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1. Introduction

Over the past 30 years Priestley duality and the theory of natural dualities
have developed into powerful tools in the study of finitely generated quasi-
varieties of algebras that have an underlying distributive lattice structure.
These two tools are particularly potent when used in tandem. If we have an
effective method for converting the restricted Priestley dual into the natural
dual then we have both the logarithmic advantages of Priestley duality along
with the simple descriptions of free algebras and coproducts provided by the
natural duality.

Applications of Priestley duality grew out of Priestley’s seminal pa-
per [25] in 1972. Priestley [27] gives a survey of applications of the duality up
to 1984 as well as a useful dictionary for converting objects and morphisms
in the algebraic quasi-variety into the corresponding objects and morphisms
in the restricted Priestley dual. A list of 239 references related to Priestley
duality is given by Adams and Dziobiak at the end of the 1996 Studia Logica
special issue on Priestley duality [1].

The theory of natural dualities was developed in Davey and Werner [18]
as a refinement of the approach put forward by Davey [4] in 1978. In [18],
and in [4] before it, the authors set out to provide a common framework for
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Pontryagin duality for abelian groups [22, 23, 24], Stone duality for Boolean
algebras [34] and Priestley duality for bounded distributive lattices.

Assume that we wish to study a finitely generated quasi-variety A :=
ISP(M), where M is a finite algebra that has an underlying bounded-
distributive-lattice structure. It is quite often the case that we have a
description of the restricted Priestley duality but know very little about
possible natural dualities other than the fact that the set of all binary alge-
braic relations does yield a natural duality. There are several papers that
illustrate how knowledge of the restricted Priestley duality allows us to ob-
tain a small set of binary algebraic relations that yields a natural duality. In
some cases, the translation process in both directions between the natural
dual of an algebra A in A and the restricted Priestley dual of A has been
completely described. (See, for example, [14, 28, 29, 30, 11] and Chapter 7
of [2].) This paper is a further contribution in this direction.

The time is ripe to collect together all of these examples of the interplay
between restricted Priestley dualities and natural dualities and to develop
the general theory behind the translation process.

2. Transferring optimal dualities

Why are we interested in transferring an optimal duality from a minimal
generating algebra D for a quasi-variety D := ISP(D) to an optimal duality
for another finite generating algebra M in D? There are several reasons.

• The transferred duality allows us to obtain useful information about
the algebra M. For example, it immediately gives us a description of
the term functions of M.

• A judicious choice of M can lead to a duality for D based on M for
which the alter ego M∼ that induces the duality is ‘simpler’ than the
alter ego D∼ that induced the duality based on D.

• The algebra M and its alter egos may have properties, not shared by D
and its alter egos, that are valuable in the study of the general theory
of natural dualities.

To illustrate, we consider Priestley duality for bounded distributive lattices.
Let D := ISP(D) be the category of bounded distributive lattices where
D = 〈{0, 1};∨,∧, 0, 1〉 is the two-element bounded lattice. Then Priestley
duality is obtained via the alter ego D∼ = 〈{0, 1};�,T 〉: the two-element
discrete ordered space. The dual category is the category P := IScP+(D∼)
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of Priestley spaces, and the duality between D and P is given by the hom-
functors

H := D(−,D) : D → P and K := P(−,D∼) : P → D.

See Priestley [25] and Section 1.2 of Clark and Davey [2]. It is proved in
Davey, Haviar and Priestley [9] that Priestley duality can be transferred to
an optimal duality on the three-element bounded distributive lattice

M = 〈{0, a, 1};∨,∧, 0, 1〉.

The alter ego that yields the duality is

M∼ = 〈{0, a, 1}; f, g,T 〉,

where f and g are the endomorphisms of M given by f(0) = f(a) = 0,
f(1) = 1 and g(0) = 0, g(a) = g(1) = 1. (This result has been reproved
several times in different contexts: see [7, 13, 8].) An immediate application
of this transferred duality is that M is endoprimal (that is, for all n ∈ N,
a map t : Mn → M is a term function of M if and only if t preserves the
operations f and g), a result first proved by Márki and Pöschel [21]. This
duality for D, based on M rather that D, is at the heart of a recent paper
by Davey, Haviar and Willard [12] which gives a partial solution to one of
the oldest problems in the theory of natural dualities.

In [8] we studied the theory behind the transferral of an optimal duality
based on a finite minimal generating algebra D for a quasi-variety D :=
ISP(D) to an optimal duality based on another finite generating algebra M
in D := ISP(D). We gave applications to Kleene algebras with a fixpoint,
semilattices, distributive lattices, and Stone algebras. These applications
were obtained by purely algebraic means.

