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ABSTRACT

The notion of a pseudo-complement is extended to a broad class of semigroups,

which we say are semilattice pseudo-complemented ðSPÞ. We examine the rela-
tionship between these and some other classes of unary semigroups, namely semi-
groups with closure and interior operations, and we also consider the concepts
in a ring theoretic setting. Under some natural strengthenings of the defining

axioms, some fundamental congruences are described, extending cases from the
theory of inverse semigroups. The class of SP-semilattices coincides with a natural
class of ordered structures related to topological spaces but differs slightly from

the standard definition of a pseudo-complemented semilattice. These SP-semi-
lattices arise naturally in the general theory and are given particular attention.
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1. INTRODUCTION

Let S be a semigroup with distinguished subsemilattice L given its usual
ordering: e � f if and only if e ¼ ef , for all e; f 2 L.

The authors considered the case in which CðaÞ :¼ minfe 2 L j ae ¼ ag exists for
all a 2 S (Jackson and Stokes, 2001). These semigroups can be characterised equa-
tionally using C as an additional unary operation, the resulting structures called right
closure semigroups (RC-semigroups). Similarly, if IðaÞ :¼ maxfe 2 L j ae ¼ eg exists
for all a 2 S, one obtains interior semigroups (I-semigroups); see Kelarev and Stokes
(1999). Again, an equational characterisation in terms of I is available. Indeed in
Jackson and Stokes (2001) and Kelarev and Stokes (1999), the equational character-
isations were the beginning point and the existence of L with the stated properties
was subsequently deduced.

A standard example of an RC-semigroup is that of all partial maps on a set X
equipped with a closure operator, with CðfÞ the identity map restricted to the closure
of the domain of f ; here L is all restrictions of the identity to closed subsets of X. In
the I-semigroup case, instead assume X has a topology and let IðfÞ be the restriction
of f to the interior of the set of values in X which it fixes; this time L is all restrictions
of the identity to open sets, a subsemigroup since finite intersections of open sets are
open. (Each of these examples generalises to the semigroup of all relations on X.)

On similar lines, one could ask for the restriction PðfÞ of the identity to the
interior of the complement of the domain of a partial map f on X. This time, the
relevant definition is PðfÞ ¼ maxfe 2 L j fe ¼ 0g, where L is as for the I-semigroup
example and 0 is the empty partial map; note that Pð0Þ is the top element in L.
Evidently, PðfÞ is like a semilattice-valued pseudo-complement of f .

Accordingly, the following general definition applies. Suppose S has a distin-
guished element 0 (which will turn out to be a zero for a subsemilattice L of S). Call
S a semilattice pseudo-complemented semigroup (SP-semigroup) (relative to L) if
PðaÞ :¼ maxfe 2 L jae ¼ 0g exists for all a 2 S. In this case, P is a (right) semilattice
pseudo-complement on S. Left-sided versions are defined analogously.

For T a semigroup having a unary operation Q, let

Q�ðTÞ :¼ fe1e2 � � � ek j k 2 N; ei 2 QðTÞg;

a subsemigroup of T . Note that if Q maps into a subsemilattice of T , then Q�ðTÞ is
also a subsemilattice of T . In particular, if S is an SP-semigroup relative to L, then it
is also an SP-semigroup relative to P�ðSÞ.

Proposition 1.1. Suppose S is a semigroup with distinguished subsemilattice L and
element 0 and P is a unary operation on S having image in L. The following are
equivalent:

(i) S is an SP-semigroup relative to P�ðSÞ, with PðaÞ ¼maxfe 2 P�ðSÞ jae¼ 0g;
(ii) For all a; b 2 S, aPðaÞ ¼ 0 and PðaÞPðbÞ ¼ PðaPðbÞÞPðbÞ.

In this case, 0 ¼ P2ð0Þ is a zero for P�ðSÞ and a right zero for S and Pð0Þ is the top
element of the subsemilattice P�ðSÞ.
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Proof. Let a; b 2 S. Assuming (i), aPðaÞ ¼ 0 and 0PðaÞ ¼ aPðaÞPðaÞ ¼ aPðaÞ ¼ 0,
so 0 is a left zero for elements of PðSÞ. Hence 0 ¼ 0PðbÞ ¼ ðaPðaÞÞPðbÞ ¼ aPðbÞPðaÞ,
so PðaPðbÞÞ � PðaÞ, and therefore PðaPðbÞÞPðbÞ � PðaÞPðbÞ. Conversely, 0 ¼
ðaPðbÞÞPðaPðbÞÞ ¼ aðPðbÞPðaPðbÞÞÞ, so PðaÞ � PðbÞPðaPðbÞÞ and so PðaÞPðbÞ �
PðbÞPðaPðbÞÞ.

Conversely, suppose P satisfies (ii). Note that Pð0ÞPðaÞ ¼ PðaPðaÞÞPðaÞ ¼
PðaÞPðaÞ ¼ PðaÞ, so Pð0Þ is the top element of P�ðSÞ. Now aPðaÞ ¼ 0, and if
ae ¼ 0 for some e 2 P�ðSÞ, then writing e :¼ Pðb1ÞPðb2Þ � � �PðbkÞ for some bi 2 S,

PðaÞe ¼ PðaÞPðb1ÞPðb2Þ � � �PðbkÞ
¼ PðaPðb1ÞPðb2Þ � � �PðbkÞÞPðb1ÞPðb2Þ � � �PðbkÞ
¼ PðaeÞe ¼ Pð0Þe ¼ e;

and so PðaÞ ¼ maxfe 2 P�ðSÞ j ae ¼ 0g.
To show that 0 is a right zero for S note that, since Pð0Þ is the top element

of P�ðSÞ, we have that 0 ¼ Pð0ÞP2ð0Þ ¼ P2ð0Þ is contained in P�ðSÞ and is a zero
element for P�ðSÞ. Then a0 ¼ aðPðaÞ0Þ ¼ 00 ¼ 0. &

Note that we cannot weaken the above result by replacing P�ðSÞ by L since L

may be too big. It is now straightforward to give an equational characterisation of
SP-semigroups.

Proposition 1.2. Let S be a semigroup equipped with additional unary operation P

and nullary 0. Then P is an SP-semigroup relative to some subsemilattice L if and
only if the following laws are satisfied:

(i) aPðaÞ ¼ 0;
(ii) Pð0ÞPðaÞ ¼ PðaÞ;
(iii) PðaÞPðbÞ ¼ PðbÞPðaÞ; and
(iv) PðaÞPðbÞ ¼ PðaPðbÞÞPðbÞ

Proof. The necessity is immediate by Proposition 1.1. Now assume the laws are
satisfied. For a 2 S, by (i), (ii) and (iv), PðaÞ2 ¼ PðaPðaÞÞPðaÞ ¼ Pð0ÞPðaÞ ¼ PðaÞ,
and by (iii), PðSÞ generates a semilattice, namely P�ðSÞ, which trivially P maps into.
Hence, by Proposition 1.1, S is an SP-semigroup relative to L ¼ P�ðSÞ. &

Thus we are at liberty to use the laws in the above proposition to define SP-
semigroups. Note that different choices of L can give rise to the same operation
P; the salient aspect is the subsemilattice generated by PðSÞ. Consequently, we gen-
erally take the equational description to be the definition.Note that under this approach,
there is no need even to specify the existence of the distinguished element 0 in advance:
law (i) can be captured without mention of 0 by the identity aPðaÞ ¼ bPðbÞ.

In most of our examples, the element 0 will be a two-sided zero element,
although this need not be the case in general: consider the two element right zero
semigroup on f0; 1g with Pð1Þ ¼ Pð0Þ ¼ 0, for instance.

Some useful facts are summarised in the next result.
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Proposition 1.3. In the SP-semigroup S, the following hold for all a; b 2 S:

(i) PðaÞ � P3ðaÞ;
(ii) P 4ðaÞ ¼ P2ðaÞ;
(iii) PðaÞP 4ðaÞ ¼ 0;
(iv) PðabÞPðbÞ ¼ PðbÞ and P2ðabÞP2ðbÞ ¼ P2ðabÞ.

Proof. (i) holds since

P3ðaÞPðaÞ ¼ PðP2ðaÞPðaÞÞPðaÞ ¼ Pð0ÞPðaÞ ¼ PðaÞ:

This implies that P2ðaÞ � P4ðaÞ. Since P3ðaÞP2ðaÞ ¼ 0, it follows that P2ðaÞ � P4ðaÞ,
giving (ii); (iii) follows immediately.

For the equalities in (iv), note that for all a; b 2 S,

PðabÞPðbÞ ¼ PðabPðbÞÞPðbÞ ¼ Pða0ÞPðbÞ ¼ Pð0ÞPðbÞ ¼ PðbÞ;

showing that PðbÞ � PðabÞ and therefore P2ðabÞ � P2ðbÞ. &

In the commutative case, a nice replacement rule holds.

