C S of a semigroup S is a syntactic subset if the syntactic
congruence of W in S is the diagonal relation. In this case, if v : At — S is a surjective
homomorphism onto S, then S is isomorphic to the syntactic semigroup of the language
v L(W).

If S is a semigroup, then for every s € S, we may take the syntactic congruence of the
singleton {s}; the semigroup S/ ~1s} is syntactic, and for distinct elements s, € S there is
an r € S for which s/~ # t/~y (choosing 7 to be either s or ¢ suffices). Hence there
is a subdirect embedding v of S into the direct product [] .S/~ defined by v(s) : z
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x/w{s}. We note that one can construct S/~ from S in polynomial time: to decide z ~ 4} y
one must calculate uzv and uyv for each u,v € S'. Using a multi-tape Turing machine, we
may encode S by listing the rows of its Cayley table; let n denote the number of squares this
occupies (clearly n > |S|? and also n € O(|S|?logy(]S|)) since each element can be encoded
as a binary string of length at most log,(]S|)). Calculating uzv and uyv takes O(n) steps,
while there are O(|S|?) pairs u,v to consider. We direct the reader to [7] for details on these
notions and more information on problems of computational complexity.

For a language W and a word w we define w™'W = {u € W : wu € W} and Ww™! :=
{u € W :uw e W}. Now let £ be a class of regular languages. For a finite alphabet A we
denote by £(A) the set of all members of £ whose alphabet is A. We say that £ is a +-variety
of languages if for every finite alphabet A the following properties hold: £(A) is closed under
taking finite unions, intersections and complementation; for every letter a € A and every
W € L(A) we have a 'W € £ and Wa~! € £; and for every pair of finite alphabets A, B
and every homomorphism v : A* — BT we have L € £(B) implies v~ 1(L) € L(A). If we
replace free semigroups in this definition by free monoids, the corresponding notion is that
of a x-variety.

There is a natural correspondence between +-varieties of regular languages and pseudova-
rieties (classes closed under finite direct products, subalgebras and homomorphic images) of
finite semigroups. With each +-variety of regular languages £, we may associate the semi-
group pseudovariety generated by the syntactic semigroups of the languages in £. Conversely
with each pseudovariety of finite semigroups V we may associate the class of regular languages
whose syntactic semigroups are in V. This class of languages turns out to be a +-variety of
languages and the two correspondences we have described are mutually inverse bijections
between the lattice of semigroup pseudovarieties and the lattice of +-varieties of regular lan-
guages (this is the so-called FEilenberg correspondence [6]). Monoid and #-variety versions of
this correspondence are given in the obvious way.

1.2 The finite basis problem

An identity of a semigroup is an expression u ~ v where v and v are semigroup words.
A semigroup satisfies the identity w ~ v (in variables A, say) if for every homomorphism
0 : At — S, the equality 6(u) = 6(v) holds (written S = u ~ v). The set of identities of
S over some fixed countably infinite alphabet is denoted Id(S). The class of all semigroups
satisfying the identities of S is called the wariety generated by S. Equivalently, the variety
of S is the class of all homomorphic images of subalgebras of direct powers of S. (Similar
notions hold for general algebras.) We will denote the variety of an algebra S by V(S), and the
finite members of V(S) by Vg, (S). When S is finite, Vg, (S) coincides with the pseudovariety
generated by S. We will also write S & T when Id(S) = Id(T).

If S is a semigroup without an identity element, then we let S' denote the monoid obtained
by adjoining an identity element. Otherwise we let S! simply denote S. A dual definition for
zero elements 0 gives SU. The following elementary lemma is useful because we will frequently
be moving between monoids and of semigroups.

1.1 Lemma Let S be a monoid and T a semigroup such that T is contained in the semigroup
variety generated by S. Then T' is contained in the monoid variety of S.

Proof Let S and T be as in the statement of the lemma. Then, working within the type
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(2), we have T € HSP(S). Therefore there are semigroups Tp, Ty such that T; € P(S),
Ty € S(T;) and T € H(T2). Clearly, T; is a monoid that is also contained in the monoid
variety of S. If Ty contains the identity element, e say, of Ty then T (a quotient of T9) is a
monoid that is contained in the monoid variety of S and we are done.

Now assume that e ¢ T, and let T, denote the submonoid of T; obtained by adjoining
the element e to T5. Note that T9 may already be a monoid, but with an element other than
e acting as the identity, whence T% need not be isomorphic to T3. Without loss of generality
we may assume that there is a congruence 6 such that Ty/0 = T.