As the minimal generating algebra D for a quasi-variety and the rela-
tions on D become larger, the purely algebraic methods illustrated in [8]
become more difficult to apply. This paper shows how the logarithmic prop-
erty of Priestley duality can be used in such situations for quasi-varieties of
distributive-lattice-based algebras. We first use it in transferring an optimal
natural duality from the four-element Kleene algebra to an arbitrary finite
non-Boolean Kleene algebra in the quasi-variety ISP(4), and then we apply
it in the varieties Bn of pseudocomplemented distributive lattices (n � 1).

We assume that the reader is familiar with the basics of natural duality
theory as presented in the first two chapters of [2]. In this section we present
a few results from the general theory which we need in our investigations in



216 B. A. Davey and M. Haviar

the subsequent sections. We also recall some results from [8] regarding the
transferral of optimal dualities. For more results on the theory of transferring
optimal dualities and motivations on this topic we refer to [8].

Let D := ISP(D) be a quasi-variety generated by a finite algebra D.
Let M be a finite algebra in D := ISP(D) having D as a subalgebra so
that D = ISP(M). Let G, H and R be sets of finitary operations, partial
operations and relations on D which are algebraic over D, meaning that
the relations in R and the graphs of all (partial) operations in G ∪ H are
subalgebras of appropriate powers of D. Any n-ary algebraic relation r on
D may be viewed as an n-ary algebraic relation on M since r � Dn and
Dn � Mn. Following the notation used in [7] and [2], this relation on M
is denoted by rD. Similarly, if g is an algebraic total (or partial) operation
on D then gD denotes g regarded as an algebraic partial operation on M .
The corresponding sets of algebraic partial operations and relations on M
are denoted by GD, HD and RD.

We start the collection of general results needed in our later investigations
with the following simplified version of a result from Samarago [32].

Theorem 2.1. [32, Proposition 2.1] Let M be a finite algebra in D :=
ISP(D) having D as a subalgebra. If D∼ = 〈D;G,H,R,T 〉 yields a dual-
ity on D based on D, then

M∼ := 〈M ; End(M), GD ∪ HD, RD ∪ {D},T 〉

yields a duality on D based on M.

As in [8], we shall henceforth drop the subscript from rD when regarding
an algebraic relation r on D as a relation on M. We note that Theorem 2.1
remains valid if we replace the assumption that D is a subalgebra of M
by the assumption that there is an embedding ν : D → M. All our other
results that assume that M has D as a subalgebra also remain valid under
the weaker assumption that M has a subalgebra isomorphic to D.

Our aim in this paper is to develop a method for transferring optimal
dualities, in quasi-varieties of distributive-lattice-based algebras, by means
of Priestley duality. We recall that a structure D∼ = 〈D;G,H,R,T 〉 yields
an optimal duality on D if D∼ yields a duality on D and if the removal of
any element of G ∪ H ∪ R gives a structure which does not yield a duality
on D. For an algebra M which also generates the quasi-variety D we aim to
convert the structure D∼, yielding an optimal duality on D based on D, to a
structure M∼ yielding an optimal duality on D based on M. As we are usually
happy to include (a generating set for) the endomorphism monoid on M in
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the dualising structure for M, we concentrate on dualities which are optimal
modulo endomorphisms, that is, we seek structures M∼ = 〈M ; End(M), S,T 〉
yielding a duality on D based on M such that, if any member of S is removed,
the resulting structure does not yield a duality on D.

Methods for transferring a duality from a usually small algebra D up to
a bigger algebra M ∈ D were presented in Davey [7] and Samarago [32].
Nevertheless, it was far from clear which reducts of the resulting dualising
structure M∼ = 〈M ; End(M), S,T 〉 yield optimal (modulo endomorphisms)
dualities on D based on M. The only thing known for sure was that a
relation s ∈ S could be removed without destroying the duality provided
the corresponding algebra s was a retract of M.

To state this result more precisely, recall that given a set R ∪ {s} of
finitary algebraic (partial) operations and relations on D and an algebra
A ∈ D, it is said that R entails s on D(A) = D(A,D) if every continuous
map α : D(A) → D which preserves the (partial) operations and relations
in R also preserves s; we say that R entails s if R entails s on D(A) for all
A ∈ D. We also recall that an algebra B is a retract of an algebra A if
there are homomorphisms u : B → A and v : A → B such that v ◦ u = idB,
in which case v is called a retraction and u is called a coretraction. In the
case that B is a subalgebra of A and u is simply the inclusion map, we say
that B is a subretract of A.

