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Theorem (Frobenius) Let J ⊂ T ∗M be a sub-bundle of rank k and let I be the Pfaffian
system generated by sections of J . Assume that I is algebraically generated by sections of J .
Then near any point of M there are local coordinates x1, . . . xn such that dx1, . . . , dxk span
J . The (n − k)-dimensional integral submanifolds of I, which are locally given by setting
x1, . . . , xk equal to constants, form a foliation of M .

The Frobenius condition is equivalent to requiring that any 1-form ψ in I satisfy

dψ = α1 ∧ θ1 + . . .+ αk ∧ θk

for some 1-forms θ1, . . . , θk in I. In other words, the exterior derivative of any 1-form in I
is zero modulo the 1-forms of I. Another equivalent version can be stated in terms of the
vector bundle J⊥ ⊂ TM that is annihilated by J . The Frobenius condition states that if X
and Y are any sections of J⊥, then their Lie bracket [X,Y] is also a section of J⊥.

Returning to our overdetermined system,

∂z

∂x
= A(x, y, z),

∂z

∂y
= B(x, y, z),

what does it mean if the Frobenius condition is satisfied? We might try to construct an
integral surface through a point (x0, y0, z0) by first integrating in the x-direction to get an
integral curve, and then, starting from points on our curve, integrating in the y-direction to
expand the integral curve to an integral surface. But will it really be an integral surface?
We are flowing along the vector fields

X =
∂

∂z
− A(x, y, z)

∂

∂x
, Y =

∂

∂z
−B(x, y, z)

∂

∂y

which are both annihilated by θ. The Frobenius condition says that LYX is a linear combi-
nation of X and Y. Hence, the tangent space to the image of the initial curve under flow by
Y will be spanned by X and Y, and so the surface will be an integral of θ.

The moral of this is that, when the Frobenius condition is fulfilled, integral submanifolds
can be constructed by flowing by vector fields, i.e., successively solving systems of ODE.

This is a natural stopping point.

Two-Dimensional Pfaffian Systems in Four Variables. The Pfaff and Frobenius
theorems can sometimes be used to determine what Pfaffian systems are possible (for a given
dimension and codimension) and to give normal forms.

As an example, suppose I is a two-dimensional Pfaffian system defined on a four-
dimensional manifold M . Suppose we take two 1-forms θ1, θ2 that span I1 at least on open
nieghbourhood in M . Then any other 1-form in I1 can be written as aθ1 + bθ2 for functions
a and b.

Is there any optimal choice of generators? That depends on how the derivatives of the
1-forms behave. Consider the 4-form

Υ = d(aθ1 + bθ2) ∧ θ1 ∧ θ2

= (a dθ1 + b dθ2) ∧ θ1 ∧ θ2,

which we can think of as a scalar function of a and b because all 4-forms are scalar multiples
of one another. If this function is identically zero, then I satisfies the Frobenius condition,
and there are local coordinates x1, x2, x3, x4 on M such that

I = 〈dx1, dx2〉.



6

If not, then there is a smoothly varying choice of a and b for which Υ is zero. Let ψ1 = aθ1+bθ2

for that choice of a and b, and let ψ2 be some other generator linearly independent from ψ1

at each point. We have

dψ1 ∧ ψ1 ∧ ψ2 = 0,

and this condition is unchanged if we multiply ψ1 or ψ2 by a function, or add a multiple of
ψ1 to ψ2.

If the Pfaff rank of ψ1 is zero, then (up to multiple) it is an exact derivative. The Pfaff
rank of ψ2 cannot also be zero (otherwise we’d be back in the Frobenius case) and so we can
apply the Pfaff theorem to show that there are two possible normal forms

I = 〈dx1, dx2 + x3dx4〉 or I = 〈dx1, dx2 + x1dx3〉.

(Note that the second system really only involves three variables.) If the Pfaff rank of ψ1

is one, then there are local coordinates such that ψ1 = λ(dx1 + x2dx3), and we can assume
that ψ2 = dx2 + µdx3. Then the condition that Υ(a, b) is not identically zero implies that
dµ is linearly independent from dx1, dx2, dx3. Thus, we can take it as the fourth coordinate,
and

I = 〈dx1 + x2dx3, dx2 + x4dx3〉.
As an exercise, you might try to write down all the integral curves and integral surfaces

for each of these normal forms.

Jet Spaces and Standard Contact Systems. The manifold M on which an EDS is
defined is usually contained in a frame bundle (if we’re working on a geometric problem)
or inside jet space (for working on a system of PDE). In fact, by working in jet spaces, we
can show that any system of PDE can be recast as a Pfaffian system on the appropriate
manifold.

You’re familiar with the idea that any system of higher-order ODE (or PDE) can be
rewritten as a first-order system by thinking of the higher derivatives as new dependent
variables. Jet space is just the space coordinatized by those higher derivative variables. To
fix notation, we’ll let x1, . . . xm be the independent variables, u1, . . . , un be the dependent
variables, and pa

I be the derivatives, where 1 ≤ a ≤ n and I is a symmetric multi-index
whose entries ranging from 1 to m. Then the space of k-jets of functions from Rm to Rn is
denoted by Jk(Rm,Rn), and is coordinatized by x1, . . . xm, u1, . . . , un, and the pa

I where the
length of the multi-index I is at most k.

For example:

• J1(R2,R) is just a copy of R5 with coordinates

x1, x2, u, p1, p2

, corresponding to coordinates x, y, z, p, q respectively, used in the classical literature.
(We will omit the superscripts on the u’s and p’s when there is only one dependent
variable.)

• J2(R2,R) is just a copy of R8 with coordinates

x1, x2, u, p1, p2, p11, p22, p12 = p21,

corresponding to classical coordinates x, y, z, p, q, r, s, t respectively.
• J1(R2,R2) is a copy of R8 with coordinates

x1, x2, u1, u2, p1
1, p

1
2, p

2
1, p

2
2
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As an exercise, you can check that the dimension of Jk(Rm,Rn) is m+ n
(

m+k
k

)
.

We’ll think of Jk(Rm,Rn) as a bundle over Rm, the space of independent variables. Every
smooth mapping f : Rm → Rn has a lift as a section of the jet bundle; the lift is defined by

ua = fa(x), pa
i =

∂fa

∂xi
(x), . . . , pa

I =
∂fa

∂xI
(x), |I| ≤ k,

and is called the k-graph of f . On Jk(Rm,Rn) we define a Pfaffian system, known as the
standard contact system, generated by 1-forms

θa = dua −
m∑

`=1

pa
`dx

`,

θa
j = dpa

j −
m∑

`=1

pa
j`dx

`, . . .

θa
I = dpa

I −
m∑

`=1

pa
I`dx

`, . . . |I| < k

Any k-graph is an integral of this contact system; conversely, any n-dimensional integral
submanifold of the standard contact system to which the n-form dx1 ∧ dx2 ∧ . . . ∧ dxn pulls
back to be nonvanishing is the k-graph of a mapping from Rm to Rn.