If T has an identity element 1, then choose f € T, such that f/0 = 1, and extend 6 to a
congruence 0’ on T, by adjoining to € the pairs (e,e) and (e, z), (z,e) whenever (f,z) and
(x, f) are in #1. This gives T,/ = T3/0 = T, showing T € V(S) as a monoid.

Otherwise, if T has no identity element, then we may extend # to a congruence on T}
by adjoining the pair (e,e). The resulting quotient is isomorphic to T! and again lies in the
monoid variety of S. O

An equational deduction of an identity p =~ ¢ from a set of identities ¥, is a sequence of
identities p = p1 = py &~ - -+ = p, = ¢ such that for each i < n there is an identity u; ~ v; €
or v; = u; € % and a semigroup substitution 6; such that p;11 is obtained from p; by replacing
a subword 6;(u;) with 6;(v;). In this case we write ¥ F p ~ ¢. If n = 1 we will interpret the
definition of an equational deduction as saying that ¥ F p =~ p.

A basis for the identities of a semigroup S is a subset ¥ of Id(S) such that X F Id(S).
In 1964, Oates and Powell [10] showed that if G is a finite group, then G has a finite basis
of identities. However in 1966 Perkins (see [11]) showed that the semigroup B2 given by the
following matrices under matrix multiplication has no finite identity basis:

(o) (o) Go) (o) (o) (o7)

In the subsequent years a great many other examples have shown that the finite basis
problem—determining which finite semigroups admit a finite basis of identities—is very com-
plicated. For general algebras this problem has been shown to be undecidable [8], but for
semigroups the complexity of the problem remains open. For further details we direct the
reader to the most recent survey of this area by Volkov [15].

The following lemma gives some well known equivalents of the finite basis property. We
omit the proof, but note that the equivalence of (ii) and (iii) follows from Birkhoff’s com-
pleteness theorem for equational logic (which says that ¥ F p ~ ¢ if and only if whenever
some algebra A satisfies all of X, then also A = p = ¢), while the equivalence of (i) and (ii)
is another theorem of Birkhoff.

1.2 Lemma (Birkhoff [2]; see also [3].) Let S be a finite algebra of finite signature. The
following are equivalent:

(i) 1d(S) is finitely based;

(ii) there is an positive integer n such that the n-variable identities in 1d(S) are a basis for

1d(S);

(iii) there is an positive integer n such that for all algebras A, we have A € V(S) if and
only if all n-generated subalgebras of A are in V(S).
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2 Syntactic equivalants

We are going to show that the finite basis problem for finite semigroups is equivalent to its
restriction to finite syntactic semigroups. The idea is easy, so we prove it in an even more
general setting.

The notion of a syntactic congruence can be extended to general algebras by defining
the syntactic congruence ~y of a subset W of an algebra S is the largest congruence 6 for
which W is a union of #-classes (for further details see [1] for example). A syntactic algebra
is an algebra with a syntactic subset—a subset whose syntactic congruence is the diagonnal
relation.

2.1 Proposition If S is an algebra with a one element subalgebra then there is a syntactic
algebra S such that S = S. If S s finite, then S is finite.

Proof Let {e} be a one element subuniverse of S. For each t € S\{e}, let S; denote S/~ ;.
As in Subsection 1.1, S subdirectly embeds into Htes\{e} S¢, and so we have S = Htes\{e} S:.
For s,t € S\{e}, let st € [[;cq (e St be defined by si(r) = e/~ if 7 # ¢ and s/~
otherwise. Let W be {s; : s € S}, let T be any subalgebra of [];cq\(c) St containing
{st : s,t € S}, and let S denote T/~y. Now S € V(S) so to complete the proof it will
suffice to show that each S; embeds into S. Now for each ¢ € S\{e}, the subalgebra of T
on {s; : s € S} is isomorphic to S; and {s; : s € S} NW = {ss}, a syntactic subset of
{s¢ : s € S}. Hence the restriction of ~y on T to {s; : s € S} is trivial. Therefore S; embeds
into S, as required. O

Algebras satisfying the conditions of this proposition are reasonably common—every
monoid, ring, lattice and finite semigroup has a one-element subalgebra. We note that Propo-
sition 2.1 would follow trivially if the class of syntactic algebras was closed under the taking
of direct products (as is suggested by Proposition VII.1.5 of [6]), however a 2-element left
zero semigroup is syntactic, while its square is not.

Unfortunately, the construction in Proposition 2.1 is not very efficient—it seems possible
that S could have size close to |S \'S |. To gain greater efficiency, we now restrict our attention
to semigroups.

