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GENERALISED PIGGYBACK DUALITIES AND APPLICATIONS
TO OCKHAM ALGEBRAS
B. A. Davey and H. A. Priestley*

B. A. Davey and H. Wemer developed in [11] a general procedure for creating a
natural duality between a prevariety 4 = ISP(P) generated by a single algebra P and a
category X of topological structures. In [12,13] they showed how certain natural
dualities could be obtained, piggyback-fashion, from existing dualities. (In the
examples presented, either the Priestley duality for bounded distributive lattices or the
Hofmann-Mislove-Stralka duality for semilattices was used.) This new approach had
the great merit of indicating, in a way that the theorems of [11] did not, how best to
construct X. Among the varieties for which dualities were constructed, in either [11],

[12] or [13], were Stone algebras, Ockham algebras and the subvarieties P nd

m,n> &
certain varieties of pseudocomplemented distributive lattices and Heyting algebras.
With the exception of Kleene algebras, all these varieties come within the scope of the
Piggyback Duality Theoremin [12,13].

This paper deals with a generalisation of the duality theory of [11,12,13]
applicable to a wide range of varieties, including the rogue example of Kleene algebras
mentioned above. To motivate our strategy we begin with an informal discussion,
without proofs, of duality for Kleene algebras. Sections 1 and 2 contain the general
theory inspired by this example. In the final section we apply our results to Ockham
algebras and obtain a natural duality for every variety generated by a finite subdirectly
irreducible algebra. These dualities are such that products in the dual categories are
cartesian, but are in some ways less easy to work with than the previously emvloyed
restricted Priestley duality. We indicate the relationship between the two available

dualities on a given variety, so that these can be used in conjunction as seems

*This research was carried out while the second author held a visiting research fellowship at
La Trobe University supported by ARGS Grant B83157111.
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expedient. We discuss applications of our theory to other varieties of
distributive-lattice-ordered algebras in a later paper, in which we also consider the
problem of constructing full dualities.

We recall that the variety, K, of Kleene algebras is ISP(K), with K=
(K;n, v,0,1,~) where K={0,,1} and 0=~1<c=~c< 1=~0. It is characterised
algebraically by the equations for bounded distributive lattices together with

~~a=a ~(@an b)=~av ~b,~0=1anda A~a<b v ~b.

The duality for K in [11] (pages 175-178) is arrived at as follows. A topological

structure is imposed on the underlying set of K, viz.
K= (K;T,<<,K0, -)
where 7 is the discrete topology, K is the subspace containing the points 0 and 1 (and

may be regarded as the relation {(0,0),(1,1)}), — is the relation Kz\{(O,l),(l,O)} and

<isthe partial order shown below:

0 1

Each of the relations introduced is a subalgebra of I_(2. The category IS P(K) of
isomorphic copies of closed substructures of powers of K is denoted by X. There exist
natural hom-functors D: X > X and E: X - K given by

D: AP K(AK) < KA
and

E: X+ X(X.K) < KX.
The NU-Duality Theorem ([11], Theorem 1.19) implies that, for each A € A, the
evaluation e A A = ED(A) is an isomorphism. The justification at this stage for the
choice of relations defining K seems to be merely that it makes the NU-Duality
Theorem applicable: the relations are algebraic and sufficient to generate (in the sense
of [111, page 140) all subalgebras of K2.

To provide a rationale for the choice we need to review briefly the piggyback

approach to duality, insofar as it applies to a prevariety A =ISP(P) of

bounded-distributive-lattice-ordered algebras. We assume familiarity with Priestley
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duality (for which we take the recent survey articles [9] and [16] as our reference).
We denote the category of bounded distributive lattices by D and the dual category of
compact totally order-disconnected spaces by P. The functors establishing the duality

are defined, for A €D and X €EP by

H: ApD(A2) <24
and )

K: X P(X,2) <24
where 2 is the 2-element chain in D and z is the 2-element chain with the discrete
topolog_y, regarded as lying in P. The evalu;tion map from A to KH(A) is denoted by
Ka; it is an isomorphism for every A in D. Given the prevariety 4 = ISP(P) we may
seek a topological structure P on the underlying set P of P which is such that the
evaluation maps ep’ A >ED(A) are isomorphisms, where D(A) :=A(A,E),
E(X) :=X(X,P) and X := ISCP(E). The idea in [12,13] is to choose P so that, for each
AEA4, a one-to-one map A: ED(A) > KH(A) exists such that Ao eA=kA, and
thereby to show that each map k  is an isomorphism. (Here A € 4 and its reduct in D
are denoted by the same symbol and the functors H and K of the D-P duality are
suitably restricted.) We now need to construct A. A natural way to proceed is to take a
D-homomorphism oz P—>2 andtolet ®, :=ao-. Assuming ®,, is onto we may try to

define A by means of the diagram
¢

A(AP)——— P

®, o

DA —— 2

()] &
in which ¢ € ED(A) = X(4(A,P),P). To carry out this programme we require

(1 &, onto,

(ii) E such that A(#) is well-defined, continuous and relation-preserving, and

(iii) E such that A is one-to-one.
It turns out that Condition (ii) can be met by including among the relations of I~’ every
maximal A-subalgebra of ker(a) (CP X P) not contained in the diagonal and every

maximal 4-subalgebra of
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o l(<) = {(¢,9) €P X Pla() < a(¥)}.

Conditions (i) and (iii) can be met by including among the relations of P the graphs of
a collection of endomorphisms of P which together with « separate the points of P.

The reason that this programme fails for A = K is that it is not possible to choose
a: K =2 such that @, is always onto. There are two D-homomorphisms from K to 2,
« and B, defined by

«(0) =0, a(c)=a(l) =1 and B(0) =(c) =0, f(1) = 1.

Take A =K. The hom-set K(A,K) consists of the identity, id, alone. Neither @
id » «a nor (I)ﬁ: id = g is onto D(A,;). To see what happens for an arbitrary A € K it is
convenient to make use of the restricted D-P duality for K. Let Y be the category
whose objects are pairs (Y;g), where YEP and g: Y—>Y is a continuous

2

order-reversing map, with g~ equal to the identity map, and such that, forevery y €Y,

y and g(y) are comparable, and whose morphisms are continuous order-preserving
maps commuting with g. Then H and K establish a (full) duality between K and Y.
Negation on A € K and the g-map on H(A) € Y are linked by

(Va€ A)(Vy €H(A)) gly)a)=1ey(~a)=0.
Fix A€K and let x € K(AK). Then oo x € D(A,g) and, foralla €A,
glae x)(@) =1 o (o x)(~a)=0
< ox(~a)) =0
< of~x(a)) = 0 (since x preserves ~)

< ~x(a)=0 (by definition of &)
+ x(a)=1.
It follows that g(aox)(a) =1 implies (aox)(a)=1, whence aox €
{y ED(A,g)Ig(y) < v}. Conversely, every y € D(A,2) with g(y) <y is of the form aox
for some x € K(A,K). The required x is defined by
0if y(@) =0, y(~a) = I,
(Va€eA) x@=<cify(a)=y(~a)=1,
lify(a) =1, y(~a)=0.

Thus Im &, = {yEH(A)|g(y)<vy}. A similar argument shows that Im CIDB =
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{y €EH(A)jg(y) > y}. Thus although neither &, nor (I)g is onto in general, the maps
®,, and fl)ﬁ are always jointly onto: Im @, UIm <13ﬁ= H(A). This suggests that we
should use both « and f8 to build a piggyback duality for K. Let us review the relations
of K = (K;7,<,Kg,—) in thislight. The partial order < := {(0,0),(c,c),(1,1),(0,¢),(1,c)}
is the unique maximal K-subalgebra of a‘1(<). The distinguished subspace Kq (qua
relation) is just ker(aB):= {(¢,§) € K X Kle{¢) =p(y)}, which is already a
K-subalgebra of 52_ Finally —= Kz\{(O,l),(l,O)} coincides with the unique maximal
K-subalgebra of
(8,00 1<) := ((6,¥) EK X KIB(4) < a(§)}.

This provides confirmation that for a prevariety 4 = ISP(P) we should in general
consider a family Qp of D-homomorphism onto 2 for which the induced maps ®,:
A(A,_P) »D(A,z) (oz_e SZP) are jointly onto and define the topological structure P
using maximal A-subalge_bras of ker(ai,aj) (ai,ajeﬂp), maximal A-subalgebras of
(ui,czj)'l(<) (ai,aj € .QP) and a suitable set of endomorphisms of P.

The theory in [11,12,13] concerns prevarieties. It handles varieties only where
these happen to be of the form ISP(P) for a single (subdirectly irreducible) algebra P.
Very many familiar varieties are of this type, Kleene algebras included, but, for
varieties of Ockham algebras at least, it is the exception rather than the rule that a
variety HSP(P) coincides with the prevariety ISP(P). However, Birkhoff’s Theorem
implies that we do always have HSP(P) = ISP(Il), where II is the class of subdirectly
irreducible algebras in the variety. Section 1 is devoted to a discussion of what is
entailed in extending the duality theory in [11] to a (pre)variety, A, generated by a
family of algebras, II. The dual of an algebra A in A4 is taken to be a disjoint union,
L'J(A(A,E)lBG@ < IlA, where L]= L'J(Pllie I1), endowed with relations which are
subalgebras of products P; X---X P, (P; €II). This leads on to a very general
piggyback duality theorem applicable to prevarieties ISP(IT) and allowing for a family
of homomorphisms Qp for each P € IL.

For Kleene aneb_ras it is not necessary to replace Kbya family of algebras E, S0
long as we allow a 2-element set Qy = {@,8}. An alternative, yielding an isomorphic
dual category, is to take I1= {l’oi’l} where each of PPy isK and to let each

Q,Pi contain a single homomorphism ¢;, where ag = o, a) = f. We then have, for each
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A €K, a dual D(A) which is the disjoint union K(A,BO) v] K(A,P{). The generalised
Piggyback Duality Theorem indicates that we should structure Pg J P (and thence,
pointwise, D(A)) by taking the following relations and homomorphisms:

(a) the maximum K-subalgebras of ozbl <), oz'll (), (ao,al)'1(<) and

(al,ao)'l(<), which we denote, respectively, by <, <1, < and >—;

(b) gy: Py P and g1: Py > P defined, for ¢ € P;, by g;(¢) = o.

The components K(A,Pq) and K(A,P{) of D(A) correspond, under the bijections <I>a0
and fI>a1 to the subspaces H(A)0 = {y€HA)g(y) <y} and H(A)1 =
{y €H(A)|g(y) = y}. When the relations and homomorphisms on D(A) are transferred
to H(A)0 and H(A)1 via these bijections we find that they relate to the structure on
H(A) (an object of Y) in the following way. The pointwise extensions of <q and <
give the partial orders induced on H(A)0 and H(A)1 from H(A), while < and >— give
“interconnecting orders,” specifying which elements of H(A)l majorise which
elements of H(A)0 and vice versa. The homomorphisms gy and gj, extended
pointwise, give g on H(A)0 and H(A)1 respectively. The spaces K(A,P;) and H(A)i are
homeomorphic. Thus the duals, D(A) and H(A), of A €K for the two dualities are
related in a very natural way. The chosen structure on Pg U P is just what is required
to reconstruct H(A) from K(A,EO) and K(A,P|). Set theoretically H(A) is obtained
from K(A,EO) J K(A,Bl) by identifying xq € K(APy) with x1 € K(A,fl) if and only
if for all a € A, xl(a) > xo(a) and xo(a) < x1(a). On the resulting set, the topologies
patch together correctly, <(, <1, > and < combine to give a partial order, and g0
and g combine to give a continuous order-reversing map. The resulting space is
isomorphic to H(A). The major advantage of D(A) over H(A) is that the former has
algebraic relations, and lives in a category which has “cartesian” products and “free”
objects (neither of which holds in the restricted D-P dual category Y).