Aside: Many exterior differential systems come with independence conditions. An in-
dependence condition is a nonzero decomposable n-form Λ, not inside the ideal I, chosen
so that requiring Λ 6= 0 along an integral n-fold has the effect of limiting the set of integral
n-folds to those we are interested in. For example, the contact system on J1(R,R) is gener-
ated by θ = du− pdx; recall that an integral curve of this system is either the 1-graph of a
function (i.e., u = f(x), p = f ′(x)) or a line along which u and x are constant. If we add the
independence condition dx 6= 0, then we exclude the latter kind of integral curve, and just
get the 1-graphs.

Contact Systems for PDE. Any system of kth order PDE for n functions ua of
x1, . . . , xm defines a subset M ⊂ Jk(Rm,Rn) such that f : Rm → Rn is a solution if and
only if its k-graph lies inside M . (We’ll assume that M is a smooth submanifold.) For
example, the Laplace equation uxx + uyy = 0 defines a hypersurface in J2(R2,R) cut out by
p11 + p22 = 0. The Cauchy Riemann system

ux = vy, uy = −vx

defines a codimension-two submanifold in J1(R2,R2) cut out by

p1
1 = p2

2, p1
2 = −p2

1.

On M , we define a Pfaffian system I by pulling back the standard contact system by the
inclusion map. Then n-dimensional integral submanifolds of I that satisfy the independence
condition dx1 ∧ . . . ∧ dxn 6= 0 are exactly the k-graphs of solutions. Thus, we see that any
PDE system is equivalent to a Pfaffian system on a submanifold in jet space.

Remark. When we have a system of two second-order PDE for u as a function of x and
y, this gives a 6-dimensional manifold with a Pfaffian system of dimension three. Most of the
time, this will have no integral surfaces. However, when we try to find solutions of Laplace’s
equation using separation of variables, we are essentially requiring that u satisfy a second
PDE; for, u = f(x)g(y) if and only if ln(u) satisfies the wave equation. What is special
about the Pfaffian system that arises from two simultaneous PDE that allows solutions to
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exist? It turns out that such systems have a Cauchy characteristic. What’s not known (or
at least, I don’t know) is a way of determining which second-order PDE can be solved using
separation of variables after some coordinate change.

Some Important Non-Pfaffian Systems. To translate a kth order PDE into an EDS,
it’s not always necessary to use all the k-jet coordinates. Sometimes it’s helpful to use as few
variables as possible, in order to make later computations easier and not so cumbersome.
However, the systems one uses are usually not Pfaffian: consider a quasilinear parabolic
equation

uy = A(x, y, u, ux)uxx +B(x, y, u, ux).

This may be encoded by an EDS on J1(R2,R), written in classical coordinates as

I = 〈du− pdx− qdy, (Adp+ (B − q)dx) ∧ dy〉,
with the independence condition dx ∧ dy 6= 0. More generally, any Monge-Ampère equation
for u(x, y) may be encoded by an EDS on R5. A Monge-Ampère equation can only involve
the second-order partials in the following restricted way:

Auxx +Buyy + Cuxy +D(uxxuyy − u2
xy) = E,

where A,B,C,D,E are arbitrary functions of x, y, u and its first derivatives. You can check
that the 1-graphs of solutions are integrals of the non-Pfaffian system

I = 〈du− p dx− q dy,Adp∧ dy−Bdq ∧ dx+ 1
2
C(dq ∧ dy− dp∧ dx) +Ddp∧ dq−Edx∧ dy〉,

with independence condition dx ∧ dy 6= 0.

Remark. The above parabolic equation may also be encoded by an EDS on R4, with
coordinates x, y, u, p, defined by

I = 〈(du− p dx) ∧ dy, du ∧ dx+ (Adp+B dx) ∧ dy〉.
You can also use this trick to set up an EDS generated by three 2-forms on R5 that encodes
the KdV equation uy = uxxx + 6uux.



Lecture Two: Involutivity and Cartan’s Test

In this lecture, I want to address the question of the existence of integral submanifolds for
exterior differential systems. (This is a generalization of the question, mentioned in the last
lecture, of under what circumstances do two partial differential equations have a common
solution.) I’ll state an existence theorem for EDS, known as the Cartan-Kähler Theorem,
which Cartan proved for linear Pfaffian systems and Kähler extended to more general EDS.
At its core, this theorem invokes the Cauchy-Kowalevski theorem for PDE, and so we’ll
only be considering real analytic exterior differential systems. What this means is that the
underlying manifold must be real analytic (meaning that the transition functions between
overlapping coordinate charts are analytic) and the EDS has generators that, when expressed
in terms of the local coordinates, are differential forms with analytic coefficients.

The hypotheses of the Cartan-Kähler theorem turn out to be difficult to check. Instead,
what we use in practice is a test, invented by Elie Cartan, that tells us when integral
submanifolds exist. This test, which essentially comes down to a dimension count, is known
as Cartan’s Test for involutivity.

What does involutivity mean? Recall that a system of r partial differential equations of
order k

F ρ(xi, uα,
∂uα

∂xi
, . . . ,

∂juα

∂xI
, . . .) = 0, |I| = j ≤ k, ρ = 1 . . . r

for s unknown functions uα of x1, . . . , xn determines, and is in fact equivalent to, a subman-
ifold M(k) of codimension r in the jet space Jk(Rn,Rs). In terms of the usual coordinates
xi, uα, pα

i , pα
ij, . . . , p

α
I on Jk(Rn,Rs), this submanifold is defined by the equations

F ρ(xi, uα, pα
i , . . . , p

α
I , . . .) = 0, ρ = 1 . . . r.

The k-graph of a solution of the PDE is an n-dimensional integral submanifold N ⊂M of the
standard contact system on Jk(Rn,Rs) satisfying the independence condition dx1∧. . .∧dxn 6=
0. If the k-jets of solutions lie in M(k), then the (k + 1)-jets of solutions must lie in the
prolongation M(k+1) ⊂ Jk+1(Rn,Rs), which we define as the zero locus of F ρ and their total

derivatives
DF ρ

Dxi
, i = 1 . . . n; we can similarly define higher prolongations M(k+2), M(k+3),

etc.
There are obvious projections πl : J l+1(Rn,Rs) → J l(Rn,Rs), which are known as the

“forgetful functors” because they remember only the l-jet and forget the higher derivatives.
Obviously, the image of M(k+1) under πk lies inside M(k); however, there is no guarantee
that M(k+1) surjects onto M(k) via πk. Put another way, there is no guarantee that a k-jet
of a solution can be extended to a (k + 1)-jet of a solution. The obstructions typically arise
from differentiating, equating mixed partials, and finding new lower-order equations.

Example. We’ve already discussed the system

ux = A(x, y, u), uy = B(x, y, u),

which corresponds to a codimension-two submanifold M(1) ⊂ J1(R2,R). Differentiating and
equating mixed partials yields the integrability condition

AuB + Ay = BuA+Bx.