2.2 Lemma If S is a semigroup with zero element then one can construct a syntactic semi-
group S equationally equivalent to S in polynomial time.

Proof We are going to follow the proof of Proposition 2.1. We can fix the zero element 0 of
S as the one element subalgebra and then the elements {s; : s,£ € S} in [],. S\{0} S; actually
form a subsemigroup, which we choose as T.

Now T has fewer than |S|? elements and can clearly be constructed in polynomial time
from the family {S; : t € S\{0}}; in fact T is isomorphic to the so-called 0-direct join of {S; :
t € S\{e}}, formed by amalgamating these semigroups at 0 and then setting any undefined
products to equal 0. As each of the |S| —1 semigroups of the form S; can be constructed from
S in polynomial time (see Subsection 1.1) it follows that S can be constructed in polynomial
time from S. O

For each t € S\{0}, let A; be an alphabet (with A;NAs = @ for s # t) and vy : A — S; be
a surjective morphism so that S; is the syntactic semigroup of some (regular) subset L; C Af
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with 1;(L;) = {t/~;}. One can see from the proof of Lemma 2.2 that S is (isomorphic to)
the syntactic semigroup of the disjoint union of the languages L; in the free semigroup over
the disjoint union of the alphabets A;.

The proof of Lemma 2.2 does not quite hold for monoids because 0 is not a one element
submonoid and because the subsemigroup on {s; : s,t € S\{0}} is not a submonoid (except
when [S] = 2). However, the submonoid of [[,c (o} St generated by {s; : s,¢ € S\{0}}
is simply {s; : s,t € S\{0}} U {1} (where 1 is the identity element). Choosing this as T
and calculating S as before, we find that each of the S; are monoids that embed into S as
semigroups and hence are in the semigroup variety of the monoid S. By Lemma 1.1, they
are in the monoid variety of S as well. This is clearly still a polynomial time construction
and hence Lemma 2.2 holds for monoids as well. In fact we do not need monoids with zero
to state this result. First consider the following lemma.

2.3 Lemma If S is a semigroup whose variety contains the variety of semilattices then S =
SO,

Proof If S =S° we are done, so assume that S does not contain a zero element. Certainly
S lies within the variety of SY. Conversely, as the variety of S contains the two element
semilattice 2 (with universe {0,1}), it also contains S x 2. The semigroup S° is isomorphic
to the Rees quotient of S x 2 by the ideal {(z,0) : z € S}. ]

2.4 Lemma Fvery finite monoid S is equationally equivalent to the syntactic monoid of
some reqular language that can be constructed from S in polynomial time.

Proof By considering the one-generated submonoids of S it can be seen that the monoid
variety of S fails to contain the variety of semilattice monoids if and only if S is a finite group.
If S is a group then the syntactic congruence of any singleton subset of S is the diagonal
relation and so S is the syntactic monoid of a regular language and we are done.

Now say that the monoid variety of S contains the variety of semilattice monoids. Then
by Lemma 2.3 it can be generated by a monoid with zero element. A syntactic monoid
generating the same variety is then given by the argument following Lemma 2.2. O

In [15], the question is asked as to whether or not the finite basis problem for syntactic
semigroups is decidable (that is, algorithmically solvable). It is clear from Proposition 2.1
that this problem is equivalent to the general finite basis problem, but in fact we can use
Lemma 2.2 to show that these problems are polynomially equivalent.

We first need the following result from [9].

2.5 Lemma (Mel'nik [9].) A semigroup S is finitely based if and only if S° is finitely based.

Proof If V(S) contains the variety of semilattices then by Lemma 2.3 we have S = S°. So
we may assume throughout that V(S) does not contain the variety of semilattices.

Let us say that an identity u ~ v is homotypical if the variables in u are the same as
those in v (this is also called regular). The identities of 2 are exactly the class of homotypical
semigroup identities and so it follows that S satisfies some non-homotypical identity. In
this case S generates the smallest variety containing V(S) that is definable by homotypical
identities. Following [9], it can be shown that S has a basis of the form YU (z™y™z™)™ ~ 2™
for some m € N and where ¥ is a collection of homotypical identities. It is shown in [9] that
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one can find a basis for S by adjoining to ¥ a finite set of homotypical identities. Thus if S
is finitely based, then ¥ can be chosen to be finite, and we get a finite basis for SO (this is also
discussed in [15]). Now if S is not finitely based, then ¥ must be infinite and no finite subset

of 1d(8) is sufficient to derive all of ¥. As ¥ is also satisfied by S°, and Id(S°) C Id(S), it
follows that S also has no finite basis of identities. O

2.6 Corollary The finite basis problem for finite semigroups (monoids) is polynomially equiv-
alent to its restriction to the class of finite syntactic semigroups (monoids).