Lemma 2.2. [17, Lemmas 4.1, 4.2] Let D be a finite algebra and let D :=
ISP(D).

(i) End(D) yields a duality (based on D) on the algebra D.

(ii) If D∼ yields a duality (based on D) on an algebra A ∈ D, then D∼ yields
a duality on every retract of the algebra A.

(iii) End(D) entails every finitary algebraic relation s on D such that s is
a retract of D.

Part (iii) of the lemma above follows from parts (i) and (ii) via the Test
Algebra Lemma which will be used often throughout this paper.

Lemma 2.3. (Test Algebra Lemma) [16, Lemma 2.3, Proposition 2.5] Let
R∪{s} be a family of finitary algebraic (partial) operations and relations on
a finite algebra D and let D = ISP(D).

(i) R entails s if and only if R entails s on D(s) = D(s,D).

(ii) If R yields a duality (based on D) on the algebra s, then R entails s.
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(iii) Assume that R yields a duality on D (based on D) and let r ∈ R. Then
the following are equivalent:

(a) R \ {r} yields a duality on D;
(b) R \ {r} yields a duality on the algebra r;
(c) R \ {r} entails r on D(r) = D(r,D).

The Test Algebra Lemma says that a relation r can be removed from a
dualising set R of relations without destroying the duality provided R \ {r}
yields a duality on the single algebra r. This algebra has therefore been
called a test algebra. As in [8], we slightly modify this concept and say that
an algebra s is a test algebra (for showing that S does not yield a duality
on D) if S does not yield a duality on the algebra s.

The following Retraction Test Algebra Lemma from Haviar and Priest-
ley [19] tells us that a known test algebra s can be replaced by any algebra t
which retracts onto s.

Lemma 2.4. (Retraction Test Algebra Lemma) [19, Lemma 4] (See
also [6, Lemma 6.3] and [17, Lemma 4.2].) Let D be a finite algebra, let
R ∪ {s, t} be a set of finitary algebraic relations on D. Assume that s is a
test algebra which shows that R does not yield a duality on D := ISP(D).
If t has s as a retract, then t is also a test algebra showing that R does not
yield a duality on D.

We will be able to apply our results to derive information concerning
endodualisable and endoprimal algebras. We recall that D is endodualisable
if D∼ = 〈D; End(D),T 〉 yields a duality on D, and D is almost endodualisable
(with extra relation s) if D∼

′ = 〈D; End(D), s,T 〉 yields a duality on D

which is optimal modulo endomorphisms. Finally, D is k-endoprimal (resp.
endoprimal) if D∼ = 〈D; End(D),T 〉 yields a duality on the k-generated free
algebra FD(k) (resp. on all FD(k) for k � 1).

The following corollary of the Retraction Test Algebra Lemma is ob-
tained by considering the test algebra t to be the k-generated free algebra
FD(k).

Corollary 2.5. [19, Corollary 5] Let D be a finite algebra and define D :=
ISP(D). Assume that D is not endodualisable and that this is shown by a
test algebra s. If s is a retract of the k-generated free algebra FD(k) (or
equivalently, if s is a k-generated projective algebra in D), then D is not
k-endoprimal.
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We define the brute force set of algebraic relations on D to be

B(D) := { r | r is an n-ary algebraic relation on D for some n ∈ N }.

A subset U of B(D) is called a failset of s if s ∈ U and there exists a map
γ′ : D(s,D) → D such that the set

FailDs (γ′) := { r ∈ B(D) | γ′ : D(s,D) → D fails to preserve r }

is equal to U . By the Test Algebra Lemma, R does not entail s if and
only if there exists a map γ′ : D(s,D) → D such that the failset FailDs (γ′)
contains s but contains no member of R.

We now recall the necessary concepts and results from [8]. Let R be a
set of finitary algebraic relations on D and let s ∈ R . We say that s is
needed in R if R \ {s} does not entail s. By the Test Algebra Lemma 2.3,
the relation s is needed in R if and only if R \ {s} does not entail s on D(s),
that is, there exists a map γ′ : D(s,D) → D such that

(N1) γ′ does not preserve s, that is, s ∈ FailDs (γ′),

(N2) γ′ preserves each relation r ∈ R\{s}, that is, FailDs (γ′)∩(R\{s}) = ∅.

