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GENERALISED PIGGYBACK DUALITIES AND APPLICATIONS 

TO OCKHAM ALGEBRAS 

B. A. Davey and H. A. Priestley* 

B. A. Davey and H. Werner developed in [ 11 ] a general procedure for creating a 

natural duality between a prevariety A = ISP(P_) generated by a single algebra_P and a 

category X of topological structures. In [12,13] they showed how certain natural 

dualities could be obtained, piggyback-fashion, from existing dualities. (In the 

examples presented, either the Priestley duality for bounded distributive lattices or the 

Hofmann-Mislove-Stralka duality for semilattices was used.) This new approach had 

the great merit of indicating, in a way that the theorems of [ 1 1 ] did not, how best to 

construct X. Among the varieties for which dualities were constructed, in either [ 1 1 ], 

[12] or [13], were Stone algebras, Ockham algebras and the subvarieties Pro,n, and 
certain varieties of pseudocomplemented distributive lattices and Heyting algebras. 

With the exception of Kleene algebras, all these varieties come within the scope of the 

Piggyback Duality Theorem in [ 12,13 ]. 

This paper deals with a generalisation of the duality theory of [1 1,12,13] 

applicable to a wide range of varieties, including the rogue example of Kleene algebras 

mentioned above. To motivate our strategy we begin with an informal discussion, 

without proofs, of duality for Kleene algebras. Sections 1 and 2 contain the general 

theory inspired by this example. In the final section we apply our results to Ockham 

algebras and obtain a natural duality for every variety generated by a finite subdirectly 

irreducible algebra. These dualities are such that products in the dual categories are 

cartesian, but are in some ways less easy to work with than the previously employed 

restricted Priestley duality. We indicate the relationship between the two available 

dualities on a given variety, so that these can be used in conjunction as seems 

*This research was carried out while the second author held a visiting research fellowship at 
La Trobe University supported by ARGS Grant B831571 lI. 
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expedient. We discuss applications of our theory to other varieties of 

distributive-lattice-ordered algebras in a later paper, in which we also consider the 

problem of constructing full dualities. 

We recall that the variety, K, of Kleene algebras is ISP(K_), with K_- 

(K;^, v,0,1, '•) where K = (0,c, 1) and 0 = -•1 < c -- -•c < 1 = -•0. It is characterised 

algebraically by the equations for bounded distributive lattices together with 

-•--a= a,-•(a ^ b) = •a v '•b,'•0-- 1 and a ^ •a •< b v •b. 

The duality for K in [11] (pages 175-178)is arrived at as follows. A topological 

structure is imposed on the underlying set of K, viz. 

•K = (K;r,4,K0,-) 

where r is the discrete topology, K 0 is the subspace containing the points 0 and 1 (and 
may be regarded as the relation •(0,0),(1,1))), - is the relation K2\((0,1),(1,0)) and 
4 is the partial order shown below: 

'•'= • 0 1 

Each of the relations introduced is a subalgebra of K 2. The category IScP(•K) of 
isomorphic copies of closed substructures of powers of •K is denoted by X. There exist 
natural hom-functors D: K -> X and E: X -> K given by 

D: A • K(A,K) •< K A 
and 

E: X • X(X,K) •< K X. 

The NU-Duality Theorem ([11 ], Theorem 1.19) implies that, for each A CA, the 

evaluation eA: A-> ED(A) is an isomorphism. The justification at this stage for the 
choice of relations defining K seems to be merely that it makes the NU-Duality 

Theorem applicable: the relations are algebraic and sufficient to generate (in the sense 

of [ 11 ], page 140) all subalgebras of _K 2. 
To provide a rationale for the choice we need to review briefly the piggyback 

approach to duality, insofar as it applies to a prevariety A =ISPP(_P_) of 
bounded-distributive-lattice-ordered algebras. We assume familiarity with Priestley 
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duality (for which we take the recent survey articles [9] and [ 16] as our reference). 

We denote the category of bounded distributive lattices by D and the dual category of 

compact totally order-disconnected spaces by P. The functors establishing the duality 

are defined, for A C D and X C P by 

H: A • D(A,2) <• 2 A 
and 

K: X •P(X, 2) •< 2 A 

where 2 is the 2-element chain in D and 2 is the 2-element chain with the discrete 

topology, regarded as lying in P. The evaluation map from A to KH(A) is denoted by 

kA; it is an isomorphism for every A in D. Given the prevariety A = ISP(P) we may 
seek a topological structure P on the underlying set P of P which is such that the 

evaluation maps eA: A-•ED(A) are isomorphisms, where D(A) :=A(A,P), -- 

E(X) '-- X(X,•P) and X := IScP(•P). The idea in [ 12,13] is to choose •P so that, for each 

ACA, a one-to-one map A' ED(A)-•KH(A) exists such that A o e A =kA, and 

thereby to show that each map k A is an isomorphism. (Here A C A and its reduct in D 
are denoted by the same symbol and the functors H and K of the D-P duality are 

suitably restricted.) We now need to construct A. A natural way to proceed is to take a 

D-homomorphism or: P -• 2 and to let •o• := o•o-. Assuming •ot is onto we may try to 

A(A,P) > P 

- 
D(A,2) A(½) • 2 

in which ½ C ED(A) = X(A(A,P_),•). To carry out this programme we require 

(i) •ot onto, 

(ii) P such that A(½) is well-defined, continuous and relation-preserving, and 

(iii) P such that A is one-to-one. 

It tums out that Condition (ii) can be met by including among the relations of P• every 
maximal A-subalgebra of ker(o0 (_C P X P) not contained in the diagonal and every 

_ _ 

maximal A-subalgebra of 

define A by means of the diagram 
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•1(<) := ((•b,q/) •P X PIc•(•b) < c•(q/)). 
_ _ 

Conditions (i) and (iii) can be met by including among the relations of P the graphs of 

a collection of endomorphisms of P which together with ot separate the points of P. 
_ -- 

The reason that this programme fails for A = K is that it is not possible to choose 

or: K -• 2 such that •ot is always onto. There are two D-homomorphisms from K to 2, 

a and 15, defined by 

or(0) = 0, or(c) = or(1) = 1 and •(0) = •(c) = 0, •(1) = 1. 

Take A =K. The hom-set K(A,K) consists of the identity, id, alone. Neither •o•: 

id • o• nor •15: id •> 15 is onto D(A,2). To see what happens for an arbitrary A C K it is -- 

convenient to make use of the restricted D-P duality for K. Let Y be the category 

whose objects are pairs (Y;g), where YeP and g: Y•Y is a continuous 

order-reversing map, with g2 equal to the identity map, and such that, for every y G Y, 
y and g(y) are comparable, and whose morphisms are continuous order-preserving 

maps commuting with g. Then H and K establish a (full) duality between K and Y. 

Negation on A • K and the g-map on H(A) • Y are linked by 

(Va G A)(Vy G H(A)) g(y)(a) = 1 •* y(•a) = 0. 

Fix A G K and let x • K(A,K). Then o• o x C 
-- 

g(a o x)(a)= 1 •* 

D(A,2_) and, for all a • A, 
-- 

(a o x)(-a) = 0 

•* a(x(• a)) = 0 

•* •x(a)) = 0 (since x preserves 

•* -• x(a) = 0 (by definition of 

•* x(a) = 1. 

It follows that g(o•ox)(a) = 1 implies (o•ox)(a)= 1, whence aoxG 

{y GD(A,2)lg(y) <• y}. Conversely, every y GD(A,2) with g(y) <• y is of the form otox 
-- -- 

for some x C K(A,K). The required x is defined by 
_ 

(VaGA) x(a)=l 
0 ify(a) = O, y(,-•a) = l, 

c if y(a) = y(•a) = 1, 

1 if y(a) = 1, y(• a) = O. 

Thus Imq•o•= {yGH(A)Ig(y)<•y). A similar argument shows that Imq•= 
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{ y E H(A)Ig(y) >• y). Thus although neither •ot nor • is onto in general, the maps 
•ot and •1• are always jointly onto' Im •ot U Im •1• = H(A). This suggests that we 
should use both ot and • to build a piggyback duality for K. Let us review the relations 

of K• = (K;r,•,K0,-) in thislight. The partial order • := { (0,0),(c,c),(1,1),(0,c),(1 ,c)} 
is the unique maximal K-subalgebra of ot-l(•<). The distinguished subspace K 0 (qua 
relation) is just ker(ot,•)-= {(½,•)E K X Kla'(40=•(•)}, which is already a 

_ -- 

K-subalgebra of K 2. Finally ---K2\{(0,1),(1,0)} coincides with the unique maximal 
_ 

K-subalgebra of 

(l•,c0-1(•<) :-- ((•,•) • K X KI•(4•) •< ot(•)}. 
_ -- 

This provides confirmation that for a prevariety A = ISP(P) we should in general 
-- 

consider a family f•p of D-homomorphism onto 2 for which the induced maps 
-- 

A(A,P) •D(A,2) (or G f•p) are jointly onto and define the topological structure P 
-- 

using maximal A-subalgebras of ker(oq,o•) (oti,ot j Grip), maximal A-subalgebras of 
_ 

(oti,o•)-l(•<) (ai,ot j • f•p) and a suitable set of endomorphisms of P. 
_ 

The theory in [1 1,12,13] concerns prevarieties. It handles varieties only where 

these happen to be of the form ISP(P) for a single (subdirectly irreducible) algebra P. 

Very many familiar varieties are of this type, Kleene algebras included, but, for 

varieties of Ockham algebras at least, it is the exception rather than the rule that a 

variety HSP(P__) coincides with the prevariety ISP(P_). However, Birkhoff's Theorem 

implies that we do always have HSP(P) -- ISP(II), where II is the class of subdirectly 

irreducible algebras in the variety. Section 1 is devoted to a discussion of what is 

entailed in extending the duality theory in [1 1] to a (pre)variety, A, generated by a 

family of algebras, l'I. The dual of an algebra A in A is taken to be a disjoint union, 
-- 

O(A(A,P)IP E • •< •A, where • = 0(PIP • II), endowed with relations which are 
subalgebras of products P1 X---X P_n (P_i •II). This leads on to a very general 

piggyback duality theorem applicable to prevarieties ISP(I'I) and allowing for a family 
-- 

of homomorphisms f•p for each P G •. 
-- 

For Kleene algebras it is not necessary to replace K by a family of algebras l'I, so 
_ _ 

long as we allow a 2-element set f•K = {ot,•). An alternative, yielding an isomorphic 
-- 

dual category, is to take II= (P0,P1) where each of P0,P1 is _K and to let each 

f•Pi contain a single homomorphism oti, where o• 0 = or, ot 1 = •. We then have, for each _ 
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A G K, a dual D(A) which is the disjoint union K(A,P 0) 0 K(A,_P 1). The generalised 
Piggyback Duality Theorem indicates that we should structure P0 0 P1 (and thence, 
pointwise, D(A)) by taking the following relations and homomorphisms: 

(a) the maximum K-subalgebras of o•)1(•<), o•1(•<), (a0,oq)-l(•<) and 
(oq ,c•0)-I (•<), which we denote, respectively, by 40, 41, •- and >-; 
(b) go: P0 •P1 and gl' P1 •P0 defined, for ½ • P_i, by gi(½) = 6. 

The components K(A,P0) and K(A,P 1) of D(A) correspond, under the bijections •o• 0 
and •o• 1 to the subspaces H(A) 0 '-- {y GH(A)Ig(y) •< y} and H(A) 1 := 
{y G H(A)lg(y) •> y}. When the relations and homomorphisms on D(A) are transferred 

to H(A) 0 and H(A)I via these bijections we find that they relate to the structure on 

H(A) (an object of Y) in the following way. The pointwise extensions of 40 and 41 

give the partial orders induced on H(A) 0 and H(A) 1 from H(A), while •- and >- give 
"interconnecting orders," specifying which elements of H(A) 1 majorise which 
elements of H(A) 0 and vice versa. The homomorphisms go and gl, extended 
pointwise, give g on H(A) 0 and H(A) 1 respectively. The spaces K(A,P i) and H(A) i are 
homeomorphic. Thus the duals, D(A) and H(A), of A G K for the two dualities are 

related in a very natural way. The chosen structure on P0 0 P1 is just what is required 

to reconstruct H(A) from K(A,_• 0) and K(A,P1). Set theoretically H(A) is obtained 

from K(A,P_0) 0 K(A,P 1) by identifying x 0 • K(A,P 0) with x 1 • K(A,_P 1) if and only 
if for all a G A, xl(a) >- x0(a) and x0(a) •- xl(a). On the resulting set, the topologies 

patch together correctly, 40, 41, >- and •- combine to give a partial order, and go 

and gl combine to give a continuous order-reversing map. The resulting space is 

isomorphic to H(A). The major advantage of D(A) over H(A) is that the former has 

algebraic relations, and lives in a category which has "cartesian" products and "free" 

objects (neither of which holds in the restricted D-P dual category Y). 