Proof The monoid version of this result follows immediately from Lemma 2.4.

Now let S be a finite semigroup. By Lemma 2.5, S is finitely based if and only if S°
is finitely based. By Lemma 2.2, S? generates a variety equal to one generated by a single
syntactic semigroup (that can be constructed in polynomial time from S°). O

3 A language theoretic approach

The finite basis problem for monoids has a natural analogue in terms of varieties of regular
languages. Analogous statements will hold for semigroups as well.

3.1 Definition For K a class of regular languages, let V*(K) denote the -variety of lan-
guages generated by K and let V) (K) denote the subclass of V*(K) consisting of those
languages which are in alphabets of at most n letters. We say that a %-variety of languages
V is finitely x-verifiable for K languages if there exists an n € N such that for all languages
W e K,

Weye V(W) .

If K is the class of all regular languages, then we say that a x-variety is finitely x-verifiable
instead of finitely x-verifiable by K-languages.

The connection between the finite #-verification property for x-varieties of languages and
the finite basis problem for monoids arises through the Eilenberg correspondence and the
following result essentially due to M. Sapir.

3.2 Lemma (M. Sapir [14].) Let V be a subvariety of a finitely generated variety of semi-
groups (monoids). Then V is non-finitely based if and only if for each n € N there are finite
semigroups (monoids, respectively) S,, & V such that S, satisfies all n-variable identities
of V but not all identities of V. FEquivalently, S, € V but all n-generated subsemigroups
(submonoids) of S,, are contained in V.

Proof We first discuss the semigroup case. The statement above differs from the main
result of [14] only in that it allows for the possibility that V is not generated by any finite
semigroup. All arguments in [14] except for Proposition 1 depend only on the local finiteness
of V. Proposition 1 however, is itself an extract from a more general result from [12] that
concerns any locally finite variety in which all groups are finitely based. As Sapir notes in [12],
this is true of any finitely generated semigroup variety (by [10]) and hence in any subvariety
of such a variety. Therefore Sapir’s proof in fact extends to the semigroup part of the lemma
we have stated above.
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Now we investigate the monoid case which again follows without significant change from
Sapir’s result for semigroups. As is discussed in [15], a monoid is non-finitely based (in the
type (2,0)) if and only if it is non-finitely based as a semigroup (in the type (2)). Let V' denote
the semigroup variety generated by the members of V considered as semigroups, and say that
V (whence V') is not finitely based. Using the semigroup version of the lemma, there are finite
semigroups S,, such that S, is not contained in V', while all n-generated subsemigroups of
S, are contained in V'. Now consider S}, also not in V’ and therefore not in V (as a monoid).
As semigroups, the n-generated submonoids of S} are either n-generated subsemigroups of S
(that happen to be monoids) or are of the form of an n-generated subsemigroup of S,, with
adjoined identity element. In either case, Lemma 1.1 shows that the n-generated submonoids
lie in V. Thus we have, for all n € N, a finite monoid not in V but whose n-generated
submonoids are in V. O

This result guarantees that for finite semigroups and monoids, the third condition of
Lemma 1.2 can be replaced by its restriction to finite algebras. The corresponding result for
general algebras appears to be an interesting open problem; see [4, 5].

3.3 Lemma IfS is a finite monoid with no finite basis of identities then for each n € N there
is a regular language W,, such that every n-generated submonoid of Syny (W) is contained

in V(S) but Syny(W,,) € V(S).

Proof By Lemma 3.2, for each n € N there is a finite monoid S,, such that every n-generated
submonoid of S,, is contained in V(S) but S,, € V(S).

Let us fix some arbitrary n € N. For each element s € S,,, let S,, ; denote the semigroup
S/ ~s)- Now each S,, 5 is a quotient of S;, and therefore satisfies all identities satisfied by Sy,.
However V(S) is generated by {S;, s : s € S} (see Subsection 1.1) and therefore there must be
an identity of S that fails on S,, 5 for some s € S;,. Therefore we have a finite syntactic monoid
of a regular language, W,, say, that satisfies all identities of S,, (and therefore all n-variable
identities of S) but not all identities of S. Equivalently (see Lemma 1.2), we have shown that
there is a regular language W,, such that every n-generated submonoid of Syny(W),,) lies in
the monoid variety of S while Syny;(W);,) does not. O

The extension of Lemma 3.3 to semigroups is obvious and we omit the details.