Proposition 1.4. Let S be a commutative SP-semigroup. Then for all a 2 S and
every derived unary operation f on S, fðaÞPðaÞ ¼ fð0ÞPðaÞ.

Proof. The result is proved by induction on the depth of nesting of f as a derived
operation.

In the depth zero case, fðxÞ ¼ 0 or x, but the former case obviously satisfies
the condition and as for the second, aPðaÞ ¼ 0 ¼ 0PðaÞ. Assuming the condition
is satisfied up to depth n, suppose fðxÞ has depth nþ 1. Now either fðxÞ ¼ gðxÞhðxÞ,
where gðxÞ;hðxÞ both have depth at most n, or else fðxÞ ¼ PðgðxÞÞ where gðxÞ
has depth n. In the former case, fðaÞPðaÞ ¼ gðaÞhðaÞPðaÞ ¼ gð0Þhð0ÞPðaÞ ¼
fð0ÞPðaÞ by commutativity and the inductive assumption, while in the latter case,

fðaÞPðaÞ ¼ PðgðaÞÞPðaÞ ¼ PðgðaÞPðaÞÞPðaÞ ¼ Pðgð0ÞPðaÞÞPðaÞ
¼ Pðgð0ÞÞPðaÞ ¼ fð0ÞPðaÞ

as required. &

In the next section, some constructions for producing examples are considered.
In Secs. 3–6, some connections between SP-semigroups and other unary semigroups
are examined, and some congruence theory from these classes is extended to the
variety of SP-semigroups; these ideas are further developed for rings in Sec. 7.
In Sec. 8, the variety of SP-semilattices, which appears to play a central role in the
theory of SP-semigroups, is considered.
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2. SOME CONSTRUCTIONS

As discussed above, one of the main motivating examples of an SP-semigroup is
as follows. Let X be a set equipped with a topological interior operator I. Let
S :¼ PX be the semigroup (under composition) of all partial maps X ! X and let
PðaÞ be the restriction of the identity map on X to IðdomðaÞ0Þ, for all a 2 S. Letting
L be all restrictions of the identity map on X to open subsets of X, it is clear that L is
a subsemilattice of S since function composition in L corresponds to intersection of
subsets. Moreover, for any f 2 S, there is a largest open subset contained in the
complement of the domain of f , and the restriction of the identity to that subset
is evidently the largest g 2 L (under the usual semilattice partial order) for which
fg ¼ ’ (the empty map). Hence S can be made into an SP-semigroup with
PðSÞ ¼ P�ðSÞ ¼ L. A similar construction on the semigroup BX of all binary
relations (viewed as multivalued partial functions) yields a second example.

It is not possible to weaken this by replacing ‘‘open’’ by ‘‘complement of closed’’
for an arbitrary closure operator (that is, a closure operator not necessarily distribut-
ing over unions). For instance, letting X :¼ fa; b; cg, with ‘‘open’’ subsets
’; fa; bg; fa; cg; fb; cg and X, clearly the open sets are closed under union (but not
intersection). However, in the semigroup PX, although there is a largest restriction
of the identity with domain an open subset in the complement of the domain of
f ¼ fða; aÞ; ðb; bÞg, namely PðfÞ ¼ ’, this is not the same as the largest element in
the semilattice generated by such maps, the latter map being 1c ¼ fðc; cÞg.
(Part (iv) of Proposition 1.2 breaks down: defining P as for PðfÞ above,
PðfÞPð1aÞ ¼ ’ 6¼ PðfPð1aÞÞPð1aÞ ¼ Pð1bÞPð1aÞ ¼ 1ac1bc ¼ 1c.) However, it is possi-
ble to weaken the notion of a topological space and still have the basic construction
work; see below.

Examples exist for which PðSÞ 6¼ P�ðSÞ; for instance, let X ¼ fa; b; cg and
S ¼ 2Xnffb; cgg which is a semilattice under \ and take L ¼ f’;X; fag; fa; bg;
fa; cgg. Then S is a SP-semilattice relative to L and PðSÞ ¼ f’;X; fa; bg; fa; cgg 6¼
L ¼ P�ðSÞ.

Define a weak topological space to be any set X together with a family of
‘‘open’’ subsets T closed under finite intersections, arbitrary unions and containing
the empty set. This differs from the usual definition of a topological space only in
that X is not necessarily contained in T. The concept of an open basis and subbasis
for such a topology are seen to extend trivially to this situation. Note that every weak
topological space has a maximal open set, namely the union of all its open sets. Note
also that the earlier definition of SP-semigroup structure on PX still works if X is
only a weak topological space, if the interior operator I on the subset T of X is
defined to be the union of all open subsets in T .

A wide class of SP-semigroups, many commutative, arise as follows. Let Si; i 2 X

be a collection of monoids with zero, with X a weak topological space. On the
Cartesian product semigroup S :¼ Q

i2X Si, define PððaiÞÞ to be ðbiÞ, where bi ¼ 1
for i in the interior of the set fi 2 X j ai ¼ 0g and bi ¼ 0 for all other i. Obviously
elements of the form PðsÞ; s 2 S are exactly the ‘‘characteristic functions’’ of open
sets in X, and form a subsemilattice PðSÞ of S. It is also evident that PðsÞ ¼
maxfe 2 PðSÞ j se ¼ 0g, and so P makes S into an SP-semigroup, commutative if
all the Si are.
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For any given weak topological space ðX;TÞ it is also possible to construct an
SP-semilattice S by taking S to be the semilattice 2X of all subsets of X under inter-
section and, for each A � X, letting PðAÞ be the interior of the complement of A in X.
Under this construction, PðSÞ is the semilattice of open subsets of X. If X 2 T (in
which case X is a standard topological space), then the element Pð’Þ is the identity
element, which is not in general the case for SP-semilattices. As now shown, these
types of examples are generic amongst SP-semilattices.

Proposition 2.1. Every SP-semilattice S is embeddable in the semilattice of subsets
of S equipped with a weak topology such that PðaÞ is the largest open subset in the
complement of a.

Proof. Let y be an embedding of S into the semilattice of subsets of some set X
with yð0Þ ¼ ’ (for example take the map y : S ! 2Snf0g given by yðxÞ :¼
fs 2 Snf0g j s � xg). For all a 2 S, let Xa :¼ yðPðaÞÞ, and let all fXa j a 2 Sg be an
open subbase for a weak topology on X. Let P also denote the semilattice pseudo-
complement operation induced on 2X as in the example. It must be shown that
yðPðaÞÞ ¼ PðyðaÞÞ.

First, yðaÞyðPðaÞÞ ¼ yðaPðaÞÞ ¼ yð0Þ ¼ ’, so yðPðaÞÞ � PðyðaÞÞ. Now PðyðaÞÞ is
the largest open subset of X in the complement of yðaÞ and therefore is the union of all
open base sets it contains. If the typical open base set yðPðb1ÞÞ \ yðPðb2ÞÞ
\ � � � \ yðPðbnÞÞ is contained in PðyðaÞÞ, then yðPðb1ÞÞ \ yðPðb2ÞÞ \ � � � \ yðPðbnÞÞ
\ yðaÞ ¼ ’, soyðaPðb1ÞPðb2Þ � � �PðbnÞÞ ¼ ’, and soaPðb1ÞPðb2Þ � � �PðbnÞ ¼ 0,which
means Pðb1ÞPðb2Þ � � �PðbnÞ � PðaÞ, and so yðPðb1ÞÞ \ yðPðb2ÞÞ \ � � � \ yðPðbnÞÞ ¼
yðPðb1ÞPðb2Þ � � �PðbnÞÞ � yðPðaÞÞ; hence PðyðaÞÞ � yðPðaÞÞ and so the two sets are
equal. Hence y respects P also. &

Note that if Pð0Þ is the identity element in an SP-semilattice, then the open
subbasis constructed in this proof contains the entire set, and the weak topology
is in fact a standard topology. Hence the following

Corollary 2.2. Every SP-semilattice satisfying xPð0Þ ¼ x is embeddable in the
semilattice of subsets of S equipped with a topology such that PðaÞ is the largest
open subset in the complement of a.

At this point it is worth noting the distinction between SP-semigroups and
another similar structure in the literature, the pseudo-complemented semilattice
(PC-semilattice), which is a semilattice S in which for each e 2 S there exists a max-
imum element e� of S for which ee� ¼ 0. Evidently PC-semilattices are precisely
SP-semigroups S relative to S. The variety of PC-semilattices can be described within
the variety of SP-semilattices by adjoining the identities P2ðxyÞ ¼ P2ðxÞP2ðyÞ and
xP2ðxÞ ¼ x (see for example Lemma 3.5 below).

PC-semilattices were introduced by Frink (1962), generalising concepts in lattice
theory, and have been investigated by a number of authors. Proposition 2.1 and
Corollary 2.2 as well as other examples above indicate that SP-semigroups are a
natural extension of PC-semilattices. By definition, the subsemilattice P�ðSÞ of an
SP-semigroup S is a PC-semilattice, and so aspects of the theory of PC-semilattices
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can be transferred to it. Two useful and elementary consequences of facts established
in Frink (1962) are given in the following proposition.