1. Natural dualities for varieties. In B. A. Davey and H. Werner [ 11, 12, 13 ], a 

general framework is described for creating a (full) duality between the prevariety 

A := ISP(P) generated by an algebra P and a category X of topological structures. We 
-- 

-- 

refer to such dualities as "natural" since 

(i) the algebra P G A plays a schizophrenic role typical of duality theorems and 
-- 

lives as an A-algebra P in the category X; 
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(ii) the structure on P ßX consists of operations, partial operations and 

relations which are algebraic over P; that is, the relations and the graphs of the 
-- 

(partial) operations are subalgebras of the appropriate powers of P; 
-- 

(iii) the duality between A and X is given by naturally defined hom-functors 

A(-,P): A -•X and X(-,•P)' X -•A; 

(iv) the category X has free objects, and products in X are simply cartesian 

products with the relations and (partial) operations extended pointwise. 

We shall now show that some straightforward modifications allow us to set up a 

similar framework for the prevariety generated by a family _Fl of algebras. This allows 

us, for example, to extend the duality from [ 1 1 ] for the prevariety ISP(P) generated 

by a finite lattice-ordered algebra P up to a duality for the whole variety HSP(P_) 

generated by P. 

Let _H be a family of algebras and assume that the underlying set P of each 

algebra P = (P;F) in _H is equipped with a compact Hausdorff topology with respect to 

which each operation in F is continuous. Consider an object 

H = (½J(PIP ß H);G,H,R,•) 

where 

(a) G is a set of maps each of which is a homomorphism g:__P1X --.X Pn -• P_n+l 

for some_P1,...,Pn+ l ß _Fl, 

(b) H is a set of maps each of which is a homomorphism h: D-•__Pn+l, with_D a 

proper subalgebra ofP 1X .--X Pn for someP1,...,_Pn+ 1 ß _I-l, 

(c) R is a set of relations each of which is a subalgebra ofP l X---X Pn for some 

P1 .... 'Pn 
(d) r is the disjoint union topology. 

By analogy with the case where Fl consists of a single algebra, we refer to the 
-- 

maps in G as operations and those in H as partial operations and we summarize (a), (b) 

and (c) by saying that the structure on Fl is algebraic over Fl. 
,..,., -- 

Assume that (X;r) is a topological space and that X is written as a disjoint union 

indexed by 
-- 

X = 0(XpIP ß Fl). 
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If for every operation g: P1 X---X_Pn-•_Pn+I in G there is a corresponding map 

g: XP1 X---X XPn XPn+l, and similarly for the partial operations in H and the 
relations in R, then we refer to 

X = (X;G,H,R,r) 

as a H-indexed structure (of the same type as I1), and Xp is called the P-component of 
-- 

_ 

•X. If X• and •Y are both _II-indexed structures, then a map ½: X-• Y is a morphism 

provided it maps Xp into Yp for all _P C I1 and preserves the relations and (partial) 
-- _ 

operations in the obvious sense. On any subset Y of a H-indexed structure •X, the 
relations in R may be interpreted by restriction. If Y is closed under the operations 

and partial operations, then with the induced structure it becomes a H-indexed 
-- 

structure Y. Such H-indexed structures will be referred to as subalgebras of X. A 

morphism which is an isomorphism onto a subalgebra will be called an embedding. For 

any set S, we obtain a H-indexed structure II S whose underlying set is 

H S := O(pSIp C H) 
_ -- 

with the obvious topology, and operations, partial operations, and relations extended 

pointwise in the natural manner. 

We now define X to be the category of all H-indexed structures which are 
-- 

isomorphic to a closed subalgebra of some power •II S of •II (in symbols, X := IScP(?). 
The category A '= ISP(H) is simply the prevariety generated by the family I1 of 

-- 
-- 

algebras. 

It is an easy matter to mimic the early development in B. A. Davey and H. 

Werner [ 11 ]. For every A G A, 
-- 

D(A) := O(A(A,P)IP G H) 
-- -- 

is an X-subalgebra of I1• A, and for every •X G X, 

E(•X) '= X(•X,•) 

is an A-subalgebra ofJ'I(_Qpl_P G _II) where Q_p is P raised to the power Xp. Thus we 
_ _ _ 

obtain contravariant functors 

D: A -• X and E: X-•A 

which are adjoint on the right. Moreover the evaluation maps (the units of the 
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adjunction) 

and 

eA: A • ED(A), eA(a): x • x(a) 
_ _ 

ex: •X • DE(•X), eX(x): a• a(x) 

are embeddings. This situation we call a natural proto-duality and if e A is onto (and 
_ 

therefore an isomorphism) for all A • A we say that we have a natural duality 
-- 

between A and X. If e X is also onto (and therefore an isomorphism) for all •X • X, 
then we say that the duality between A and X is full. 

The category X is particularly well behaved. 

1.1 LEMMA. Products in X are cartesian on components. If (Xili • I) is a 

family of •indexed structures from X, then the product l-I(•Xili • I) in X has its 
P-component given by 

II(•Xili c I)p --II(x•li • I) 
_ -- 

(where the product on the right is cartesian).' the topology is the obvious one and the 

relations and (partial) operations are the pointwise extensions of those on the 

coordinates. The i-th projection 

•r i' II(•xili • I) • x• i 
is the union of the natural projections on the P_-components. 

PROOF. Titat II(•xili • I) as defined belongs to X follows from the fact that a 
product of powers of II is a power of II and a product of erabeddings is an embedding. 

The rest of the proof is straightforward.w 

The first part of the following lemma is an immediate consequence of Lemma 1.1 

and the second part follows, as in Lemma 1.6 on page 120 of [ 11 ], from the fact that 

the structure on 13 is algebraic over 13. Denote by FA(S) the free algebra in A 

generated by the set S. 

1.2 LEMMA. The object 1-I S is the S-fold power of II in X and is isomorphic to 
D(FA(S)). The map p' D(FA(S))• II S, which restricts each x • D(FA(S)) to S, is an 
X-isomorphism. 

For any set S, each S-ary term t in the language of A induces an X-morphism 

t: U S -+ II which is the disjoint union of the induced S-ary term functions t: pS _+ p 
for P • 13. We refer to such an X-morphism as an (S-ary) term function on Fl. 

_ -- _ 
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Before we can state the Duality Theorem we need the following result whose 

proof is a simple extension of the proof of Lemma 1.7 on page 120 of [ 11] and so is 

omitted. 

1.3 LEMMA. If A,B • A and k: A -> B is an onto homomorphism then 
__ -- 

D(k): D(B)-• D(A) is an embedding in X. 
_ _ 

The Duality Theorem is also presented without proof. It is a straightforward 

extension of the corresponding result in [ 11 ] ;Theorems 1.8 and F. 1 (on pages 121 and 

251). 

1.4 THE DUALITY THEOREM. The natural proto-duality D,E between A and 

X is a duality if and only if 

(D1) II is in/ective in X with respect to the embeddings D(k): D(B)-+ D(A) 
,..., _ -- 

where k: A--> B_ is an onto homomorphism in A, that ts, for each ½ G X(D(_B),•II) 

there exists c•' G X(D(_A),•II) with ½'oD(k) = ½; 
(D2) for each positive integer n, every ½ G X(Hn, H) is an n-ary term function on 

II; 
_ 

(D3) for each set S, every c• G X(IIS,H) has a finite support, that is, there exist 

Sl,...,s n E S such that for all PC II andallx,yGP S, if x(s i) = y(s i) for 1 •< i •< n, 
then O(x) = ½(y). 

Furthermore, if H is a finite set of finite subalgebras, then D,E is a duality if and 
-- 

only if(D1) and (D2) hold 

If D,E is a duality between A and X, then by restricting the codomain of D and 

the domain of E we obtain a full duality between A and D(A)_C X. Of course in 

practice we want the full dual category to be closed under isomorphisms so 

Xf = ID(A) = {X G Xle X is an isomorphism } 

is a more natural choice. In many cases we find that Xf = X, but Xf can be a proper 
subcategory of X. Some conditions under which X itself is the full dual are given in D. 

M. Clark and P. H. Krauss [6]. Unfortunately there is no general theory which 

produces a workable axiomatisation of Xf. In practice we choose some 

isomorphism-closed category X' with D(A) _C X' __C X and we try to ascertain whether 

e X is an isomorphism for all X E X'. 
Both of the full duality theorems of [ 11 ] carry over to the present setting, but a 
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little more work is required to set them up. 

The category H-Set is defined in the obvious way' an object is a H-indexed 
_ 

-- 

disjoint union of sets and a morphism is a set map w•ch maps the P-component of its 
-- 

domain into the P-component of its codomain. Note that if H consists of a single 
_ 

-- 

algebra, then the categories Set and I•Set are isomorphic. There is an obvious forgetful 
-- 

functor from X into I•Set. 
-- 

Given a H-indexed set S, say S = O(SpIP • _1-1), define the A-algebra II S to be 
_ 

II(QpIP G II) where Q_p is P raised to the power Sp. 
_ 

_ -- 

Note that if I_III •> 2, then free objects will not exist in Xf: clearly FXf(1) does 
not exist since there is no canonical choice for the component which contains the free 

generator. 

1.5 LEMMA. Assume that D,E is a duality between A and X. Then the forgetful 

functor, I-I, from Xf into _I,I. Set has a left adjoint, the free Xf-object generated by a 

H-indexed set S = tD(SpIP G II) being FXf(S)= D(HS). The canonical H-indexed-set -- 

_ 

-- 

map from S into FXf(S) maps s G Sp to the projection •rs: _Qp-• P for each P G _I-I. 
-- 

When IIII = 1 this yields the free Xf-o•ject generated by the set S as FXf(S) = D(pS), 
-- 

where H = {P}, the free generators being the projections. 
_ -- 

PROOF. Denote the natural contravariant H-indexed hom-set functor from A to 
-- 

1-I. Set by U, that is, 
_ 

U(A) := O(A(A,P)IP • II). 
-- 

Define a contravariant functor V: II. Set-•A by V(S) '= H S. It is easily seen that U 
-- 

-- 

and V are adjoint on the right. The chain of natural bijections below now establishes 

the result. For all S G 1-I. Set and all X• G X 0, 

•Set(S,l•XI) • _[I. Set(S,IDE(X•)I) = •Set(S,UE(•X)) • A(E(•X),V(S)) 

-• X(DV(S),DE(X•)) • X(DV(S),•X). ß 

1.6 LEMMA. Assume that D,E is a duality between A and X. Then each algebra 

P G II is injectire in A with respect to the embeddings E(•b): E(•Y)-•E(•X)where 
-- -- 

c•: X• -• •Y is an onto morphism in Xf, that is, for each k G A(E(Y•),P..,) there exists 
k' G A(E(X),P) with k'oE(•b) = k. 

PROOF. Let P G II, let X,Y G Xf, assume that 6: X -• Y is an onto X-morphism 
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and that k: E(Y•) -• ED(P) = P is an A-homomorphism. Since the duality between A 

and Xfis full, there exists ½: D(P) -•Y with k = E(•). Let S be the l-l-indexed set all 

of whose components are empty except for the P-component which is a singleton. 

Then by Lemma 1.5, FXf(S)• D(P) and so, since ½ is onto, there exists an 

X-morphism •': D(_P) -•X with ½o•b' = • and hence k = E(•) = E(•')oE(6). Thus we 

choose k' = E(•').m 

We have established the necessity of the conditions (El) and (E2)which appear 

in the result below; their sufficiency is proved as in [ 11 ] ß Theorems 1.9 and F.3 on 

pages 125 and 256. 

1.7THE FIRST FULL-DUALITY THEOREM. Assume that the natural 

proto-duality between A and X is a duality and that D(A) C- X' _C X. Then D,E is a full 

duality between A and X' if and only if 

(El) each algebra P • l-I is injectire in A with respect to the embeddings E(½): 
-- _ 

E(•Y) -• E(•X) where ½' •X --> •Y is an onto morphism in X'; 
(E2) for every H-indexed set S, D(II S) is freely generated in X' by the l-l-indexed 

_ -- -- 

set of projections. 

The Second Full-Duality Theorem and its proof transfer to the more general 

setting with only a few notational changes: see Theorems 1.10 and F.4 on pages 127 

and 258 of [11]. 

