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Dualisability of p-semilattices

B. A. DAVEY AND J. G. PITKETHLY

Abstract. We give a ghost element proof that every finite non-boolean p-semilattice is inherently non-dualisable.

A bounded meet semilattide® = (A; A, *, 0, 1) with an extra unary operatidnis called
apseudocomplemented semilattice , or p-semilattice , if

a*=max{bec Alanb=0}

foralla € A. Each p-semilatticé satisfiesc* Ax ~ 0andx*™* Ax ~ xaswellasO0~ 1

and I ~ 0. We say that a p-semilatticelimolean if it is term equivalent to a Boolean
algebra, or equivalently, if it satisfies the equatior x**. The class of all p-semilattices
forms a variety. G. T. Jones [2] showed that a p-semilattiée subdirectly irreducible if

and only if A\{1} forms a boolean lattice under the induced order. For eaelN, letS,
denote the subdirectly irreducible p-semilattice obtained by adding a new top element to
the boolean lattice with atoms.

We will characterise the dualisable finite p-semilattices. For a comprehensive intro-
duction to natural dualities, dualisability and non-dualisability, we refer the reader to
D. M. Clark and B. A. Davey [1]. Every finite boolean p-semilattice is (strongly) dual-
isable since, by definition, it is term equivalent to a finite Boolean algebra. D. M. Clark
has shown (see Theorem 10.6.8 in [1]) that the subdirectly irreducible p-semiBjtise
non-dualisable, for each € N. His proof, using the term-closed subset method, relies on
the Third Duality Theorem (see Theorem 3.1.6 in [1]).

LetM be afinite algebra. To show thigk is non-dualisable, via the term-closed subset
method, we must find a term-closed sub¥etf an infinite power of\ and a brute-force
morphisma : X — M which does not extend to a term functionMf The term-closed
subset method is not very easy to apply. Indeed, we do not know of any non-dualisability
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proofs, other than Clark’s, which use this method. A more popular way to prove that an
algebrais non-dualisable is to use the ghost element method. This method is adapted straight
from the definition of the dualisability of an algebra, and is often easy to apply. In addition,
some ghost element proofs can be extended directly to a proof of a much stronger condition
than non-dualisability. We say that an algebtds inherently non-dualisable if each

finite algebraN, such thatM € ISP N, is non-dualisable. The following theorem comes
from [3]: see also Theorem 10.5.5 in [1]. Recall thahifs a subalgebra dfl Sand s € S,

thenp, := 7,5 : A — M denotes the natural projection homomorphism.

THEOREM 1. Assume thal is a finite algebra, thaf is a subalgebra oM and that
B is an infinite subset oA such that

(i) thereis a functionx : N — N such that if9 is a congruence oA of finite index at
mostn, thend |z has only one class with more that) elements,

(i) g ¢ Awhereg is the element a7’ such thatg(s) := p,(b), for eachs € S, with b
any element of the block der(p,) [ 5 Which has size greater thar(|M|).

ThenM is inherently non-dualisable.

This theorem enables us to extend Clark’s result using a more elementary proof.

THEOREM 2. Every finite non-boolean p-semilattice is inherently non-dualisable.

Proof. LetM = (M; A, *, 0, 1) be a finite non-boolean p-semilattice. There is some
a € M such that: # a**. For each € N, defineb, € M" by

a ifi=1,
by(i) =30 ifi=n+1,
1 otherwise,

and defingg € M" by

a ifi=1,

@)= { 1 otherwise.

Let A denote the subalgebra B generated by := {b, | n € N}. We will show that if
6 is a congruence oA, thend [z has at most one nontrivial block.

Let® € ConA. Suppose thatz, n, k,l € Nwithm # n andk # [ such that,, =
b, (@) andb, =b; (0). We have

by =by Ab, =b, Nby, =g" (6)

and, similarly,b; = g* (0). This gives usb, = b;* Ab, = b ANb, (0). By
symmetry, we havéy, = b;* A by (0). Thus, sinceb;* A b, = b;* A br, we have
by=b,=b,=b; ().
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Since{x € {0, 1,a, a*,a*}V | x(1) # a orx~1(0) # @} is closed unden and*, it
followsthatg ¢ A. The only block ofke¢p1) [ is B, andwe havg(1l) = a = p1(b1). Now
letn € N\{1}. The only nontrivial block of kefio,) [ g is B\{b,—1}, andg(n) = 1 = p, (by,).