1. Natural dualities for varieties. In B. A. Davey and H. Werner [11, 12, 13],a
general framework is described for creating a (full) duality between the prevariety
A= ISP(E) generated by an algebra P and a category X of topological structures. We
refer to such dualities as “‘natural” since

(i) the algebra Pe4 plays a schizophrenic role typical of duality theorems and

lives as an A-algebra P in the category X
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(ii) the structure on geX consists of operations, partial operations and
relations which are algebraic over P; that is, the relations and the graphs of the
(partial) operations are subalgebras of the appropriate powers of P;

(iii) the duality between 4 and X is given by naturally defined hom-functors
A(G-P): A > X and X(-P): X > 4;

(iv) the category X has free objects, and products in X are simply cartesian

products with the relations and (partial) operations extended pointwise.

We shall now show that some straightforward modifications allow us to set up a
similar framework for the prevariety generated by a family IT of algebras. This allows
us, for example, to extend the duality from [11] for the prevariety ISP(P) generated
by a finite lattice-ordered algebra P up to a duality for the whole variety HSP(P)
generated by P.

Let IT be a family of algebras and assume that the underlying set P of each
algebra P = (P;F) in IT is equipped with a compact Hausdorff topology with respect to
which each operation in F is continuous. Consider an object

IT= (UPIP €I);,G,H,R,7)
where

(a) G is a set of maps each of which is a homomorphism g: Py X---X P, > P4

for some Py,....P 41 €],

(b) H is a set of maps each of which is a homomorphism h: D _’En+l’ with_D a

proper subalgebra of Py X ---X P for some Py,...P .1 €],

(c) R is a set of relations each of which is a subalgebra of P| X -+ -X P, for some

Pp,Py €T,

(d) 7is the disjoint union topology.

By analogy with the case where II consists of a single algebra, we refer to the
maps in G as operations and those in H as partial operations and we summarize (a), (b)
and (c) by saying that the structure on I~I is algebraic over I.

Assume that (X;7) is a topological space and that X is written as a disjoint union
indexed by II:

X = U(XplP € ID).
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If for every operation g: Py XeeX Bn_’PnH in G there is a corresponding map
g Xp, X=X Xp — Xp ., and similarly for the partial operations in H and the
11 n n+1

relations in R, then we refer to
X=(X;G,H,R,7)

as a [kindexed structure (of the same type as H), and Xp is called the P-component of
X. If X and X are both Tkindexed structures, then a_map ¢: X >Y is a morphism
provided it maps Xp into Yp for all P € II and preserves the relations and (partial)
operations in the ot:vious se;se. On any subset Y of a [Hndexed structure X, the
relations in R may be interpreted by restriction. If Y is closed under the operations
and partial operations, then with the induced structure it becomes a II-indexed
structure X Such Tlindexed structures will be referred to as subalgebras of Z( A
morphism which is an isomorphism onto a subalgebra will be called an embedding. For
any set S, we obtain a El-indexed structure HS whose underlying set is
nS :=uESpem)

with the obvious topology, and operations, partial operations, and relations extended
pointwise in the natural manner.

We now define X to be the category of all E—indexed structures which are
isomorphic to a closed subalgebra of some power L]S of E (in symbols, X := ISCP(E)).
The category A :=ISP(I) is simply the prevariety generated by the family IJ of
algebras.

It is an easy matter to mimic the early development in B. A. Davey and H.

Werner [11]. For every A€M,
D(A) := U(A(A,P)IP €TT)
is an X-subalgebra of QA, and for every X € X,
E(X) := X(XID)
is an A-subalgebra ofI[(Qpl_P €1I) where Qp is P raised to the power Xp. Thus we

obtain contravariant functors

D:A->XandE: X>A4

which are adjoint on the right. Moreover the evaluation maps (the units of the
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adjunction)

% A > ED(A), eA(a): x b x(a)
and

€x: X = DE(X), ex(x): ara(x)
are embeddings. This situation we call a natural proto-duality and if e, is onto (and
therefore an isomorphism) for all A € A we say that we have a n;tural duality
between 4 and X. If ey is also onto (and therefore an isomorphism) for all X € X,
then we say that the duai;ty between A and X is full.

The category X is particularly well behaved.

1.1 LEMMA. Products in X are cartesian on components. If {)Sili €1} isa
family of Tkindexed structures from X, then the product H(’)v(iliel) in X has its
P-component given by

xhi € np =IIxbli € 1)
{where the product on the right is cartesian): the topology is the obvious one and the
relations and (partial) operations are the pointwise extensions of those on the
coordinates. The i-th projection
m: H(Z(ili el - )ﬂgi
is the union of the natural projections on the P-components.

PROOF. That n()“(‘ili €1) as defined belongs to X follows from the fact that a
product of powers of Ilis a power of Il and a product of embeddings is an embedding.
The rest of the proof is straightforward.m

The first part of the following lemma is an immediate consequence of Lemma 1.1
and the second part follows, as in Lemma 1.6 on page 120 of [11], from the fact that
the structure on }:l is algebraic over Q Denote by FA(S) the free algebra in A
generated by the set S.

1.2 LEMMA. The object ES is the S-fold power of Ll in X and is isomorphic to
D(FA(S)). The map p: D(FA(S)) — ES’ which restricts each x € D(FA(S)) to S, is an
X-isomorphism.

For any set S, each S-ary term t in the language of 4 induces an X-morphism
t: ES - E which is the disjoint union of the induced S-ary term functions t: pS>p

for E € [I We refer to such an X-morphism as an (S-ary) term function on E
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Before we can state the Duality Theorem we need the following result whose
proof is a simple extension of the proof of Lemma 1.7 on page 120 of [11] and so is
omitted.

1.3LEMMA. If ABE€ A and k: A = B is an onto homomorphism then
D(k): D(B)-> D(A) is an embedding in X.

The Duality Theorem is also presented without proof. It is a straightforward
extension of the corresponding result in [11];Theorems 1.8 and F.1 (on pages 121 and
251).

1.4 THE DUALITY THEOREM. The natural proto-duality D,E between A and
X is a duality if and only if

(D1) LI is injective in X with respect to the embeddings D(k): D(B)— D(A)

where k: A = B is an onto homomorphism in A, that is, for each ¢ EX(D@),E)

there exists ¢' € X(D(A),ID with ¢'oD(K) = ¢;

(D2) for each positive integer n, every ¢ EX(LI“,E) is an n-ary term function on

1T

(D3) for each set S, every ¢ EX(LIS,LI) has a finite support, that is, there exist

$1,+-:8y €8 such that for all pe Eandallx,yEPS, if x(s;) = y(si) for 1<i<n,

then ¢(x) = ¢(y).

Furthermore, if Nisa finite set of finite subalgebras, then D.E is a duality if and
only if (D1) and (D2) hold.

If D,E is a duality between A and X, then by restricting the codomain of D and
the domain of E we obtain a full duality between A and D(4) C X. Of course in

practice we want the full dual category to be closed under isomorphisms so
X;=1ID) = {X € X| ey is an isomorphism }

is a more natural choice. In many cases we find that X=X, but Xy can be a proper
subcategory of X. Some conditions under which X itself is the full dual are given in D.
M. Clark and P. H. Krauss [6]. Unfortunately there is no general theory which
produces a workable axiomatisation of Xy In practice we choose some
isomorphism-closed category X’ with D(4) C X' C X and we try to ascertain whether
€y is an isomorphism for all X € X".

Both of the full duality theorems of [11] carry over to the present setting, but a
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little more work is required to set them up.

The category ILSer is defined in the obvious way: an object is a Il-indexed
disjoint union of sets and a morphism is a set map which maps the P-component of its
domain into the P-component of its codomain. Note that if II consists of a single
algebra, then the categories Se# and ILSez are isomorphic. There is an obvious forgetful
functor from X into IFSez.

Given a IFindexed set S, say S = L'J(SPIP € I0), define the A-algebra HS to be
H(QP|P € TII) where QP is P raised to the power SP

Note that if |TI| > 2, then free objects will not exist in Xy: clearly FXg(1) does
not exist since there is no canonical choice for the component which contains the free
generator.

1.5 LEMMA. Assume that D,E is a duality between A and X. Then the forgetful
functor, |-|, from Xy into 1ESet has a left adjoint, the free Xt—object generated by a
THindexed set S = L’J(SPIP € II) being FXKS) = D(HS) The canonical THndexed-set
map from S into FXf(S) maps s € SP to the projection m QP ->P foreach P € M.
When |1| = 1 this yields the free Xobject generated by the set S as FX(S) = D(PS)
where E = {B}, the free generators being the projections.

PROOF. Denote the natural contravariant Ilindexed hom-set functor from A to
ELSet by U, that is,

U(A) :=U(4(AP)IPETD).
Define a contravariant functor V: [FSer ~>A by V(S) := IJS. It is easily seen that U
and V are adjoint on the right. The chain of natural bijections below now establishes
the result. For all S € IkSez and all X € X,
IESer(S,1X1) = IESet(S,|IDE(X)) = [1Ser(S,UE(X)) = A(E(X),V(5))
=~ X(DV(S),DE(X)) = X(DV(5).X). =

1.6 LEMMA. Assume that D,E is a duality between A and X. Then each algebra
PE 1l is injective in A with respect to the embeddings E(¢): E(Y)~> E(X) where
¢: XY is an onto morphism in Xy, that is, for each k € A(E(Y),P) there exists
k' € A(E(X),P) with k'-E(¢) =k

PROOF. Let BE Il let Z(,X € Xy, assume that ¢: § - X is an onto X-morphism
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and that k: ECY) > ED(P) = P is an A-homomorphism. Since the duality between A
and Xf is full, there exists Y: D(P) > Y with k =E(y). Let S be the [lindexed set all
of whose components are empty except for the P-component which is a singleton.
Then by Lemma 1.5, FX¢S)=~ D(P) and so, since ¢ is onto, there exists an
X-morphism ¢/: D(P) > X with ¢oy)' = ¢ and hence k = E(y) = E(y')°E(¢). Thus we
choose k' =E(y/').m

We have established the necessity of the conditions (E1) and (E2) which appear
in the result below; their sufficiency is proved as in [11]: Theorems 1.9 and F.3 on
pages 125 and 256.

1.7 THE FIRST FULL-DUALITY THEOREM. Assume that the natural
proto-duality between A and X is a duality and that D(A) C X' C X. Then D,E is a full
duality between A and X' if and only if

(E1) each algebra P € I is injective in A with respect to the embeddings E(¢):

E(Y) = E(X) where ¢: X > Y is an onto morphism in X';

(E2) for every TFindexed set S, D([ls) is freely generated in X' by the [lindexed

set of projections.

The Second Full-Duality Theorem and its proof transfer to the more general
setting with only a few notational changes: see Theorems 1.10 and F.4 on pages 127
and 258 of [11].