1.8 THE SECOND FULL-DUALITY THEOREM. Assume that the natural 

proto-duality between A and X is a duality and that D(A) C_ X' C_ X. Then D,E is a full 

duality between A and X' provided 

(E3) if #: X--> Y is a proper embedding in X', then E(#) is not one-to-one, that 

is, there exist X-morphisms do,•: Y --> FI with do -• • but doo# = •o#. 

For a discussion of the necessity of (E3) if D,E is to be a full duality between A 

and X' we refer to Propositions 1.11 and F.7 on pages 128 and 262 of [11]' 

injectivity conditions on P must now be replaced by the same conditions on all P • l-I. 
_ -- -- 

For our purposes it suffices to note that (a) although some or all of the P • II may 
_ -- 

fail to be injectire in A, in every example of a full duality known so far l-I is injectire 

in Xf, and (b) if • is injectire in X', then (E3) is necessary for D,E to be a full duality 
between A and X'. 
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In the remainder of the first section of [1 1], the assumption that P is finite is 
_ 

used to eliminate the topology completely from the conditions for D,E to be a (full) 

•luality between ,4 and X. All the results carry over to the case where 1-I is a finite set 
-- 

of finite algebras. 

We shall say that the structure on • generates some relation r •<P1 X" 'X Pk if 
for every closed subalgebra X of a power of FI each X-morphism preserves the relation 

r. Recall that a (k+l)-ary term, t, in the language of,4 is a near unanimity term for 

and therefore for ,4 if each P C FI satisfies the identities: 
-- _ 

t(x,y .... ,y) = t(y,x,y,...,y) ..... t(y,y .... ,y,x) = y. 

1.9 THE NU-DUALITY THEOREM. Let II be a finite set of finite algebras 
-- 

having a (k+l)-ary near unanimity term. If the structure on II generates every 

subalgebra of__PlX-..X__P k for all choices of P1,...,_PkG_II, then the natural 
proto-duality D,E between A and X is a duality and II is injectire in X. 

PROOF. In [ 11 ], the NU-Duality Theorem is the culmination of the results 1.13 

to 1.17. Each of these is easily restated and proved in the present setting: sub algebras 

of finite powers of P must be replaced by subalgebras of finite products of algebras 
-- 

from II.- 
_ 

In [ 11 ] on pages 140-142 a list of constructs is given which can be used to show 

that the structure on •P generates all subalgebras ofP k. As expected, the corresponding 
constructs also work in the more general setting. 

The following result allows us to eliminate the topology from Condition (E3). As 

its proof is a direct translation of the proofs of 1.12 and 1.20 from [ 11 ] it is omitted. 

1.10 THEOREM. Suppose that II is a finite set of finite algebras and that II 

satisfies either 

(a) the set H of partial operations on II is empty, or 

(b) the operations and partial operations in G Ll H are at most unary. 

Assume that the natural proto-duality D,E between A and X is a duality. Then D,E is a 

full duality between A and X provided (E3) F holds, that is, (E3) holds for all finite 
members •X,•Y of X. 

Whenever we use the NU-Duality Theorem we have k = 2 and hence Case (b) of 

this theorem is applicable. 
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We shall require the following result in Section 2, and in the particular case A = D 

and X = P, in Section 3. We say that a subset X of D(A_) separates _A if for a •- b in A 

there exists x G X with x(a) •- x(b). 

1.11 PROPOSITION. Assume that D,E is a full duality between A and X and 

that II is injectire in X. If X is a closed subalgebra of D(A) which separates A then 

X = D(A). 

PROOF. Let X be a closed subalgebra of D(A) which separates A. Let 

#: •X-> D(A_) be the inclusion map and consider E(#): ED(A_)-> E(•X). If ½ •-• in 

ED(_A), then we find a •- b in A with ½ = kA(a) and • = kA(b ). Since •X separates _A 
there exists x G X with x(a) :/= x(b), whence 

½(x) = kA(a)(x ) = x(a) •: x(b) = kA(b)(x) = •(x). 

Hence ½ •X •- • •X and consequently E(#) is one-to-one. Since •I1 is injective in X, E(#) 
is onto and so is an isomorphism. As D,E is a full duality it follows that # is an 

isomorphism and thus X = D(A).- 

Although the following result can be obtained via a general category-theoretic 

argument, we give a direct proof which involves less hand waving. 

Note that if 0 is a congruence on AGA and •: A-->A/0 is the induced 
_ _ -- 

homomorphism, then 

0*: = { x G D(A) Ix factors through 0} 
-- 

is a closed subalgebra of D(A) since it is the image of the embedding D(.6). 
-- 

1.12 PROPOSITION. Assume that D,E is a full duality between A and X and 

that II is injectire in X. Then 0 • O* is a dual lattice-isomorphism between the lattice 

of congruences on _A • A and the lattice of closed subalgebras ofD(_A). If•X • X and 

•Y is a closed subalgebra of •X, then the corresponding congruence Oy on E(•X) is given 
by 

(V qb,• G E(•X) = X(•X,•II))4• -= •(0y) *} Cry = • 

Moreover, E(X•)/0y -• E(•Y). 

PROOF. Let 01,02 be congruences on _A with induced maps ½1' _A --> A_/01 and 
½2' A -->_A/02. If 01 •< 02 then 62 factors through ½1 and hence 0• •< 0•. Assume 
that 0• •< 0•. If a • b(02) , then 02(a)•= ½2(b) and hence (since _AGA = ISP(_II)) 
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there exists P C II and x: _A/0 2 --*_P with x(•52(a)) 4= x(½2(b)). Since xo½ 2 C 01 < 0• 
there exists x': _A/01 --*P with Xoq52 = X'o•l. It follows that (bl(a)4= el(b) whence 
a •p b(01). Thus 01 <• 02 . 

Let Y be a subalgebra of D(A) and let j: Y --* D(A) be the inclusion. Since II is 

injective in X, E(j): ED(A) --* E(Y) is onto. We claim that Y = 0* where 0 is the kernel 

of E(j)oeA: _A --* E(•Y). Clearly 
-- 

0* = { x G D(_A)Ix factors through E(j)oeA}. 
-- 

Since D and E are adjoint on the right we have 

(*) j = D(E(j)oeA)oey, and so (Vy G Y), y = ey(y)oE(j)oeA; 

see Lemma 1.5(4) on page 118 of [ 11 ]. It follows at once that Y < 0'. If x G 0', then 

x = zoE(j)oe A for some z G DE(•Y). Since the duality between A and X is full, ey is 

onto and so there exists y C Y with z = ey(y). It now follows from (*) that x = y G Y 

and so 0* < •Y. The final claim in the proposition follows easily. ß 

Since we wish the dual of A G A to be as simple as possible, we minimize the size 
-- 

of Il. If P,Q • II and P can be embedded into Q, we may delete P from II without 

destroying the duality. Reducing II to a single algebra has the added advantage that 
-- 

the full dual category will then have free objects (see Lemma 1.5). 

Assume that A = ISP(II) and A' = ISP(II') where II' _C II, and suppose we have 

a II'-indexed structure II' such that the natural proto-duality D',E' between A' and 

X' := IScP(•') is a duality. Since the definition of D'(_A) makes sense for any algebra 
A of the given type, we may extend D" A' --*X' to a functor D" A --* X'. 
-- 

1.13 PROPOSITION. Let A, A' and X' be as above and assume that II' is 

injectire in X'. Then for all A GA, the algebra E'D'(A)CA' is the maximum 
_ 

homomorphic image of A in A" the homomorphism eA: _A --• E'D'(A) is onto andif 
-- 

B • A and k: A--• B is a homomorphism, then there exists a homomorphism k" 
_ _ _ 

E' D'(A) --• B with k'oe A = k (that is, ker e A _C_c ker k). -- -- 

-- _ 

PROOF. Let A GA. Suppose that k: A • B is a homomorphism with B G A'. 

Since eBok = E'D'(k)oe A and since e B is an isomorphism, it follows that k factors 
-- _ -- 

through e A. It remains to show that e A is onto. 
-- -- 

Clearly D'(FA(S)) -• I1 S • D'(FA'(S)) and it follows easily that 
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eFA(S): FA(S) --> E' D'(FA(S)) m FA'(S) 
is onto. Let F = FA(A) and let k: FA(A) --> A be the natural homomorphism. Since k 

-- _ 

is onto D'(k) is an embedding, and hence E' D' (k) is onto as H' is injective in X'. It 

follows that e A is onto as eAok = E'D'(k)oe F and both E'D'(k) and e F are onto.= 
2. Piggyback dualities revisited. If each algebra A C A has a reduct A in some 

_ ._ 

other prevariety D for which we have already established a duality H: D-•E and 

K: E ->D, then we can obtain a duality for A by restricting the functor H to (the 

reducts of) the algebras and morphisms in A. Unfortunately the resulting restricted 

D-E-duality need not be a natural duality even when the duality between D and E is. 

In B. A. Davey and H. Werner [ 12,13], a method was given whereby a natural duality 

for A could sometimes be obtained from the restricted D-E-duality. Their results 

applied only when A was a prevariety generated by a single algebra, and although 

applicable to a large number of examples did not always give rise to a duality even 

when a natural duality was known to exist (in the case of Kleene algebras for 

example). We now extend the Piggyback-Duality Theorem of [12,13] to cover 

examples like Kleene algebras and to make it applicable to H-indexed structures. 
-- 

Let A = ISP(II) and X = IScP(•II) and suppose D: A -->X, E: X-->A is a natural 
proto-duality, as described in the previous section, with 

H = (O(PIP c H);G,H,R,r). 
_ -- 

Assume that A has a reduct in another prevariety D; that is, assume there is a family 

F 0 of terms in the language of A with respect to which every algebra A = (A;F) 

becomes an algebra __A = (A;F 0) in D. (The most important consequence of this is that 
if g: A_-->B is an A-homomorphism, then g: _A--> _B is also a D-homomorphism.) 

-- -- 

Moreover, assume that D = ISP(A) and that there is a/X-indexed structure 

/X = (0(DID c/X);G0,H0,R0,r 0) 

such that the natural proto-duality H: D -•E, K: E -•D, with E = IScP(/X), is a duality. 

For every _A CA we have two evaluation maps: namely eA: _A --+ ED(_A)which 
_ 

is an embedding in A and kA: A • KH(A) which is an isomorphism in D. Clearly 

e A will be onto (and therefore an A-isomorphism) if and only if we can define a 
one-to-one map d: ED(A) -• KH(A) which commutes with the evaluations. 
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ED(A) 
e^.....• - 

A TM i 

KH(6) 
-- 

A natural way to define d is via D-homomorphisms o•: P -• D which connect algebras 

P 6 FI and D 6 A. Given an X-morphism •5: D(A) -• II we must define d(•5)' H(_A) -• A. 

If the induced maps 

•o• :: o•o -: A(A,P) -• D(_A,_D) 

are jointly onto, then for each y GD(A,D) there exists an a: P--> D and x GA(A,P) 

such that •a(x) = ao x -- y, and we can attempt to define d(½) by 

d(qb)(y) = ot(½(x)) 

thereby making the diagram below commute. 

A(A,P) 

D(A,D) 
d(½) 

•P 

Of course we need to know that d(•) is well-defined (independent of the choice of a) 

and is an X-morphism, and that d is one-to-one. 

Note that if U_CP 1 X--.X Pn and h: U-•Pn+i is a map, then U is an 

A-subalgebra of P1 X'" X Pn and h is an A-homomorphism if and only if the graph of 
h, that is, 

rh := {(al ,'",an,an+l) •P1 X ---X Pn+l I(al,'",an) • U and h(a 1 ,...,a n) = an+ 1 }, 

is an A-subalgebra of P1 x-.-X Pn+l' Moreover, if X __C• S is closed under h, then a 
map qb: X-• [I preserves h precisely when it preserves r h. Our results are most easily 
stated if we replace the (partial) operations in H O G and in H 0 U G O by their graphs. 
To this end, define R + by 

R +'=RU{rhlhGHUG} 
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+ similarly. and define R 0 
The proof of the result below follows the same fines as that of the corresponding 

theorem in B. A. Davey and H. Werner [ 13 ]. 