It now follows by Theorem 1 tha#l is inherently non-dualisable. O

The proof of Theorem 2 does not only apply to p-semilattices. A careful reading of the
proof of Theorem 2 shows that we can use it to establish condition (i) of Theorem 1 provided
M is a finite algebra of typé€2, 1) containing elements, 0, 1 which satisfy the equations
given below:

* *

x*Ax* = x*andx™ Ax =xforallx € {a,0, 1},

0*Al" = 1*=1"A0"and0* A1l=1""AO.
To prove thaM is inherently non-dualisable, we also need to show that condition (ii) holds.
We now give some simple conditions bhwhich guarantee this.

THEOREM 3. LetM = (M; A, *) be afinite algebra such thad/; A) is a semilattice
and* is a unary operation. Assume that0, 1 € M with 0 # 1 and thatM satisfies

(C)a<<a™,0< 0™ 1< 1™ 1*< 05,0 A1=1"*A0,and
(Cii) Ois the least element &fl, a is meet-irreducible irsg({a}) anda # b* for all
b € sg({a}).

ThenM is inherently non-dualisable.

Proof. SinceA is a semilattice operation aif, the equations irgx) above reduce to
the relations given in (3. Hence, the proof given in Theorem 2 shows that condition (i) of
Theorem 1 holds. We shall now prove that; J@mplies that condition (ii) of Theorem 1
also holds.

First, we show that ifr(x1,..., x,) is ann-ary term andM satisfies the relation
t(a,...,a) = a,then, up to commutativity and associativityofwe have (x1, ..., x,) =
x; As(x1,...,x,) for somei and some (possibly ‘empty)-ary terms(x1, ..., x,). The
proof is a simple induction on the complexity of Assume that(a,...,a) = a. If risa
variable, there is nothing to do. Otherwise,

@) t(x1,...,xy) = t2(x1, ..., x,)%, Or
(b) t(xls Ty xn) = tl(xla ceey xn) /\ t2(x1, ceey xn)-
Sincet(a, ...,a) = aanda # b*forall b € sg({a}), case (a) does not occur. Thus case (b)

applies and hence, sinaés meet-irreducible in Sga}), we have, without loss of generality,
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t1(a,...,a) = a. By our inductive hypothesis, we conclude thgt1, ..., x,) = x; A
s1(x1, ..., x,) for somei and some (possibly ‘emptyi-ary termsy(x1, ..., x,), whence

t(-xlv"'9-xl‘1)zxi/\sl(xlv"°7-xl’l)/\t2(-xls"-v-xn):xi /\s(-xls"-v-xn)v

as required.

Now suppose thag € A. Theng = ¢(b1, ..., b,) for somen € N andn-ary termt.
We havea = g(1) = t(01(D),...,b,()) = t(a,...,a). Hence, we must have
t(x1,...,%xn) = x; As(x1,...,x,). Butthisimplies that

g+ =t1,....0)[I +D) =bii + D) As(b1,..., b)) +1) =0,

since 0 is the least elementidf, which is a contradiction. Thus condition (ii) of Theorem 1
holds. O

The semilattice-based algebras given in Figure 1 satisfy conditiohs@ (G;), and
are therefore inherently non-dualisable.

a T (N

Figure 1 Some inherently non-dualisable semilattice-based algebras

In [4], a weaker notion of dualisability and correspondingly stronger notion of non-
dualisability is introduced. For an infinite cardina),a finite algebra is «-dualisable if
some seR of algebraic relations of arity less thardualisedM. Thus dualisability equals
w-dualisability. The algebr¥M is inherently non- «-dualisable if a finite algebraN is
non+-dualisable wheneveM < ISP N. In [3], it is shown that Theorem 1 lifts up ta if
we are able to choose the $ebf cardinalityx, thenM is inherently none-dualisable.

There is a simple-modification of the construction in the proof of Theorem 2: just
usek-sequences rather tharsequences in the definitions bf, for n < «, and in the
definition of g. Thus, we have in fact proved that every finite non-boolean p-semilattice
and also each semilattice-based algebra satisfying conditighsui@ (G;) is inherently
non+-dualisable for every infinite cardinal
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