Unless this is an identity in x, y and u, the space M(2) of 2-jets of solutions doesn’t submerse
onto M(1), just onto the codimension-one subset where the integrability condition holds.
Of course, more equations arise by differentiating that condition: if we let F (x, y, u) =
AuB + Ay − BuA− Bx, then differentiating F = 0 (and using the equations for ux and uy)
gives more 0th order conditions Fx + AFu = 0 and Fy + BFu = 0, and unless these are
algebraically implied by F = 0, there will be no solutions.

Example. Consider the second-order system

uxy = f(u), uxz = g(u)

1
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which corresponds to a codimension-two submanifold M(2) ⊂ J2(R3,R). Differentiat-
ing the first equation with respect to z and the second with respect to y shows that
f ′(u)uz−g′(u)uy = 0 for any smooth solution. Thus, M(3) projects onto the codimension-one
subset defined by this extra equation. Again, we might obtain more first-order integrability
conditions by differentiating that equation. (Can you figure out all the choices of f and g
for which we don’t get more conditions?)

The question is, when can we stop differentiating, and assert that the system as it cur-
rently stands has solutions? And, if so, how large is the space of solutions? For example,
can we solve a Cauchy initial value problem?

Involutivity asserts that solutions exist—and, in particular, any k-jet of a solution extends
to a (k+1)-jet. Moreover, Cartan’s Test will tells us roughly how large the space of solutions
is, and what sorts of Cauchy problems are solvable.

Integral Elements. We will first approach the existence theory by looking at the ana-
logue of the 1-jet of a solution for an exterior differential system I defined on a manifold
M .

An integral element at a point p ∈M is a subspace E ⊂ TpM of some dimension n on
which all the n-forms of the ideal vanish. That is, if we take a basis v1, . . . , vn for E, then

ψ(v1, . . . , vn) = 0 ∀ψ ∈ In.

These are sometimes referred to as integral n-planes. An integral n-plane at a point p is
the infinitesimal analogue of an integral submanifold, i.e., it is a candidate tangent space
for a n-dimensional integral submanifold through p. (The condition that I is an ideal under
wedge product implies that all lower-degree forms in I also vanish on vectors in E.)

We’ll need to look at the structure of the set of integral n-planes. To this end, let Gn(TM)
denote the Grassmann bundle whose fiber at a point p is the set of n-dimensional vector
subspaces of TpM . We give the Grassmann bundle local coordinates in the vicinity of an
n-plane E ⊂ TpM , by starting with local coordinates x1, . . . xn, xn+1, . . . , xn+s on an open
set U ⊂M containing p such that dx1 ∧ . . . ∧ dxn is nonzero on E. (Here, n+ s = dimM .)
Let U ⊂ Gn(TM)|U be the open set of n-planes on which the form dx1∧ . . .∧dxn is nonzero.
Then every E ∈ U has a unique set of coordinates pa

i (E) such that the vectors

vi =
∂

∂xi
+ pa

i

∂

∂xa
, 1 ≤ i ≤ n, n+ 1 ≤ a ≤ n+ s

are a basis for E. (We’ll call these local coordinates on GnTM relative to dx1 ∧ . . . ∧ dxn.)
Notice that the fiber of Gn(TM) has dimension ns.

Let Vn(I) ⊂ Gn(TM) denote the set of n-dimensional integral elements. This is actually
cut out by equations that are polynomial in the fiber coordinates. For, if ψ ∈ In, then we
can write

ψ =
∑
I,J

fIJdx
I ∧ dxJ

and the fIJ are functions on U ⊂ M where I, J run over all increasing multi-indices such
that the entries of I lie between 1 and n, the entries of J lie between n + 1 and n + s, and
|I|+ |J | = n. Then the restriction of ψ to vectors tangent to E is

ψ|E=
∑
I,J

fIJ

∑
L, |L|=|J |

pj1
`1
. . . pjk

`k
dxI ∧ dxL,

where the entries of L range from 1 to n. Thus, the equations defining those n-planes on
which ψ vanishes are polynomials of degree at most n in the pa

i .

Example. On M = R4, consider the EDS I generated by the closed two-form

Ω = dx1 ∧ dx2 + dx3 ∧ dx4.
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(The integral manifolds of this EDS, defined by a closed non-degenerate 2-form, are known
as Lagrangian submanifolds.) Let U ⊂ G2(TM) be the two-forms on which dx1 ∧ dx2 6= 0.
The fiber coordinates on U are p3

1, p
3
2, p

4
1 and p4

2, and

Ω|E= (1 + p3
1p

4
2 − p3

2p
4
1)dx

1 ∧ dx2.

Thus, V2(I) ∩ U is defined by p3
1p

4
2 − p3

2p
4
1 = −1. In fact, V2 is a smooth hypersurface

in G2(TM). (To check this, you should write down the equations defining V2(I) in local
coordinates relative to dx1 ∧ dx3.)

The intersection of Vn(I) with each fiber of the Grassmann bundle is an algebraic variety.
Singular points—where Vn(I) fails to be smooth—may arise either as singularities along the
fiber, or because the generators of the EDS degenerate or become linearly dependent at
points in the base. We say that E is a ordinary integral element1 if the intersection of
Vn(I) with an open neighbourhood of E is a smooth submanifold of Gn(TM).

Even when Vn(I) isn’t a smooth manifold, we can still define the codimension of Vn(I)
at an element E, denoted by codimE Vn(I), as the maximal number of smooth functions
on Gn(TM) that vanish on Vn(I) and have linearly independent differentials at E.

Example. On R4 with coordinates x1, x2, x3, x4, let I be generated by the 2-form Ω =
dx3 ∧ dx4. Then at each point every integral 2-plane is ordinary, and V2(I) has codimension
one, except for the plane E0 spanned by ∂

∂x1 and ∂
∂x2 . For 2-planes E near E0, ΩE =

(p3
1p

4
2−p3

2p
4
1)dx

1∧dx2, and thus the function p3
1p

4
2−p3

2p
4
1 vanishing on V2(I) has zero differential

at E0, and the codimension drops down to zero here.

Example. On R3, let I be generated by θ1 = dx − ydz and θ2 = z2dy − xdz. At each
point not on the y-axis, there is a unique integral 1-plane, while at points along the y-axis,
there is a 1-parameter family of integral 1-planes at each point. At each of these integral
elements V1(I) is smooth with codimension two, except at integral elements tangent to the
y-axis, where the codimension drops to one.

Just as integral elements are the infinitesimal analogue to integral submanifold, the ana-
logue to solving a Cauchy problem would be trying to extend an integral n-plane E to an
integral (n + 1)-plane at the same point. The space spanned by such extensions plays an
important role in testing for involutivity, and is known as the polar space of E, defined by

H(E) = {w ∈ TpM |ψ(v1, . . . , vn,w) = 0, ∀ψ ∈ In+1},

where v1, v2, . . . , vn ∈ TpM are a basis for E.
Of course H(E) is a linear subspace containing E, but is not necessarily an integral

element. However, any (n + 1)-plane containing E is an integral element if and only if it
is inside H(E). Note that when E has dimension zero, then H(E) is just the subspace
annihilated by the 1-forms of the ideal.