2.1 PROPOSITION. Let A, X, D and E be as above and assume that for all 

P C II, D • A there is a (possibly empty) set •2p, D ofD-homomorphisms o•: P -> D 
-- 

such that for all D • A the induced maps 

q'ot := oto -: A(A,P) -• D(A,D) with o• • kd(fZp,DIP G II) 
-- 

are jointly onto. If 4): D(A) -• II is a map such that •(A(A,P)) _C P for all P • II, then 

(i) there is a (necessarily unique) map d(4)): H(A)-• A such that the square 

above commutes for all o• • 12p,_D, provided that for all =D • _A_ and all o• • 12p, D, 
[J • 120,_D each A-subalgebra of P X _Q maximal in 

-- 

ker(ot,18) := {(a,b) GP X QIot(a) = 

is preserved by 4); 

+ provided that for (ii) d(4)) preserves an n-ary relation r 0 •< =D 1 X...X D=n in R 0 

all o• 1 C 12pl,=D1 ..... o• n • 12pn,=Dn each A-subalgebra of P 1 X ...X Pn maximal in 
(Otl,...,Crn)-I (r0) := { (a 1 ..... an) • P 1 X--- X Pnl(Oq (a 1) .... ,an(an)) • r0}, 

is preserved by 4); 

(iii) d(4)) is continuous provided that c• is continuous, each or: P-•D is 

continuous, and O(fZp,Dl_P • 12_) is finite for all =D • 8; 
-- 

(iv) d(4)) = d(•b) implies 4) = •b provided that for all P • Fl_ and a 4: b in P there 

exists an A-homomorphism u: P-• Q, preserved by both 4) and •b, and 

o• • 12Q,_D such that (oto u)(a) 4: (oto u)(b). 
-- 

PROOF. (i) Let x•A(A,P), z•A(A,Q) and otCl2p, D, fi•12Q, D with 
ß ot(y) = •(z), that is, otox = fioz. We must show that ot(4)(x)) = fi•'4)(z)). Since-x and z 
are A-homomorphisms and since otox = fioz, there exists an A-subalgebra, say r, of 

P X Q which contains the subalgebra ((x(a),z(a))la •A) and is maximal in ker(ot,fi). 
-- _ 

But (x,z)• r on D(A) and hence (4)(x),•b(z))• r on II since 4) preserves r. Hence 

ot(4)(x)) = fi(O(z)) since r _C ker(ot,fi). 

+ with r0•<D X..-X =D n and assume yi c D(A,D i) with (ii) Let r 0•R 0 =1 . 

(Yl,-'-,Yn) 6 r0 on H(=A). Since the maps •o• are jointly onto, we can find ot i 6 I2Pi,D_i 
-- 
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and x i CA(_A,P_i) such that oqox i = Yi' Since the maps x i are A-homomorphisms and 

since (•OXl,...,tZnOXn) C r0, there exists an A-subalgebra, say r, ofP 1 X.--X Pn which 

contains {(xl(a),...,Xn(a))laCA} and is maximal in (a I .... ,tZn)-l(r0). Now 
(Xl,...,Xn) C r on D(A_) and hence (4(x 1) .... ,05(Xn)) C r on •II since 05 preserves r. Thus 

(d(0)(y I ),...,d(½)(yn)) = (a(½(x 1)),...,a(½(xn))) C r 0 

as r C_ (al,...,an)-l(r0). 
(iii) To prove that d(½) is continuous it suffices to show that d(½) '1 (V) is closed 

in D(A,D) for every closed set V in D. Now 

d(05)-I (V) = U(•o•(½'l (oF 1 (V)))1o• C U(•2p,DI_P C II)). 
-- 

The space A(A,P) is compact since it is a closed subspace of pA and the topology on P 
_ _ 

is compact; hence each •o• is a closed map. Thus d(o)-l(v) is closed as the union is 
finite. 

(iv) Suppose that ½,•: D(A)-• II with ½4: •. Then there exist PC II and 

x C A(A,P) such that 4(x) 4: •(x). If there is an A-homomorphism u: _P -• Q_, preserved 

by ½ and •, and an o• C g2Q_,_ D satisfying (o•ou)(05(x)) 4: (o•ou)(•b(x)), then (o•o½)(uox) 4: 
-- 

(so •)(uox). Thus 

d(½)o (I) a = ao½ 4: ao • = d(•)o (I)a, 

and hence d(½) 4: d(•).• 

The strength of this result is that rather than simply giving conditions which the 

indexed structure • must satisfy, it actually indicates what the sets R, G and H of 

relations, operations and partial operations on • should be. 

2.2 PIGGYBACK-DUALITY THEOREM. Let D: .4 -•X, E: X-•.4 be a natural 

proto-duality given by a _II-indexed structure •II and assume that A := ISP(II) has a 

reduct in a prevariety D :=ISP(_•) which has a natural duality H'D •E, K: E•D 
-- 

given by a A-indexed structure A. Then D,E is a duality between A and X provided 

that for each _P C II, D C A there is a (possibly empty) family •2p, D of continuous 
-- 

D-homomorphisms c•: P • D, with LJ(12p,DIP C II) finite for each D C A, such that 
-- 

(0) for all _A CA and for all D CA the maps •o•: A(A,P)-•D(A,D) with 

o• C U(•2p, DI_P C II) are jointly onto; 

(A) for •l D CA and all • C •2p,D, •C •2Q, D each A-subalgebra of P X Q 
-- -- 
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maximal in ker(ot,l•) is in R+; 

+ and for all ot 1• (B) for every n-ary relation r 0 •< =D 1 X...X =D n in R 0 

I2p1,_D1,...,ane I2p_n,=D n, each A-subalgebra of-P1X.-.X Pn maximal in 
(a 1 ,..•,an )-1 (r 0) is in R+; 
(C) for all P • II and a 4: b in P there is a unary operation u: P -• Q in G and 

-- 

a • I2_Q,_ D such that (ao u)(a) 4: (ao u)(b).. 
-- 

Since they allow us to lift the restricted D-E-duality up to a natural duality 

between A and X, we refer to the maps or: P -• D of the Piggyback-Duality Theorem as 

carriers. 

2.3 REMARKS. (a) Although the Piggyback-Duality Theorem indicates that 

certain relations should be in R + and certain operations be in G, it is enough to know 

that these are generated by the relations in R + in the sense indicated in Section 1. 

(b) When considering the case P = Q and ot =/• in Condition (A) of the theorem, 
_ -- 

we can always omit subalgebras of the diagonal of P X P. They arise in the proof only 
_ -- 

when x = z, in which case ot(½(x)) = •(½(z)) holds trivially. 

The Piggyback-Duality Theorem has a most important feature. Although it 

produces a global result, all the conditions, with the exception of (0), are local in that 

they involve only the algebras in I1 and A and the carriers between them. Fortunately, 

just as in the single-carrier version considered in [12,13], Condition (0) can be 

dispensed with in some important cases because of its intimate relationship with 

Condition (C). 

2.4 PROPOSITION. Let A, X, D and E be as in the Piggyback-Duality Theorem, 

and for each P • II, D • A let I2p, D be a familv of D-homomorphisms a: P -• D. 
-- 

(i) If the induced maps q•a are jointly onto, then 

(C 1) for all P • I] and a 4: b in P there is an A-homomorphism u' P -• Q and 

a • •2_Q,D - such that (ao u)(a) 4: (a o u)(b). 
-- 

(ii) Suppose that the duality between D and E is full and that A is injectire in E, 

and assume that (C1) holds. Then the induced maps q•a are jointly onto if and 

only if the image of D(_A) under these maps is an E-subalgebra of H(A=). 
PROOF. (i) Let P • I1 and a4: b in P. Since P G D = ISP(A), there exists 

D(P,D) for some D G A with g(a) 4: 15(b). Since the maps •a are jointly onto there 
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exists Q c H_ and morphisms u CA(P,Q) and cr • 12Q, D such that aou = •a(u) = {•. 
-- 

Thus (ao u)(a) = {•(a) 4:/•(b) = (ao u)(b), as required. 

(ii) Assume that the set 

•(D(_A)) := U(•a(A(A,P))IP • II, D • A, a • •2p, D) 
-- 

is an E-subalgebra of H(A). Condition (C1) says exactly, that •(D(A)) separates A and 

hence by Proposition 1.11 we have •(D(A)) = H(A_), as required.. 
-- _ 

If the structure on/x is purely relational (that is, G O = H 0 = 0), then every subset 
of H(A) is an E-subalgebra. Since (C) implies (C1) our next result follows. 

2.5 THEOREM. Assume that there is a natural full duality between D and E 

given by a purely relational A-indexed structure A, and assume that A is injectire in E. 

Then, under the assumptions of the Piggyback-Duality Theorem, D,E is a duality 

between A and X provided Conditions (A), (B) and (C) hold. 

This theorem will apply whenever A is a class of 

bounded-distributive-lattice-ordered algebras, in which case D is the variety of 

bounded distributive lattices and E is the category of compact totally 

order-disconnected spaces. 

If the maps •cr are not jointly onto, all is not lost. Suppose we can establish (A), 
(B) and (C) but not (0). Then for every X-morphism (•: D(A)• II we have a map 

+ and moreover d is d(•b): •(D(A))•A which preserves all the relations in R 0, 
one-to-one. If we can establish the following restricted injectivity condition 

(I) the map d(•): •(D(A)) -• A can be extended to an E-morphism defined on 

H(_A), 
-- 

then the proof of 2.4(ii) shows that the extension is unique and so can also be denoted 

by d(O): H(_A)•/x. Thus the uniqueness guarantees that d: ED(A)•KH(A) is a 

function; clearly d is one-to-one. Since doe A and k A agree on O(D(A_)) we have 

do e A = k A and hence e A is an isomorphism for all A C A. This approach was used for 
_ -- 

certain prevarieties of relatively pseudocomplemented semilattices in [ 12,13]. 

Naturally we wish the category X to be as simple as possible. Consequently we 

attempt to minimize the size of II and minimize the number of carriers. 
-- 

2.6 REMARK. If Q,Q' c H and Q can be embedded into Q', it is natural to try 
-- -- _ 
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to delete Q from Fl. This could not affect Conditions (A) and (B) but to fulfill 
_ -- 

Conditions (0) and (C) it may be necessary to add new carriers and operations to 

replace those involving Q. We can successfully delete Q provided there is some 

embedding j' Q • Q' such that for all =D C 6, every o• C •2_Q,D - extends along j to 
-- 

some of 6 •2Q,,D. If o• extends to a D-homomorphism a': •_' -+ =D which is not in 
-- 

•2Q_,,D=,, then we would have to add it. If D= is injective in D, at least with respect to 
erabeddings in II, then such a homomorphism o•" Q_'-+ D will always exist. The 

diagram below shows that Conditions (0) and (C) will still hold. 

P 

u! x j Q, A ) > 
-- _ 

D 

Quasiorder II by P •< Q if and only ifP can be embedded into 2. Define a subset 

II' of II to be a maximal set in (_II;•<) if every algebra in II is dominated by some 
_ -- 

member of II' but no member of II' dominates another. If I1 is a finite set of finite 
_ -- 

-- 

algebras, then up to isomorphism there is a unique maximal set in (II;•<) while if II is 
-- 

infinite it may have none. Note that every maximal set in (II;•<) is cofinal and that if 

II' is cofinal in (II;•<), then 
_ 

-- 

A := ISP(II) = ISP(II'). 
_ -- 

2.7 LEMMA. Suppose that II' is cofinal in (H;<), in particular suppose that H' is 
_ -- 

-- 

a maximal set in (H;<), and assume that each D_• _• is injectlye with respect to 
_ -- -- 

embeddings in H. If the Piggyback-Duality Theorem applies to yield a duality for A 
_ 

based on H, then it also applies to yield a duality for A based on H'. 
-- 

_ 

While deleting an algebra from H reduces by one the number of components in 
-- 

D(A), deletion of a carrier results in a drastic drop in the number of relations required 
-- 

to satisfy Conditions (A) and (B). For this reason, in assuring that the separation 

condition (C) is satisfied it is best to add an extra unary operation to G rather than 

add an extra carrier. This interplay between carriers and unary operations will be 

illustrated in the next section. Although we wish to use the smallest possible number 
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of carriers needed to satisfy Condtion (C), brute force will always work when II is a 
-- 

finite set of finite algebras. In the result below, this finitehess condition is required 

only to guarantee that for each P E I1 there are enough continuous homomorphisms 
-- -- 

a: __P • _D (_D E •) to separate the points of P_. 
2.8 LEMMA. Let A, X, D and E be as in the Pt•tgyback-Duality Theorem and 

assume that I1 is a finite set of finite algebras. If we choose 12p_,_ D = D(_P,D_) for all 
-- 

P • H, D •_•, then Condition (C) can be deleted from the statement of the Piggyback 
_ -- 

Duality Theorem. 