Proposition 2.3. Let S be an SP-semigroup relative to a subsemilattice L.

(i) The subset PðPðSÞÞ is a subsemilattice of S which is a Boolean algebra,
with meet operation given by the multiplication of S, complement opera-
tion given by P and join operation given by P2ðxÞ _ P2ðyÞ :¼
PðP3ðxÞP3ðyÞÞ.

(ii) If e; f 2 L then P2ðeÞP2ðfÞ ¼ P2ðefÞ and eP2ðeÞ ¼ e.

Some of the laws in Proposition 1.3 can also be derived as consequences of P�ðSÞ
being a PC-semilattice.

The class of PC-semilattices has previously been extended to semigroups (Blyth,
1965) and even to groupoids (Nirmula Kumari Amma, 1978), though the approach
in these papers is quite different to the construction used above. For example, in
Blyth (1965) one requires a partially ordered semigroup S :¼ hS; �;�i with multipli-
cative zero element 0 whose multiplication respects � (in the sense that a � b implies
xa � xb and ax � bx) and such that for each a there is a unique element a� that
is the maximum with respect to � such that a�a ¼ aa� ¼ 0. Both Blyth (1965) and
Nirmula Kumari Amma (1978) obtain various generalisations of results in
Frink (1962).

3. CLOSURE SEMIGROUPS FROM SP-SEMIGROUPS

Recall from Jackson and Stokes (2001) that a semigroup S with unary operation
C is a right closure semigroup (RC-semigroup) if it satisfies the identities

xCðxÞ ¼ x; CðxÞCðyÞ ¼ CðyÞCðxÞ; CðCðxÞÞ ¼ CðxÞ; CðxyÞ ¼ CðxyÞCðyÞ;

or equivalently, S is an RC-semigroup if there is a subsemilattice L such that for all
x 2 S, CðxÞ :¼ minfe 2 L j xe ¼ xg exists. For commutative examples, we use the
term ‘‘C-semigroup.’’

Any finite SP-semigroup S satisfying xPð0Þ ¼ x admits an RC-semigroup closure
operation in the following way. For every x there is e 2 P�ðSÞ such that xe ¼ x

(taking e ¼ Pð0Þ) and if e; f 2 P�ðSÞ are such that xe ¼ x and xf ¼ x then xef ¼ x.
Thus there is a minimum element e of P�ðSÞ such that xe ¼ x. This argument fails in
the infinite case; and even in the finite case, the closure operation is not necessarily
term-definable using the semilattice pseudo-complement. In many cases however, a
closure operation does arise in a natural and term definable way. Proposition 2.3(ii)
shows that P2 is a homomorphism that acts as some kind of closure operation
on L. In fact it shows that on the subsemilattice L, P2 is a right closure operation.
Accordingly, we will say that an SP-semigroup S is closable if aP2ðaÞ ¼ a for all a 2 S.

We now show how every closable SP-semigroup can be turned into an RC-
semigroup. First note that since P2ðSÞ is a subsemilattice of an SP-semigroup S, it
can be given a closure operation C, the identity map on P2ðSÞ for example.
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Proposition 3.1. Let S be a closable SP-semigroup and let C be a closure operation
on P2ðSÞ. Then P ¼ P3 and by defining C0ðxÞ :¼ CðP2ðxÞÞ for all x 2 S, S becomes an
RC semigroup. Furthermore C0, when restricted to P2ðSÞ, coincides with the existing
closure C on P2ðSÞ.

Proof. First note that the identity xP2ðxÞ ¼ x implies that PðxÞ ¼ P3ðxÞ. This
is because xP3ðxÞ ¼ xP2ðxÞP3ðxÞ ¼ x0 ¼ 0 and so P3ðxÞ � PðxÞ, whence equality
follows by Proposition 1.3(i). Now it suffices to show that CðP2ðxÞÞ is the minimum
element e of C0ðSÞ ¼ CðP2ðSÞÞ for which xe ¼ x.

Let e 2 CðP2ðSÞÞ be such that xe ¼ x. Note that since C is a closure on P2ðSÞ,
and P3 ¼ P, it must be that e ¼ P2ðeÞ. Now xPðeÞ ¼ xePðeÞ ¼ x0 ¼ 0 and so
PðeÞ � PðxÞ. Therefore P2ðxÞ � P2ðeÞ ¼ e and so CðP2ðxÞÞ � CðeÞ ¼ e. Finally for
e 2 P2ðSÞ, C0ðeÞ ¼ CðP2ðeÞÞ ¼ CðeÞ since P2ðeÞ ¼ e in S. &

The case when the closure on P2ðSÞ is exactly the identity operation is of
particular interest.

Corollary 3.2. If S is a closable SP-semigroup then letting C ¼ P2 makes S an
RC-semigroup for which CðSÞ is a Boolean algebra.

Proof. That P2 is a right closure is immediate from Proposition 3.1 and that P2ðSÞ
is a Boolean algebra follows from Proposition 2.3(i). &

In fact the definition of C0 in Proposition 3.1 is in some sense unique, as is shown
next.

Theorem 3.3. Let S be a closable SP-semigroup and an RC-semigroup for
which CðSÞ � PðSÞ. Then C ¼ CP2, that is, the closure is determined by its action
on PðSÞ.

Proof. Now xPðCðxÞÞ ¼ xCðxÞPðCðxÞÞ ¼ x0 ¼ 0 and so PðCðxÞÞ � PðxÞ. There-
fore P2ðCðxÞÞ � P2ðxÞ. However, CðxÞ ¼ PðyÞ for some y and so it follows that
PðPðCðxÞÞÞ ¼ PðPðPðyÞÞÞ ¼ PðyÞ ¼ CðxÞ (since PðxÞ ¼ P3ðxÞ on a closable SP-
semigroup). That is, CðxÞ � PðPðxÞÞ. But x ¼ xPðPðxÞÞ ¼ xPðPðxÞÞCðPðPðxÞÞÞ ¼
xCðPðPðxÞÞÞ and so CðPðPðxÞÞÞ � CðxÞ. Therefore CðxÞ ¼ CðPðPðxÞÞÞ, as required.

&

The converse of Corollary 3.2 is a simple corollary.

Corollary 3.4. If S is a closable SP-semigroup that is also an RC-semigroup with
CðSÞ ¼ P2ðSÞ, then C ¼ P2.

It is well known (Frink, 1962) that PC-semilattices (which satisfy xP2ðxÞ ¼ x and
P2ðxyÞ ¼ P2ðxÞP2ðyÞ) are closable SP-semigroups.

Lemma 3.5. The class of PC-semilattices coincides with the variety of closable
SP-semilattices satisfying P2ðxyÞ ¼ P2ðxÞP2ðyÞ.
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Proof. It suffices to show that if S is a closable SP-semilattice satisfying
P2ðxyÞ ¼ P2ðxÞP2ðyÞ, then xy ¼ 0 ) y � PðxÞ holds. Let a; b 2 S be such that
ab ¼ 0. Then

PðaÞb ¼ PðaÞbP2ðbÞ ¼ PðaP2ðbÞÞb ¼ PðP2ðaP2ðbÞÞÞb
¼ PðP2ðaÞP2ðbÞÞb ¼ PðP2ðabÞÞb ¼ Pð0Þb ¼ b

as required. &

An SP-semigroup S such that for all x 2 S and e 2 P�ðSÞ there exists f 2 P�ðSÞ
such that ex ¼ xf is called translucent. Corollary 3.2 shows that a closable and
translucent SP-semigroup gives rise to an RC-semigroup that is translucent in the
sense of Jackson and Stokes (2001). There it is shown that translucency for RC-
semigroups is equivalent to the identity CðxÞy ¼ yCðCðxÞyÞ. Thus the following
result holds.

Lemma 3.6. A closable SP-semigroup is translucent if and only if it satisfies the
identity P2ðxÞy ¼ yP2ðP2ðxÞyÞ.

In contrast with the situation for RC-semigroups, the following example demon-
strates that the identity in the previous lemma is not equivalent to translucency.

Example 3.7. The SP-semilattice given by the following Hasse diagram (the
elements of P�ðSÞ are given by hollow vertices) is translucent but does not satisfy
P2ðxÞy ¼ yP2ðP2ðxÞyÞ.