Let M be a finite algebra in D. We shall say that the relation s avoids
M relative to R if there exists a map γ′ : D(s,D) → D which satisfies
(N1), (N2) and

(A) γ′ preserves every finitary algebraic relation r ∈ B(D) such that r ∼= M,
that is, FailDs (γ′) ∩ { r ∈ B(D) | r ∼= M } = ∅.

If S ⊆ R and each s ∈ S avoids M relative to R then we say that S avoids
M relative to R. In the case that S = R, we say simply that R avoids M.
We often prove that s avoids M relative to R by establishing a stronger
minimality condition on s. We say that s is as small as possible relative
to R if there exists a map γ′ : D(s,D) → D which satisfies (N1), (N2) and

(S) γ′ preserves every relation s1 ∈ B(D) such that s is not a retract of s1,
that is, FailDs (γ′) ⊆ { s1 ∈ B(D) | s is a retract of s1 }.

The following three results are amongst the theoretical tools developed
in [8].

Lemma 2.6. [8, Lemma 2.3] Let D be a finite algebra, let D := ISP(D) and
assume that M ∈ D is finite and has D as a subalgebra. Let S be a set of
finitary algebraic relations on D and let s ∈ S. The following conditions are
related by (1) ⇒ (2) ⇒ (3):



220 B. A. Davey and M. Haviar

(1) s (as a relation on D) avoids M relative to End(D) ∪ S;

(2) s (as a relation on M) is needed in End(M) ∪ S ∪ {D};
(3) s is not a retract of M.

Theorem 2.7. (Optimal Duality Transfer Theorem) [8, Theorem 2.4]
Let D be a finite algebra, let D := ISP(D) and assume that M ∈ D is finite
and has D as a subalgebra. Let S be a set of finitary algebraic relations
on D and assume that the structure D∼ = 〈D; End(D), S,T 〉 yields a duality
on D based on D which is optimal modulo endomorphisms. Consider the
set S◦ := { s ∈ S | s is not a retract of M }. If S◦ avoids M relative to
End(D) ∪ S◦, then, with the possible exception that D may not be needed,

M∼ := 〈M ; End(M), S◦ ∪ {D},T 〉

yields a duality on D based on M which is optimal modulo endomorphisms.
Moreover, if D is a subretract of M, then D is not needed and consequently

M∼ := 〈M ; End(M), S◦,T 〉

yields a duality on D based on M which is optimal modulo endomorphisms.

Lemma 2.8. [8, Lemma 2.5] Let D be a finite algebra, let D := ISP(D) and
assume that M is a finite algebra in D. Let S be a set of finitary algebraic
relations on D, let s ∈ S and consider the following conditions:

(1) { s1 ∈ B(D) | s is a retract of s1 } contains a D-failset of s;

(2) s is as small as possible relative to S;

(3) s is as small as possible relative to End(D) ∪ S;

(4) s avoids M relative to End(D) ∪ S.

If s is not a retract of M, then (3) ⇒ (4). If s is not a retract of D, then
(2) ⇒ (3). If s is not a retract of r for all r ∈ S \ {s}, then (1) ⇒ (2).

We can sometimes establish a condition which lies between “s avoids M
relative to R” and “s is as small as possible relative to R”.

Lemma 2.9. Let S be a set of finitary algebraic relations on D and let s ∈ S.
Let M be a finite algebra in D := ISP(D). Assume there is a finitary alge-
braic relation t on D such that t is a retract of s and t is not a retract of r,
for all r ∈ S \ {s}. Moreover, assume that { r ∈ B(D) | t is a retract of r }
contains a failset of s.
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(i) If M does not have t as a retract, then s avoids M relative to S.

(ii) If neither D nor M has t as a retract, then s avoids M relative to
End(D) ∪ S.

Proof. Let U be a failset of s such that t is a retract of r for all r ∈ U .
Since t is not a retract of r for all r ∈ S \ {s}, we have U ∩S = {s}, that is,
(N1) and (N2) hold with respect to R := S. Assume that t is not a retract
of M and let r ∈ B(D) with r ∼= M. Thus, t is not a retract of r and
consequently r /∈ U , that is, (A) holds. Hence, s avoids M relative to S. If,
moreover, t is not a retract of D, then U contains no relation r with r ∼= D.
In particular, U contains no (graph of an) endomorphism of D, that is, (N1)
and (N2) hold with respect to R := End(D) ∪ S. Consequently, s avoids M
relative to End(D) ∪ S.