1.8 THE SECOND FULL-DUALITY THEOREM. Assume that the natural
proto-duality between A and X is a duality and that D(A) C X' C X. Then D.E is a full
duality between A and X' provided

(E3) if u: )’S —>X is a proper embedding in X', then E(u) is not one-to-one, that

is, there exist X-morphisms ,y: Y > Il with ¢ #  but ¢gopp = Yop.

For a discussion of the necessity of (E3) if D,E is to be a full duality between 4
and X' we refer to Propositions 1.11 and F.7 on pages 128 and 262 of [11]:
injectivity conditions on P must now be replaced by the same conditions on all P € II.
For our purposes it suffices to note that (a) although some or all of the P € Il may
fail to be injective in A4, in every example of a full duality known so far I1is injective
in Xy, and (b) if Iis injective in X', then (E3) is necessary for D,E to be a full duality
between A and X'.
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In the remainder of the first section of [11], the assumption that P is finite is
used to eliminate the topology completely from the conditions for D,E to be a (full)
duality between A and X. All the results carry over to the case where ITis a finite set
of finite algebras.

We shall say that the structure on II generates some relationr < Py X+ «+X Py if
for every closed subalgebra X of a power of ITeach X-morphism preserves the relation
r. Recall that a (k+1)-ary term, t, in the language of A is a near unanimity term for Il

and therefore for A4 if each P € IT satisfies the identities:
tOGY Y ) = HY XY 5esY) = 00 e S UYLV, Y %) =Y.

1.9 THE NU-DUALITY THEOREM. Let I be a finite set of finite algebras
having a (k+1)-ary near unanimity term. If the structure on 1l generates every
subalgebra of El XeseX fk for all choices of P,...P € LI, then the natural
proto-duality D,E between A and X is a duality and 1l is injective in X.

PROOF. In [11], the NU-Duality Theorem is the culmination of the results 1.13
to 1.17. Each of these is easily restated and proved in the present setting: subalgebras
of finite powers of P must be replaced by subalgebras of finite products of algebras
from I1. =

In [11] on pages 140-142 a list of constructs is given which can be used to show
that the structure on P generates all subalgebras of Bk. As expected, the corresponding
constructs also work in the more general setting.

The following result allows us to eliminate the topology from Condition (E3). As
its proof is a direct translation of the proofs of 1.12 and 1.20 from [11] it is omitted.

1.10 THEOREM. Suppose that 1l is a finite set of finite algebras and that 11
satisfies either

(a) the set H of partial operations on 1lis empty, or

(b) the operations and partial operations in G U H are at most unary.

Assume that the natural proto-duality D,E between A and X is a duality. Then D.E is a
full duality between A and X provided (E3)g holds, that is, (E3) holds for all finite
members XY ofX.

Whenever we use the NU-Duality Theorem we have k =2 and hence Case (b) of

this theorem is applicable.
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We shall require the following result in Section 2, and in the particular case A =D
and X =P, in Section 3. We say that a subset X of D(A) separates A if fora+bin A
there exists x € X with x(a) # x(b).

1.11 PROPOSITION. Assume that D,E is a full duality between A and X and
that 11 is injective in X. If X is a closed subalgebra of D(A) which separates A then
X = D(A).

PROOF. Let X be a closed subalgebra of D(A) which separates A. Let
u: )~(—>D(é) be the inclusion map and consider E(x): ED(A) —>EQU(). If ¢+ ¢ in
ED(A), then we find a# b in A with ¢ = kA(a) and ¢ = kA(b). Since )~( separates A
there exists x € X with x(a) # x(b), whence

6(x) = k A (@)(x) = x(a) # x(b) =k A(b)(X) = Y(x).
Hence ¢ by # ¢ I'y and consequently E(u) is one-to-one. Since Il is injective in X, E(u)
is onto a;d SO i;an isomorphism. As D,E is a full duality it follows that u is an
isomorphism and thus )N( =D(A).m

Although the following result can be obtained via a general category-theoretic
argument, we give a direct proof which involves less hand waving.

Note that if 6 is a congruence on AE€A and ¢: A—>A/0 is the induced
homomorphism, then

6* := {x € D(A)Ix factors through ¢}
is a closed subalgebra of D(A) since it is the image of the embedding D(¢).

1.12 PROPOSITION. Assume that D.E is a full duality between A and X and
that 1is injective in X. Then 0 v~ 0% is a dual lattice-isomorphism between the lattice
of congruences on A€ A and the lattice of closed subalgebras of D(A). Ifﬂ)v( € X and
Yisa closed subalgebra of X, then the corresponding congruence 6y on E(z) is given
by -

(V ¢,y € EX) = X(X,I1))¢p = EU(OX) ¢ TX =y TX.
Moreover, E(g)/BY = E(Y).

PROOF. Le;01,62 be congruences on A with induced maps ¢1: A _’é/ol and
¢y A—>A/6,. If 81 < 0, then ¢, factors through ¢ and hence 6% < 67. Assume
that 63 < 6%. If a# b(f,), then ¢5(a) # ¢,(b) and hence (since A €4 = ISP(ID))
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there exists P € Il and x: A/f, =P with x(¢,(a)) # x(¢,(b)). Since xe¢, € 05 < o‘f
there exists x': A/f| > P with xo¢y = x’e. It follows that ¢1(a) # ¢;(b) whence
a#b(0;). Thus 6 < 85.

Let l{' be a subalgebra of D(A) and let j: X - D(é) be the inclusion. Since ]_] is
injective in X, E(j): ED(A) > E(X) is onto. We claim that E = 0* where 6 is the kernel
of E()eep: A > E(Y). Clearly

6* = { x € D(A)Ix factors through E(j)oeA}.
Since D and E are adjoint on the right we have

(*) j = D(E(j)oep)eey, and so (Vy €Y),y = ey(y)E()oey;
see Lemma 1.5(4) on page 118 of [11]. It follows at once that Y< 0*. If x €0*, then
X = ZoE(j)oeA for some z € DE(Y). Since the duality between A and X is full, ey is
onto and so—there exists y € Y with z = ey(y). It now follows from (*) that x = yé Y
and so 0* < Y. The final claim in the prop;sition follows easily. ®m

Since we wish the dual of A € A to be as simple as possible, we minimize the size
of IL If P,QEII and P can be embedded into Q, we may delete P from II without
destroying the duality. Reducing II to a single algebra has the added advantage that
the full dual category will then have free objects (see Lemma 1.5).

Assume that A = ISP(IT) and A* = ISP(IT") where II" C II, and suppose we have
a IT"-indexed structure IT° such that the natural proto-duality D°,E” between 4" and
X = ISCP(LI') is a duality. Since the definition of D"(A) makes sense for any algebra
A of the given type, we may extend D°: A" > X" toa functorD": 4 > X".

1.13 PROPOSITION. Let A, A° and X' be as above and assume that [[ is
injective in X'. Then for all A€A, the algebra E'D'(i\) E A" is the maximum
homomorphic image of A in A": the homomorphismep: A—>E"D"(A) is onto and if
ge A and k: A~ B is a homomorphism, then there exists a homomorphism k':
E'D'(é) ->B with k'oe'A =k (that is, ker e o Cker k).

PROOF. Let A EA. Suppose that k:_é—ﬂé is a homomorphism with B € A4°.
Since egek = E'D" (k)oe A and since epg is an isomorphism, it follows that k factors
throughge A- It remains t(; show that e A_is onto.

Clearly D* (FA(S)) = IS = D (FA"(S)) and it follows easily that
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epg(s): FAGS) > E'D"(FA(S)) = FA'(S)

is onto. Let F = FA(A) and let k: FA(A) > A be the natural homomorphism. Since k
is onto D" (k) is an embedding, and hence E"D"(k) is onto as I1" is injective in X" It
follows that ey isonto as epok = E'D’(k)oef and both E°'D"(k) and ef are onto.®

2. Piggygack dualities_ revisited. If ea;h algebra A€ A4 hasa re?luct A in some
other prevariety D for which we have already established a duality H: D - F and
K: E » D, then we can obtain a duality for A by restricting the functor H to (the
reducts of) the algebras and morphisms in A. Unfortunately the resulting restricted
D-E-duality need not be a natural duality even when the duality between D and E is.
In B. A. Davey and H. Werner [12,13], a method was given whereby a natural duality
for A could sometimes be obtained from the restricted D-E-duality. Their results
applied only when A was a prevariety generated by a single algebra, and although
applicable to a large number of examples did not always give rise to a duality even
when a natural duality was known to exist (in the case of Kleene algebras for
example). We now extend the Piggyback-Duality Theorem of [12,13] to cover
examples like Kleene algebras and to make it applicable to IFindexed structures.

Let 4 =ISP(ID) and X =IS_P(Il) and suppose D: A > X, E: X > A is a natural

proto-duality, as described in the previous section, with
11 = (U(PIP €T1);G,H,R,7).

Assume that 4 has a reduct in another prevariety D; that is, assume there is a family
Fg of terms in the language of A with respect to which every algebra A =(A5F)
becomes an algebra A = (A;F@) in D. (The most important consequence of this is that
if g2 A>B is an A-homomorphism, then g: A= B is also a D-homomorphism.)
Moreover, assume that D = ISP(Q) and that there is a é-indexed structure
é = (L'J(D|I=) € 4);Gg,Hp,Rg,70)

such that the natural proto-duality H: D > E, K: E -~ D, with E =IS_P(3), is a duality.

For every A €4 we have two evaluation maps: namely e: A —: ED(A) which
is an embedding in A and kp: A — KH(é) which is an isom?nphism in D. Clearly
ep Will be onto (and there?org an A-isom;rphism) if and only if we can define a

one-to-one map d: ED(A) - KH(A) which commutes with the evaluations.
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= KH(A)

A natural way to define d is via D-homomorphisms «: g - 12 which connect algebras

P&l and 12 € A. Given an X-morphism ¢: D(A) ~ I] we must define d(¢): H(A) > A.

If the induced maps N
b, = a0 -1 A(AP) —’D(é,l:))

are jointly onto, then for each y € D(A,D) there exists an a: P ]:) and x €4(A,P)

such that $,(x) =aex =y, and we can at_te;npt to define d(¢) by_

d(8)(y) = ofd(x))

thereby making the diagram below commute.

AAP) ———— P

D(AD)—————D

d(¢)
Of course we need to know that d(¢) is well-defined (independent of the choice of «)
and is an X-morphism, and that d is one-to-one.

Note that if UCP| X-+-X P, and h: U=>P,; is a map, then U is an
A-subalgebra of Py X--+X P and hisan A-homomorphism if and only if the graph of
h, that is,

1, = {@),a3p,8p4 1) €Pp X++X Ppyyl(ay,.a) €Uand h(ay,..a) =ag4),
is an A-subalgebra of PyXeeeX En+1' Moreover, if X C LIS is closed under h, then a
map ¢: X > E preserves h precisely when it preserves Tp- Our results are most easily
stated if we replace the (partial) operations in H U G and in Hg U Gq by their graphs.
To this end, define R* by
R*:=RU {rlh€ HUG!}
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and define Ra' similarly.

The proof of the result below follows the same lines as that of the corresponding
theorem in B. A. Davey and H. Werner [13].

