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Annihilators in modular lattices

BrIAN A. DAvVEY anD JuHANI NIEMINEN

Let L be a lattice. For a, b € L the annihilator {a, b) and the dual annihilator
(a, b), of a relative to b are given by

(a,by:={xelL|xna<b} and {(a,b);:={xeL|xva=b}.

Several authors have studied annihilators in distributive lattices: Mandelker [6],
Cornish [2, 3, 4], Beazer [1], Davey [5]. In particular Mandelker proved that L is
distributive if and only if {a, b) is an ideal for all a, b € L. By working with
annihilators instead of ideals we can give a modular-lattice analogue of the fact
that a lattice is distributive if and only if every ideal is an intersection of prime
ideals.

In any lattice L we have (a, b) = (a, a A b) and L is distributive if and only if
(b,ays={anb,a),foralla, belL. AnidealJ of a lattice L is prime if and only
if L\J is an ideal of L°. These observations motivate the following definition.

DEFINITION. Let a, b € L. The annihilator {a, b) is called prime if

(@) (a,b)uU(b,a),=L,

(b) (a,anb)N{arb,a),=D.

Hence if L is distributive then every prime annihilator is a prime ideal. It
should be emphasised that the primeness of {a, b) depends upon the elements a
and b rather than the set (g, b): in a three-element chain, 0<<a <1, we have
(1,0) = {0} = (a, 0) while (a, 0) is prime but {1,0) is not.

In any lattice we have

(a,anbYynN{anb,ay,=0 implies a$b. ("

The converse characterizes modularity.
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LEMMA 1. The following are equivalent:
(1) L is modular;
(ii) a > b implies {a, b) N (b, a);=T;
(iii) a £b implies (a,anb)N{anb, a),=J.

Proof. This is clear: if a > b, then x € (a, b) N (b, a), if and only if {a, b, x}
generates an Ns-sublattice of L. B

It follows from Lemma 1 and its dual that if L is modular, then {(a, b) is a
prime annihilator in L if and only if (b, a), is a prime annihilator in L%

LEMMA 2. Let L be any lattice and leta, b, a’, b’ € L.
(i) Assume a>b. Then (a,b)U{b,a);=L if and only if a - b.
(ii) Assume a’'<a and b<b'. Then {a, b) U (b, a),= L implies (a’, b') U
(b',a'yy=L.
(iii) Ifa»~anboravb>b, then {a,b) U(b,a),=L.

Proof. We prove only (i) since (ii) is trivial and (iii) follows from (i) and (ii).
Assume a b and suppose x ¢ (a, b). Then x Aa$b and hence b v (x ra)=a
as a ~ b. Thus

xvb=xv(xaa)vb=xva=a,

whence x € (b, a),. Thus {(a, b) U(b,a),=L. Conversely assume a>b and
suppose there exists x € L witha>x>b. Thenx ¢ (a, b) U (b, a),. B

In a modular lattice, (iii) of Lemma 2 yields a particularly simple characteriza-
tion of prime annihilators.

LEMMA 3. Let L be a modular laitice and let a, b, a’, b', € L.
(i) Assume a>b. Then (a, b) is prime if and only if a > b.
(i) Assume a’<a and b<b' with a' £b'. Then if {(a, b) is prime so is
(a', b").
(iii) (a, b) is prime if and only if a ~a A b (or a v b = b).

Proof. (i) follows from Lemma 1 and Lemma 2(i), and (ii) follows from
Lemma 1 and Lemma 2(ii). By (*) and Lemma 2 (iii) it remains to prove that
{a, b) U(b, a),=L implies that a>a A b. Suppose there exists c e L with
a>c>anb. If cvb=a, then {a, b, c} generates an N,-sublattice. Hence
c¢(b,a);, But anc=cs¥b and thus c¢{a, b). Consequently (a, b)U
(b,a)y+L. B
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It follows from Lemma 3(i) (iii) that in a modular lattice we can restrict
ourselves to prime annihilators {a, b) with a~b: if (a, b) is prime, then
ar-anbandso {(a anb) is prime and moreover {a, b) = {(a,a A b).