3. Transferral from the four-element non-Boolean Kleene
algebra

Consider the quasi-variety K4 = ISP(4) of Kleene algebras generated by the
four-element algebra

4 = 〈{0, a, b, 1};∨,∧,¬, 0, 1〉

such that 0 < a < b < 1 and ¬0 = 1, ¬1 = 0, ¬a = b, ¬b = a. In Davey,
Haviar and Priestley [11] it is shown that

4∼1 = 〈{0, a, b, 1}; e, f, c,m,T 〉,
4∼2 = 〈{0, a, b, 1}; e, k,m,T 〉, and
4∼3 = 〈{0, a, b, 1}; e, �,m,T 〉

yield dualities on K4 which are optimal modulo endomorphisms, where e is
the unique non-identity endomorphism of 4 given by

e(0) = 0, e(a) = 0, e(b) = 1, e(1) = 1

and the binary algebraic relations c, f , k, � and m are

c = {(0, 0), (a, 0), (a, a), (b, b), (b, 1), (1, 1)},
f = {(0, 0), (a, a), (a, b), (b, a), (b, b), (1, 1)},
k = {(0, 0), (a, 0), (a, a), (a, b), (b, a), (b, b), (b, 1), (1, 1)},
� = {(0, 0), (a, 0), (b, 0), (a, a), (a, b), (b, a), (b, b), (a, 1), (b, 1), (1, 1)},

m = 42 \ {(0, 1), (1, 0)}.
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Moreover, these are the only dualities for K4, given by binary algebraic
relations on 4, which are optimal modulo endomorphisms. We note that
the algebras f and c are isomorphic to the 1-generated free Kleene algebra
FK(1) and the six-element chain algebra 6, respectively, while k and ��� are
isomorphic to 2⊕ (2 × 2) ⊕ 2 and 1 ⊕ (2 × 4) ⊕ 1, respectively. (In [11] the
relation c was denoted by g. We have changed the notation here to avoid
any confusion with the order-reversing map g which occurs in the restricted
Priestley duality for Kleene algebras—see below.) We also note the following
result from [11].

Theorem 3.1. [11, Lemma 5.4] A finite non-Boolean algebra M ∈ K4 is
1-endoprimal if and only if M has the 1-generated free algebra FK(1) as a
retract.

As mentioned at the start of Section 2, Priestley duality between the
categories D of bounded distributive lattices and the category P of Priestley
spaces is given by the functors H : D → P and K : P → D. If A is a (not
necessarily full) subcategory of D then the corresponding (not necessarily
full) subcategory Y := I(H(A)) of P is called the restricted Priestley dual
category for A.

Assume that M = 〈M ; {∨,∧, 0, 1}∪F 〉, where 〈M ;∨,∧, 0, 1〉 is a bounded
distributive lattice, let S ⊆ B(M) be a set of algebraic relations on M and
let G ⊆ End(M) be a set of endomorphisms of M. Let Y be the restricted
Priestley dual category for A := ISP(M). Let the restricted Priestley dual
of M be YM and, for A ∈ A, let YA be its restricted Priestley dual. We
shall show how to interpret S and G on Y(YM ,YA). For each s ∈ S, let Ys

be the restricted Priestley dual of s and let σ1, . . . , σn : YM → Ys be the
jointly surjective maps corresponding to the projections ρ1, . . . , ρn : s → M.

(i) Each relation s ∈ S can be interpreted on Y(YM ,YA) by declaring
that, for all maps Ψ1, . . . ,Ψn ∈ Y(YM ,YA), we have (Ψ1, . . . ,Ψn) ∈ s
if and only if (Ψ1, . . . ,Ψn) factors in Y through (σ1, . . . , σn), that is,
there exists a (necessarily unique) morphism µ : Ys → YA such that
Ψj = µ ◦ σj for j = 1, . . . , n. Note that the converse also holds: every
morphism µ ∈ Y(Ys,YA) gives rise to maps Ψ1, . . . ,Ψn in Y(YM ,YA)
with (Ψ1, . . . ,Ψn) ∈ s, namely Ψ1 := µ ◦ σ1, . . . ,Ψn := µ ◦ σn. See
Figure 1.

(ii) Each endomorphism e ∈ G may be interpreted on Y(YM ,YA) via com-
position, that is, e(Ψ) := Ψ ◦ H(e), for all Ψ ∈ Y(YM ,YA), where the
map H(e) ∈ End(YM ) is the restricted Priestley dual of the endo-
morphism e.
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YA YM

YM Ys

�

�

�

��

σ1

Ψ2

Ψ1 σ2
µ

Figure 1. (Ψ1, Ψ2) factors in Y through (σ1, σ2)

We shall use the following result repeatedly throughout this section and
the next. It is easy to prove and is part of the folklore of restricted Priestley
dualities.