PROOF. Let P G I1 and let a •: b in P. Since P G D = ISP(A) there exists D E A 

and a •D(_P,_D) such that a(a) •: a(b); whence (aou)(a) •: (aou)(b) with u = idp. The 
_ 

only reason for insisting in Condition (C) that u GG is to ensure that every 

X-morphism preserves u. Since every X-morphism preserves idp, it follows that if 
-- 

12p, D = D(P,D), then Condition (C) is redundant.w 
_ -- 

-- 

We can combine this lemma with Theorem 2.5 to yield a general set of sufficient 

conditions on the prevariety A for it to have a natural duality. It should be noted in 

this context that the variety I of implication algebras, which is generated as a 

prevariety by the two-element implication algebra, has no natural duality at all (see 

[1 I], pages 148-151). 

2.9 THEOREM. Assume that there is a natural full duality between D and E 

given by a purely relational A-indexed structure A, and assume that A is injective in E. 

Suppose that I1 is a finite set of finite algebras and that the prevariety A := ISP(II) has 

a reduct in D. Then there is a natural duality for A. If the set R 0 of relations on A is 
finite, then the H-indexed structure I1 giving rise to the duality between A and X can 

be chosen to be of finite type (that is, with G U H • R finite). 

Although the variety of implication algebras has no natural duality, it has a 

reduct in sets which has a natural full duality (which, of course, is not purely 

relational; see [11]). Thus some restriction on the structure A in this theorem is 

necessary. 

In our applications II will be finite and A will consist of a single algebra D. 

Consequently we shall write II= {P0 ..... Pn_l } and shall abbreviate 12pk,= D to 12 k. To 
simplify the notation further, with the exception of the algebras P0,...,P_n_I and D we 
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shall identify an algebra in A or D with its underlying set, and similarly for spaces in X 

orE. 

3. Varieties and prevarieties of Ockham algebras. Natural dualities for the 

variety O of Ockham algebras and for its subvarieties Pm,n (m > n >• 0) were 
constructed by B. A. Davey and H. Werner [12,13]. This theory does not apply to 

every variety generated by a single finite subdirectly algebra P: in general ISP(P_)• 

HSP(P). Consequently the generalised Piggyback-Duality Theorem 2.2, or the version 
-- 

of it presented in Theorem 2.5, is required. 

Throughout this section we take D = ISP(2) to be the variety of bounded 

distributive lattices and E to be P, the category of compact totally order-disconnected 

spaces. The resulting natural duality is just Priestley duality for D. The set A consists 

of the single algebra 2, while 2 is the 2-element ordered space, 0 < 1, with the discrete 

topology. 

We recall that an Ockham algebra (A; ̂ , v,0,1 ,•) is a bounded distributive lattice 

(A;^, v, 0,1) with a unary operation • satisfying 

•(a ^ b) = •a v '--b, •(a v b) ='--a ^ •b, '--0 = 1,---1 --0. 

The variety O of Ockham algebras and its subvarieties have been extensively studied 

by A. Urquhart [17] and M. S. Goldberg [15], with the aid of the restricted D-P 

duality. Under this duality, O is dually equivalent to the category $ of Ockham spaces: 

an object in $ consists of a pair, (Y;g), where Y GP and g: Y-•Y is a continuous 

order-reversing map; morphisms in $ are P-morphisms commuting with g. Each A G O 

is isomorphic to KH(A)= P(D(A,2),2); '-- is defined on KH(A) as follows: for 

• ß KH(A), 

(¾y • D(A,2)) (•-½)(y) = 1 *} ½(g(y)) = 0. 

For m > n >• 0, the subvariety Pm,n is ISP(Lm,n), where Lm, n is the algebra whose 
dual in $ is (Zm;3, n), where Z m = {0,1,...,m-1} has the discrete order and 
-rn: Z m-•Z m is defined by -rn(k) =k+ 1 for 0•<k<m-1 and 3, n(m- 1)=.n; the 
equational characterisation of Pro, n can be found in [15] (Proposition 2.7). 

The Piggyback-Duality T•.,eorem was applied to the varieties Pm,n in [13]. It 
yields a duality based on 2 m where 
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2 m = (2m; ̂ ,v ,0,1,-) 
-- 

has pointwise-defined lattice structure and negation, -, given by 

and 

(Vk < m) (•a)(k) = 1 4. a(Tl•n+l(o)) = O, 

2 m = (2m;r,g,4) 

has discrete topology r, g-map given by 

(Va G 2m)(Vk < m) g(a)(k) = a(q,n(k)) 

and alternating order 4 given by 

'a(q, nk(0)) •< b(q, nk(0)) (k even), 
a• b•(Vk•> 0) a(q, kn(0))•> b(q, nk(0)) (k odd). 

A finite algebra in O is subdirectly irreducible if and only if it is a subalgebra of 

Lm, n for some m > n •> 0. 
We now let P0 be a fixed finite nontrivial subdirectly irreducible Ockham algebra 

and let A = HSP(P_0). By J6nsson's Lemma, A -- ISP(1-I_), where l-I_ = HS(P__0). We regard 
P0 as K(W 0) = P(W0,2); the Ockham space W 0 is of the form (Zm;'y,•<) where q, = q'n 
for some n < m and •< is an order with respect to which q, is order-reversing. We 

denote the q-closed subset {Tk(j)lk•>0} of W 0 by Wj. If 0•<j•<n, then Wj = 
{j,j+l ..... m-l} and if n•< j < m, then Wj = {n,n+l,...,m-1} (this set is called the loop 
of W0). 

We let Y = {Y G $1K(Y) G A }. The description of Y given by M. S. Goldberg in 

[ 15 ], Theorem 2.1 1, has been refined by B. A. Davey and H. A. Priestley, as follows. 

3.1 THEOREM. ([10], Theorem 3.15.)An Ockham space Y lies in Y if and 

only if it is the (not necessarily disjoint) union of spaces 

and 

Equivalently, 

where 

y0 := {y G YI(•t½ G S(W0,Y)) ½(0) = y} 

y1 :={y G YI(•½ GS(W 1,Y)) ½(1) = y}. 

yi: {y G YIY • oi(Y)}, 
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oi(Y ) = & (gk(y) • gœ(y)17k(i) • 3•(i)) ' 
0•<k,œ<m 

and Y C Yif and only ifY • (Vy)o(y), where o(y) = o0(Y) v ol(Y ). 

3.2 COROLLARY..4 = ISP(P0,P1), where_P 0 = K(W0)and P1 = K(Wl)' 

For i = 0,1, we take 12 i to consist of the single homomorphism oq = =Pi -• 2, where 

(¾6 C :Pi ) cti(•) = •(i). We write •i in place of •ai. 
3.3 LEMMA. For A •A and i=0,1, there exist natural bijections between 

(i) A(A,Pi) and Y(Wi,H(A )) (induced by H) and (ii) Y(Wi,H(A) ) and H(A) i (given by 
evaluation at i). These bijections combine to produce a pair of mutually inverse maps 

from A(A,P i) onto H(A) i and from H(A) i onto A(A,Pi); the former map is •i, the 
latter is 0 i = kA(-)o fi' where 

(¾y e H(A)i)(Vk > 0) fi(Y)(7k(i)) = gk(y). 
PROOF. We denote by h i the naturalbijection from Y(Wi,H(A))to A(A,_P i) and 

by/•i that from Y(Wi,H(A)) to H(A)i: 

(¾• Y(Wi,H(A )) •i(•) = kA(-)o• and/zi(•) = •(i). 

It is now enough to show that •ioXi =/z i and 0io• i = •i where 0 i is as in the statement 
of the lemma. 

hi 
Y(Wi,H(A)) , A (A,_Pi) 

H(A) i 

For • • Y(Wi,H(A)) and k •> 0, 

(fi o/xi)(•)('rk(i)) = fi(•(i))(,rk(i)) = gk(•(i)) = •(,rk(i)). 
Hence (fi o/•i)(•) -- • and consequently 0io/.t i -- h i. Also for a C A, • • Y(Wi,H(A)) and 
k•>0, 

(•i o Xi)(•)(a) = oti(Xi(•)(a)) = (Xi(•)(a))(i) = 0(i)(a) = p.i(•)(a), 

whence •i o h i = gi, as required.= 

From Lemma 3.3 we deduce an alternative description of the subspaces H(A)i: 
ß 

H(A) i = {y • H(A)I(•Ix • A(A,Pi)) aio x = y ). 
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It is clear from this that •0 and ß 1 are jointly onto. A further consequence is that, for 
A CA and i = 0,1, H(A) i is closed. This can be seen more directly from the fact that 

for any Y G Y, 

yi= thk,œ{(gk X gl•)-l(•<)l-yk(i) •< 
which is closed since •< is a closed relation and g is continuous. !n obtaining a duality 

theorem for A based on the algebras_P 0 andP 1 and the carriers ot 0 and o•1, it is in fact 

not necessary to verify directly that •0 and •1 are jointly onto because this is a 
consequence of Condition (C) (which we do have to ensure is satisfied); see 

Proposition 2.4 and Theorem 2.5. Lemma 3.4 handles Condition (C). 

3.4 LEMMA. Let go' P0 -}P1 and gl' P1 -}P0 be defined by 

(V • •_P0 )go (h) = ½ •'W 1 and (V ½ • W 1 ) g 1 (½) = ½ ø •2. 
Supnose ½4= •b in PC H={P0,Pi}. Then there exists u:P-}QGH, where u is a 

k-fold composite of g 0 and gl, and a G •2Q such that (ao u)(½) 4= (ao u)(q•). 
PROOF. Suppose P = P0 and ½ 4= q• in P. Then there exists a smallest integer 

k•>0 such that ½(k) 4= q•(k). If k is even, k =2j, say, then (ot0o(glog0)J)(½)4= 
(a0o(glog0)J)(q•). On the other hand, if k is odd, k =2j + 1, say, 
(alog0o(glog0)J)(½) 4= (alog0o(glog0)J)(q•). A similar argument works when P = Pl.m 

The next lemma shows how we can construct the maximal Ockham sub algebras 

required to meet Conditions (A) and (B) in the Piggyback-Duality Theorem. 

3.5 LEMMA. Let (A; ^, v ,S) be an algebra such that 

(i) (A;^,v) isa lattice; 

(ii) S is a family of unary operations which are either endomorphisms or dual 

endomorphisms of (A; ̂ , v ). For a subset B __C A, define B 0 = B and 

(Vn •> 0) Bn+ 1 = Bn\{a G Bnl(•ls G S) s(a) q• Bn}, 

and let B ø = th {Bnln •> 0}. Provided B is a sublattice of A, B ø is a subalgebra of 
A and is the largest subalgebra of A contained in B. 

PROOF. Note that for all s G S we have 

a G Bn+ 1 =} s(a) G B n. 

It follows at once that B ø is closed under s for each s G S. In fact we have 
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aGBn+ 1 •*aG B n and (VsGS) s(a) GB n. 

We now prove by induction that B n is a sublattice for every rt •> 0. Firstly we note 

that B 0 is a sublattice by assumption. Assume B n is a sublattice. Then 

a,b • Bn+ 1 =} a,b • B n and (V s • S) s(a),s(b) • B n 

=} a ̂  b,a v b • B n and (Vs • S) s(a) ̂  s(b),s(a) v s(b) 
GB n 

=}a^ b,a vbGB nand(VsGS) s(a ̂  b),s(a v b) GB n 

=*a ^b,a vbGBn+l 

(the penultimate implication being valid because each s • S is an endomorphism or a 

dual endomorphism).. 

It follows, since - is a dual endomorphism, that any sublattice B of an Ockham 

algebra A has a unique maximal Ockham subalgebra denoted B ø. We remark that if 0 

is a lattice congruence on A, then 0 ø is a congruence and is the largest Ockham 

congruence contained in 0. 

It will not be necessary. to include in R + all the subalgebras of P X (• (P,Q • II) 

listed in Conditions (A) and (B) of Theorem 2.2; see Remarks 2.3. In particular, if 

r •<P X _Q is in R + then r -1 •< Q X P is not needed. Thus Lemma 3.6 describes only 
one from each pair r,r -1 of maximum subalgebras. 

3.6 LEMMA. Let Po, P 1, oq3and ot 1 be as above. Then 

(a) for i = 0,1, ker(oq) ø is the equality relation on Pi; 

(b) ker(crl,C•0)ø = {(•,½)G P1 X P01½ = •o3,} and is the graph of a partial map 
from_P 1 to P0; 

(c) or'01 (•<)o is the alternating order,• , on PO' viz. for ½,• C P-O, 

½(•,k(0)) •< •(3,k(0)) (k even), 0.< •, •(Vk •> 0) 
½(3,k(0)) >• •(3,k(0)) (k odd), 

and cr-11(•<)ø = {(½,•)G__P 1 X Pll•o3, '• •o3,}, where • is the alternating order 
above; 

(d) (cr0,cq)-l(•<)ø = {(½,•) G_P 0 X PlI½ ,• •o3,} and (Crl,oto)'l(•<) ø = {(•,½) G 
_P1 X _P01 •o3, ,• 4]; where • is the alternating order. 
PROOF. We prove only (b) and (c). The remaining assertions are proved 
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analogously. 