We shall say that L satisfies the Prime—Annihilator Condition if every
annihilator in L is an intersection of prime annihilators. It is easily seen that N;

fails the Prime—Annihilator Condition: (x, z) ={u, y, z} is not prime as y ¢
{x,z)N{z,x), and is contained in no prime annihilator since the only
annihilator which contains (x, z) is N; itself. Since the Prime-Annihilator
Condition goes down to sublattices, it follows that any lattice satisfying the
Prime—Annihilator Condition must be modular. Clearly the Prime—-Annihilator
Condition also implies the existence of a profusion of covers.

Recall that L is weakly atomic if for all a, b € L with a > b there exist ¢, d € L
withaz=c»d=b.

THEOREM 4. A lattice satisfies the Prime—Annihilator Condition if and only
if it is weakly atomic and modular.

Proof. Assume L satisfies the Prime—-Annihilator Condition. Then, as re-
marked above, L is modular. Let @, b € L with a > b. Since a ¢ {a, b there exists
a prime annihilator (x, y) with x ~y such that a ¢ (x, y) and (a, b) < (x, y).

a
x={anx)vy

c=bv(aax)

d=bv(any)

any={aax)ay
bax=bafanx)

Since a Ax$¥y and x -y we have (a Ax)vy=xand thusaAx»aAyasLis
lower semimoduiar. Since be{a, b)c(x,y) we have bax<y and so
aAnx»any=bax. The isomorphism between the intervals a A x/b A x and
b v (a A x)/b, given by the modularity of L, guarantees that c:=b v (a A x)>
d:=b v (a ny). Thus L is weakly atomic.
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Now assume that L is weakly atomic and modular. Let u ¢ {a, b); then
unasb Henceu na>w Aa)Abandso (uAa)v(anb)>anb. Thus there

(ung)ab={una)a(anb)

exist ¢, d € L with
urayvi@aab)=crd=anbh.

The isomorphism between (u Aa)v(aAb)/anb and ura/(una)Ab gives
uncrundand hence u nc¥d, that is u ¢ (c,d). Since c<aand anb=<d
we have

(a, by ={a,anb)c{c,d).

Thus (¢, d) is a prime annihilator which contains (a, ) but not u. Consequently
{a, b) is an intersection of prime annihilators. W

Since (dually) algebraic lattices are weakly atomic, the first corollary is
immediate.

COROLLARY 5. A lattice which is algebraic or dually algebraic (in particular
a lattice satisfying A.C.C. or D.C.C.) is modular if and only if it satisfies the
Prime—Annihilator Condition. B

Since ideal lattices are algebraic and preserve modularity, by transferring to
the ideal lattice we can extend our characterization to arbitrary lattices.

COROLLARY 6. A lattice is modular if and only if its lattice of ideals satisfies
the Prime—Annihilator Condition. B
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Since L is distributive if and only if every annihilator is an ideal, our final
corollary is immediate.

COROLLARY 7. A modular weakly atomic lattice L is distributive if’ and
only if every prime annihilator in L is an ideal. R

We close by showing that in finite distributive lattices prime annihilators and
prime ideals coincide.

LEMMA 8. (i) If L is distributive then every prime annihilator in L is a prime
ideal.

(ii) If L is modular and m € L is completely meet irreducible, then the principal
ideal | m generated by m is a prime annihilator. Indeed | m = (m*, m) where m*
is the unigue upper cover of m.

(i) If L is a finite distributive lattice then every prime ideal is a prime
annihilator and conversely.

Proof. The remarks preceding the definition of prime annihilator establish (i).
Let L be modular and let m € L be completely meet irreducible with unique
upper cover m*. That | m < (m*, m) is trivial. Suppose that x € (m*, m) with
x#ém. Then x Am*<m and since x vim>m we have x vm=m*, whence
xvm>m* as x Am*+#x. Hence {m*, m, x} generates an Ns-sublattice, a
contradiction. This establishes (ii) and (iii) follows. M
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