Adjoining the law CðxÞy ¼ yCðxyÞ to the definition of an RC-semigroup allows
numerous aspects of inverse semigroup theory to be extended to RC-semigroups
(Jackson and Stokes, 2001). An RC-semigroup satisfying this law is called twisted;
every twisted RC-semigroup is translucent. Proposition 2.3(ii) shows that for a
closable SP-semigroup S, the closure P2 on P�ðSÞ in fact makes P�ðSÞ a twisted C-
semilattice. Another example of a twisted RC-semigroup is any inverse semigroup,
where CðxÞ is defined by x0x. It is not hard to verify that the SP-semigroup PX, with
PðfÞ the identity restricted to the complement of the domain of f 2 PX, is closable,
and indeed twisted as an RC-semigroup. Moreover it satisfies the additional identi-
ties PðxÞy ¼ yPðxyÞ and xP2ðyÞ ¼ xPðxPðyÞÞ. These two laws are in general sufficient
for twistedness of P2, for if they hold, we have PðPðaÞÞb ¼ bPðPðaÞbÞ ¼
bPðbPðabÞÞ ¼ bPðPðabÞÞ for any a; b 2 S.
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4. SP-SEMIGROUPS DEFINED ON CLOSURE SEMIGROUPS

The ability to construct closures from closable SP-semigroups raises the question
of whether it is possible to construct semilattice pseudo-complements on an RC-
semigroup. With a few necessary restrictions, the answer is ‘‘yes.’’ First it must
at least be assumed that the semilattice of closed elements is an SP-semilattice. It also
seems necessary to assume that S is normal in the sense of Jackson and Stokes
(2003), that is, for all a 2 S and a 2 CðSÞ, CðaÞa ¼ CðaaÞ (necessarily equal to
CðaaÞa). The property of normality is implied by the twisted property and is pos-
sessed by many RC-semigroups, for instance any inverse semigroup with closure
given by CðxÞ :¼ x�1x (which is twisted) or the RC-semigroup BX of all relations
on a set X (which is in general not twisted).

Proposition 4.1. Let S be a normal RC-semigroup such that CðSÞ is an SP-
semilattice, and suppose S has a closed right zero 0. Then setting PðaÞ ¼ PðCðaÞÞ
makes S into an SP-semigroup extending the SP-semigroup structure on CðSÞ. If
P2 ¼ C on S then S is a closable SP-semigroup and so P ¼ P3.

Proof. For all a 2 CðSÞ there is a largest b 2 P�ðCðSÞÞ for which ab ¼ 0. Note that
0 must be the zero of CðSÞ. Define PðaÞ ¼ PðCðaÞÞ for all a 2 S (which is clearly well
defined on CðSÞ), so that PðaÞ 2 CðSÞ, and therefore P�ðSÞ � CðSÞ. Then aPðaÞ ¼
aCðaÞPðCðaÞÞ ¼ a0 ¼ 0, and if also e 2 P�ðSÞ is such that ae ¼ 0, then CðaÞe ¼
CðaÞCðeÞ ¼ CðaCðeÞÞ ¼ CðaeÞ ¼ Cð0Þ ¼ 0, so e � PðCðaÞÞ ¼ PðaÞ in CðSÞ. Hence
PðaÞ is the largest a in the semilattice P�ðCðSÞÞ for which aa ¼ 0, and so S is an
SP-semigroup relative to L ¼ P�ðCðSÞÞ.

The final statement is immediate from the definition of closable and from
Proposition 3.1. &

The converse of this result is also true.

Theorem 4.2. Let S be an SP-semigroup that admits a normal right closure C

satisfying the identity CðPðxÞÞ ¼ PðxÞ. Then PðxÞ ¼ PðCðxÞÞ holds.

Proof. First note that by Proposition 1.1, 0 ¼ P2ð0Þ and so Cð0Þ ¼ CðP2ð0ÞÞ ¼
P2ð0Þ ¼ 0.

Now xPðCðxÞÞ ¼ xCðxÞPðCðxÞÞ ¼ x0 ¼ 0 and so PðCðxÞÞ � PðxÞ. However,

PðCðxÞÞPðxÞ ¼ PðCðxÞPðxÞÞPðxÞ ¼ PðCðxÞCðPðxÞÞÞPðxÞ
¼ PðCðxCðPðxÞÞÞÞPðxÞ (by normality)

¼ PðCðxPðxÞÞÞPðxÞ ¼ PðCð0ÞÞPðxÞ ¼ Pð0ÞPðxÞ ¼ PðxÞ

and so PðxÞ � PðCðxÞÞ. Hence PðCðxÞÞ ¼ PðxÞ. &

In general a normal RC-semigroup may contain many idempotents that are
not closed, and if the assumption that PðxÞ ¼ CðPðxÞÞ is dropped then the theo-
rem no longer holds. For example if S is a monoid with zero, define CðxÞ ¼ 1 for
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all x and let PðxÞ ¼ 0 if x 6¼ 0 and Pð0Þ ¼ 1. This is easily seen to be a twisted
RC-semigroup and hence normal (in fact it is even a two-sided closure semi-
group), and is also an SP-semigroup. However PðCð0ÞÞ ¼ Pð1Þ ¼ 0 while
Pð0Þ ¼ 1.

On the other hand, for full twisted RC-semigroups (that is, twisted RC-
semigroups where every idempotent is closed), the assumption CðPðxÞÞ ¼ PðxÞ in
Theorem 4.2 automatically holds (since PðxÞ is an idempotent). The class of full
twisted RC-semigroups exactly coincides with the right dual version of the class of
weakly left ample semigroups, (see Gomes and Gould, 1999 for example) and
includes the class of all inverse semigroups and all right type-A semigroups (in the
sense of Fountain, 1991). The ‘‘closure’’ for weakly right ample semigroups is
usually denoted by xþ.

Corollary 4.3. If an inverse semigroup (or more generally, a weakly right
ample semigroup) S is an SP-semigroup then PðxÞ ¼ Pðx0xÞ (PðxÞ ¼ PðxþÞ,
respectively). That is, the P operation on S is completely determined by the
SP-subsemilattice EðSÞ. Conversely if S is an inverse semigroup (or right type
A-semigroup) and EðSÞ is an SP-semilattice containing a right 0 for S, then S is
an SP-semigroup.

Of course, any semigroup with zero element 0 can be made into a ‘‘trivial’’
SP-semigroup by letting PðxÞ ¼ 0 for all x, but it can now be seen that any inverse
semigroup with zero admits as many different semilattice pseudo-complement opera-
tions as does its semilattice of idempotents. For example on a three element chain E,
there are four subsemilattices L containing 0, and each of these gives rise to a semi-
lattice pseudo-complement on E (in fact, as is easily seen, any semigroup with 0
whose idempotents form a complete totally ordered subsemilattice admits P opera-
tions in this way); thus an inverse semigroup S with zero element and with EðSÞ ¼ E

admits exactly four possible semilattice pseudo-complementations. This shows that
the class of SP-semilattices has particular interest, and we return to it in a later
section.

5. INTERIOR SEMIGROUPS FROM SP-SEMIGROUPS

Recall from Kelarev and Stokes (1999) that a semigroup S with unary operation
I is an interior semigroup (I-semigroup) if it satisfies the identities

IðxÞIðyÞ ¼ IðyÞIðxÞ; xIðxÞ ¼ IðxÞ; IðIðxÞÞ ¼ IðxÞ; IðxyÞIðyÞ ¼ IðxÞIðyÞ;

or equivalently, S is an I-semigroup if there is a subsemilattice L such that for each
x 2 S, IðxÞ :¼ maxfe 2 L j xe ¼ eg exists. Call an SP-semigroup satisfying xP2ðxÞ ¼
P2ðxÞ openable. An example of an openable SP-semigroup is the SP-semilattice in
Example 3.7.

First we show that every openable SP-semigroup satisfies the identity
P2ðxyÞ ¼ P2ðxÞP2ðyÞ and hence P2 is a homomorphism onto PðSÞ.
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Lemma 5.1. Let S be an openable SP-semigroup. Then S satisfies the following
identities:

(i) PðxÞ ¼ P3ðxÞ;
(ii) PðxÞ ¼ Pðx2Þ;
(iii) PðxyÞ ¼ PðyxÞ.

Proof. (i) Now PðxÞP3ðxÞ ¼ PðxÞP2ðPðxÞÞ ¼ P3ðxÞ. But PðxÞ � P3ðxÞ by Propo-
sition 1.3(i).

(ii) First, P2ðxxÞ � P2ðxÞ by Proposition 1.3(iv). But by Proposition 1.3(ii),

P2ðxxÞP2ðxÞ ¼ P2ðxxP2ðxÞÞP2ðxÞ ¼ P2ðxP2ðxÞÞP2ðxÞ ¼ P4ðxÞP2ðxÞ ¼ P2ðxÞ;

giving P2ðxÞ ¼ P2ðxxÞ. By part (i), it follows that PðxÞ ¼ PðxxÞ as required.
(iii) By (ii) and Proposition 1.3(iv),

P2ðxyÞ ¼ P2ðxyxyÞ ¼ P2ðxyxyÞP2ðyxyÞ ¼ P2ðxyÞP2ðyxyÞ
¼ P2ðxyÞP2ðyxyÞP2ðyÞ ¼ P2ðxyÞP2ðyxyP2ðyÞÞP2ðyÞ
¼ P2ðxyÞP2ðyxP2ðyÞÞP2ðyÞ ¼ P2ðxyÞP2ðyxÞP2ðyÞ ¼ P2ðxyÞP2ðyxÞ

and then the result follows by symmetry. &

Note that part (i) shows that in an openable SP-semigroup S, P2ðSÞ ¼ PðSÞ.