2.1 PROPOSITION. Let A, X, D and E be as above and assume that for all
PEI, D € A there is a (possibly empty) set Qp p of D-homomorphisms a: P> D
such that for all D € A the induced maps o

Py

‘= ao-: A(A,P) > D(AD) with a € U(QP DIP €1)

are jointly onto. If ¢: D(A) > Il is @ map such that qS(A(é,g)) CP for all_P € E then
(i) there is a (necessarily unique) map d(¢): H(A)—)A such that the square
above commutes for all a € ‘QP D provided that for all D (S A and all « € QP D’

ge QQ D each A-subalgebra ofP X Q maximal in
ker(e,B) :={(a,b) €EP X Qla(a) = f(b)}

is preserved by ¢;

(ii) d(¢) preserves an n-ary relation 1y < < Djp XeeeX D in RE provided that for

all oy € QEI:QI""’&“ € an’]gn each A-subalgebra of Py X +++X P, maximal in

(ozl,...,ozn)'l(ro) = {(ag58p) €Pp X oo o X Pl (ay),...,ap0(ap)) Ergl,

is preserved by ¢;

(iii) d(¢) is continuous provided that ¢ is continuous, each «:P—>D is

continuous, and U(QP’DQ €10) is finite for all DeEy;

(iv) d(¢p)=dW) impﬁes=¢ = provided that forallP €Tl anda+# b inP there

exists an A-homomorphism u:P—> Q, preserved by both ¢ and Y, and

a€E QQ,D such that (aou)a) # (ao u)(b).

PROOF. (i) Let x€A(AP), z€A(AQ) and a€ SZP D geE QQ D with
o, (y) = (I)B(Z) that is, aox = foz. We must show that a(é(x)) = B(¢(z)) Since x and z
are A-homomorphisms and since aox = foz, there exists an A-subalgebra, say r, of
EX (2 which contains the subalgebra {(x(a),z(a))la € A} and is maximal in ker(a,f).
But (x,z2) €r on D(é) and hence (¢(x),0(z)) €Er on LI since ¢ preserves r. Hence
a(p(x)) = B(d(2)) since r C ker(e,B).

(i) Let € R with rg < Dl Xe+eeX D, and assume y;€ D(‘_A"]_)i) with
(y1,---¥p) €1g On H(1=\). Since the maps &, ar; jointly onto, we can find ;1—6 Q&’Qi
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and xj GA(é,gi) such that ogoX; =y;. Since the maps Xj are A-homomorphisms and
since (oqoxl o0 xn) € 19, there exists an A-subalgebra, say r, offl XeeeX En which
contains {(xl(a),...,xn(a))|a € A} and is maximal in (al,...,an)'l(ro). Now
(xl,...,xn) €1 on D(A) and hence (d)(xl),...,cb(xn)) €1 on [I since ¢ preserves 1. Thus
(d()y1)s--, @)y ) = (a(d(x1)),....(d(x,))) E 1y

ast C (o ,...,an)'l(ro).

(iii) To prove that d(¢) is continuous it suffices to show that d(¢)'1(V) is closed
in D(é,lg) for every closed set V in 12 Now

a1 (V) = U@g (9 (@ (vle € U2 pIP € ).

The space A(A,P) is compact since it is a closed subspace of EA and the topology on P
is compact; hence each b, isa closed map. Thus d(¢)‘1(V) is closed as the union is
finite.

(iv) Suppose that ¢,y: D(A) > 1T with ¢+ ¢. Then there exist PE€ Il and
X € A(A,P) such that ¢(x) # Y(x). If there is an A-homomorphism u: P - Q, preserved
by ¢ and Y, and an ¢ € QQ,D satisfying (aou)(d(x)) # (aeu)(Y(x)), then (aod)(uox) #
(o Y)(uex). Thus

d(@)o @y =0 # acy = d(Y)e Py,
and hence d(¢) # d(¢y).®

The strength of this result is that rather than simply giving conditions which the
indexed structure II must satisfy, it actually indicates what the sets R, G and H of
relations, operations and partial operations on [T should be.

2.2 PIGGYBACK-DUALITY THEOREM. Let D: 4 > X, E: X > A be a natural
proto-duality given by a IVindexed structure 11 and assume that A =ISP(Il) has a
reduct in a prevariety D :=ISP(§) which has a natural duality H: D->E, K: E->D
given by a é-indexed structure é Then D,E is a duality between A and X provided
that for each P €11, DEA there is a (possibly empty) family Qp p of continuous
D-homomorphisms o E-* 12, with U(QP,Dlg €11) finite for each ]2_6 ; such that

(0) for all A€ A and for all éezé the maps @, A(AP)~>D(AD) with

aE U(QP’D@ €11) are jointly onto;

(A) for_a:ll DE€A and all aGQP,D, ge QQsD each A-subalgebra of PX Q
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maximal in ker(a,B) is in RY;

(B) for every mary relation 1g< Dy X:-X Dy in Rg and for dll ay €

Qfl’]_)l seensQlpy € an’]:)n, each A-subalgebra of Py X---X Py maximal in

(ozl,..._,an)'l(ro) isin R+;

(C) for all PE M and a+# b in P there is a unary operation u: P> Qin G and

aE ‘QQ,D such that (oo u)(a) # (cou)(b).m

Since they allow us to lift the restricted D-E-duality up to a natural duality
between A and X, we refer to the maps «: | g D of the Piggyback-Duality Theorem as
carriers.

2.3 REMARKS. (a) Although the Piggyback-Duality Theorem indicates that
certain relations should be in RT and certain operations be in G, it is enough to know
that these are generated by the relations in R* in the sense indicated in Section 1.

(b) When considering the case E = 9 and o = § in Condition (A) of the theorem,
we can always omit subalgebras of the diagonal of PX P. They arise in the proof only
when x = z, in which case a(¢(x)) = B(¢(z)) holds trivially.

The Piggyback-Duality Theorem has a most important feature. Although it
produces a global result, all the conditions, with the exception of (0), are local in that
they involve only the algebras in IT and A and the carriers between them. Fortunately,
just as in the single-carrier version considered in [12,13], Condition (0) can be
dispensed with in some important cases because of its intimate relationship with
Condition (C).

2.4 PROPOSITION. Let A, X, D and E be as in the Piggyback-Duality Theorem,
and for each P €11, 12 S iy let ‘QP,D be a family of D-homomorphisms o: P > D.

(i) If the induced maps <I>;a=re jointly onto, then

(C1) forallP€ land a # b in P there is an A-homomorphism u: P - Q and
o E QQ,D such that (oo u)(a) # (cou)(b).

(ii) Suppose that the duality between D and E is full and that g is injective in E,

and assume that (C1) holds. Then the induced maps ®, are jointly onto if and

only if the image of D(é) under these maps is an E-subalgebra of H(é).

PROOF. (i) Let PeEIl and a# b in P. Since E eED = ISP(=A), there exists
B € D(P,D) for some D€ A with f(a) # B(b). Since the maps &, are jointly onto there
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exists Q€ Il and morphisms u € A(P,Q) and « € QQ D such that aou = fba(u) =g.
Thus (aou)(a) = B(a) # B(b) = (aou)(b), as required. -
(ii) Assume that the set

®(D(A)) = U(@,(AAP)IP EN, DEA, a € Qp )

is an E-subalgebra of H(A). Condition (C1) says exactly, that ®(D(A)) separates é and
hence by Proposition l.]-l we have ®(D(A)) = H(é), as required.m

If the structure on Q is purely relational (that is, Gg = Hg = 0), then every subset
of H(é) is an E-subalgebra. Since (C) implies (C1) our next result follows.

2.5 THEOREM. Assume that there is a natural full duality between D and E
given by a purely relational é-indexed structure A, and assume that A is injective in E.
Then, under the assumptions of the PiggybachDuality Theorem,~D,E is a duality
between A and X provided Conditions (A), (B) and (C) hold.

This theorem will apply whenever A4 1is a class of
bounded-distributive-lattice-ordered algebras, in which case D is the variety of
bounded distributive lattices and E is the category of compact totally
order-disconnected spaces.

If the maps ®,, are not jointly onto, all is not lost. Suppose we can establish (A),
(B) and (C) but not (0). Then for every X-morphism ¢: D(A) —>’l;I we have a map
d(¢): ®(D(A)) ~ é which preserves all the relations in R+, and moreover d is

one-to-one. If we can establish the following restricted injectivity condition

(D) the map d(¢): ®(D(A)) = A can be extended to an E-morphism defined on
H(A),

then the proof of 2.4(ii) shows that the extension is unique and so can also be denoted
by d(¢): H(A) > A. Thus the uniqueness guarantees that d: ED(A) - KH(A) is a
function; clearly E is one-to-one. Since dee, and k A agree on ¢(D(é)) we have
doep =kp and hence ey is an isomorphism for all A EZA. This approach was used for
certain przevarieties of reTatively pseudocomplemented semilattices in [12,13].

Naturally we wish the category X to be as simple as possible. Consequently we
attempt to minimize the size of Il and minimize the number of carriers.

2.6 REMARK. If Q,Q" €T and Q can be embedded into Q’, it is natural to try
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to delete Q from II. This could not affect Conditions (A) and (B) but to fulfill
Conditions (0) and (C) it may be necessary to add new carriers and operations to
replace those involving Q. We can successfully delete Q provided there is some
embedding j: Q — Q' such that for all D €A, every aEQQ,D extends along j to
some « € QQ’,D' If a extends to a D-homomorphism «': g -D which is not in
QQ’,D” then we would have to add it. If ]2 is injective in D, at least with respect to
em_be?idings in T, then such a homomorphism o g =D will always exist. The

diagram below shows that Conditions (0) and (C) will still hold.

P
u u'
A" Q>——Q
\a o
D

Quasiorder I1by P < Q if and only if P can be embedded into Q. Define a subset
E’ of II to be a maximal set in (II;<) if every algebra in ]I is dominated by some
member of II' but no member of I1' dominates another. If Il is a finite set of finite
algebras, then up to isomorphism there is a unique maximal set in (II;<) while if ITis
infinite it may have none. Note that every maximal set in (I1;<) is cofinal and that if
IT is cofinal in (II;<), then

A := ISP = ISPAT).

2.7 LEMMA. Suppose that 1 is cofinal in (I1;<), in particular suppose that 1 is
a maximal set in (Il;<), and assume that each D €A is injective with respect to
embeddings in 1. If the Piggyback-Duality Theorem applies to yield a duality for A
based on 11, then it also applies to yield a duality for A based on I1'.

While deleting an algebra from Il reduces by one the number of components in
D(A), deletion of a carrier results in a drastic drop in the number of relations required
to satisfy Conditions (A) and (B). For this reason, in assuring that the separation
condition (C) is satisfied it is best to add an extra unary operation to G rather than
add an extra carrier. This interplay between carriers and unary operations will be

illustrated in the next section. Although we wish to use the smallest possible number
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of carriers needed to satisfy Condtion (C), brute force will always work when II is a
finite set of finite algebras. In the result below, this finiteness condition is required
only to guarantee that for each P € II there are enough continuous homomorphisms
a:P->D(DE 4) to separate the points of P.