Lemma 3.2. With the relations s ∈ S and endomorphisms e ∈ G interpreted
on Y(YM ,YA) as indicated above, the natural bijection between A(A,M)
and Y(YM ,YA) is an isomorphism between the structures 〈A(A,M);G,S〉
and 〈Y(YM ,YA);G,S〉.

As shown in Cornish and Fowler [3] (see also [11]), the restricted Priestley
dual of the quasi-variety K4 is the category Y of Priestley spaces Y with an
order-reversing homeomorphism g of order 2 such that every point y ∈ Y
is comparable to a g-fixpoint. Morphisms in the category Y are order- and
g-preserving continuous maps.

The duals in Y of the algebras 4, c, f , k, � and m are given in Figure 2.
In each case, 1 and 1̃, represented by slightly larger circles, are g-fixpoints
while

g(0) = 2, g(0̃) = 2̃, g(2) = 0, g(2̃) = 0̃.

For each s ∈ {c, f, k, �,m}, the jointly surjective maps σs
1, σ

s
2 : Y4 → Ys

corresponding to the projections ρ1, ρ2 : s → 4 are given by the labelling
of Ys, namely, σs

1(i) = i and σs
2(i) = ĩ for i = 0, 1, 2. Note that (σs

1, σ
s
2) ∈ s

in Y(Y4,Ys). When the context is clear, we shall often abbreviate σs
i to σi.

For each relation s, we replace D(s) := K(s,4) by Y(Y4,Ys) and,
since there is a natural isomorphism in X := IScP+(4∼) between 4∼ and
D(FK(1)) := K(FK(1),4), we replace 4∼ itself by Y(Y4,Yf ). To apply
the Optimal Duality Transfer Theorem, we would like to know which of the
relations c, f , k, � and m are as small as possible relative to which subsets
of {c, f, k, �,m}. In order to apply Lemma 2.8, for each s ∈ {c, f, k, �,m},
we look for a map Φs : Y(Y4,Ys) → Y(Y4,Yf ) which does not preserve s
but which preserves all n-ary algebraic relations s1 ⊆ 4n (n � 1) such that
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Yk Yl Ym
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Figure 2. Priestley duals of the algebras 4, f , c, k, � and m

s1 does not have s as a retract. We shall define the map Φs by declaring
that it maps each Ψ ∈ Y(Y4,Ys) to ϕs ◦Ψ ∈ Y(Y4,Yf ) where ϕs : Ys → Yf

will be a map defined separately in each case. This useful device was first
utilised in Davey and Priestley [15]—see the discussion before Lemma 4.1
below.

Lemma 3.3. Let s ∈ {c, f, k, �,m} and let ϕs : Ys → Yf be a map such that

Φs := ϕs ◦ − : Y(Y4,Ys) → Y(Y4,Yf )

is well defined. If ϕs is not order-preserving, then (ϕs ◦ σ1, ϕs ◦ σ2) /∈ s
on Y(Y4,Yf ), and hence Φs does not preserve s.

Proof. Let y < z in Ys with ϕs(y) � ϕs(z) in Yf . Suppose, by way
of contradiction, that (ϕs ◦ σ1, ϕs ◦ σ2) ∈ s on Y(Y4,Yf ). Then, by the
definition of s on Y(Y4,Yf ), there exists µ ∈ Y(Ys,Yf ) such that

ϕs ◦ σj = µ ◦ σj for j = 1, 2.

The maps σ1, σ2 : Y4 → Ys are jointly surjective, thus there are y0, z0 ∈ Y4

such that σk(y0) = y and σl(z0) = z, for some k, l ∈ {1, 2}. Hence, from
σk(y0) = y < z = σl(z0) and the fact that µ is order-preserving, it follows
that

(µ ◦ σk)(y0) = µ(y) � µ(z) = (µ ◦ σl)(z0),
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whence
ϕs(y) = (ϕs ◦ σk)(y0) � (ϕs ◦ σl)(z0) = ϕs(z),

a contradiction which completes the proof.

Lemma 3.4.

(i) The set { c1 ∈ B(4) | c is a retract of c1 } has a subset U which is a
failset of c, k and �.

(ii) The relation c is as small as possible relative to {c, f,m}.
(iii) Let M ∈ K4 and assume that c is not a retract of M.