The following example shows how polar spaces are calculated.

Example. Suppose M is a six-dimensional manifold with a coframe θ1, θ2, ω1, ω2, π1, π2.
Let I = 〈θ1, θ2〉 and suppose that the exterior derivatives of these generators are given by

dθ1 ≡ π1 ∧ ω1 + π2 ∧ ω2

dθ2 ≡ π1 ∧ ω2

}
mod θ1, θ2

Let E be the integral 1-plane on which θ1, θ2, π1, π2 and ω2 vanish; we’ll denote this by
E = {θ1, θ2, π1, π2, ω2}⊥. Let v ∈ E be such that ω1(v) = 1. The 2-forms in I are all linear
combinations of

π1 ∧ ω1 + π2 ∧ ω2, π1 ∧ ω2, φ ∧ θ1, ψ ∧ θ2,

1In the standard literature, this corresponds to the term Kähler-ordinary.
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where φ and ψ are arbitrary 1-forms. Let’s use these to compute the conditions under which
a vector w belongs to H(E). Assuming that w ∈ H(E), then

0 = (φ ∧ θ1)(v,w) = φ(v)θ1(w)

shows that θ1(w) = 0 (since φ can be chosen so that φ(v) is nonzero), and similarly θ2(w) = 0.
Next,

0 = (π1 ∧ ω1 + π2 ∧ ω2)(v,w) = −π1(w)

shows that π1(w) = 0. Finally, because π1(v) = ω2(v) = 0, the condition 0 = (π2 ∧ ω1)(v,w)
gives no new conditions on w. Therefore H(E) = {θ1, θ2, π1}⊥. Note that this polar space is
not an integral element.

A slicker way to compute the polar space is to start with a list of algebraic generators
for the ideal, and feed into each generator k-form (where k ≤ 1 + dimE) all possible linear
combinations of k−1 vectors from E. The resulting 1-forms are the annihilators of the polar
space H(E). In this case, we see immediately that H(E) is annihilated by θ1, θ2, and

v (π1 ∧ ω1 + π2 ∧ ω2) = −π1, v1 (π2 ∧ ω1) = 0.

You can use this method to check that for most other integral 1-planes, such as Ẽ =
{θ1, θ2, π1, π2, ω1}⊥, the polar space H(Ẽ) is two-dimensional—that is, the integral 1-plane
has a unique extension to an integral 2-plane. We will see later that integral elements for
which the infinitesimal Cauchy problem does not have a unique solution are the analogue of
characteristics in EDS.

We say that an ordinary integral n-plane E is regular2 if the dimension of the polar
space is constant on a nieghbourhood of E in Vn(I). In the last example, every integral
1-plane is ordinary, but only those with two-dimensional polar spaces are regular.

As one extends an integral 1-plane to an integral 2-plane and so on, the equations defining
the polar space increase in number; so as the integral elements increase in dimension, the
polar spaces decrease in dimension.

Example Suppose that I = 〈θ1, θ2〉 and

d

(
θ1

θ2

)
≡

(
π1 π2 π3

π3 π1 π2

)
∧

ω1

ω2

ω3

 mod θ1, θ2

for some coframe θ1, θ2, π1, π2, π3, ω1, ω2, ω3 on a 8-dimensional manifold M . Then

• the zero-dimensional subspace E0 has H(E0) = {θ1, θ2}⊥;
• the integral 1-plane E1 = {θ1, θ2, π1, π2, π3, ω2, ω3}⊥ has H(E1) = {θ1, θ2, π1, π3}⊥;

and
• the integral 2-plane E2 = {θ1, θ2, π1, π2, π3, ω3}⊥ has H(E2) = {θ1, θ2, π1, π2, π3}⊥.

Because the codimension of the polar space H(E) is the rank of a set of linear equations
whose coefficients depend continuously on E, the dimension of the polar space can’t jump
up in the neighbourhood of a given ordinary integral element. Thus, the regular integral
elements form an open, dense subset inside the space of ordinary integral elements.

In this last example, the polar space H(E2) has dimension 3, but E2 is not regular. For
any nearby integral 2-plane Ẽ2, the polar space has dimension 2, so that H(Ẽ2) = Ẽ2.

2Again, this corresponds to Kähler-regular in the standard literature.
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The Cartan-Kähler Theorem. With the delicate matter of regularity of integral ele-
ments under our belts, we can now state the basic existence theorem for EDS.

Theorem (Cartan-Kähler) Let I be a real-analytic EDS on M , and let P n be an n-
dimensional analytic integral submanifold of I, whose tangent spaces are regular. Let p ∈ P
and suppose that H(TpP ) has dimension n+r+1. Suppose that P is contained in an analytic
submanifold R of codimension r such that TpR is transverse3 to H(TpP ). Then there is a
open neighbourhood U ⊂ R containing p, and an analytic (n+ 1)-dimensional submanifold
Q ⊂ U which is the unique integral manifold within U containing P ∩ U .

The presence of the submanifold R, known as the restraining manifold, complicates the
statement of the theorem; however, it is necessary to make the extension from an integral
n-plane to an integral (n+ 1)-plane unique. (The transversality condition really means that
H(TpP ) has a (n + 1)-dimensional intersection with TpR.) It is easiest to understand the
Cartan-Kähler Theorem in the case when r = 0 and the restraining manifold plays no role.

Example. Consider the sine-Gordon equation uxx − uyy = sinu, written in ‘laboratory
coordinates’. We will set this up as an EDS I on a codimension-one submanifold M ⊂
J2(R2,R). In classical coordinates x, y, z, u, p, q, r, s, t on J2(R2,R), M is defined by t =
r − sinu. The pullbacks of the standard contact forms to M are

θ0 = du− p dx− q dy,

θ1 = dp− r dx− s dy,

θ2 = dq − s dx− (r − sinu) dy

Their exterior derivatives satisfy

dθ0 = −θ1 ∧ dx− θ2 ∧ dy ≡ 0 mod θ1, θ2

dθ1 = −dr ∧ dx− ds ∧ dy,
dθ2 = −ds ∧ dx− (dr − cosu du) ∧ dy ≡ −ds ∧ dx− (dr − p cosu dx) ∧ dy mod θ0.

Suppose that E2 is an integral element on which dx∧dy 6= 0. It is not hard to see that there
are 1-forms π1 ≡ dr mod dx, dy and π2 ≡ ds mod dx, dy, such that π1, π2 both vanish on E2,
and

dθ1 ≡ −π1 ∧ dx− π2 ∧ dy,
dθ2 ≡ −π2 ∧ dx− π2 ∧ dy

mod θ0, θ1, θ2.