Firstly 

ker(oq ,o•0)ø = { (•,½) GP 1 X _P0[ø•l (•) = ø•0(½)) o 

= {(•,•) •1X •0l•(1) = 6(0)) ø 

= {(•,½) •1 x •01(Vk • 0) •(•k(1)) = 6(•k(0))), 
and this set is clearly the Ockham subalgebra B ø associated with the sublattice 

B = {(•,½) G•i x •0l•(1) = •(0)} 

of•l x •0, as in Lemma 3.5. Hence 

ker(•l,•0)ø = {(•,6)G•i X •016 = •o• } 
as required. 

Si•larly, 

a61 (•) ø = {(0,•) C•O x •01%(0) < 
: {(O,•) G•0 X •0[•k > 0) 

•(•k(0)) • •(•k(0)) (k even), 

•(•k(0)) • •(•k(0)) (k odd)} 

= x 010 4 
while 

•11(•<) ø = { (½,•b) C_P 1 x PllOq(•) •< oq (•b)} ø 
= {(qb,•b) C__P 1 X _PlI(Vk •> 1) 0(7k(0)) •< •(,yk(0)) (k odd), 

0(7k(0)) • •(7k(0)) (k even)} 

= {(0,•) CP 1 x Pl1(¾œ •> 0) (•o7)(T•(0)) •< (•o7)(7œ(0)) 

(qbo7)(7œ(0)) •< (•o7)(7œ(0)) (œ even), 

(qbo7)(7œ(0)) •> (•o7)(T•(0)) (œ odd)} 

= {(0,•) GP1 X _Pll½O•, • •o •,}.m 

We note that ker(oq) ø (i = 0,1) will not be needed as a member of R + and that 

ker(a 1,cr0)ø , as the intersection of ((oq3,a 1)- 1 (•<)o)-1 and (a 1 ,oq3)' 1 (•<)o, is redundant 



180 B.A. DAVEY and H. A. PRIESTLEY 

once (cq,o•3)-I (<•)ø and (ch3,cr 1 )-1(<•)o are included. 
From the preceding lemmas and Theorem 2.5 we obtain a duality theorem for A. 

3.7 THEOREM. Let A = ISP(H) be the variety of Ockham algebras generated by 
-- 

a finite subdirectly irreducible algebra_Po (w,•ere _H = {P0,P_i ) ). Let 

H = (P00 P1 ;G,R,r); 

here r is the discrete topology on P0 0 PI' 

G = {go: --P0 -> P1, gl' _P1 -•P0 } 

(where go and gl are the homomorphisms defined in Lemma 3.4), and 

R = { 4 O, 41 '%>--- } 
where 

and 

4 0 = o•bl (<•)ø , 41 = ø• 1(<)ø, <'- = (ø•O,øq)-I (<•)ø 

>• = (C•l ,a0)-I (<•)o. 
Let X = IScP(H). Then the functors D: A -> X and E: X -> A yield a natural duality. 

We now have two dualities for A' the restricted D-P duality and the natural 

duality described in Theorem 3.7. There is a procedure for translating from one 

duality to the other. The formal statement of the translation is quite involved, but the 

underlying ideas are extremely simple. To obtain D(A) from H(A) we separate the 

portions H(A) 0 and H(A) 1, while to obtain H(A) from D(A) = X 0 0 X 1 (where 

X i =A(A,P_i)) we paste X 0 and X 1 together appropriately. The relations of the 
H-indexed structure II are exactly those needed to provide the instructions for 

re-creating the Y-object H(A). The effect of decomposing H(A) to give D(A) is to 

produce a structure with algebraic relations from one whose relations are conveniently 

simple, but non-algebraic in general. 

3.8 THEOREM. Let A = ISP(H) be the variety of Ockham algebras generated by 
-- 

the finite subdirectly irreducible algebra PO (where _II = {P0,P1 } ). Let • be as in 
Theorem 3.7 and for A CA, let X i := A(A,P_i) and 

D(A) := X = (X 0 0 X 1 ) <• H A. 

Let Y = H(A) and let y0 and y1 be as in Theorem 3.1. From the Ockham space 
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(Y;r,•<,g) form the H-indexed structure 
-- 

y = (y0 0 y1;G',R',r') 

as follows: 

(i) r' is the sum of the topologies induced by r on y0 and y1; 

(ii) G '=(grY0,gtY1); 
(iii) R '= (•< •(Y0X yO),•< •(y1X y1),< •(y0 x y1),•< •(y1X y0)). 

Then D(A) is isomorphic to Y. 

Conversely, from D(A)define (Z;rz,•<z,g Z) as follows: 
(i)* Z = X/p where p is the equivalence relation on X given by xpy if and only if 

x = y or x -- I(y) or y = I(x), where I is the pointwise extension to D(A) of the 

partial fi•nction whose graph is 

ker(øtl,øt0 )ø -- { (•,•) G_P1 X P01(4•,•) G <-and (•,40 G >---}; 

(ii)* r Z is the finest topology such that the maps qi = •røJi (i=0,1) are 

continuous (where •r: X -> Z is the canonical projection and Ji: Xi -} X (i = 0,1) are 
the canonical injections). Identify X i with Im qi _C Z (i = 0,1). 
(iii)* •<Z = '•0 U 41 U <- U >•; 

(iv)* gz is the function whose restriction to X i is gi (i = 0,1). 
Then (Z;rz,•<z,gz) is a well-defined Ockham space isomorphic to H(A). [Each relation 
on H A is denoted by the same symbol as the relation on H of which it is the pointwise 
extension, and similarly for operations. ] 

PROOF. Lemma 3.3 provides a bijection 0i: yi = H(A)i_} X i = A(A,Pi ) inverse to 
•i' We first show how the maps 0 i treat the relations and operations of G' t_J R'. 

For x,y G y0, 

•00(x)(a)(Tk(0)) •< 00(Y)(a)(-rk(0)) (k even) 00(x) 4 0 00(Y) *• (Va • A) (¾k •> 0) (00(x)(a)('•k(0)) •> 00(Y)(a)(.•k(0)) (k odd) 
k(x)(a) •< gk(y)(a) (k even) 

*• (Va G A)(Vk •> 0) (gk(x)(a) •> gk(y)(a) (k odd) 
*• (¾a G A) x(a) •< y(a) (since g is order-reversing) 

*• x • y in H(A). 
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For x,y G Y 1, 

0 l(x)(a)(q,k(1)) •< 0 l(Y)(a)(q,k(1)) (k even) 01(x) 41 01(Y) • (Va G A) (Vk •> 0) 
01 (x)(a)('Yk( 1 )) •> 01 (Y)(a)('Yk(1)) (k odd) 

gk(x)(a) •< gk(y)(a) (k even) 
• (Va • A)(Vk •> 0) [ gk(x)(a ) •> gk(y)(a) (k odd) 
• x •< y in H(A). 

Similarly, for x•Y 0, yCy1, 00(x)<_01(Y)•X•<y and, for x•Y 1 yGy0, , 

01(x) >-- 00(Y) • x•< y. Further, for x • y0, y • y1, 
g0(00(x)) = 01 (y) • (Va C A) g0(00(x)(a)) = 01 (y)(a) 

• (Va • A)(V k •> 0) 00(x)(a)(q,k(1)) = 0 l(Y)(a)(q•k(1)) 
• (Va G A)(Vk •> 0) gk+l(x)(a) = gk(y)(a) 

• g(x) = y. 

Similarly, for x6Y 1 and y6y0, gl(01(x))= 00(Y). Further, since q•0 and q•l are 
continuous, X i is homeomorphic to yi = H(A)i for i = 0,1. It follows that D(A) and Y 
are isomorphic structures. 

The equivalence relation p on X is a convenient way to formalise the process by 

which X 0 and X 1 are glued together. Less formally, we identify each point x in the 

domain of I with its image I(x). On Z = X/p, •<Z (as given in (iii)*) is a well-defined 

partial order, since •< is a partial order on Y, and gz (as given in (iv)*) is a well-defined 
order-reversing map, since g: Y-• Y is an order-reversing map. (These facts could, of 

course, be checked directly.) To see that the topologies match up correctly, it is 

sufficient to note that the map qi is a homeomorphism from X i onto qi(X i) C Z 
(i = 0,1) (see N. Bourbaki [4], 1.2.5). We deduce that (Z;rz,•<z,g Z) is isomorphic to 
Y = H(A).. 

We have, for each A 6 A, 

A -• ED(A) = X(D(A),I-I) 

and 

A • KH(A) = P(H(A),2). 

The isomorphism between X(D(A),I-I) and P(H(A),2) is established by maps s and t 
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defined as follows' 

(v½ GP(H(A),2)) s(½)tA(A,Pi ) = 0•o• i (i = 0,1) 
and 

• = oqo kbo0 i (i = 0,1) (V•b GX(D(A),H)) t(•b)l'H(A) i 
where •i and 0 i are as in Lemma 3.3. 

It may happen that the prevariety ISP(P 0) (which we shall henceforth denote by 

A') coincides with the variety A = HSP(P) = ISP(P0,P1). This occurs precisely when 

there exists an embedding j:-P1 • P0' In this case Remark 2.6 applies: it is possible to 

dispense with the algebra P 1, so long as extra carriers are introduced so that Condition 

(C) is met. A single extra carrier,/30, suffices, defined by 

(V& •P0 ) /30(½) = 0•(1). 

(This can be seen by adapting Lemma 3.4.) 

The prevariety A' coincides with the variety A if and only ifP 1 belongs to A', or 

equivalently if and only if there exists an S-morphism of W 0 onto W 1. Lemma 3.9 
shows when, and how, this happens. 

3.9 LEMMA. (i) The map 3,: W 0 • W 1 is order?reserving in tile following 
cases' 

(a) W 0 is an antichain; 

(b) W 0 is isomorphic to 

or its order-theoretic dual; 

(c) W 0 is isomorphic to 

or its order-theoretic dual 

(ii) The order-preserving map 3 '2' W 0 • W 1 is onto if 
(d) W 1 is a loop. 

Only if(at least) one of (a) - (d) holds does there exist an S-morphism from W 0 onto 
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W 1. It is only possible for (d) to hold without one of(a) - (c) holding when m (= IW0l) 
is odd. 

PROOF. M. S. Goldberg has proved the final assertion ([15], Remarks following 

Corollary 2.15). It is obvious that, in cases (a) - (c), 3, provides the required S-morphism 
and that in case (d), 3, 2 does.m 

3.10 THEOREM. Let A = ISP(P0,P 1). The following are equivalent: 

(i) 3,: W 0 -> W 1 is order-preserving; 

(ii) j 1: P1 -> P0 given by j 1 (½) = ½ø 3, is a well-defined embedding; 
(iii) for all A C A, H(A) 1 C H(A) 0. 

The following are also equivalent: 

(i)* 3,2:W0 •Wl is surjective; 
(ii)* the homomorphism J2:P1 -> P-0 given by j2(0•) = ½o'y 2 is an embedding; 
(iii)* if m is odd, then (VACA) H(A) 1 __C g(H(A) 0) and if m is even then 
(V A CA) H(A) 1 C H(A) 0. 

The variety A = HSP(P 0) coincides with the prevariety A' = ISP(P 0) if and only if 
either (V A C A) H(A) 1 _C_c H(A) 0 or (VA C A) H(A) 1 = g(H(A) 0) (or both). 

PROOF. Conditions (i) and (ii) are dual, as are (i)* and (ii)*. 

Suppose 3,CS(W0,Wl). Take ACA and yCH(A) I, so there exists 
½ CS(W1,H(A)) with ½(1) = y. Then 603, C S(W0,H(A)) and (603,)(0) = y, whence 
y C H(A) 0. Conversely suppose (iii) holds. Let A =P0 and identify H(A) with W 0. 
Certainly 1 C(W0 )1 so there exists by hypothesis ½ C S(W0,W 0) with a•(0)= 1. 
Necessarily ½ = % so 3, is order-preserving. Hence (i) and (iii) are equivalent. 