Theorem 5.2. Let S be an openable SP-semigroup. Then S satisfies P2ðxyÞ ¼
P2ðxÞP2ðyÞ and as a semigroup, S is a semilattice of semigroups with right zero
element.

Proof. By Lemma 5.1 and Proposition 1.3(iv),

P2ðxyÞ ¼ P2ðxyÞP2ðyÞ ¼ P2ðyxÞP2ðyÞP2ðxÞ ¼ P2ðyxP2ðxÞÞP2ðxÞP2ðyÞ
¼ P2ðyP2ðxÞÞP2ðxÞP2ðyÞ ¼ P2ðyP2ðyÞP2ðxÞÞP2ðxÞP2ðyÞ
¼ P2ðP2ðxÞP2ðyÞÞP2ðxÞP2ðyÞ ¼ P2ðxÞP2ðyÞ:

Now define an equivalence r by ða; bÞ 2 r if P2ðaÞ ¼ P2ðbÞ. By Lemma 5.1(i)
each equivalence class contains exactly one element of PðSÞ. For each e 2 PðSÞ let
Se denote the equivalence class of e modulo r. Now let e; f 2 PðSÞ, with a 2 Se
and b 2 Sf . Then P2ðabÞ ¼ P2ðaÞP2ðbÞ ¼ ef so that ab 2 Sef . Therefore each equiva-
lence class forms a subalgebra of S. It follows that as a semigroup, S is a (Boolean)
semilattice of semigroups Se, each with a right zero element (the elements in PðSÞ).

&

Proposition 5.3. Let S be an openable SP-semigroup. Then an interior operation I

on PðSÞ extends to an interior operation I 0 on S by defining I 0ðxÞ :¼ IðP2ðxÞÞ.
Conversely, if S admits an I-operation and IðSÞ � PðSÞ then IðxÞ ¼ IðP2ðxÞÞ.
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Proof. First, let e 2 IðPðSÞÞ be such that xe ¼ e. Then ePðxÞ ¼ xePðxÞ ¼
xPðxÞe ¼ 0e ¼ 0. So PðxÞ � PðeÞ and therefore e ¼ P2ðeÞ � P2ðxÞ. It now
follows that IðP2ðxÞÞ � IðeÞ ¼ e, so IðP2ðxÞÞ is the maximum element f of IðPðSÞÞ
for which xf ¼ f . Hence extending I to all of S by IðxÞ ¼ IðP2ðxÞÞ makes S an
I-semigroup.

Conversely, if S admits an I-operation for which IðSÞ � PðSÞ, then
IðxÞPðxÞ ¼ xPðxÞIðxÞ ¼ 0 so PðxÞ � PðIðxÞÞ and therefore IðxÞ ¼ P2ðIðxÞÞ � P2ðxÞ.
Since IðIðxÞÞ ¼ IðxÞ, it follows that IðxÞ � IðP2ðxÞÞ. But then

xIðP2ðxÞÞ ¼ xP2ðxÞIðP2ðxÞÞ ¼ P2ðxÞIðP2ðxÞÞ ¼ IðP2ðxÞÞ
and so IðP2ðxÞÞ � IðxÞ. Hence IðP2ðxÞÞ¼ IðxÞ. &

Of course PðSÞ always admits the interior operation given by IðxÞ ¼ x.

Corollary 5.4. Let S be an openable SP-semigroup. Then S is an I-semigroup with
IðxÞ :¼ P2ðxÞ. Conversely, if S is an I-semigroup with IðSÞ ¼ PðSÞ, then IðxÞ ¼
P2ðxÞ.

As an example of an openable SP-semigroup with reasonably rich structure,
take a non-empty set X with subset Y � X and let SðXÞ be the semigroup
fs 2 PðXÞ j x 2 Y \ domðsÞ ) sðxÞ ¼ xg under composition with pseudo-comple-
ment given by defining PðsÞ to be the identity map restricted to the intersection of
Y with the complement of the domain of s. This makes SðXÞ an SP-semigroup
and it is routine to check that it satisfies the identity xP2ðxÞ ¼ P2ðxÞ.

Unlike the case of RC-semigroups, if S is an I-semigroup with IðSÞ an SP-
semilattice then it does not in general seem possible to extend the P-operation to
all of S. For example S :¼ f’; f1g; f2g; f3g; f1; 2; 3gg is an I-semilattice under \
if we let IðSÞ :¼ f’; f2g; f3g; f1; 2; 3gg. However, while the subsemilattice on IðSÞ
is a PC-semilattice (and so certainly an SP-semilattice), there is no maximal element
A of IðSÞ for which f1g \ A ¼ ’.

6. CONGRUENCES ON SP-SEMIGROUPS

The close relationship between closable SP-semigroups and RC-semigroups
enables some of the results of Jackson and Stokes (2001) to be transferred into
the pseudo-complement environment. In Jackson and Stokes (2001) it is shown
that if S is an RC-semigroup satisfying the identity CðCðxÞyÞ ¼ CðxyÞ and r is a
congruence on CðSÞ satisfying for all x 2 S, CðaÞrCðbÞ ) CðaxÞrCðbxÞ, then the
relation

rmax ¼ fða; bÞ jCðaÞrCðbÞ andCðeaÞrCðebÞ for all e 2 CðSÞg

is the largest congruence on Swhich equals rwhen restricted toCðSÞ. This congruence
generalises an analogous congruence definable on any inverse semigroup. (Every
inverse semigroup admits the structure of an RC-semigroup for which this congru-
ence and the analogous inverse semigroup congruence coincide; see Howie, 1995
for an account of the inverse semigroup theory version.) By replacing C everywhere
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in the definition of this congruence by P2, it is not difficult to show that an
analogous result holds for closable SP-semigroups satisfying P2ðP2ðxÞyÞ ¼ P2ðxyÞ.
In fact the condition that S be closable and satisfy P2ðP2ðxÞyÞ ¼ P2ðxyÞ may
be replaced with the weaker restriction that S satisfy PðxÞ ¼ P3ðxÞ and
P2ðP2ðxÞyÞ ¼ P2ðxyÞ. The following lemma simplifies this collection of laws.

Lemma 6.1. The variety of SP-semigroups given by fPðxÞ ¼ P3ðxÞ; P2ðP2ðxÞyÞ ¼
P2ðxyÞg is the same as the variety of SP-semigroups given by the single identity
PðxyÞ ¼ PðP2ðxÞyÞ.

Proof. First, using fPðxÞ ¼ P3ðxÞ;P2ðP2ðxÞyÞ ¼ P2ðxyÞg, it follows that PðxyÞ ¼
PðP2ðxyÞÞ ¼ PðP2ðP2ðxÞyÞÞ ¼ PðP2ðxÞyÞ. Secondly, using the law PðxyÞ ¼ PðP2ðxÞyÞ,
it follows that

PðxÞ¼PðxÞPð0Þ ¼ PðxPð0ÞÞPð0Þ
¼PðP2ðxÞPð0ÞÞPð0Þ ¼ PðP2ðxÞÞPð0Þ ¼ P3ðxÞ

and PðPðxyÞÞ ¼ PðPðP2ðxÞyÞÞ ¼ P2ðP2ðxÞyÞ. &

Of course Proposition 2.3 shows that the identity PðxÞ ¼ P3ðxÞ makes
PðSÞ ¼ P2ðSÞ ¼ P�ðSÞ into a Boolean algebra.

For an SP-semigroup S satisfying PðxyÞ ¼ PðP2ðxÞyÞ, define a congruence r
on the subsemilattice PðSÞ to be normal if, for all x 2 S, P2ðaÞrP2ðbÞ implies
P2ðaxÞrP2ðbxÞ. Our goal is to extend the congruence r to S. If this is to happen then
certainly P2ðaÞrP2ðbÞ implies that P2ðaÞxrP2ðbÞx for all x 2 S, and so P2ðaxÞ ¼
P2ðP2ðaÞxÞrP2ðP2ðbÞxÞ ¼ P2ðbxÞ. Equivalently (by applying P to both sides and
using PðxÞ ¼ P3ðxÞ), define normality for congruences r on PðSÞ as PðaÞrPðbÞ
implies PðaxÞrPðbxÞ. The first definition however is in line with the following more
general result. The proof is routine and omitted (it is given in Jackson and Stokes
(2001) in the language of RC-semigroups, but only the properties given below are
used).

Proposition 6.2. Let S be a semigroup with unary operation U : S ! S satisfying
the identities

fU2ðxÞ ¼ UðxÞ; UðUðxÞyÞ ¼ UðxyÞ; UðUðxÞUðyÞÞ ¼ UðxÞUðyÞg

(making the set UðSÞ :¼ fUðxÞ j x 2 Sg a subsemigroup of S which is fixed by U). If
r is a congruence on UðSÞ satisfying the implication UðaÞrUðbÞ ) UðaxÞrUðbxÞ,
then r may be extended to a congruence on S respecting U and moreover the
relation

rmax ¼ fða; bÞ jUðaÞrUðbÞ and UðeaÞrUðebÞ for all e 2 UðSÞg

is the maximum congruence on S closed under U and coinciding with r on the
subsemilattice UðSÞ.
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Next, Proposition 6.2 is used to establish a version of rmax on SP-semigroups
satisfying PðP2ðxÞyÞ ¼ PðxyÞ. This will be immediate once the following elementary
lemma is noted, the proof of which is clear.