2.8 LEMMA. Let A, X, D and E be as in the Piggyback-Duality Theorem and
assume that 1l is a finite set of finite algebras. If we choose QP,D =D(P,D) for all
PeIl, ]2 €4, then Condition (C) can be deleted from the state:n:nt of the Piggyback
Duality Theorem,

PROOF. Let PE1I and let a# b in P. Since E GQ = ISP([=&) there exists ]2 €=A
and « €D(_l__’,[=)) such that a(a) # a(b); whence (aou)(a) # (aou)(b) with u =idp. The
only reason for insisting in Condition (C) that u€ G is to ensure that_every
X-morphism preserves u. Since every X-morphism preserves idP, it follows that if
$p,p = D(P.D), then Condition (C) is redundant.a -

B :We can combine this lemma with Theorem 2.5 to yield a general set of sufficient
conditions on the prevariety A for it to have a natural duality. It should be noted in
this context that the variety I of implication algebras, which is generated as a
prevariety by the two-element implication algebra, has no natural duality at all (see
[11], pages 148-151).

2.9 THEOREM. Assume that there is a natural full duality between D and E
given by a purely relational b-indexed structure kA and assume that é is injective in E.
Suppose that 11 is a finite set of finite algebras and that the prevariety A := ISP(I) has
a reduct in D. Then there is a natural duality for A. If the set Ry of relations on A is
finite, then the Ikindexed structure 1l giving rise to the duality between A and X can
be chosen to be of finite type (that is, with G U H U R finite).

Although the variety of implication algebras has no natural duality, it has a
reduct in sets which has a natural full duality (which, of course, is not purely
relational; see [11]). Thus some restriction on the structure A in this theorem is
necessary. )

In our applications I_I will be finite and A will consist of a single algebra D.
Consequently we shall write TT= {_PO,...,En_l} ar:d shall abbreviate ka,_D to Q. "l:o
simplify the notation further, with the exception of the algebras Pg,....P,.1 and D we
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shall identify an algebra in 4 or D with its underlying set, and similarly for spaces in X
orE.

3. Varieties and prevarieties of Ockham algebras. Natural dualities for the
variety O of Ockham algebras and for its subvarieties Pm,n (m>n>0) were
constructed by B. A. Davey and H. Wemer [12,13]. This theory does not apply to
every variety generated by a single finite subdirectly algebra P: in general ISP(P) #
HSP(P). Consequently the generalised Piggyback-Duality Theorem 2.2, or the version
of it presented in Theorem 2.5, is required.

Throughout this section we take D = ISP(E) to be the variety of bounded
distributive lattices and E to be P, the category of compact totally order-disconnected
spaces. The resulting natural duality is just Priestley duality for D. The set A consists
of the single algebra g, whileg is the 2-element ordered space, 0 < 1, with the discrete
topology. )

We recall that an Ockham algebra (A;A,v,0,1,~) is a bounded distributive lattice
(A;A, v,0,1) with a unary operation ~ satisfying

~(@Arb)=~av ~b,~@vb)y=~an~b,~0=1,~1=0.
The variety O of Ockham algebras and its subvarieties have been extensively studied
by A. Urquhart [17] and M. S. Goldberg [15], with the aid of the restricted D-P
duality. Under this duality, O is dually equivalent to the category S of Ockham spaces:
an object in § consists of a pair, (Y;g), where Y EP and g: Y > Y is a continuous
order-reversing map; morphisms in S are P-morphisms commuting with g. Each A € 0
is isomorphic to KH(A) = P(D(A,_2),z); ~ is defined on KH(A) as follows: for
¢ € KH(A), o
(Vy €ED(A2)) (~¢)(y) =1 ¢(g(y)) =0.

For m> n > 0, the subvariety Pm,n is ISP(Lm’n), where Lm,n is the algebra whose
dual in S is (Z,;y,), where Z,= {0,1,....m- 1} has the discrete order and
Yoi Ly > Zy, is defined by Ypk)=k+1 for 0 <k<m-1 and y,(m- 1) = n; the
equational characterisation Ome,n can be found in [15] (Proposition 2.7).

The Piggyback-Duality Theorem was applied to the varieties P, , in [13]. It

m,
yields a duality based on 2™ where
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2M = (2M;A,v,0,1,~)
has pointwise-defined lattice structure and negation, ~, given by
(Vk<m) (~a)(k)=1a(k o) =0,

and

gm =(2M:7g,<)
has discrete topology 7, g-map given by
(Va€2M(Vk<m) ga)k) = a(y,(k))
and alternating order <€ given by

a(vK(0)) < b(yK(0)) (k even),

a<b©(\7’k>0){ K "
a(yp(0)) = b(yp(0))  (k odd).

A finite algebra in O is subdirectly irreducible if and only if it is a subalgebra of
Lm,n forsome m >n= 0.

We now let P be a fixed finite nontrivial subdirectly irreducible Ockham algebra
and let 4 = HSP(EO)' By Jonsson’s Lemma, A = ISP(I}),where = HS(EO)' We regard
Pg as K(Wg) =P(W0,3); the Ockham space Wy is of the form (Z;y,<) where v = v,
for some n< m and~< is an order with respect to which vy is order-reversing. We
denote the <-closed subset {'yk(j)lk > 0} of Wo by Wj. If 0<j<n, then Wj =
{j,jt1,...,m-1} and if n< j< m, then Wj = {n,nt1,...,m-1} (this set is called the loop
of Wo).

We let Y = {Y € SIK(Y) €EA}. The description of Y given by M. S. Goldberg in
[15], Theorem 2.11, has been refined by B. A. Davey and H. A. Priestley, as follows.

3.1 THEOREM. ([10], Theorem 3.15.) An Ockham space Y lies in Y if and
only if it is the (not necessarily disjoint) union of spaces

Y0 = {y € YI(34 €S(W,Y)) $(0) =y }
and
Yl :={yevi@sesw,Y)e(l)=y}
Equivalently,
Yi= {y €YY k gi(y)},

where
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oi(y) = o<k8,‘;z<m(gk(” < K < ¥,

and Y € Yifand only if Y = (Vy)o(y), where o(y) = oo(y) v oy(y).

3.2 COROLLARY. 4 =ISP(Py,P ), where Pq = K(Wg) and Py = K(W).

For i=0,1, we take ; to consist of the single homomorphism o = Ei -2, where
(Vo € P) o;(¢) = 6(i). We write @, in place of <I>Oq.

33 LEMMA. For A€A and i=0,1, there exist natural bijections between
(i) A(AP;) and Y(W;,H(A)) (induced by H) and (ii) Y(W;,H(A)) and H(A)i (given by
evaluation at i). These bijections combine to produce a pair of mutually inverse maps
from A(AP;) onto H(A)i and from H(A)i onto A(Agi); the former map is ®;, the
latter is Bi = kA(-)o fi, where

(Vy € HAH(VKk > 0) (X0 = gb).

PROOF. We denote by A; the natural bijection from Y(W;,H(A)) to A(A,P;) and
by u; that from Y(W;,H(A)) to H(A):

(VOE YW H(A)) \(9) = kp()e and i4(9) = 6(1).

It is now enough to show that ®;o\; = i and ;o p; = \; where 6; is as in the statement

of the lemma.
N

Y(W;,H(A)) A(AP)

st

H(A)!
For ¢ € Y(W;,H(A)) and k > 0,
(£ m)@KD) = £OAED) = g¥(6(1)) = d(r* (1))
Hence (f;o1)(¢) = ¢ and consequently 6o = \;. Also for a € A, ¢ € Y(W;,H(A)) and
k>0,
(B0 M)(B)(@) = (A (6)(@) = AHSN@)() = (i) = py(@)(a),
whence ®;o \; = u, as Tequired.®

From Lemma 3.3 we deduce an alternative description of the subspaces H(A):

H(A)! = {y € H(A)I(dx € A(AP)) oo x =y }.
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It is clear from this that &g and & are jointly onto. A further consequence is that, for
A€Aand i=0,1, H(A)i is closed. This can be seen more directly from the fact that
forany YEY,
vi=ny ol x e lmkim < i,
which is closed since < is a closed relation and g is continuous. In obtaining a duality
theorem for A based on the algebras Py and P and the carriers oy and aq, it is in fact
not necessary to verify directly that ‘IJO and ®; are jointly onto because this is a
consequence of Condition (C) (which we do have to ensure is satisfied); see
Proposition 2.4 and Theorem 2.5. Lemma 3.4 handles Condition (C).
3.4 LEMMA. Let gy: Py~ Py and g: P| > P be defined by

(V6 ERo)eg(8) = oty and (VO E W) () = 977,

Suppose ¢+ in PE N ={Py,P}. Then there exists u:P—~>QETIL where u is a
k-fold composite of goand gy, and o € QQ such that (aou)(¢) # (o u)(Y).

PROOF. Suppose P =Py and ¢ # Y in P. Then there exists a smallest integer
k>0 such that ¢(k)# y(k). If k is even, k =2j, say, then (age(gjogh)(9) #
(age(g1°8g))(¥). On the other hand, if k is odd, k=2j+1, say,
(alchO(g1°g0}j)(¢) # (alogoo(glf)go)j)(d/). A similar argument works when P=P =

The next lemma shows how we can construct the maximal Ockham subalgebras
required to meet Conditions (A) and (B) in the Piggyback-Duality Theorem.

3.5 LEMMA. Let (A;A,v,S) be an algebra such that

(i) (A;a,v)isalattice;

(ii) S is a family of unary operations which are either endomorphisms or dual

endomorphisms of (A;A,V). For a subset B C A, define By =B and
(Vn>0) B,y =B\a€BI(AsES) s(a)¢B,},

and let B® =N {B,In > 0}. Provided B is a sublattice of A, B? is a subalgebra of
A and is the largest subalgebra of A contained in B.
PROOF. Note that for all s € S we have

a€B, =s(@ EB,.

It follows at once that B is closed under s for each s € S. In fact we have
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a€EB,| ©®aEB, and (VsES)s(a) EB,.

We now prove by induction that B is a sublattice for every n > 0. Firstly we note

that By is a sublattice by assumption. Assume B, is a sublattice. Then
a,bEB, 1 =abEB and (Vs€E S) s(a),s(b) €By

=a A bavbeEB,and (VsE€S)s(a) A s(b),s(a) v s(b)
€8,

=anAba viBnand(VSES) s(a A b)s(a v b)EB,
=a Abavb€EB,

(the penultimate implication being valid because each s €S is an endomorphism or a
dual endomorphism).m

It follows, since ~ is a dual endomorphism, that any sublattice B of an Ockham
algebra A has a unique maximal Ockham subalgebra denoted B®. We remark that if 0
is a lattice congruence on A, then 0° is a congruence and is the largest Ockham
congruence contained in 6.

It will not be necessary to include in R* all the subalgebras of PXQ(P,Q€EID
listed in Conditions (A) and (B) of Theorem 2.2; see Remarks 2.3. In particular, if
r<Px Qis in R then rl< Q X P is not needed. Thus Lemma 3.6 describes only

1 of maximum subalgebras.

one from each pair r,r”

3.6 LEMMA. Let Py, Py, agand ay be as above. Then

@) fori=0,1, ker(ai)o is the equality relation on P

(b) ker(aq,00)° = {(¥,$) € Py X Pylo = Yoy} and is the graph of a partial map

from Py to BO;

©) a'01(<)° is the alternating order,< , on P, viz. for ¢,y € Py,

by (VhS O { ¢(7E(o» < w(v‘;(on (k even),
$(v(0)) = ¥(y(0)) (k odd),

and a'll (<)° = {(¢,¥) € P X Pylyoy < Yoy}, where < is the alternating order
above;
(@) (g, ()0 = {(8,¥) EPy X P b < Yo} and (ap,00) (<)° ={(y,9) €
Py X Pylypey < ¢} where < is the alternating order.