Now assume (i)* holds. This forces Wl to be a loop. Take A C A and y C H(A) 1 
and let ½ C $(W 1,H(A)) map 1 to y. Suppose first m is odd. Then 1 = 3,(0) = 3,m(0). 
Hence (½o3,m-1)(0)=z is such that g(z) = g(½(3,m-l(0))) = ½(3,m(0))=Y and (since 
3,m-1 is a power of 3,2) ½o3,m-1 C $(W0,H(A)) ' We thus have y Cg(H(A)0). Now 
suppose m is even. In this case W 1 is a loop of odd length and so the order on it is 

discrete ([ 17 ], Theorem 1 1). This implies that 3, ?W 1 is order-preserving. We have 
1 = 3,2(k) for some k > 0, whence 1 = ((3• ?W 1)J 03, 2)(0) for some j > 0. It follows that 
y = (a•o (3,1'Wl)J ø3,2)(0) and so y C H(A) 0. 

Conversely assume (iii)* holds, with m odd and (¾A CA) H(A) 1 _C g(H(A) 0) 
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(the other case was handled in the proof above that (iii) implies (i)). Take A =_P1 and 

identify H(A) with W 1. Clearly 1 • (W1)1, so by hypothesis there exists 
½ GS(W0,W 1) such that ½(0)=j and 1 = 3,(j) for some j >• I. Then ½(1)= •(3,(0))= 

3,(½(0)) = 3,(j) = l, whence • restricted to W 1 is the identity map and ½: W 0 -> W 1 is 

surjective. But ½ = 3,J. Ifj >• 2, 3 ,2 is surjective, while ifj = 1, IWll = 1 and 3,2 = 3, = ½ is 
surjective. 

The last part of the theorem is now immediate from Lemma 3.9 since A = A' if 

and only if W 1 is an S-morphic image of W0.- 

3.1 1 COROLLARY. The variety A = HSP(P 0) has a natural duality based on the 

single algebra P0 (and in general two carriers, a 0 and [30) if and only if any of the 
equivalent conditions (i) - (iii) holds or any of conditions (i)* - (iii)* holds. 

The variety A has a natural duality based on the single algebra P0 and a single 

carrier, cr O, if and only if any of conditions (i) - (iii) holds. (The conditions referred to 
are those in Theorem 3.10.) 

PROOF. The first part is immediate from Theorem 3.10. The second deals with 

the situation considered by B. A. Davey and H. Werner in [12], [13]; note that 

H(A) 1 _C H(A) 0 for all A • A if and only if qb 0 is onto.- 
The prevariety A' may be considered in its own right. Theorem 2.5 implies that 

we obtain a duality for A' by taking 

•P0 = (P0 ;R'+,r') 
where r' is discrete and R '+ contains 

ker(cr0)ø, ker([30 )ø, oq)l (•<) ø,/5•1 (•<) ø, (o•0,[30)-1 (..<) ø, ([30,or0)- 1 (..<) ø 
and the graph of the endomorphism dual to •2. Of these, ker(o•0)ø is just the diagonal. 
We may discard it and shall assume that R' + consists of the remaining six relations. We 
have functors 

D': A -> X' := IScP•0) 
and 

E': X' -•A' 

given by D'(-) =A(-,P 0) and E'(-) = X'(-,P•o). For every A • A', A is isomorphic to 
E' D' (A). For A • AVI', A cannot be isomorphic to E' D' (A). 
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Let II = (P0 ̧ P1; R+'r) be the [l-indexed structure considered in Theorem 3.7 
(for convenience we replace operations by their graphs). Take r E R +. 

(i) If r E R, define an associated relation-• by replacing any occurrence of o• 1 

by/•0; 

= take -• = ker(/•O)ø, which is the graph of the restriction 1': PO -> P1, (ii) if r rgo, 
and if r = rgl, take •-to be the graph of the endomorphism dual to 3, 2. 

Then {•lr C R + } = R' +. 

Take ACA and Xi=A(A,Pi ) (i= 0,1). Define F: X0->X 1 by F = I'o-. Given 
x,y C X 0, 

F(x) = F(y) 4, (V a G A) (x(a),y(a)) G ker(/50)ø. 

Let 0 be the equivalence relation on X 0 obtained by extending ker(/50)ø to X 0. Then 
the set X0/0 can be identified with Im I' C X 1. Let 

-- 

• = (P0 0 ?(P0);R+,r) 
-- 

where • is discrete and R + is obtained by restricting each of the relations in R +. Using 
-- 

the same constructions as in Theorem 3.7, but with II in place of II, we can derive 

from ,•= (X 0 ̧  F(X0),•+j) an Ockham space Y' isomorphic to the subspace 
yO U g(y0) of Y = H(A) and conversely can reconstruct ,• given Y'. Given the 
relationship between F(X 0) and X0/0 and between the sets R +, •+ and R '+, Y' is also 
determined by, and determines, D'(A). 

Specifically, we let j' X 0' ->X 0 be the internal homomorphism given by 

(otO,/•0)-l(•<) N ((/50,o•0)-1(•<))-1 and note that ker(j) _C 0. (We remark in passing that 
ker0) is the congruence {((•a)',a)' a GC(A)}, where C(A) is the centre of A and' 

denotes Boolean complement.) We take X0U X0/0 and for every x G X 0', identify 
j(x) with x/0 and denote the resulting set by Z. We define ,• on Z by 

(V x,y c X O) x • y 4. (x,y) •E o•1 (•<) ø, 

(Vx/0,y/0 E X0/0) x/0 ,• y/0 4, (x,y) •/5• 1 (•<)o, 
(Vx • X0,y/0 • X0/0) x ,• y/0 4, (x,y) • (oq3,/•0)-l(•<)ø, 
(¾x/0 E X0,y G X 0) x/0 ,• y 4, (x,y) C (/50,oq3)'1 (•<)o, 

and g by 
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(VxCX) g(x) =x/0 

(Vx/0 C X0/0) g(x/0) = e(x), 

where e is the endomorphism dual to 3• 2. The set Z is topologised by pasting together 
the topology on X ̧ and the quotient topology on X0/0 in the expected way. The 
resulting space Z is isomorphic to Y'. 

The isomorphism between the algebras P(Y' ,•) and X'(Y0•0) is established by 
mutually inverse maps s" P(Y',•)-• X'(Y0•0 ) and t" X'(y0,•0)-•P(Y',•)defined 
by 

and 

(V tb GP(Y' ,2))(Vy G Y0)(Vk •> 0) s'(½)(y)(k) = ½(gk(y)) 

{ t'(•k)(y) = cr0(•k (y)) (v•k G X'(y0,•P0 )) (Vy G y0) t'(•k)(g(y)) =/•0(•k(y)) 
(cf. the remarks following Theorem 3.8). 

For any Y G Y, Y\Y' may be thought of as a collection of "isolated tails." If 

y GY, then {gk(y)10•<k•<m-1} is the smallest closed g-subset containing y and 

{gk(y)11•< k •<m-1}__CY', so that y is the only point of {gk(y)10•<k •< m-l} 
which may lie in Y•Y'. It is the isolated tails which are lost when we consider 

D'(A) =A(A,P0) instead of D(A) = A(A,P0)OA(A,P1) and translate to the D-P 
duality. 

Proposition 3.12 sheds further light on the set Y' = y0 U g(y0). The proposition 
is closely related to criteria for A to equal ,4' (viz. (My G Y) y1 _C y0 or (Vy G Y) 
y1 _C g(y0)); Theorem 3.10 however analyses the case ,4 =,4' in more detail. 

3.12 PROPOSITION. Let A G A = HSP(P0). Then A G A' = ISP(P0) if and only 
if Y = y0 [d g(y0) where Y = H(A). 

PROOF. The algebra A G,4 lies in,4' if and only if,4(A,P0) separates the points 
of A. We denote the evaluation map from Y to HK(Y) by try. We have, given a,b G A, 

(Vx GA(A,_P0)) x(a) = x(b) *} (Vx G A(A,P0))(V j •> 0)x(a)(j) = x(b)(j) 

*} (Vx GA(A,P0))0d j •> 0) (ttw0(J)ox)(a) 

= (ttW0(J) ox)(b ) 
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.• (¾x G A(A,_•0))(V j >• 0) (H(x)o•W0)(J)(a) 

= (H(x)o•W0)(J)(b) 
•* (V6 G S(W0,H(A)))(V j >• 0) ½0)(a) = •(j)(b). 

Suppose a 4: b in A and 6 G S(W0,H(A)) and j >• 0 are such that ½(j)(a) = ½(j)(b). Let 
z = ½(j) ifj is even and z = cb(j - 1) ifj is odd. Note that z GH(A) 0 and that in the casej 

is odd g(z) = g(½(j-1)) = ½('•(j-1)) = ½(j). We have proved that A(A,P0) separates the 
points of A if and only if Z = H(A) 0 U g(H(A) 0) separates the points of A. Since 
H(A) 0 is closed and g is a closed map, Z is closed. Proposition 1.11 implies that Z 
separates the points of Yif and only if Z = H(A).- 

Fix A G HSP(P0). For any B G ISP(P0) and any S-morphism 6: H(B) • H(A), 6 
factors through H(A)' ß 

H(A) , 

H(A)' 

J 
J 

jJ 

•H(B) 

This is because 6 is an S-morphism and so satisfies ½(H(B) 0)_CH(A) 0 and 

6(g(H(A)0)) = g(½(H(A)0)) __C g(H(A)0). Consequently for A G HSP(P0), K(H(A)') is 
the maximum homomorphic image, A', of A in ISP(P0). 

It follows from Proposition 1.12 that there is a dual isomorphism between the 

lattice of lattice congruences of A and the lattice of closed subsets of Y = H(A). This is 

given by 0 +• Y0 where 

(Va,b G A) (a -- b(0) •* Y0 _C {y G Yly(a) = y(b)}). 

Further, Ockham algebra congruences correspond to closed g-subsets ([ 17], Theorem 

1) and if 0 is a lattic• congruence on A then the smallest closed g-subset containing Y0 

corresponds to the maximum Ockham congruence majorised by 0. We denote by 

0Lat(a,b).the smallest lattice congruence identifying a,b GA. 
3.13 PROPOSITION. The maximum homomorphic image of A G HSP(P 0) in 

ISP(P 0) is A/O where 0 is the maximum Ockham congruence contained in 

r/= kV,,• •kœ1'•k(0) •< '•œ(0) in W0}, 
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where 

r/kœ = aGAAOLat(fkœ(a),gkœ(a)) 
and 

'-•ka v '-•œa ifk is odd, fkœ(a) = ,-'ka ^ œa if k is even, 

• "•œa if k and œ are even, 
l,-•ka if k and œ are odd, 

gkœ(a) = ) 0 if k is even and œ is odd, 
[ 1 ifk is odd and œ is even. 

PROOF. The set H(A) '= H(A)0U g(H(A) 0) is the smallest closed g-subset 

containing H(A) 0 and this in turn is the intersection of the closed sets Zkœ '= 
{y G H(A)lgk(y) •< gœ(y)}, taken over those values of k and œ for which •,k(0) •< 'yœ(0). 
It remains to show that Zkœ is the closed set associated with the intersection of 

principal congruences r/k œ. This was first proved by P. R. Fowler in [14]. For 
completeness we outline a proof. We have 

y G Zkœ 4, (Va G A) gk(y)(a) •< gœ(y)(a). 

For k even, gk(y)(a) = y(•ka), while for k odd, gk(y)(a) = (y("-ka))' where ' denotes 
Boolean complement. Thus 

l y(•ka ^ •œa) = y(•ka) (k,œ even), 
gk(y)(a) •< g•(y)(a) 4, • y(•ka v •œa) y(•ka) (k,œ odd), 

l y(•ka ^ •œa) y(0) (k even, œ odd), 
[,y(•ka v •œa) y(1) (k odd, œ even). 

These relations yield the required principal congruences." 

As already noted, an advantage of a natural duality is the way in which it behaves 

as regards free algebras and, more generally, free products. We again consider the 

variety A = ISP(P0,P 1) = ISP(_II). The dual of the free object on one generator, 

D(FA(1)), is, by definition, A(FA(1),P 0) 0 A(FA(1),_P 1) •< •II FA(1). We have natural 
bijections from A(FA(1),_P i) onto Pi (i = 0,1), and may identify D(FA(1)) with •, 
which is P0 0 P1 with a relational structure specified in terms of the structure of the 

Ockham space 2 m = (2m;r,g,,•) (see Lemma 3.6). Proposition 3.14 shows how _P0 
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inherits the algebraic structure from the Ockham algebra 2 m = (2m;^ ,v ,0,1,•) and 
_ 

describes-PI similarly. Since FA(1) belongs to the prevariety A', D(FA(1)), and 
thence H(FA(1)), can be determined without reference to P I' However we shall use 

the translation process given in Theorem 3.8 and so involve -PI' 

3.14 PROPOSITION. 

P0 = {q•: W0 --> 212• w0• ø0(c•)) •< 2w0' 
where •2 w0 = •2 TM and 2Z 0 = 2_ TM. If W 0 is not a loop, 

W 1 Wl 
P1 = {4•: W 1 --> 21•2 • o1(4•)} •<2 

(Here 2 TM 1 consists of functions from { 1,2,...,m- 1 } to { O, 1 }, 2 Z 1 has Ockham algebra 
_ 2 wl structure defined by restriction from 2 w0 and carries the alternating order and 

has g-map defined by restriction.) When W 0 is a loop, 

_P1 • (½: W0--> 212• w0• 01(½)} •< 2- w0' 
PROOF. We consider-P0' Suppose •: W 0 --> 2 is order-preserving. Let TIc(0)•< 

T•(0) in W 0. Then 

l Tk(s) •< 'rœ(s) (s even), 
(V s •> 0) [•,k(s ) •> •,œ(s) (s odd), 

so that 

j½(•,k(s)) •< ½(•,œ(s)) (s even), 
(¾s •> 0) t½(,rk(s)) •> ½(,rœ(s) ) (s odd). 