Let v ∈ E2 be such that dx(v) = 1 and dy(v) = ε. Because this Pfaffian system has constant
rank 3, the 1-plane E1 spanned by v is an ordinary integral element. The polar space H(E1)
is annihilated by θ0, θ1, θ2 and

v dθ1 ≡ π1 + επ2

v dθ2 ≡ π2 + επ1
mod θ0, θ1, θ2.

So, for ε sufficiently small, H(E1) = E2, and we see that E1 is regular. The Cartan-Kähler
Theorem then implies that, given an analytic 1-dimensional integral submanifold (on whose
tangent spaces dy/dx is sufficiently small) we can extend it uniquely to an analytic integral
surface, in the vicinity of any given point.

It is not hard to see how this could be done just using the Cauchy-Kowalevski Theorem.
We can rewrite the EDS as a system of PDE in evolution equation form, where u, p, q, r, s
are the dependent variables:

∂u

∂y
= q,

∂p

∂y
= s,

∂q

∂y
= r − sinu,

∂r

∂y
=
∂s

∂x
,

∂s

∂y
=
∂r

∂x
− p cosu,

3This means that the dimension of their intersection is as small as possible.
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where the last two equations are equivalent to the vanishing of the generator 2-forms. The
initial data could be given by prescribing the value of u and p along the x-axis:

u(x, 0) = f(x), p(x, 0) = f ′(x), q(x, 0) = g(x), r(x, 0) = f ′′(x), s(x, 0) = g′(x)

for arbitrary analytic functions f and g. Note that the space of solutions depends on two
functions of one variable; as we will see shortly, this is what is predicted by Cartan’s Test.

Cartan’s Test. The Cartan-Kähler Theorem tells us when we can take an analytic n-
dimensional integral manifold and ‘thicken’ it to a (n+ 1)-dimensional integral manifold (at
least in a nieghbourhood of a given point). In theory, this theorem can be applied iteratively,
to construct integral manifolds of higher and higher dimension through a given point. But
we would still need to verify the hypotheses of the theorem every step of the way. Cartan
found a way to automate this, as follows.

Suppose that E0 ⊂ E1 ⊂ E2 ⊂ . . . ⊂ En, where dimEk = k, is a flag of integral elements
within TpM . We let ck = codimH(Ek). Cartan’s Test states that

codimEn Vn(I) ≥ c0 + c1 + . . .+ cn−1.

(Note that we do not assume that these integral elements are ordinary, so the codimension
on the left is defined in terms of the differentials of the functions defining Vn(I).) Moreover,
if Vn(I) is smooth at En and the equality holds, then each of E1, . . . , En−1 are regular. (In
fact, because the polar space codimensions must be locally constant, the same conclusions
apply to all nearby integral flags.)

When an ordinary integral element E contains a flag of regular integral elements, we say
that the EDS is involutive at E.

The impact of Cartan’s Test for involutivity is that, if we start with an ordinary integral
element En for an analytic EDS, and we can demonstrate that within En there is a flag of
integral elements whose polar spaces have the right dimensions, then it follows that there is an
integral manifold passing through E. This is because once we’ve shown that regular integral
elements exist, we can build up the integral manifolds of successively higher dimension using
Cartan-Kähler. At each step, these are determined by a choice of restraining manifold,
and it turns out that these choices amount to choosing s0 = c0 constants, s1 = c1 − c0
functions of one variable, s2 = c2 − c1 functions of two variables, and so on until we get to
sn = codimEn − cn−1 functions of n variables. These integers sk are known as the Cartan
characters of the flag. (The characters are computed this way, in terms of the polar space
codimensions ck, for any flag, involutive or not.)

To see where this function count comes from, let’s go back to the Lagrangian example,
i.e., where the EDS I is generated by Ω = dx1 ∧ dx2 + dx3 ∧ dx4 on R4. At the origin,
consider the flag E1 = { ∂

∂x1}, E2 = { ∂
∂x1 ,

∂
∂x3}, which has c0 = 0 and c1 = 1. Because

codimE2 V2(I) = 1 (after all, there’s just one 2-form that must vanish), and this equals
c0 + c1, and all integral 2-planes are ordinary, then Cartan’s Test asserts that E1 is regular.

Note that s1 = c1 − c0 = 1 and s2 = codimE2 − c1 = 1. Actually, these characters
are the same for any flag, because we can use the symplectic group (the group of linear
transformations of R4 that preserve Ω) to rotate any flag into this position.

Any integral surface N whose tangent plane is near E2 will be expressible as

x2 = F (x1, x3), x4 = G(x1, x3)

for some analytic functions F,G. We can construct N by successive applications of the
Cartan-Kähler Theorem as follows. First, we can build an integral curve P along which
x3 = 0 by setting x2 = f(x1), x4 = g(x1). (This is the first restraining manifold.) That’s
two functions of one variable, but only the first one is free; the second will be determined
by our next choice of restraining manifold. To expand P to an integral surface, we choose
a restraining manifold transverse to H(E1) = { ∂

∂x1 ,
∂

∂x3 ,
∂

∂x4}, of the form x4 = G(x1, x3). In
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order to contain P , we must have G(x1, 0) = g(x1). Thus, N is determined uniquely by one
function f of one variable and one function G of two variables.

Aside. On the three-dimensional restraining manifold R defined by x4 = G(x1, x3), the
2-form Ω pulls back to be decomposable, and in particular it has a Cauchy characteristic
vector field X. Extending P to an integral surface is just a matter of flowing by X.

The system for n-dimensional Lagrangian submanifolds in R2n is generated by

Ω = dx1 ∧ dy1 + dx2 ∧ dy2 + . . .+ dxn ∧ dyn

on R2n. For the flag E1 = { ∂
∂x1}, E2 = { ∂

∂x1 ,
∂

∂x2}, ..., En = { ∂
∂x1 , . . . ,

∂
∂xn} we compute char-

acters s1, . . . , sn which are all equal to 1. Thus, construction of an n-dimensional Lagrangian
submanifold depends on choosing one function of 1 variable, one function of 2 variables, and
so on, and finally one function of n variables.

Remark The inequality in Cartan’s test often expressed in terms of the characters sk

instead of the codimensions ck. To get from one to the other, suppose that m = dimM .
Then c0 = s0, c1 = s0 + s1, ..., cn−1 = s0 + . . .+ sn−1. Because m− n = s0 + . . .+ sn, then

c0 + . . .+ cn−1 = n(m− n)− (s1 + 2s2 + 3s3 + . . .+ nsn).

Thus, the inequality is equivalent to

s1 + 2s2 + 3s3 + . . .+ nsn ≥ n(m− n)− codimEn Vn(I).

Note that, n(m − n) is the dimension of the fibers of Gn(TM), so that when Vn(I) is a
smooth bundle over M , the right-hand side is the dimension of its fibers.

When applying Cartan’s Test, you should try to pick the flag so as to minimize the
quantity on the left. Because the sum s1+. . .+sn is fixed, this means choosing E1 generically,
so as to make s1 as large as possible, then choosing E2 ⊃ E1 to make s2 as large as possible,
and so on. The highest k such that sk 6= 0 is known as the Cartan integer of the system.
(The value of sk is simply called the character of the system.) The Cartan integer tells you
roughly how big solution space is: functions of one variable, or functions of two variables,
etc.