Lemma 6.3. Let S be an SP-semigroup satisfying PðxÞ ¼ P3ðxÞ and let y be a semi-
group congruence on S which is stable under the derived unary operation P2 and is
stable under the P-operation when restricted to PðSÞ ¼ P2ðSÞ. Then y is closed under
the P-operation everywhere on S.

This shows, for example, that an RC-semigroup congruence on a closable SP-
semigroup that is closed under pseudo-complementation on PðSÞ is an SP-semigroup
congruence.

Lemma 6.1, Proposition 6.2 and Lemma 6.3 now establish the desired SP-
semigroup congruence.

Proposition 6.4. Let S be an SP-semigroup satisfying the identity PðP2ðxÞyÞ ¼
PðxyÞ. If r is a normal congruence on PðSÞ then the relation

rmax ¼ fða; bÞ jPðaÞrPðbÞ and PðeaÞrPðebÞ 8e 2 PðSÞg

is the maximum congruence on S whose restriction to PðSÞ is identical to r.

Taking r to be the identity relation on PðSÞ (which is certainly a normal
congruence) gives the following result.

Corollary 6.5. If S is an SP-semigroup satisfying PðxyÞ ¼ PðP2ðxÞyÞ then the
relation

m ¼ fða; bÞ jPðaÞ ¼ PðbÞ and PðeaÞ ¼ PðebÞ for all e 2 PðSÞg

is the largest congruence on S separating PðSÞ.

Note that the class of SP-semigroups satisfying PðxyÞ ¼ PðP2ðxÞyÞ contains
SP-semigroups that are not closable, even amongst the class of SP-semilattices.
For example the semilattice S¼ff1g;f2g;’g under \ with PðSÞ ¼P2ðSÞ ¼ ff1g;’g
is easily verified to be an SP-semilattice satisfying PðxyÞ ¼ PðP2ðxÞyÞ but
f2g \ PðPðf2gÞÞ ¼ ’ 6¼ f2g. A second example of a non-closable semigroup to
which this theorem applies is any openable SP-semigroup S for which S 6¼ P2ðSÞ.
In this case however, the result becomes somewhat trivial. Indeed Theorem 5.2
implies that if S is an openable SP-semigroup and r is any congruence on PðSÞ,
then rmax can be defined by xrmaxy if PðxÞrPðyÞ. This is easily seen to be consistent
with the description in Corollary 6.5. Another similarly trivial case is given by the
variety of PC-semilattices where we also have P2ðxyÞ ¼ P2ðxÞP2ðyÞ.

Proposition 6.2 also applies to interior semigroups (when U is an interior
operation) and while openable SP-semigroups give rise to interior semigroups satis-
fying IðIðxÞyÞ ¼ IðxyÞ, in the general case, I need not be merely an endomorphism.
An example is given as follows. Let S be the semigroup on f1; 2g � f1; 2g [ f0g
whose multiplication is given by hi; ji � h‘; ki ¼ hi; ki and all other products
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equal 0 (this makes S a rectangular band with adjoined 0). The subsemilattice
L :¼ f0; h1; 1ig makes S an I-semigroup in which Ið0Þ ¼ 0 and Iðhi; jiÞ ¼ h1; 1i if
i ¼ 1 and 0 otherwise. This interior semigroup satisfies IðIðxÞyÞ ¼ IðxyÞ but not
IðxyÞ ¼ IðxÞIðyÞ.

Since this interior semigroup congruence has not previously been described we
state it formally here.

Proposition 6.6. If S is an I-semigroup satisfying IðIðxÞyÞ ¼ IðxyÞ and r is a
congruence on IðSÞ for which IðaÞrIðbÞ implies IðaxÞrIðbxÞ for all x 2 S, then
the relation

rmax ¼ fða; bÞ j IðaÞrIðbÞ and IðeaÞrIðebÞ 8e 2 IðSÞg

is an I-semigroup congruence, and moreover is the maximum congruence on S whose
restriction to the subsemilattice IðSÞ is r.

In Jackson and Stokes (2001) the congruence

rmin ¼ fða; bÞ jCðaÞ r CðbÞ and there exists e 2 CðSÞ \ CðaÞ=r such thatae ¼ beg

is defined for a twisted RC-semigroup and a congruence r on CðSÞ satisfying the
implication CðaÞrCðbÞ ) CðaxÞrCðbxÞ for all x 2 S. This is shown to be the mini-
mum congruence that is identical to r on the subsemilattice CðSÞ. As before, by
replacing C by P2, this result can be extended to the case of closable SP-semigroups
which satisfy the additional law P2ðxÞy ¼ yP2ðxyÞ; it only remains to verify that this
equivalence respects the SP-operation. (Of course the current assumption is that r is
a congruence on the SP-semilattice PðSÞ and not just the semilattice CðSÞ.) This is
true since if ða; bÞ 2 rmin, then P2ðaÞrP2ðbÞ and therefore PðaÞ ¼ P3ðaÞrP3ðbÞ ¼
PðbÞ (because r is a congruence that respects the SP-operation on PðSÞ). The condi-
tion P2ðaÞrP2ðbÞ ) P2ðaxÞrP2ðbxÞ is easily seen to be equivalent to the condition of
being a normal congruence on PðSÞ defined above.

As discussed above, the SP-semigroup PX satisfies P2ðxÞy ¼ yP2ðxyÞ when X is
given the discrete topology. Another example is given by any PC-semilattice, in
which P2ðxÞy ¼ yP2ðyÞP2ðxÞ ¼ yP2ðxyÞ (using the PC-semilattice laws xy ¼ yx,
xP2ðxÞ ¼ x and P2ðxÞP2ðyÞ ¼ P2ðxyÞ).

7. PSEUDO-COMPLEMENTED RINGS

Closely related to the notions of semilattice pseudo-complemented semigroups,
closure semigroups and interior semigroups are corresponding versions in the theory
of rings. In this case the relationship between the various different types of unary
operations is considerably tighter.

Let us say a ring with identity R is an SP-ring if its multiplicative monoid is an
SP-semigroup. Note that the replacement rule of Proposition 1.4 extends in the
commutative case to derived unaries defined in terms of any of the ring operations
and P, because of distributivity of multiplication over addition.
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Proposition 7.1. In any SP-ring R, P�ðRÞ ¼ PðRÞ, that is, PðRÞ is closed under
multiplication.

Proof. Let e 2 P�ðRÞ. Then, for f 2 P�ðRÞ,

ðPð0Þ � eÞf ¼ 0 , f ¼ Pð0Þf ¼ ef , f � e ;

so PðPð0Þ � eÞ ¼ e. Hence P�ðRÞ ¼ PðRÞ. &

In Gardner and Stokes (1999), Kelarev and Stokes (1999) and Fearnley-Sander
and Stokes (2003), closure rings, interior rings and E-rings are defined. Here we
restate these definitions. First, recall that the adjoint monoid of a ring R is the
monoid with underlying set R and semigroup operation � given by a � b :¼
aþ b� ab. In any ring with identity R, the multiplicative and adjoint semigroups
are isomorphic via the correspondence x $ 1� x.

	 R is a closure ring if its adjoint semigroup has a distinguished subsemilattice
CðRÞ such that CðaÞ :¼ minfe 2 CðRÞ jae ¼ ag exists for all a 2 R.

	 R is an interior ring if its multiplicative semigroup has a distinguished sub-
semilattice IðRÞ such that IðaÞ :¼ maxfe 2 IðRÞ jae ¼ eg exists for all a 2 R.

	 R is an E-ring if its multiplicative semigroup has a distinguished subsemi-
lattice LR such that ða ¼i bÞ :¼ maxfe 2 LR jae ¼ beg exists for all a; b 2 R.

Each of these enriched ring structures can be defined in the absence of the
identity element, and all can be characterised equationally. If a ring R with identity
has a multiplicative subsemilattice L, then L0 :¼ f1� e j e 2 Lg is a subsemilattice of
the adjoint monoid. Note that for e; f 2 L (or e; f 2 L0), e ¼ ef if and only if
f ¼ e � f , so view L as a meet-semilattice and L0 as a join-semilattice; then under
the above isomorphism, e � f in one semilattice if and only if 1� f � 1� e in the
other.

Proposition 7.2. Let R be a ring with identity, with L a distinguished multiplicative
subsemilattice and L0 the corresponding adjoint subsemilattice. The following are
equivalent:

(i) R is an SP-ring with PðRÞ ¼ L;
(ii) R is a closure ring with CðRÞ ¼ L0;
(iii) R is an interior ring with IðRÞ ¼ L;
(iv) R is an E-ring with LR ¼ L.