PROOF. We prove only (b) and (c¢). The remaining assertions are proved
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analogously.
Firstly
ker(ap,00)° = {(¥,0) EP| X Pylay(¥) = ap(4)}°

= {(y,9) €P X Pyly(1) = ¢(0)}°

= {(,6) €P| X Pyl(Vk > 0) y(vK(1)) = 62X},
and this set is clearly the Ockham subalgebra B associated with the sublattice

B = {(y,4) €P X Poly(1) = ¢(0)}
of Py X P, as in Lemma 3.5. Hence
ker(a]00)° = {(V,6) € P| X Pyld = Yoy }

as required.

Similarly,
o (<)° = {(8,¥) € P X Pylag(9) < a(¥)}°
={(¢,¥) EPy X Eol(Vk >0)
3(v*(0)) < (¥ (0)) (k even),

p(r*(0) > $(¥(0)) (k odd) }
={(§,¥) EPy X Pylé < ¥},
while
o1 (<)° ={(4,) EP| X Pjlaj () < & (Y)}°
= {(¢,9) €P| X P{I(Vk > 1) (X(0)) < Y(v¥(0)) (k odd),
#¥0)) > Y¥(0)) (k even)}

= {(9,¥) €P| X P{I(V2> 0) (Gon)(¥0) < (Yor)¥*(0)
(¢ *(0) < (Yom)(¥¥(0)) (€ even),
(@o1((0)) = (Yor)(v%(0)) (L 0dd) }

={(¢,¥) EP{ X Pylpoy <yoy}.m

We note that ker(ozi)o (i=0,1) will not be needed as a member of RY and that

ker(al,aO)O, as the intersection of ((ozﬁ,ofl)'l(<)°)'l and (al,ao)'1(<)°, is redundant
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once (al,ao)'1(<)° and (ao,ozl)'l(<)° are included.

From the preceding lemmas and Theorem 2.5 we obtain a duality theorem for 4.

3.7 THEOREM. Let A =1ISP(II) be the variety of Ockham algebras generated by
a finite subdirectly irreducible algebra P (where = {BO’BI})' Let

n= (Pg UP;G,R,7;
here T is the discrete topology on Pg U Pl’

G = {gg: Pg > Py, 81: Py > Pp}
(where 8o and gy are the homomorphisms defined in Lemma 3.4), and
R={<q, <, <>—1
where
<0 =03 (<)%, <1 =190, « = (g, (€)°

and

>— = (ag,20) 1 (<)°.
Let X = ISCP(E). Then the functors D: A - X and E: X — A yield a natural duality.

We now have two dualities for A: the restricted D-P duality and the natural
duality described in Theorem 3.7. There is a procedure for translating from one
duality to the other. The formal statement of the translation is quite involved, but the
underlying ideas are extremely simple. To obtain D(A) from H(A) we separate the
portions H(A)0 and H(A)l, while to obtain H(A) from D(A) = X0 o x! (where
Xi= A(AP)) we paste x9 and X1 together appropriately. The relations of the
[l-indexed structure LI are exactly those needed to provide the instructions for
re-creating the Y-object H(A). The effect of decomposing H(A) to give D(A) is to
produce a structure with algebraic relations from one whose relations are conveniently
simple, but non-algebraic in general.

3.8 THEOREM. Let A =ISP(II) be the variety of Ockham algebras generated by
the finite subdirectly irreducible algebra Py (where T= {_PO,BI}). Let T be as in
Theorem 3.7 and for A E A, let Xi = A(AP) and

D(a) :=x=x0Ux <A

Let Y=H(A) and let Y0 and Y] be as in Theorem 3.1. From the Ockham Space
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(Y;7,<,g) form the Tl-indexed structure
y=uyvlc R,
as follows:
(i) 7 is the sum of the topologies induced by 7on Y0 and Yl;
(i) G'= {grYO,g rYI }
(i) R = {< N(Y?x YO, < neyl x vh, < n(y9x v, < niy! x YO
Then D(A) is isomorphic to Y.
Conversely, from D(A) define (Z;77,<7.87) as follows:
()* Z =X/p where p is the equivalence relation on X given by xpy if and only if
x=y or x=1(y) or y =1(x), where 1 is the pointwise extension to D(A) of the
partial function whose graph is
ker(ay,00)° = { (Y,0) EPy X Pyl(9,¥) € «and (Y,0) € >—1};
(i)* 77 is the finest topology such that the maps q; = mej; (i=0,1) are
continuous (where w: X = Z is the canonical projection and ji: Xi ->X(@{G=0,1)are
the canonical injections). Identify X! with Im q; €Z(3(=0,1).
(iii)* <z=<gU € U+-U>—;
(iv)* g7 is the function whose restriction to Xi is g {i=0,0.
Then (Z;TZ,< 7-87) is a well-defined Ockham space isomorphic to H(A). [Each relation
on EA is denoted by the same symbol as the relation on LIof which it is the pointwise
extension, and similarly for operations. ]
PROOF. Lemma 3.3 provides a bijection 6;: Y! = H(A)! > X1 = A(A P)) inverse to
®;. We first show how the maps 6, treat the relations and operations of G' UR'.

For x,y € YO,

0o(x)@((0)) < 83(y)@@K(©)) (k even)

8(x) <0 0p(y) © (VaE€ A) (Vk > 0){ . .
0o(x)(@)(y™(0)) = 05(y)(@)(y*(0)) (k odd)

gK(x)(a) < g(y)(a) (k even)

<+ (Vae A)Vk=0) { K
gKx)(a) > g¥(y)(a) (k 0dd)

< (VaegA) x(a) < y(a) (since g is order-reversing)

®xX<y in H(A).
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For x,y € Yl,
8 ,()@(X(1)) < 0 (@K1 (k even)

01(X)<191(Y)°(Va€A)(Vk>0){ .
6,()@GK(1) > 01(@EK(1) (k odd)

{gk(x)(a) < gk (y)a) (k even)
«(VvaeAXvVk=0)

gk(X)(a) > gk(y)(a) (k odd)
e x<y in H(A).

Similarly, for x€Y0, yeY!l, 650« 0;(y) ¢ x<y and, for xeY!, ye Y,
0(x) >— 05(y) ® x<y. Further, for x€ Y0,y e Y1,
g00(x)) =01(y) © (Va € A) g(0(x)(a)) = 0 (y)(a)
* (Ya € A)Vk > 0) 5(x)@)(y*(1)) = 01 (y)@)v*(1))
« (Va€ AXVk > 0) g (x)(a) = gh(y)(a)
«g(x)=y.
Similarly, for xEY1 and yEYO, gl(Bl(x)) =00(y). Further, since (I>0 and & are
continuous, Xi is homeomorphic to yi= H(A)i for i=0,1. It follows that D(A) and X
are isomorphic structures.

The equivalence relation p on X is a convenient way to formalise the process by
which X0 and X! are glued together. Less formally, we identify each point x in the
domain of I with its image I(x). On Z = X/p, <z (as given in (iii)*) is a well-defined
partial order, since < is a partial order on Y, and gz (asgiven in (iv)*) is a well-defined
order-reversing map, since g: Y =Y is an order-reversing map. (These facts could, of
course, be checked directly.) To see that the topologies match up correctly, it is
sufficient to note that the map g; is a homeomorphism from Xi onto qi(Xi) CZ
(i=0,1) (see N. Bourbaki [4], 1.2.5). We deduce that (Z;TZ,<Z,gZ) is isomorphic to
Y =H(A).=

We have, foreach A€ A,

A = ED(A) = X(D(A),IT)
and
A = KH(A) =P(H(A),£).

The isomorphism between X(D(A),IT) and P(H(A),2) is established by maps s and t
~ _
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defined as follows:
(V6 EPH(A)2) s(®)ly(pp,)=0e®; (=0.1)
and

(VY €EX(D(A),ID) t(y)t =qe Yol (i=0,1)

H(A)!
where ®; and 6; are as in Lemma 3.3.

It may happen that the prevariety ISP(BO) (which we shall henceforth denote by
A’") coincides with the variety A = HSP(P) = ISP(BO,BI). This occurs precisely when
there exists an embedding j: Py — Pg. In this case Remark 2.6 applies: it is possible to
dispense with the algebra P, so long as extra carriers are introduced so that Condition
(C) is met. A single extra carrier, f), suffices, defined by

(Vo EPy) By(@) = (1),
(This can be seen by adapting Lemma 3.4.)

The prevariety A" coincides with the variety A4 if and only if P| belongs to A", or
equivalently if and only if there exists an S-morphism of Wq onto W;. Lemma 3.9
shows when, and how, this happens.

3.9 LEMMA. (i) The map «: Wo — WI is order-preserving in the following
cases:

(a) Wq is an antichain;

(b) WO is isomorphic to O

e )

JXX

(ii) The order-preserving map 72: Wo =Wy isontoif
(d) Wy isaloop.

Only if (at least) one of (a) - (d) holds does there exist an S-morphism from Wq onto

or its order-theoretic dual ;

(c) WO is isomorphic to

r—>0—> - ®

or its order-theoretic dual.
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W,. It is only possible for (d) to hold without one of (a) - (¢) holding when m (= Wb
is odd.

PROOF. M. S. Goldberg has proved the final assertion ([15], Remarks following
Corollary 2.15). It is obvious that, in cases (a) - (c), ¥ provides the required S-morphism
and that in case (d), 72 does.®

3.10 THEOREM. Let A =ISP(P().P|). The following are equivalent:

(i) v: Wo = Wy is order-preserving;

(i) jy: Py —>Pqgiven by j1(#) = ¢poy is a well-defined embedding;

(iii) forall A €A, H(A)! C H(A)D.

The following are also equivalent

M* y2: W > W is surjective;

(ii)* the homomorphism jy: P — Py given by jH(d) = q’)o'yz is an embedding;

@iii)* if m is odd, then (VAEA) H(A)1 C g(H(A)O) and if m is even then

VA €4) HA) cH(A).

The variety A = HSP(Pq) coincides with the prevariety A= ISP(EO) if and only if
either (¥ A € A) H(A)! CH(A)? or (VA € 4) H(A)! = g(H(A)?) (or both).

PROOF. Conditions (i) and (ii) are dual, as are (i)* and (ii)*.

Suppose YES(Wo,W;). Take AEA and y€H(A)!, so there exists
¢ ES(W,H(A)) with ¢(1)=y. Then goy € S(W,H(A)) and (¢>y)(0) =y, whence
y GH(A)O. Conversely suppose (iii) holds. Let A =P( and identify H(A) with Wy
Certainly 1 € (WO)1 so there exists by hypothesis ¢ GS(WO,WO) with ¢(0) = 1.
Necessarily ¢ =+, so v is order-preserving. Hence (i) and (iii) are equivalent.