Example. Consider the PDE system

∂u

∂x
=
∂v

∂y
,

∂u

∂y
=
∂v

∂z
,

∂u

∂z
=
∂v

∂x
.

We can set this up as an EDS on the codimension-three submanifold M ⊂ J1(R3,R2)
determined by the equations. We’ll use x, y, z, u, v, p, q, r as coordinates on M , taking p, q, r
to be the derivatives of u, which determine the derivatives of v. In these coordinates, the
pullbacks of the standard contact forms to M are

θ1 = du− p dx− q dy − r dz,

θ2 = dv − r dx− p dy − q dz.

The ideal is generated algebraically by θ1, θ2, and

dθ1 = −dp ∧ dx− dq ∧ dy − dr ∧ dz,
dθ2 = −dr ∧ dx− dp ∧ dy − dq ∧ dz.

Notice that this example has the same structure as the one given just before the statement
of the Cartan-Kähler theorem. So, if we take a flag given by

E1 =

{
∂

∂x

}
, E2 =

{
∂

∂x
,
∂

∂y

}
, E3 =

{
∂

∂x
,
∂

∂y
,
∂

∂z

}
,
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then the polar space codimensions are c0 = 2, c1 = 4, and c2 = 5 (hence s1 = 2, s2 = 1
and s3 = 0). We can calculate the dimension of the space of integral 3-planes near E3 by

supposing that, on an arbitrary 3-plane Ẽ ∈ G3(TM) near E,

dp = p1
1dx+ p1

2dy + p1
3dz,

dq = p2
1dx+ p2

2dy + p2
3dz,

dr = p3
1dx+ p3

2dy + p3
3dz.

Then Ẽ is an integral 3-plane if and only if the array of pa
i ’s is symmetric and satisfies p1

1 = p2
3,

p2
2 = p3

1 and p3
3 = p1

2. Thus, the fiber dimension of V3(I) is three, while s1 + 2s2 + 3s3 = 4.
Could we have chosen a more generic flag, so to make s1 larger? Not really, because s1 is

the number of additional polar equations provided by the 2-forms of the system, and there’s
only two of them anyway. So, Cartan’s Test fails to provide us with a regular flag.

I’ll discuss what to do when Cartan’s Test fails in more general circumstances later.
However, in this case the failure is due to extra 2-forms that should be in the ideal but
aren’t. Every integral 2-plane of I is also an integral of the extra form

Υ = dq ∧ dx+ dr ∧ dy + dp ∧ dz.
If we add this to the ideal, then s1 goes up to 3, s2 = s3 = 0, and the system is now
involutive.

What does the extra 2-form mean? It represents three extra PDEs that are satisfied by
all smooth solutions of the original system. (As an exercise, you might write down these
extra PDEs that u and v must satisfy, and show how they can been derived from the original
system by differentiating and equating mixed partials.)



Lecture Three: Geometric Examples

In this lecture, I want to discuss several examples that illustrate how to apply EDS to
problems in differential geometry, and show how Cartan’s Test is usually applied. Most of the
examples will be set up on the orthonormal frame bundle F of three-dimensional Euclidean
space, so I will begin with defining that space and its standard coframe.

At each point of R3, we attach the set of all triples (e1, e2, e3) of unit vectors which are
mutually orthogonal and are positively oriented (i.e., e3 = e1 × e2). Since any such triple
forms a basis for the tangent space, we refer to it as an oriented orthonormal frame. Because
the vectors e1, e2, e3 form the columns of an orthogonal matrix, the set of all orthonormal
frames at all points is the product R3 × SO(3), i.e. , the fiber over any point is a copy of
the orthogonal group. We won’t usually use this matrix parametrization of F. (However, it
does show that the frame bundle is an analytic manifold.) Instead, we define a very useful
(analytic) coframe on F in the following way.

We’ll think of the projection to the basepoint as a vector-valued function x on F. Simi-
larly, we’ll regard e1, e2, e3 as vector-valued functions on F that give the individual members
of the frame represented by a given point in F. These are smooth functions, and their dif-
ferentials are vector-valued 1-forms which we may resolve in terms of the (variable) basis
e1, e2, e3:

dx = e1ω
1 +e2ω

2 +e3ω
3,

de1 = e2ω
2
1 +e3ω

3
1,

de2 = e1ω
1
2 +e3ω

3
2.

de3 = e1ω
1
3 +e2ω

2
3.

Because the frame components must remain mutually orthogonal as they vary over F, the
forms ωi

j are skew symmetric:

ω1
2 = −ω2

1, ω1
3 = −ω3

1, ω
2
3 = −ω3

2.

We take the convention that ω1
1 = ω2

2 = ω3
3 = 0; then the ωi

j form a matrix of 1-forms

taking value in so(3). (In fact, when we identify F with R3×SO(3), these restrict to be the
left-invariant forms on the SO(3) factors.) Because the forms ω1, ω2, ω3 are components of
dx, they are zero on the fibers of F, and for this reason they are referred to as the semibasic
forms on F. For the record, differentiating these equations implies the following structure
equations for the coframe:

dωi = −ωi
j ∧ ωj, dωi

j = −ωi
k ∧ ωk

j ,

where the indices run from 1 to 3, and summation is implied on repeated indices. (Note
that the second set of equations is equivalent to the Maurer-Cartan equations satisfied by
the left-invariant 1-forms.)

It’s important to understand what these forms measure. Suppose, for example, that Γ :
R → F is a parametrized curve. We can think of this as a parametrized curve γ(t) = x◦Γ(t)
in R3, with a smoothly varying orthonormal frame attached at each point along the curve.
Then Γ∗ωi gives the component of the instantaneous velocity of γ(t) in the direction of ei,
and Γ∗ωi

j gives the instantaneous rate of rotation of ej(t) in the direction of ei. Incidentally,

the ωi
j are known as the connection forms because they are zero if and only if the frame

is parallel along the curve.
In particular, if we adapted the frames so that e1 was always tangent to the curve in R3,

then Γ∗ω2 and Γ∗ω3 are both identically zero. Because dx = e1ω
1, then

∫
|dx/dt|dt =

∫
|ω1|,

and so Γ∗ω1 = ds for an arclength parameter s. If we construct a Frenet frame along the
curve, with e1 as tangent and e2, e3 as normal and binormal, then Γ∗ω3

1 = 0 also. Thus, a
Frenet frame along a curve in R3 gives an integral curve of the Pfaffian system 〈ω2, ω3, ω3

1〉
on F. Conversely, any integral curve of this system satisfying the independence condition

1



2

ω1 6= 0 is a “generalized” Frenet frame, where the curvature function is smooth but is allowed
to change sign. Incidentally, the curvature and torsion are given by

Γ∗ω2
1 = κ Γ∗ω1, Γ∗ω3

2 = τ Γ∗ω1.