Proof. Suppose (i) holds. Then for each a 2 R, PðaÞ :¼ maxfe 2 L j ae ¼ 0g exists.
Now að1� PðaÞÞ ¼ a with 1� PðaÞ 2 L0, and for any f 2 L0 for which af 0 ¼ a,
að1� f 0Þ ¼ a� af 0 ¼ a� a ¼ 0, so 1� f 0 � PðaÞ and so f 0 � 1� PðaÞ, implying
that CðaÞ :¼ 1� PðaÞ ¼ minff 2 L0 j af ¼ ag. Moreover, aPð1� aÞ ¼ aPð1� aÞ
þ ð1� aÞPð1� aÞ ¼ Pð1� aÞ and if ae ¼ e for e 2 L then ð1� aÞe ¼ 0 and so
e � Pð1� aÞ, so IðaÞ ¼ Pð1� aÞ ¼ maxfe 2 L j ae ¼ eg. Finally, for a; b 2 R,
ða� bÞPða� bÞ ¼ 0 so aPða� bÞ ¼ bPða� bÞ, and if ae ¼ be for some e 2 L, then
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ða� bÞe ¼ 0, so e � Pða� bÞ, and so ða ¼i bÞ ¼ Pða� bÞ ¼ maxfe 2 L j ae ¼ beg.
Thus (ii), (iii) and (iv) hold. The converse directions are all very similar. &

Various term equivalences of rings with additional operations follow. Note that
if R is a Boolean ring with identity, each of the above objects is nothing but an S4
modal ring, the algebraic models of type S4 modal logic; these are also known as
closure rings and interior rings in the context of topology (see McKinsey and
Tarski, 1944; Rasiowa, 1974).

It follows from a proof in Gardner and Stokes (1999) that the �-semilattice CðRÞ
in the closure ring R is closed under multiplication also. From Proposition 7.2, it
therefore follows that in any SP-ring R with identity and for e; f 2 PðRÞ,
e � f ¼ 1� ð1� eÞð1� fÞ 2 PðRÞ, so PðRÞ is closed under the adjoint operation,
and is a distributive lattice under these two operations. In fact this works for
SP-rings with or without identity.

Proposition 7.3. In the SP-ring R, PðRÞ is closed under the adjoint operation
and is in fact a Brouwerian lattice under the ring multiplication (meet) and adjoint
operation (join).

Proof. First note that PðRÞ generates a distributive lattice under ring multiplication
and �, as is routinely verified; call this P0ðRÞ.

Now for e; f 2 PðRÞ, as in the proof of Proposition 7.1, e � f ¼ PðPð0Þ � e � fÞ,
so e � f 2 PðRÞ and then PðRÞ ¼ P0ðRÞ.

To show that PðRÞ is Brouwerian, note that for all e; f 2 PðRÞ, g :¼ Pðef � eÞ is
the maximal element of PðRÞ for which ðef � eÞg ¼ 0, that is, efg ¼ eg, or eg � f .
Hence Pðef � eÞ is the relative pseudo-complement of e with respect to f . &

Following this theme, some ideals of an SP-ring will (induce congruences which)
respect the operation P; call these SP-ideals. In closure rings, the analogous notion
of a C-ideal can be characterised neatly: it turns out that the ideal I is a C-ideal if and
only if CðiÞ 2 I for all i 2 I. (One direction of the proof is obvious, the other requires
a little work.) Now in the ring with identity case, this immediately leads to the char-
acterisation of SP-ideals as ideals I of an SP-ring for which for all i 2 I, PðiÞ � 1 2 I,
via Proposition 7.2. However, the following analog of this result for C-ideals applies
to SP-rings with or without identity.

Proposition 7.4. The ideal I of the SP-ring R is an SP-ideal if and only if
PðiÞ � Pð0Þ 2 I for all i 2 I.

Proof. Now I is an SP-ideal if and only if Pðaþ iÞ � PðaÞ 2 I for all a 2 R and
i 2 I. Letting a ¼ 0 gives one direction. For the other, assuming that
PðiÞ � Pð0Þ 2 I for all i 2 I, note that for a 2 R and i 2 I,

Pðaþ iÞPðiÞ ¼ Pððaþ iÞPðiÞÞPðiÞ ¼ PðaPðiÞ þ iPðiÞÞPðiÞ ¼ PðaPðiÞ þ 0ÞPðiÞ
¼ PðaPðiÞÞPðiÞ ¼ PðaÞPðiÞ;
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and so

PðaÞ � Pðaþ iÞ ¼ PðaÞPðiÞ � Pðaþ iÞ � PðaÞPðiÞ þ PðaÞ
¼ Pðaþ iÞPðiÞ � Pðaþ iÞPð0Þ � PðaÞPðiÞ þ PðaÞPð0Þ
¼ ðPðaþ iÞ � PðaÞÞðPðiÞ � Pð0ÞÞ 2 I;

so I is an SP-ideal as required. &

8. SP-SEMILATTICES

We now finish with a brief analysis of the variety of SP-semilattices, which have
been shown above to be central to the theory of SP-semigroups and which arise
naturally via topological spaces. It is first shown that this variety is not finitely
generated and contains infinitely many subvarieties. This is in contrast to the variety
of PC-semilattices which contains only one proper nontrivial subvariety (the variety
of Boolean algebras, Jones, 1972) and is therefore generated by any given non-
Boolean member. We then show that SP-semilattices satisfying the law
PðxÞ ¼ P3ðxÞ are locally finite, and give a Hasse diagram for the one-generated free
SP-semilattice.

Let wn denote the term P2ðx1x2 � � � xnÞ and for each i � n, let wn;i denote the term
P2ðx1x2 � � � xi�1xiþ1 � � � xnÞ.

Lemma 8.1. Every commutative SP-semigroup satisfies wn � wn;1wn;2 � � �wn;n.

Proof. This follows immediately from repeated applications of the identity
P2ðxyÞ ¼ P2ðxyÞP2ðyÞ. &

Lemma 8.2. If S is an SP-semilattice with fewer than n elements, then S satisfies
wn ¼ wn;1wn;2 � � �wn;n.

Proof. First note that since S has fewer than n elements, for any assignment of
elements of S to the variables x1; x2; . . . ; xn there must be two variables xi and xj that
are assigned the same element of S. Hence wn takes the same value as wn;i under this
assignment and so the value of wn in S is in fact greater than or equal to the value of
wn;1wn;2 � � �wn;n (since this last value is the meet of wn;i with some other elements).
This combined with Lemma 8.1 shows that wn in fact takes the same value as
wn;1wn;2 � � �wn;n in S. Since the assignment was arbitrary, the equality wn ¼
wn;1wn;2 � � �wn;n holds under all assignments. &

Theorem 8.3. The variety of SP-semilattices is not generated by any finite algebra.

Proof. By Lemma 8.2 it suffices to prove that for all n, there is an SP-semilattice on
which wn ¼ wn;1wn;2 � � �wn;n fails.

Let n be fixed and let Bn be the 2n-element Boolean algebra (with top element 1
and bottom element 0) considered as a meet semilattice. Now let L :¼ f0; 1g and
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make Bn L-pseudo-complemented with SP-operation given by PðxÞ ¼ 0 if x 6¼ 0
and Pð0Þ ¼ 1. Now Bn has n coatoms, denoted by a1; a2; . . . ;an. These elements
are such that P2ða1a2 � � �anÞ ¼ P2ð0Þ ¼ 0 while for any i � n, a1a2 � � � ai�1

aiþ1 � � �an is a non-zero element and so

P2ða1a2 � � � ai�1aiþ1 � � � anÞ ¼ 1:

Hence under the assignment xi 7! ai, the identity wn ¼ wn;1 � � �wn;n fails on Bn. &

Corollary 8.4. The variety of SP-semilattices contains infinitely many subvarieties.

Proof. This follows immediately from the fact that for every n 2 N, the identity
wn ¼ wn;1 � � �wn;n fails on some finite closable SP-semilattice, while every finite
SP-semilattice satisfies wn ¼ wn;1 � � �wn;n for some n. &

Note that the algebra Bn in the proof of Theorem 8.3 satisfies the law xP2ðxÞ ¼ x

and so the variety of closable SP-semilattices is also not finitely generated and
contains infinitely many subvarieties. It will, however, be shown to be locally finite,
as is the case for SP-semilattices satisfying PðxÞ ¼ P3ðxÞ. Some further identities
must first be established.

If t1; t2; . . . ; tn are SP-semilattice terms then the term Pðt1ÞPðt2Þ � � �PðtnÞ will
be called an SP-term, and t1; . . . ; tn, its subterms. Note that every SP-semilattice
term can be written in the form wv where w is a semilattice term and v is an
SP-term.

Lemma 8.5. If e is an SP-term then the law P2ðxPðxeÞÞ ¼ P2ðxÞP3ðeÞ holds in any
SP-semilattice.