(a) The relation c avoids M relative to End(4) ∪ {c, f,m}.
(b) The relation k avoids M relative to End(4) ∪ {k,m}.
(c) The relation � avoids M relative to End(4) ∪ {�,m}.

Proof. We commence by showing that { c1 ∈ B(4) | c is a retract of c1 }
contains a failset of c. Let ϕc : Yc → Yf be the map shown in Figure 3.

�
�
�

�

�

Yc

Yf

2

1

0

2̃

0̃

2

1 1̃

0

Figure 3. The map ϕc : Yc → Yf

Note that ϕc is g-preserving but not order-preserving and that 0 < 0̃ and
2̃ < 2 are the only order relations in Yc which ϕc fails to preserve. It is very
easy to check that Φc is well defined.

From Lemma 3.3 it follows that Φc does not preserve c. We now show
that Φc preserves all n-ary algebraic relations r ⊆ 4n (n � 1) such that
r does not have c as a retract. Let Yr be the dual of r, let σ1, . . . , σn :
Y4 → Yr be the maps corresponding to the projections ρ1, . . . , ρn : r → 4
and let Ψ1, . . . ,Ψn ∈ Y(Y4,Yc) with (Ψ1, . . . ,Ψn) ∈ r. Then there exists a
morphism µ : Yr → Yc such that Ψj = µ ◦ σj for j = 1, . . . , n. To see that
(ϕc ◦ Ψ1, . . . , ϕc ◦ Ψn) ∈ r, that is, that (ϕc ◦ µ ◦ σ1, . . . , ϕc ◦ µ ◦ σn) ∈ r, it
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suffices to show that the map ϕc ◦ µ : Yr → Yf is order-preserving. Suppose
that ϕc ◦ µ is not order-preserving. Thus, without loss of generality, there
exists x < y in Yr with µ(x) = 2̃ and µ(y) = 2. Let z be a g-fixpoint
less than x. Then Y ′

c := {g(y), g(x), z, x, y} is a g-closed chain in Yr. The
isomorphism η of Yc onto Y′

c � Yr satisfies µ ◦ η = idYc , contradicting the
fact that c is not a retract of r. Hence, ϕc ◦ µ is order-preserving. Thus,
modulo the obvious bijections between Y(Y4,Yc) and K(c,4) and between
Y(Y4,Yf ) and 4∼, the set U := Fail4c(Φc) is the required failset of c and to
prove (i) it only remains to show that U is also a failset of both k and �.
Note from Figure 2 that Yc is a retract of both Yk and Y� and consequently
c is a retract of both k and �.

First, we prove that k, � ∈ U . Let s ∈ {k, �} and let µ : Ys → Yc be the
unique retraction. Thus Ψi := µ◦σs

i satisfy (Ψ1,Ψ2) ∈ s on Y(Y4,Yc). But

(Φc(Ψ1),Φc(Ψ2)) = (ϕc ◦ µ ◦ σs
1, ϕc ◦ µ ◦ σs

2) = (1, σf
1 ),

where 1 : Y4 → Yf is the constant map onto {1}. It is clear that there is
no morphism µ′ ∈ Y(Ys,Yf ) such that µ′ ◦ σs

1 = 1 and µ′ ◦ σs
2 = σf

1 . Hence,
(1, σf

1 ) /∈ s and consequently s ∈ U . Now let u : c → k be a coretraction.
It is an easy exercise (see Lemma 2.4 in [16] or Exercise 8.9 in [2]) to prove
that U = Fail4k(Φk), where Φk := Φc ◦ D(u), whence U is a failset of k. In
the same way, it follows that U is a failset of �. Since 4, f and m do not have
c as a retract while k and � do, parts (ii) and (iii) follow by Lemmas 2.8
and 2.9.

Lemma 3.5.

(i) {m1 ∈ B(4) | m is a retract of m1 } contains a failset of m.

(ii) The relation m is as small as possible relative to {c, f, k, �,m}.
(iii) Let M ∈ K4 and assume that m is not a retract of M. Then m avoids

M relative to End(4) ∪ {c, f, k, �,m}.

Proof. Since 4, f , c, k and � do not have m as a retract, by Lemma 2.8
it suffices to prove (i). We define the map ϕm : Ym → Yf as indicated in
Figure 4.

It is easy to see that ϕm is g-preserving but not order-preserving and
that 0 < 2̃ and 0̃ < 2 are the only order relations in Ym which ϕm fails to
preserve. Again, it is easy to check that Φm is well defined.