3.4 Theorem Let S be a finite monoid and ¥V denote the x-variety of languages whose syn-
tactic monoids are finite and contained in V(S). Then S is finitely based if and only if V is
finitely x-verifiable.

Proof Let S be a finite monoid with a finite basis of identities ¥ in n variables and let }V
denote the *-variety of regular languages whose syntactic monoids are in Vg, (S). Obviously if
W €V then V(W) C YV, while if W is a language not in V then the Eilenberg correspondence
guarantees that Syny;(W) j= X. Hence there is an n-variable identity u ~ v that fails on
Syny (W). Evidently, there is an n-generated submonoid T of Syny (W) on which u ~ v
fails. By examining the syntactic quotients of T with respect to the singleton subsets of T'
(as in the proof of Lemma 3.3), it follows that there is ¢t € T such that u ~ v fails on T/~ ¢,
also n-generated. Let A = {ay,...,a,} be a set of free generators for a free monoid A* and
let ¢ : A* — T be a surjective homomorphism. Then T/~ is the syntactic monoid of
the regular language W; := ¢~'(t/~y;) in the n-letter alphabet A, whence it follows that
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Wy € Vi(W)\V. This shows that there is an n € N such that for regular languages W,
W&y = V(W) Z Y, that is, V is finitely *-verifiable.

Now assume that S is non-finitely based. By Lemma 3.3, for all n € N there are regular
languages W, such that Syny;(W,,) ¢ V(S) but such that every n-variable identity satisfied by
S is satisfied by Syny;(Wy,). Now if U € V}:(W,,) then Syny;(U) is n-generated and satisfies all
identities of Synyi(W),) and in particular, all n-letter identities of S. Elementary arguments
then show that Syny(U) € V(S). Hence U € V so V;i(W,,) is a subclass of V, while W), is
not in V. Because n € N is arbitrary, V is not finitely x-verifiable. |

Again, trivial variations of this Theorem give the corresponding result for semigroup
varieties and +-varieties of languages.

It is interesting to note that the main proof in [14] shows that if S is a finite inher-
ently non-finitely based monoid (or semigroup), then the corresponding x-variety of lan-
guages is not finitely *-verifiable for singleton languages. For example, the monoid B} given
in the introduction is known to be (isomorphic to) the syntactic monoid of the language
{ab}* (in the alphabet {a,b}) and is also known to be inherently non-finitely based [13].
Hence V*({ab}*) is not finitely -verifiable for singleton languages. In fact from [11] and the
proof of Theorem 3.4, we have {bajas...anbanan—1...a1} & V*({ab}*) for any n € N, but
Vi({baraz . ..apbanan—1...a1}) € V*({ab}*).

Let the finite x-verification problem for reqular expressions denote the following decision
problem: given a regular expression, decide if the corresponding language generates a finitely
x-verifiable x-variety. The finite +-verification problem is defined analogously.

3.5 Corollary The finite basis problem for finite semigroups (monoids) is decidable if and
only if the finite +-verification (x-verification, respectively) problem for reqular expressions is
decidable.

Proof We discuss the monoid case; the semigroup case is almost identical. The standard
proofs of the equivalence of the class of languages recognisable by finite state automata and
languages corresponding to regular expressions are constructive. That is, with each finite
automata, we can effectively associate a regular expression corresponding to the language
recognised by the machine and vice versa. Likewise, with a syntactic monoid Syny (W) of a
language W we may construct an automata recognising W (by representing Syny (W) as a
monoid of transformations), and conversely with each automata, we may effectively construct
a minimal automata recognising the same language and then construct the syntactic monoid
of this language as the transition monoid of the automata. Therefore we can effectively
associate a syntactic monoid S with a regular expression for a language recognised by S and
vice versa.

The result now follows by combining Theorem 3.4 and its semigroup variant with Corol-
lary 2.6. O

We note that the translation from syntactic semigroups or monoids to regular expressions
is polynomial time, however the reverse may not be true. It is a well known PSPACE-complete
problem to determine if a regular expression r over {0,1} represents the same language as
{0,1}*; see [7]. The syntactic monoid of {0, 1}* (as a regular language in the alphabet {0,1})
is trivial, however if r represents a non-empty language W distinct from {0,1}*, then the
syntactic monoid of W is non-trivial and so Syny;(W) generates a non-trivial variety. Thus
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if P#PSPACE, there can be no polynomial time method for constructing, from a regular
expression r for a language W, a monoid generating the same variety as Syny(W).
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