Hence (by definition of g and induction), 

gk(½)(s) •< gœ(½)(s) (s even), (rs •> 0) 
gk(qb)(s) •> gœ(qb)(s) (s odd), 

that is, gk(½) • gœ(6). It follows that 2 w0 • a0(½). Conversely, suppose 6: W 0 --> 2 is 
such that 2 w0 • o0(½) and let TIc(0)•< '),it(0). Then •b(•,k(0)) = gk(½)(0)•< git(0)(0) = 
0('¾it(0)), so 0 is order-preserving. 

It remains to show that_P 0 inherits its Ockham algebra structure from 2 w0. Since -- 

_P0 and 2 w0 both carry the pointwise order from 2, Eo is a sublattice of 2_ w0. Suppose 
0 G_P 0. Then (•½) is given by 

(Vs •> 0) (•4)(•,s(0)) = 1 •* •(•,s+1(0)) = 0. 
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But this is how negation is defined in 2 w0. 
-- 

The characterisation ofP 1 is obtained similarly. (In the loop case it is convenient 
to think in terms of functions from {0,1 .... ,mol) to {0,1) rather than in terms of 

functions from (1,2,...,m-l,0), whence the isomorphism occurring in the final 

assertion of the proposition.). 

Free objects in HSP(P 0) were described in terms of the restricted D-P duality in 
[15], Corollary 3.2, with a more economical description being given for the case 

A = Pm, n, m-n even, in [15], Theorem 3.8, and extended to all varieties Pm, n in [13]. 
Free products have been considered before in particular varieties A = HSP(P 0) 
(notably the variety of Kleene algebras; see [5] and [8]) and in general [14]. 

Theorems 3.15 and 3.16 encompass, and somewhat simplify, these earlier results. 

3.15 THEOREM. Let A = HSP(P0). Then 
-- 

FA(1) • K((y E•2ml•2 TM • o(y) )) • K((y,g(y) E•2m[•2 TM • o0(y))). 
PROOF. We apply the translation process of Theorem 3.8 to H to obtain 

H(FA(1)). The identification of points ofP 0 with points ofP 1 is determined by 

ker(al,aO)ø = ((q•,½)•__P1 X _Pole = q•o 

= ((q•,0) 6i2 wO x 2fllo 

= •k o3,,2 wO i = o0(•5),_2 wl •- o1(•)}. 
The map • -• q• o'), sets up a bijection between P1 C- 2wl and g(P0 ) C_ 2 W0' this takes 
(Xl,...,Xm_ 1) • 2 m-1 to (Xl,X2,...,Xm_l,X n) • 2 TM. Further, for •b •PI' • 2W1 • øl(•b) 
if and only ifs2 w0 • Ol(q•o-), ). We may thus regard P0 0 P1 as the disjoint union of 
(y •2m[•2 m • o0(Y)) and (g(y) • •2m[•2 TM • ol(g(y))) = ( z• 2•m1•2 TM • Ol(Z)). The 
identification prescribed above simply recombines these to form (y 

(or equivalently {y,g(y)• •2m[•2m • o0(Y))). It only remains to check that the 
Ockham space structure on H(FA(1)) produced by II coincides with that induced 

from 2 TM on our copy of H(FA(1)) in 2 m. It is clear that the bijection between P1 and 

g(P0 ) is such that this is indeed the case.. 

3.16 THEOREM. Let {AjIJ • J) be a family of algebras in A = HSP(P 0) and let 
Y =II{ H(Aj)Ij G J} (equipped with the product topology and pointwise-defined order 
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and g-map). Then 

II A {Ajlj c J) • K((y C VlV • o(y))). 
In particular FA(•) -• K((y • (•2m)•l?m) • • o0(Y))) 

• K({y,g(y) • (2m)•I(2m) • • o(y))). 

PROOF. Let A =IX. A(Ajlj • J•. Since the Ockham space structure on Y is 
defined pointwise, Yi--X](H(Aj)ilj•J) (for i--0,1). For each jCJ, D(Aj) is 
isomorphic to H(Aj) 0 0 H(Aj)i where this set carries a relational structure derived , 

from H(Aj), as described in Theorem 3.8. Hence D(A) is isomorphic to 

I]jH(Aj) 0 t)'if•_jH(Aj) 1, structured pointwise. Translating back to the D-P duality we 
get (up to isomorphism) 

H(A) = (y • YIY • o(y)}. 

The first description of FA(•) is a special case of the description of free products 

and the second follows because FA(•) lies in ISP(_•0).. 
We conclude this section with examples. 

3.17 EXAMPLES. A study of the variety of MS-algebras was initiated by T. S. 

Blyth and J. C. Varlet in [2] and [3]. It is the smallest Ockham variety generated by a 

subdirectly irreducible algebra and containing the de Morgan algebras and the Stone 

algebras, and is generated by the algebra 

1 

b=~b=~d 

a=~ a 

•~ 

and characterised equationally by 

a•<--,2a,--,(a ^ b)=•a v--,b, •(a v b) =--,a ̂  ~b,--,0 = 1,'-'1 =0. 

The starting point for our duality is 

W 0 '= 

This space is of the type described in Lemma 3.9(i)(c) and gives 
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o0(y ) = (y •< g2(y) and g(y) = g3(y)), ol(y ) = (y = g2(y)). 
We may base our duality on a single algebra and a single carrier (see Theorem 3.1 1). 

Proposition 3.14 gives 

(o,o,o) 

( 1,0,g 
) 

(O,l,O) 

P = (P;r,g,,•) •< 2 3 

(1,1,1) 

(0,1,0) ) 

(0,0,0) 

P = (P;^, v,0,1,---) •< 2 3 
-- _ 

We next consider A = ISP(._•0), where P0 is simple. The algebraP 0 is simple if and 

only if it is of the form K(W0), where W 0 is a loop ([ 1 $ ], Corollary 2.4). In this case 
it makes no difference whether we base our duality on two algebras (as in Theorem 

3.7) or one algebra and two carriers (by applying Theorem 2.5 to ISP(_P 0) 
(= HSP(P0))). We opt for the former, but take 

-Pi = {½: W0 • 21•2 w0 • oi(½)) < 2 w0 
(see Proposition 3.14). The possible orders on W 0 were described by A. Urquhart in 

[17] and analysed in greater detail by M. S. Goldberg [15]. Let S(m) = {k C Zml 

kodd and 2k•m}. Each subset S of S(m) gives rise to an order on W 0, viz. the 

weakest order on W 0 such that (Vk C S) 0 < 7k(0) and such that 7 is order-reversing. 
Every allowable order on W 0 is an order of this type or is the order-theoretic dual of 

such an order. Given S C S(m), the associated o 0 and o 1 are specified by 

oO(Y) = &(y •< gk(y)lk G S or m-k G S) 
and 
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ol(Y) = &(y •> gk(y)lk E S or m-k E S). 

The duality can now be constructed in any required case. We illustrate by taking a 
4-element loop: 

0 2 

1 3 

In this case 

and 

PO = ((YO,Yl,Y2,Y3)l(Vi) Yi = 0 or 1 and Yo,Y2 •> Yl,Y3 } 

P1 = {(Yo,Yl,Y2,Y3 )l(Vi) Yi = 0 or 1 and Yo,Y2 •< Yl,Y3}- 

1,1,1) 
(1,0,1,1)..•,. -.-•_ (1,1,1,0) 

( 1 '0'0'0)'••(0, O• 0,'•0 ) (0,0,1,0) 
_Po <_24 

.•,1,1,1) 
(0, I,1,1). _• •.•,.N,.• (1,1,0,1) 

(0,1,0,1) 

(0,0,0,1)'••' (0,1,0,0) 
' (o,o,o,o) 

P1 < 24 
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(1 0 O• vO r 0 = (0,0,1,0) (1,0,1,1) = u 0 

PO (0,0,0,0) (1,1,1,1) -- qo 
(Po,'•O) 

Pl=(O,O,O,O)• Z (1,1,1,1)=ql 
r 1 = (O,l,O,O)& •OO•(• (0,1,1,1)= u 

(o, 1 1 

v 1 = (0,1,0,1) 
(Pi,'•i) 

and 

rg 0 = {(pO,Pl),(qo,ql),(ro, rl),(SO,Sl),(to,tl),(UO,Ul),(VO,Vl)} C_P 0 X P1, 

rg 1 = {(pl,PO),(ql,qO),(r 1,so),(sl,rO),(tl,uO),(ul,tO),(Vl,VO)} _CP 1 X PO 
4- = {(pO,Pl),(qo,ql)} C_ -•0 X P1 

>-- = {(Yl,Xo)lYl C (Pl,rl,Sl,Vl),x 0 C {Po,Vo,So,Vo} } 

LJ {(Yl'Xo)IYl • (ql,tl,Ul,Vl }'Xo • {qo,to,uo,vo }} C_ P1 X _Po' 

Applying the translation process, we find 

H(FA( 1 )) = 
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as predicted by Theorem 3.15. 

Our final example is one in .which the prevariety and the variety are different. We 

take A = ItSP(•0), where P0 = K(W0) and 

wø:= •t1• 
Then o0(Y) = (y •> g2(y) = g3(y) •> g(y)) and ol(Y) = (y •< g(y) = g2(y)). We find 

(l,0,1) (1,1,1) 

(1,0,0) (0,1,1) 

(0,0,0) (0,0,0) 

r0=(',0,') I ] (',0,0)=s 0 P,=(1,1,') 1 Pl (1,1,1) (0,0,0) q0 tl =(0'1'1) 

(P0,•0) (P 1 ,'• 1 ) 

ß (0,0,0) = ql 

Thence 

H(FA(1)): 

Suppoge ACA and let Y = H(A). As a subset of Y, y0 is {yly •> g3(y)}, since the 
remaining inequalities involved in o0(y) hold automatically on this subset. The lattice 

congruence associated with the closed set y0 is r/=/X(r/clCCA ) where r/c= 
0Lat(C v--,3c, 1). The corresponding Ockham congruence, 0, is that associated with 

rg 0 = ((P0 ,p 1),(q0'q 1 )'(r0't 1 ),(s0,q 1 ) }, 

rg 1 = ((p l'P0)'(q 1 'q0 ),(t 1 ,P0 ) ), 
<-= {(p0,Pl),(q0,ql)}, 

>-- = {(Yl,X0)lYl • {Pl,tl },x 0 • {P0,r0}} U {(Yl,X0)lYl = ql,x0 • {q0,s0}}. 
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the smallest closed g-subset of Y containing y0, viz. YOu g(y0)= y., and is 

(•r/clC G A)) ø (regarded as a subalgebra of A X A). In the notation of Lemma 3.5, 

r/= { (a,b) G A X AI(Vc) a --- b(r/c)} 

and, for all n, 

r/n = {(a,b) • A X Al(¾c)(V j •< n) -,•Ja -= -,•Jb(r/c)}. 

Because A •P3,2, "•3a = ("•2a)' for every a • A ([ 15], Proposition 2.7). Hence, for 
a • A and k >• 1, --•2ka = --•2a and --•2k+la = --•3a. It follows that 

0 = {(a,b) G A X Al(Vc) --•Ja -- --•Jb(r/c) forj = 0,1,2,3}. 

Hence, by definition of r/c, 

0 = {(a,b) • A X AI(Vc) •Ja ̂  (c v •-,3c) = •Jb ̂  (c v -•3c) forj = 0,1,2,3}. 

The maximum homomorphic image of A in the prevariety A' is A/0. An algebra 

A G A lies in the prevariety if and only if 

(Va, b • A)(((Vc • A)(Vj = 0,1,2,3) --•Ja ^ (c v -•3c) = '-•Jb ^ (c v --•3c)) • a = b). 
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