Proof. Let e be written as Pðt1Þ � � �PðtnÞ. Now

ePðxPðxeÞÞ ¼ Pðt1Þ � � �PðtnÞPðxPðxPðt1Þ � � �PðtnÞÞÞ
¼ Pðt1Þ � � �PðtnÞPðxPðxÞÞ ¼ Pðt1Þ � � �PðtnÞPð0Þ
¼ Pðt1Þ � � �PðtnÞ ¼ e:

That is, e � PðxPðxeÞÞ and therefore PðeÞ � P2ðxPðxeÞÞ and PðeÞP2ðxÞ �
P2ðxPðxeÞÞP2ðxÞ ¼ P2ðxPðxeÞÞ. However,

P2ðxPðxeÞÞPðeÞP2ðxÞ ¼ P2ðxPðxePðeÞÞÞPðeÞP2ðxÞ
¼ P2ðxPð0ÞÞPðeÞP2ðxÞ ¼ PðeÞP2ðxÞ;

showing that P2ðxPðxeÞÞ � P2ðxÞPðeÞ also. &

Lemma 8.6. Let e be an SP-term. Then the identities P2ðxeÞ ¼ P2ðxP2ðeÞÞ ¼
P2ðxÞP2ðeÞ hold in any SP-semilattice.
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Proof. First note that e � P2ðeÞ and so xe � xP2ðeÞ and then P2ðxeÞ � P2ðxP2ðeÞÞ.
Also P2ðxP2ðeÞÞ ¼ P2ðxP2ðeÞÞP2ðeÞ (by Proposition 1.3) which in turn equals
P2ðxÞP2ðeÞ. To complete the proof, it must be shown that P2ðxP2ðeÞÞ � P2ðxeÞ.
Now, by Lemma 8.5,

PðxeÞP2ðxP2ðeÞÞ ¼ PðxeÞP2ðxÞP2ðeÞ ¼ P2ðxPðxeÞÞPðxeÞP2ðeÞ
¼ P2ðxÞP3ðeÞPðxeÞP2ðeÞ ¼ P2ðxÞPðxeÞP2ðeÞP3ðeÞ ¼ 0;

whence P2ðxP2ðeÞÞ � P2ðxeÞ as required. &

Theorem 8.7. The variety of SP-semilattices satisfying PðxÞ ¼ P3ðxÞ is locally
finite.

Proof. Let X ¼ fx1; . . . ; xng be a fixed finite alphabet and let Fn be the relatively
free SP-semilattice generated by X in the variety of SP-semilattices satisfying
PðxÞ ¼ P3ðxÞ. It is now shown that PðFnÞ is a quotient of the free Boolean alge-
bra (as an SP-semilattice) on 2n � 1 generators (which has 22

2n�1

elements). Since
every term can be written in the form uv where u is a semilattice term (of which
there are 2n � 1 choices in the alphabet of X) or empty and v is an SP-term or
empty (of which there are at most 22

2n�1

choices), it follows that there are at most
ð2nÞ � ð222n�1 þ 1Þ � 1 elements in Fn (as u and v cannot simultaneously be
empty).

To prove that PðFnÞ is a quotient of the free Boolean algebra on 2n � 1 generators,
it is shown to be a Boolean algebra generated by elements of the form PðwÞ
where w is a semilattice term in X. Since the law PðxÞ ¼ P3ðxÞ shows that PðFnÞ
is a Boolean algebra, it suffices to show that every SP-term u can be reduced using
the available axioms to one in which every subterm is either a semilattice term
(that is, has no applications of P) or is an SP-term.

Let u be an SP-term having a subterm of the form vw where v is a semilattice
term and w is an SP-term. Now the law PðxÞ ¼ P3ðxÞ and Lemma 8.6 give
PðvwÞ ¼ PðP2ðvwÞÞ ¼ PðP2ðvÞP2ðwÞÞ. Repeated applications of this procedure
reduce u to a term of the desired form. &

It is easy to give slightly improved bounds for the number of elements in Fn. For
example if u and v are as in the first part of the proof, then v � PðuÞ implies uv ¼ 0
which is already considered under the case u is empty and v ¼ 0. This reduces the
number of choices of v by at least 1 (usually more). This gives at most
ð2nÞ � ð222n�1Þ � 1 elements. It is in fact quite easy to construct F1 and then to verify
that this bound is attained. For n � 2 this bound is not exact: PðFnÞ is not freely
generated since for example PðxyÞ � PðxÞ.

It is not clear if local finiteness continues to hold if the law PðxÞ ¼ P3ðxÞ is not
present. The law P2ðxPðxeÞÞ ¼ P2ðxÞP3ðeÞ enables terms containing a P2 to be
reduced in the style of the above proof; however terms without double applications
of the P operation seem difficult to reduce. However, some further work leads to
a complete description of the one-generated free SP-semilattice. Already this is
considerably more complicated than F1.
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Lemma 8.8. The following identities hold for all SP-semilattices:

(i) PðxP2ðxÞÞ ¼ P3ðxÞ;
(ii) PðxÞ � PðxP3ðxÞÞ and P2ðxÞ � PðxP3ðxÞÞ;
(iii) P2ðxP3ðxÞÞ ¼ 0.

Proof. (i) First, PðxP2ðxÞÞP3ðxÞ ¼ PðxP2ðxÞP3ðxÞÞP3ðxÞ ¼ Pð0ÞP3ðxÞ ¼ P3ðxÞ.
But then we also have

P3ðxÞPðxP2ðxÞÞ ¼ PðP2ðxÞPðxP2ðxÞÞÞPðxP2ðxÞÞ
¼ PðP2ðxÞPðxÞÞPðxP2ðxÞÞ ¼ Pð0ÞPðxP2ðxÞÞ ¼ PðxP2ðxÞÞ:

(ii) Now PðxP3ðxÞÞPðxÞ ¼ PðxP3ðxÞPðxÞÞPðxÞ ¼ PðxÞ and also

PðxP3ðxÞÞP2ðxÞ ¼ PðxP3ðxÞP2ðxÞÞP2ðxÞ ¼ P2ðxÞ:

(iii) By Lemma 8.6, P2ðxP3ðxÞÞ ¼ P2ðxÞP3ðxÞ ¼ 0. &

Next is an attempt to list the possibly distinct SP-semilattice terms on one
variable. Starting from the single generator x, there are three terms generated by
applying P repeatedly: PðxÞ;P2ðxÞ and P3ðxÞ (with PðxÞ � P3ðxÞ). Taking products
gives 0; xP2ðxÞ and xP3ðxÞ. Now applying P and (i) and (iii) of Lemma 8.8 gives only
two new terms: Pð0Þ and PðxP3ðxÞÞ (with Pð0Þ a multiplicative identity for all
elements of the form PðwÞ for some w, and with PðxP3ðxÞÞ � P2ðxÞ;PðxÞ). Taking
products gives only two new terms: xPð0Þ and xPðxP3ðxÞÞ. Finally, consider possible
applications of P to these last terms. Now PðxPð0ÞÞ ¼ PðxÞ, which is already listed
above. Also, PðxPðxP3ðxÞÞÞP3ðxÞ ¼ PðxPðxÞÞP3ðxÞ ¼ P3ðxÞ, and since PðxP3ðxÞÞ �
P2ðxÞ, it follows that xPðxP3ðxÞÞ � xP2ðxÞ, and so PðxPðxP3ðxÞÞÞ � PðxP2ðxÞÞ ¼
P3ðxÞ. Therefore, PðxPðxP3ðxÞÞÞ ¼ P3ðxÞ and so no new terms are obtained at all.
This shows that the one-generated free algebra has at most 11 elements. To show
that no further collapse takes place, a one-generated SP-semilattice with 11 elements
is given in Fig. 1 (in which elements of the form PðaÞ for some a are denoted by
hollow vertices).

In fact, it follows that Fig. 1 depicts the Hasse diagram for the one-generated
free SP-semilattice. The one-generated SP-semilattice freely generated within the
subvariety defined by xPð0Þ ¼ x is easily seen to be obtained by collapsing the
element x in Fig. 1 onto xPð0Þ.

Note in comparison that the free PC-semilattice on one generator has only five
elements (x; x�; x��; 0; 0� ¼ 1), though this number increases rather rapidly as the
number of generators increases: the n-generated free PC-semilattice has exactly
1þPn

k¼0
n
k

� �ð22n�k � 1Þ elements (see Balbes, 1973).
Corollary 2.2 combined with Theorem 5.10 of McKinsey and Tarski (1944)

shows that the real numbers R given the usual topology contains a subset x for
which each of the ten distinct terms in the one-generated fx ¼ xPð0Þg-free semilattice
give distinct sets (where for A � R, interpret PðAÞ as A0�). The set A described in
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Fig. 12 of Steen and Seebach (1970) is one such example. To get a copy of the free
SP-semilattice in Fig. 1 using subsets of R, let x correspond to A [ frg where r < 0
or r > 8 and interpret interior with respect to the subspace ½0; 8
.
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