Remark. The process by which one takes frames belonging to a certain geometry and
adapts them along a given geometric object (like a curve or a surface) is known as the
method of moving frames. Once the frame is essentially unique, the components of the
remaining nonzero connection forms give geometric invariants. Hugely expanded, this is
the core of Cartan’s method of equivalence, which is a systematic method for identifying
invariants of geometric structures on manifolds.

Discussion: Geometric Evolution Equations for Curves. Before passing on to
surface geometry, I want to mention an interesting problem concerning curves. Let’s say
that a geometric evolution equation for curves in Euclidean space is a flow

∂γ

∂t
= f [κ, τ ]T + g[κ, τ ]N + h[κ, τ ]B

where T,N, B are the usual Frenet frame vectors along γ and the components are functions
of κ, τ and finitely many of their arclength derivatives. One very simple example is the vortex
filament flow

∂γ

∂t
= κB,

which is a simplified model of the motion of vortex lines moving through an incompressible
fluid under their own power. One of the interesting features of this flow is that it has infin-
itely many conservation laws, and in fact is completely integrable in the Hamiltonian sense.
(The conservation laws involve functions of curvature and torsion of arbitrarily high order.)
An open problem is to classify those geometric evolution equations which are completely
integrable. The vortex filament flow is part of a infinite hierarchy of commuting flows, with
right-hand sides of increasingly high order, which share the same conservation laws. The
other known integrable hierarchy of geometric evolution equations for curves in R3 begins
with the flow

∂γ

∂t
=
−1

κ
T +

κ′

κ3
N +

τ

κ2
B,

which may be derived by imposing the existence of a generalized symmetry of arbitrarily
high order on the induced evolution equations for curvature and torsion.1

The reason this is relevant in this context is that it may possible to use Cartan’s method
of equivalence to classify evolution equations that admit a sufficiently high number of con-
servation laws. The pioneering work here was done by Bryant2, who (for example) was able
to show that the evolution equation

γt = κN

for planar curves, known as the curve-shortening flow, has only one conservation law of any
order. (For simple closed curves, the conserved quantity is the rate of change of the area
enclosed by the curve.) Bryant’s work was extended to one time and two space variables by
Jeanne Clelland, but it would also be interesting to extend it to the curve-shortening flow
in R3.

The curve-shortening flow in R3 may be encoded the following exterior differential system
on F × R2, where we add t and κ as the extra variables:

I = 〈ω2 − κ dt, ω3 ∧ dt, ω3
1 ∧ dt, (ω2

1 − κω1) ∧ dt〉.

1See “Integrable Geometric Evolution Equations for Curves”, Contemporary Mathematics vol. 285
(2001), 71–84.

2See “Characteristic Cohomology of Differential Systems II”, Duke Math J. vol. 78 (1995), 531–676.
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(The independence condition is ω1 ∧ dt 6= 0.) Note that the vanishing of these forms ensures
that, along each constant-time slice of an integral surface satisfying the independence con-
dition, the Frenet equations (ω2 = ω3 = ω3

1 = 0) hold, and κ actually is the curvature. The
vanishing of the 1-form ω2 − κ dt ensures that the time velocity of the curve is κ times the
Frenet normal.

Exercises:
(a) Find an EDS on F × R that encodes the curve-shortening flow without using κ as an
extra variable.
(b) Find an EDS that encodes the vortex filament flow.

Example: Surfaces in R3. Suppose S is a surface in R3. We will adapt frames along
S so that e1, e2 span the tangent space and e3 is a unit normal. (Whenever I later refer to
‘adapted frames’ for surfaces, I’ll mean this or something which satisfies more conditions.)
Such a framing provides a lift λ : S → F such that λ∗ω1 ∧ ω2 6= 0 and λ∗ω3 = 0. This
is because ω3 measures how much x moves in the direction of e3, but it can’t move in the
direction of e3 when we restrict to S.

We will later add more 1-forms to this EDS which will encode various special geometric
conditions. For now, let’s apply Cartan’s Test to the EDS I generated algebraically by ω3

and

dω3 = −ω3
1 ∧ ω1 − ω3

2 ∧ ω2,

with the independence condition ω1 ∧ω2 6= 0. An integral 2-plane E at a point of F may be
specified by equations involving 5 arbitrary parameters:

ω3 = 0, ω3
1 = aω1 + bω2, ω3

2 = bω1 + cω2, ω1
2 = eω1 + fω2.

Taking any 1-plane within this integral element, we get the characters s0 = 1, s1 = 1 (there’s
only one 2-form to contribute an additional polar equation) and s2 = codim E−(s0+s1) = 2.
We compare s1 + 2s2 = 5 with the fiber dimension of the space of integral elements, and see
that the system passes Cartan’s Test, and solutions depend on two functions of two variables.

Wait a minute! A surface is locally a graph, which amounts to just one function of two
variables. Where’s the extra function coming from? The fact is that an integral surface for
this EDS is a surface in R3 with an adapted framing along it, and the adapted framing is
where the extra function comes in: you can change to different lifting of the same surface
in R3 by rotating the frame vectors e1 and e2 (while keeping the surface normal e3 fixed)
through an angle which varies over the surface.

Performing these rotations amounts to moving the integral surface in a direction which
is dual to the 1-form ω1

2 (that is, every other 1-form of the coframe on F is zero on these
directions); the fact that ω1

2 appears nowhere in the algebraic generators for the EDS means
that this direction is a Cauchy characteristic for the system.

This example shows that the presence of Cauchy characteristics may artificially inflate
the size of the solution space, as read off by Cartan’s Test. To compensate for this, we can
either add the Cauchy characteristic directions to the independence condition or ignore them.
In this example, the first option would mean solving for three-dimensional integral manifolds
on which ω1∧ω2∧ω1

2 6= 0, which would represent a surface together with all possible adapted
framings along it. (This system is still involutive, with s1 = 1, s2 = 1, s3 = 0.) The second
option would be to leave ω1

2 out of the fiber dimension count and the calculation of codim E.
(You can check that this decreases both sides of the inequality in Cartan’s Test by the same
amount.) On a more sophisticated level, when we do this we are actually working on the
quotient of F by the foliation formed by the Cauchy characteristic directions.

Example: Congruent surfaces. Along any adapted lift for a surface, we’ve seen that

ω3
1 = aω1 + bω2, ω3

2 = bω1 + cω2
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for some functions a, b, c. These are components of the second fundamental form relative to
the basis given by e1, e2, and so the Gauss and mean curvatures of the surface are given by

K = ac− b2, H = 1
2
(a + c).

The first fundamental and second fundamental form are geometric invariants, i.e, if sur-
faces are congruent under a combination of rotations and translations R3 (in a way that
preserves the orientation on the surface determined by the unit normal), then the first and
second fundamental forms match up. (If the orientation is reversed by the transformation,
then the second fundamental form will be multiplied by −1.) The converse is also true,
and proving it is a nice application of Cartan’s “method of the graph” and the Frobenius
theorem.