Now assume (i)* holds. This forces W tobe a loop. Take A€ A4 andy €EH(A)1
and let ¢ ES(WI,H(A)) map 1 to y. Suppose first m is odd. Then 1 =+(0) = y™(0).
Hence (¢o*ym'1)(0)=z is such that g(z) = g(¢('ym'1(0))) = ¢(v™(0)) =y and (since
¥ is a power of ¥2) goy™ 1€ S(Wy,H(A)). We thus have y € g(H(A)?). Now
suppose m is even. In this case W; is a loop of odd length and so the order on it is
discrete ([17], Theorem 11). This implies that -ty 1 is order-preserving. We have
1= 72(1() for some k > 0, whence 1 = ((y PWl)jo'yz)(O) for some j > 0. It follows that
y = (6 (W °y2)(0) and so y € H(A)D.

Conversely assume (iii)* holds, with m odd and (VA €4) H(A)! € gH(A)?)
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(the other case was handled in the proof above that (iii) implies (i)). Take A =P and
identify H(A) with W. Cleartly 1 € (Wl)l, so by hypothesis there exists
¢ €S(W,W;) such that ¢(0) =j and 1 =v(j) for some j> 1. Then ¢(1)= o¢((0)) =
v(¢(0)) = ¥(j) = 1, whence ¢ restricted to Wy is the identity map and ¢: Wy > W is

surjective. But ¢ = 4. If j > 2, 42 2=

is surjective, while if j=1, Wl =1 and y* =y =¢is
surjective.

The last part of the theorem is now immediate from Lemma 3.9 since 4 = A" if
and only if Wy is an S-morphic image of W).m

3.11 COROLLARY. The variety A = HSP(P(y) has a natural duality based on the
single algebra Py {and in general two carriers, oy and ﬁo) if and only if any of the
equivalent conditions (i) - (iii) holds or any of conditions (1)* - (iii)* holds.

The variety A has a natural duality based on the single algebra Py and a single
carrier, o, if and only if any of conditions (i) - (iii) holds. (The conditions referred to
are those in Theorem 3.10.)

PROOF. The first part is immediate from Theorem 3.10. The second deals with
the situation considered by B. A. Davey and H. Werner in [12], [13]; note that
H(A)! C H(A)? for all A € 4 if and only if ®; is onto.m

The prevariety A° may be considered in its own right. Theorem 2.5 implies that

we obtain a duality for 4" by taking

By =®oR*\r)
where 7" is discrete and R contains

ker(ag)®, ker(By)°, o (<)°, B (<)°, (ag,B0) ™ (<)°, (Bg.e) 1 (<)°
and the graph of the endomorphism dual to 72. Of these, ker(ao)o is just the diagonal.
We may discard it and shall assume that R*% consists of the remaining six relations. We
have functors
D:4->X :=IS P(Py)

and

E: X —-4"
given by D*(-) = A(-Pg) and E*(-) = X'(-,EO). For every A € A", A is isomorphic to
E'D’(A). For A€ A\A", A cannot be isomorphic to E'D"(A).
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Let II= (PO U PI;R+,T) be the Tlindexed structure considered in Theorem 3.7
(for convenience we replace operations by their graphs). Take r € R*.

(i) If r €R, define an associated relation t by replacing any occurrence of o

by Bp;

Gi) if r= Iy take r = ker(BO)O, which is the graph of the restriction }: PO - Py,
0

and if r=r,_, take T to be the graph of the endomorphism dual to 72.

g
Then{rre R }=R"".

Take A€4 and X' = A(AP) (i=0,1). Define T: X0 > X! by I'=te - Given
x,y € X0,
I'(x) =T(y) # (Va€ A) (x(a),y(a)) € ker(B)°.

Let 6 be the equivalence relation on X0 obtained by extending ker(ﬁo)0 to X Then
the set X0/6 can be identified with Im T' C X1, Let

Il = (Py U T(PgliRY,7)

where 7 is discrete and RY is obtained by restricting each of the relations in RT. Using
the same constructions as in Theorem 3.7, but with 1 in place of Il, we can derive
from X = (X0 U I"(XO),E"',;) an Ockham space Y® isomorphic to the subspace
Y0 Ug(YO) of Y=H(A) and conversely can reconstruct i given Y . Given the
relationship between P(XO) and XO/G and between the sets RY, Rt and R'F, Y isalso
determined by, and determines, D" (A).

Specifically, we let j: X9 > X0 be the intemal homomorphism given by
(ao,ﬁo)'1(<) n ((30,0(0)'1(<))'1 and note that ker(j) C 6. (We remark in passing that
ker(j) is the congruence {((~a) ,a): a € C(A)}, where C(A) is the centre of A and '
denotes Boolean complement.) We take x0u X0/6 and for every x EXO', identify
j(x) with x/6 and denote the resulting set by Z. We define < on Z by

vxy€eX? x <yexy) €af (<),
(vx/8,y/8 €X0/8) x/6 <y/6 = (xy) € fy (<),
vxe€X0y/6 €x0/0) x <y/6 « (xy) € (a0 (<)°,
vx/0 X0y €x0) x/6 <y« (xy) € By (<)°,

and g by



GENERALISED PIGGYBACK DUALITIES AND OCKHAM ALGEBRAS 187

VXEX) gx)=x/0
vx/0 €X9/0) g(x/6) = e(x),

where e is the endomorphism dual to 72. The set Z is topologised by pasting together
the topology on X0 and the quotient topology on X0/6 in the expected way. The
resulting space Z is isomorphic to Y".

The isomorphism between the algebras P(Y' ,i) and X '(YO,’ISO) is established by
mutually inverse maps 5" P(Y",2) > X" (Y0,Pg) and t': X"(YO,Pg) > P(Y",2) defined
by

Vo EPY 2))(VyE YOvk=0) s (@)K = 6(eX(y))
and )
£ (W)(Y) = ag(¥()

vy X (YO Py (Vye€ YY)
Vv 0P R {t'(w(g<y))=so(w(y))

(cf. the remarks following Theorem 3.8).

For any YE Y, Y\Y' may be thought of as a collection of “isolated tails.” If
y €Y, then {gk(y)lO <k <m-1} is the smallest closed g-subset containing y and
(K@)l < k <m-1} CY", so that y is the only point of {gKy)I0 <k < m-1}
which may lie in Y\Y'. It is the isolated tails which are lost when we consider
D’(A) = A(A,Pg) instead of D(A)= A(A,Py) UA(AP]) and translate to the D-P
duality.

Proposition 3.12 sheds further light on the set Y' = YOu g(YO). The proposition
is closely related to criteria for A to equal A (viz. (Vy €Y) y! C Y0 or (Vy€Y)
vl C g(YO)); Theorem 3.10 however analyses the case 4 = A" in more detail.

3.12 PROPOSITION. Let A €A = HSP(Pp)). Then A€ A" = ISP(Py) if and only
if Y = YO U g(Y0) where Y = H(A).

PROOF. The algebra A € A lies in A" if and only ifA(A,EO) separates the points
of A. We denote the evaluation map from Y to HK(Y) by «y. We have, given a,b € A,

(Vx €A(APy)) x(2) = x(b) @ (Vx € A(A,P)(Vj > Ox(@)G) = x(b)(j)

< (Vx EA(A,Eo))(Vj > 0) (KWOG)"X)(a)

= ("WOG)°X)(b)



188 B. A. DAVEY and H. A. PRIESTLEY

(VX € AARYIVi > 0) (HEX)okyy )()a)
= (HO)oreyy Ji)(D)

< (Vo €S(Wo,H(ANXV j > 0) ¢()(a) = 6G)(b).

Suppose a# b in A and ¢ ES(WO,H(A)) and j> 0 are such that ¢(j)(a) = ¢(j)(b). Let
z = ¢(j) if jis even and z = &(j - 1) if j is odd. Note that z € H(A)0 and that in the case j
is odd g(z) = g(¢(-1)) = ¢(v(G-1)) = ¢(j). We have proved that A(A,_Po) separates the
points of A if and only if Z= H(A)0 Ug(H(A)O) separates the points of A. Since
H(A)0 is closed and g is a closed map, Z is closed. Proposition 1.11 implies that Z
separates the points of Yif and only if Z = H(A).=

Fix A €HSP(P(). For any B €ISP(P() and any S-morphism é: H(B) > H(A), ¢
factors through H(A)":

¢

H(A) «————H(B)

7~
~

-~
//
R
-
-~

e
H(A)"

This is because ¢ is an S-morphism and so satisfies #(H(B)?) CH(A)? and

8(2(H(A)9)) = g(¢(H(A)?)) C g(H(A)?). Consequently for A € HSP(Py), K(H(A)") is

the maximum homomorphic image, A", of A in ISP(Pg).

It follows from Proposition 1.12 that there is a dual isomorphism between the
lattice of lattice congruences of A and the lattice of closed subsets of Y = H(A). This is
given by 6 < Yg where

(Vab€A)(a=b(0) = Yy C {y €Yly(a) =y(b)}.
Further, Ockham algebra congruences correspond to closed g-subsets ([ 17], Theorem
1) and if 0 is a latticeé congruence on A then the smallest closed g-subset containing YO
corresponds to the maximum Ockham congruence majorised by 6. We denote by
OLat(a,b).the smallest lattice congruence identifying a,b € A.
3.13 PROPOSITION. The maximum homomorphic image of A € HSP(Py) in

ISP(Pq) is A/0 where 0 is the maximum Ockham congruence contained in

n =V, gh*(©) < v%0) in Wy},
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where
nkg = a/E\AoLat(ka(a)’ng(a))
and

ka A ~Qa if k is even,

~

~ka v ~Qa ifk is odd,
ka(a) =

~2, if k and % are even,
~ka if k and R are odd,
0 ifkiseven and L is odd,
1 ifkisodd and & is even.
PROOF. The set H(A) =H(A) UgH(A)O) is the smallest closed g-subset

gre(a) =

containing H(A)0 and this in turn is the intersection of the closed sets ZkQ =
{ye H(A)|g'k(y) < gQ(y)}, taken over those values of k and £ for which 'yk(O) < 'yQ(O).
It remains to show that Z, ¢ is the closed set associated with the intersection of
principal congruences Nkg- This was first proved by P. R. Fowler in [14]. For

completeness we outline a proof. We have
yEZyg e (Va€A) gXy)a) < gy)(a).

For k even, g&(y)(a) = y(~Ka), while for k odd, gf(y)X(a) = (y(~Xa))’ where ' denotes
Boolean complement. Thus
y(~Ka o ~q) = y(~ka) (k,£ even),
k 2. = ueok
y(~*av ~*a)=y(~*a) (k,2odd),
Fo@<dm@=<
y(~*a A ~*a) =y(0) (k even, £ odd),

y(~Ka v ~%a)=y(1)  (k odd, £ even).