If two surfaces S and S are congruent, then the congruence transformation will carry
orthonormal frames on S to orthonormal frames at the corresponding points on S. Thus,
there will be a map from an adapted lift of S within F to an adapted lift of S within another
copy of the frame bundle, which we’ll denote by F. The graph of this map will be a surface
in F × F, and we’ll set up an EDS whose integral surfaces are exactly the graphs of maps
between lifts of congruent surfaces.

Suppose f : S → S is an isometry (i.e., it preserves the first fundamental form), and
fix a choice of adapted framing along S. Then f takes the frame (e1, e2, e3) at p ∈ S to
(f∗e1, f∗e2, f∗e1 × f∗e2), which is an adapted frame at point on f(p) ∈ S. The graph of the
map between lifts is the set

(p, e1, e2, e3; f(p), f∗e1, f∗e2, f∗e1 × f∗e2) ∈ F × F.

This surface Σ is an integral of ω3 and ω3, and also of ω1 − ω1 and ω2 − ω2. (Because, if
we take a tangent vector to Σ and push it forward to S and to S, then the components
with respect to e1 and e2 are the same as those with respect to f∗e1 and f∗e2.) The exterior
derivatives of these forms are

d(ω1 − ω1) ≡ −(ω1
2 − ω1

2) ∧ ω2

d(ω2 − ω2) ≡ (ω1
2 − ω1

2) ∧ ω1

dω3 ≡ −ω3
1 ∧ ω1 − ω3

2 ∧ ω2

dω3 ≡ −ω3
1 ∧ ω1 − ω3

2 ∧ ω2

 mod ω3, ω3, ω1 − ω1, ω2 − ω2.

But our integral surfaces should satisfy the independence condition ω1 ∧ ω2 6= 0, and the
vanishing of the first two 2-forms implies that ω1

2 −ω1
2 is a multiple both of ω1 and ω2. This

can’t be, unless ω1
2 − ω1

2 = 0 along the surface. So, we need to add this 1-form to the EDS.
Its exterior derivative is

d(ω1
2 − ω1

2) = ω3
1 ∧ ω3

2 − ω3
1 ∧ ω3

2,

and the vanishing of the right-hand side just says that the Gauss curvatures must be the
same at corresponding points on S and S. Our conclusion is that any integral surface of
this (augmented) EDS satisfying the independence condition ω1 ∧ ω2 6= 0 defines a pair of
surfaces in R3 and a local isometry between them. (This system is involutive, with characters
s0 = 5, s1 = 3 and s2 = 1. In these counts, we are ignoring the Cauchy characteristic
directions corresponding to simultaneously the frames within the tangent planes on the two
surfaces.)

But now suppose that not only is f an isometry, but also preserves the second funda-
mental form. This means that Σ is also an integral of ω3

1 − ω3
1 and ω3

2 − ω3
2. Now, you can

check that the Pfaffian system

I = 〈ω1 − ω1, ω2 − ω2, ω3, ω3, ω1
2 − ω1

2, ω
3
1 − ω3

1, ω
3
2 − ω3

2〉
is actually Frobenius, and this implies that its integral surfaces foliate F× F. In particular,
through any point of F × F, there is a unique integral surface. However, given a point

(p, e1, e2, e3, p, e1, e2, e3) ∈ F × F,
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we can also find a unique combination of rotation and translation that brings (p, e1, e2, e3)
to (p, e1, e2, e3). So, our isometry f must be the restriction of a combination of rotations and
translations.

Remark. This result—that any correspondence between surfaces that preserves the first
and second fundamental forms must be a congruence—was originally proved by Ossian Bon-
net, a French geometer of the mid-nineteenth century. Bonnet also investigated the question
of whether, if the isometry f doesn’t preserve the whole second fundamental form, but just
its trace and determinant, does it still have to be a congruence?3

It turns out that the answer is no, provided the surfaces belong to certain special types,
namely CMC (constant mean curvature) surfaces, or Bonnet surfaces or comprise a Bonnet
pair. For CMC surfaces (which include minimal surfaces as a special case) there is always a
one-parameter family of deformations of a given CMC surface, which are isometric, have the
same mean curvature, but are not congruent. (The deformation from the catenoid to the
helicoid is an instance of this.) Similarly, a Bonnet surface admits a one-parameter family
of mean-curvature-preserving isometric deformations, but there is only a finite-dimensional
family of Bonnet surfaces, which were described by Cartan4. (More recently, Chern5 obtained
a nice characterization of them.) Finally, a Bonnet pair of surfaces are isometric with
preservation of mean curvature, but cannot be deformed one to the other. The classification
of all Bonnet pairs is still an open problem, although Kamberov, Pedit and Pinkall6 have
classified all pairs parametrized by a simply connected domain.

Example: CMC surfaces. Recall that for an adapted lift on a surface,

ω3
1 = aω1 + bω2, ω3

2 = bω1 + cω2

where a, b, c are the components of the second fundamental form. Notice that ω3
1 ∧ ω2 =

aω1 ∧ ω2 and ω3
2 ∧ ω1 = −cω1 ∧ ω2. Therefore, if the mean curvature is a constant H0, then

the adapted lift will be an integral surface of the EDS

I = 〈ω3, ω3
1 ∧ ω2 − ω3

2 ∧ ω1 − 2H0ω
1 ∧ ω2〉,

where we take the independence condition ω1 ∧ ω2 6= 0. Ignoring the Cauchy characteristic,
the fiber dimension of V2(I) is 2, and the characters are s0 = 1, s1 = 2 and s2 = 0. The
system is involutive, with solutions depending on two functions of 1 variable. For example,
we can construct a CMC surface through any given curve in R3. By lifting the curve into F

so that e1 is the unit tangent and e3 is the Frenet normal, we can even ensure that the given
curve is a geodesic in the resulting surface.

Constant mean curvature surfaces are a special case of linear Weingarten surfaces, which
satisfy some constant coefficient linear relationship between K and H:

AK + 2BH + C = 0

Adapted frames on these surfaces are integrals of the EDS generated by ω3 and

Φ = Aω3
1 ∧ ω3

2 + B(ω3
1 ∧ ω2 − ω3

2 ∧ ω1) + Cω1 ∧ ω2.

This system again does not involve ω1
2, and thus has the Cauchy characteristic given by

spinning e1 and e2. Ignoring these, the system is involutive with s1 = 2 as the last nonzero
character. (However, you have to be careful about picking your flag. As we will see later, for
some Weingarten equations there are integral 1-planes for which the polar space dimension
pops up.)

3In the 19th century literature, pairs of surfaces which are (locally) isometric but not congruent are said
to be applicable to one another.

4“Sur les couples de surfaces applicables avec conservation des courbures principales”, Oeuvres Complètes
Part 3, vol. 2

5“Deformation of surfaces preserving principal curvatures”, Selected Papers, vol. 4
6“Bonnet pairs and isothermic surfaces”, Duke Math. J. vol. 92 (1998), 637-644