These relations yield the required principal congruences.u

As already noted, an advantage of a natural duality is the way in which it behaves
as regards free algebras and, more generally, free products. We again consider the
variety A = ISP(BO,BI)= ISP(E). The dual of the free object on one generator,
D(FA(1)), is, by definition, A(FA(1),Pg) U A(FA(1),P}) < gFA( ). We have natural
bijections from A(FA(I),fi) onto P; (i=0,1), and may identify D(FA(1)) with E,
which is Py U P; with a relational structure specified in terms of the structure of the

Ockham space 2™ =(2™;r,g,<) (see Lemma 3.6). Proposition 3.14 shows how Py
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inherits the algebraic structure from the Ockham algebra %m = (2M:A v,0,1~) and
describes P similarly. Since FA(1) belongs to the prevariety A°, D(FA(1)), and
thence H(FA(1)), can be determined without reference to Py. However we shall use
the translation process given in Theorem 3.8 and so involve P;.
3.14 PROPOSITION.
w W,
Po = {g: Wy —>212 Ok op()} <270,
W w
where 2 0 =2Mand 2 0- 2m g W is not a loop,
w
El = {¢: Wl _>2|2 1|= 01(¢)} <2
Wi ) ) Wi
(Here 2 ! consists of functions from {1,2,...m-1} t0 {0,1},2 ' has Ockham algebra
w w
Structure defined by restriction from 2 0 and 2 1 carries the alternating order and
has g-map defined by restriction.) When WO is a loop,
Yo Yo
fl = {¢: WQ_’ 2'2 E 01(¢)} <z .
PROOF. We consider Py. Suppose ¢: W =2 is order-preserving. Let 'yk(O) <
¥%(0) in W(y. Then

v
=)

(Vs

'yk(s) Q(s) (s even),
vK(s) > y¥s) (s 0dd),

so that
3(v%(s)) < ¢(vX(s)) (s even),
(Vs> K 9
$(r°(s)) = ¢(v*(s)) (s odd).
Hence (by definition of g and induction),
gX(9)s) < g¥@)s) (s even),
(Vs> 0) k 2
(9)(s) = g7 (¢)(s) (s odd),
that is, gk(d)) <gQ(tb) It follows that 2 Yo k= 0g(¢). Conversely, suppose ¢: Wy = 2 is
such that 2 Y0 1= 64(6) and let v%(0) < v%(0). Then 4(25(0)) = gK(¢)(0) < e%$)(0) =
d)('yQ(O)), $O ¢ is order-preserving.
It remains to show that Pq inherits its Ockham algebra structure from 2W0. Since
W B Wi,
Pgand 2 0 poth carry the pointwise order from 2, Py is a sublattice of 2 0 Suppose

¢ € Pg. Then (~¢) is given by

Vs> 0) (~6)(y30) = 1 & ¢(vsT1(0)) = 0.
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But this is how negation is defined in ZWO.

The characterisation ofl’l is obtained similarly. (In the loop case it is convenient
to think in terms of functions from {0,1,....m-1} to {0,1} rather than in terms of
functions from {1,2,..,m-1,0}, whence the isomorphism occurring in the final
assertion of the proposition.)m

Free objects in HSPQO) were described in terms of the restricted D-P duality in
[15], Corollary 3.2, with a more economical description being given for the case
A =Pm,n’ m-n even, in [15], Theorem 3.8, and extended to all varieties Pm,n in [13].
Free products have been considered before in particular varieties 4 = HSP(Py)
(notably the variety of Kleene algebras; see [5] and [8]) and in general [14].
Theorems 3.15 and 3.16 encompass, and somewhat simplify, these earlier results.

3.15 THEOREM. Let 4 = HSP(_PO). Then
FA(D = K({y € 2M2™ = o(y) D = K({y.g(y) €2M2™ = g(y) ).

PROOF. We apply the translation process of Theorem 3.8 to II to obtain
H(FA(1)). The identification of points of_]E_’Cl with points of P; is determined by

ker(ay,09)° = {(y,6) EPy X Pylo = Yo v}

W, w
={W.»e2 Ox2 g

= o 20 = og@2" Lm0y (W)

The map y - Yoy sets up a bijection between Py C 2W1 and g(PO) C 2W0; this takes
(X15eX 1) € am-1 ¢ (XX gsmeeXppy. ] Xy) € 2™, Further, for ¥ € Py, 2W1}= o1 ()
if and only if EWO E 01(Yov). We may thus regard P U P; as the disjoint union of
{y €2M2M k= 64(y)} and {g(y) € 2M2™ k= 0 (glyN} = {2€2M2M = 0((2)}. The
identification prescribed above simply recombines these to form {y € 2™M2™ & o(y)}
(or equivalently {y,g(y) € gmlgm = oO(y)}). It only remains to check that the
Ockham space structure on H(FA(1)) produced by E coincides with that induced
from ~2m on our copy of H(FA(1)) in zm. It is clear that the bijection between P and
g(PO) is such that this is indeed the case.m

3.16 THEOREM. Let {Ajli €1} be a family of algebras in A = HSP(P() and let
Y =II¢ H(A;)lj € J} (equipped with the product topology and pointwise-defined order
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and g-map). Then
1L (A €73 = Ky €YY k o(1)}).
In particular FA(x) = K({y € (zm)’ﬂ(zm)" F oo}
= K({y,gy) € 2™ Q™" = o(y) }).

PROOF. Let A=HA {AjleJ}. Since the Ockham space structure on Y is
defined pointwise, Y!=JHH(ApIli€ I} (for i=0,1). For each j€J, D(A) is
isomorphic to H(Aj)0 U H(Aj)l, where this set carries a relational structure derived
from H(Aj), as described in Theorem 3.8. Hence D(A) is isomorphic to
njH(Aj)O L'J'I-,_[jH(Aj)l, structured pointwise. Translating back to the D-P duality we
get (up to isomorphism)

H(A) = {y EY|Y E o(y)}.

The first description of FA(k) is a special case of the description of free products
and the second follows because FA(k) lies in ISP(IjO).l

We conclude this section with examples.

3.17 EXAMPLES. A study of the variety of MS-algebras was initiated by T. S.
Blyth and J. C. Varlet in [2] and [3]. It is the smallest Ockham variety generated by a
subdirectly irreducible algebra and containing the de Morgan algebras and the Stone

algebras, and is generated by the algebra

and characterised equationally by
a<~2a,~(a Ab)=~a v~b,~(avb)y=~anan~b~0=1,~1=0.

The starting point for our duality is

This space is of the type described in Lemma 3.9(i)(c) and gives
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o) =(y < g2(y) and g(y) = g3(v)), o)== g2(y)).
We may base our duality on a single algebra and a single carrier (see Theorem 3.11).

Proposition 3.14 gives

(1,0,1)
0(1,1,1)
0, 1,1

0,0,1)

(0,0,0)
(0,1,0)

P=(Pyr,g,<) <23

(I,L,1)
) (1,0,1)
(0,0,1)

(0,1,1)
(0,1,0)

P=(P;a,v,0,1,~) < 23

We next consider A = ISP(Py), where P is simple. The algebra Py is simple if and
only if it is of the form K(WO), where Wpisa loop ([15], Corollary 2.4). In this case
it makes no difference whether we base our duality on two algebras (as in Theorem
3.7) or one algebra and two carriers (by applying Theorem 2.5 to ISP(Pp)
(= HSP(P())). We opt for the former, but take

Pi= (6 Wy 22 0 i)} <270
(see Proposition 3.14). The possible orders on WO were described by A. Urquhart in
[17] and analysed in greater detail by M. S. Goldberg [15]. Let S(m)= {k € Z.|
k odd and 2k <m}. Each subset S of S(m) gives rise to an order on WO, viz. the
weakest order on WO such that (Vk€S) 0 <7k(0) and such that v is order-reversing.
Every allowable order on W) is an order of this type or is the order-theoretic dual of
such an order. Given S C S(m), the associated g9 and 0| are specified by
og(y) = &(y < gK(y)k €S or mk €)

and
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o1(y)= &y = gX(y)k €S or mk €8).
The duality can now be constructed in any required case. We illustrate by taking a

4-element loop:

In this case

Py = {yg:y1:,¥2:¥3)l(Vi) y;=0or land y,y > yy.y3 )

and
P ={ygy1-y2¥yI(Vi) y;=0ar l and yo,y, <y y3}.

(1’131’1)

(1,0,1,1) (1,1,1,0)
(1,0,1,0)
(1,0,0,0) (0,0,1,0)
(0,0,0,0)
Po<2
(1,1,1,1)
(0,1,1,1) (1,1,0,1)
0.0.0,13 (0,1,0,0)
(0,0,0,0)

Py <2
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1,0,1,0)= v

r9=(0,0,1,0) (1,0,1,1)=ug

(1,0,0,0)=s¢ (1,1, 0)=t

p0=(0’07090) (1711151)=q0
(Pp:<p)
pl =(0,0,0,0 A (1,1,1,1)=q1
I =(O,1,0,0)( 0, 0=s; (1,1,0105t 0,1,1,) = u;

v1 =(0,1,0,1)
(P1.<))

Teo - {(pg,p1)s(ag.a (1, 1508 Ds(tg 1 (ugu vV D} € Py X Py,
Iy, = {(p1,pg)(a1,a0)s(r 1559): (51,1 (t 1 ug) (U, tg),(vi,vg)} S Py X Py
<= {(pg.p)(ag.ap} S Py X Py
and
>—={(y1:xg)ly| € {P1.11:81:V1 1:Xg € {Pg-Vo:50-Y0} }
VAlrpxollyy € {aptpupyy 1xo € {agto.ug v S Py X Po.

Applying the translation process, we find

H(FA(1)) = C Q
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as predicted by Theorem 3.15.

Our final example is one in which the prevariety and the variety are different. We

take A = HSP(Py)), where Py = K(Wg) and

)

Then og(y) = (y > g2(y)=g3(y) > gly) and o) (y) = (y < g(y) = g2(y)). We find

(1,1,1)
(1,0,1) (1,1,1)
() j (1,000 G (©.1D
(0,0,0) (0,0,0)
Po Py

r0=(1,0,1) I 1 (1,0,0) = 59 p; =(,L1) I ® (0,0,0)=q;
py=(LLD (0,0,0)=qq ty =(0,1,1)

oo {(pg-P:(a0-a7):(rgst1)s(sp-a1) 1
Tgy = {(ry.pg)Layag).(ty.pg)l

<= {(pg:ps(ap.ap},

>—={(y.xg)lv] € ppsty1xg € {pgrgh} U {(y.xg)lyy = a1.xq € agsgl}-

H(FA(D)) = 9\') (‘I\‘(}

Suppose A € A and let Y = H(A). As a subset of Y, Y0 is {yly > g3(y)}, since the

Thence

remaining inequalities involved in g(y) hold automatically on this subset. The lattice
congruence associated with the closed set Y0 s n= /\(nc|c€ A) where N =

GLat(c v ~3c,1). The corresponding Ockham congruence, 8, is that associated with
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the smallest closed gsubset of Y containing YO, viz. YOU g(YO) =Y", and is
N lce A))O (regarded as a subalgebra of A X A). In the notation of Lemma 3.5,

n={(a,b) E A X Al(Vc)a=b(ny)}

and, for all n,

n, = {(ab) € AX AI(VOWV j < n) ~Ja=~Jb(n)}.

Because A €P3 5, ~3a= (~2a)’ for every a€ A ([15], Proposition 2.7). Hence, for
a€Aandk>1, ~2ky= 2, and ~2k+la = ~3a. 1t follows that

0 = {(a,b) € A X Al(V¢) ~a=~Ib(n,) forj=0,1,2,3}.
Hence, by definition of 1,
0=1{(a,b)EAXAIVc)~a r (c v~3c)=~Iba (cv ~30¢) forj=0,1,2,3}.

The maximum homomorphic image of A in the prevariety 4° is A/#. An algebra

A € A lies in the prevariety if and only if

(Va,bE€EAN(VcEANVj=0,1,2,3)~a a (c v ~3¢)=~Iba (c v ~3c))>a=b).
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