The fact that the map Φm does not preserve m follows again from
Lemma 3.3. We shall show that Φm preserves all n-ary algebraic relations
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Ym Yf

0

1

2 2̃

1̃

0̃

2

1

0

1̃
�

�

Figure 4. The map ϕm : Ym → Yf

r ⊆ 4n (n � 1) such that r does not have m as a retract. As in the previous
proof, let Yr be the dual of r, let σ1, . . . , σn : Y4 → Yr be the jointly surjec-
tive maps corresponding to the projections and let Ψ1, . . . ,Ψn ∈ Y(Y4,Ym)
with (Ψ1, . . . ,Ψn) ∈ r. Then there exists a morphism µ : Yr → Ym

such that Ψj = µ ◦ σj for j = 1, . . . , n. Once again, to prove that
(ϕm ◦Ψ1, . . . , ϕm ◦Ψn) ∈ r, that is, that (ϕm ◦µ ◦σ1, . . . , ϕm ◦µ ◦σn) ∈ r, it
suffices to show that the map ϕm ◦µ : Yr → Yf is order-preserving. Suppose
that ϕm ◦ µ is not order-preserving. Then, without loss of generality, there
exist x < y in Yr such that µ(x) = 0 and µ(y) = 2̃. Since µ is a morphism
and since Yr ∈ Y, there exist distinct fixpoints z and z′ in Yr such that
x < z < g(x) and g(y) < z′ < y. Hence,

Y ′
m := {x, z, g(x), g(y), z′ , y}

is a g-closed subset of Yr with Y′
m isomorphic to Ym. Thus, µ : Yr → Ym

is a coretraction and consequently m is a retract of r, a contradiction. It
follows that ϕm ◦ µ is order-preserving, as required. Thus, Fail4m(Φm) is the
required failset of m.

Remark 3.6. It is impossible to use a similar argument to prove that the
relation f is as small as possible relative to {c, f,m}. It is easy to see that,
if ϕf : Yf → Yf is a map such that Φf := ϕf ◦ − : Y(Y4,Yf ) → Y(Y4,Yf )
is well defined, then ϕf must be order-preserving.

Next we consider which of the algebras c, k, � and m are retracts of the
free Kleene algebra FK(n) (n � 1), which is equivalent to asking which are
n-generated and projective in K. We could utilise the description of finite
projective Kleene algebras given in Jalali [20], but, as that paper is difficult
to obtain and, for these algebras, the proofs are easy, we shall argue directly
instead.
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Lemma 3.7.

(i) The algebras c, k and � are not retracts of the free algebra FK(1) but
are retracts of the free algebra FK(2).

(ii) The algebra m is not a retract of any free Kleene algebra.

Proof. We shall use the description of the restricted Priestley dual of
FK(2) given in Davey and Priestley [14] (see also [2, Section 7.5]). For any
set S, extend the order and the map g on Yf pointwise to the power YS

f .
Then the set Y(S) := { y ∈ Y S

f | y � g(y) or y � g(y) } determines a closed
substructure of YS

f . With the induced order and map g, we obtain a Kleene
space Y(S) isomorphic to the restricted Priestley dual, H(FK(S)), of the
S-generated free Kleene algebra FK(S) (see [2, 7.5.7]).

It is clear, on grounds of size, that c, k and � are not a retracts of
FK(1). The restricted Priestley dual of FK(2) is Y(2), where Y(2) is the
set of all pairs y ∈ Y 2

f such that y is comparable with g(y). It is easy to
see that only the pairs (0, 2) and (2, 0) = g((0, 2)) in Y 2

f do not satisfy this
condition. The Kleene space Y(2) is depicted in Figure 5: the four elements
of height 2 are the g-fixpoints and otherwise g(y) is the point either vertically
above or below y. The large circles denote a copy of Y� and ovals denote
the equivalence classes of ker(ϕ), where ϕ : Y(2) → Y� is a retraction of
the Kleene space Y(2) onto the Kleene space Y�. Hence the algebra � is
a retract of FK(2). We leave it as an easy exercise for the reader to find
the corresponding diagrams which show that c and k are retracts of FK(2).
This proves (i).

Y(2)

Figure 5. Priestley dual of the free Kleene algebra FK(2)

To prove that m is not a retract of any free Kleene algebra it suffices to
show that m is not projective in K. Thus it suffices to show that there is
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a finite Kleene space Y which contains Ym as a substructure but such that
there is no retraction of Y onto Ym. Clearly such a Kleene space Y may
be obtained by adjoining a new bottom, ⊥, and a new top, �, to Ym and
defining g(⊥) = � and g(�) = ⊥. Hence, (ii) holds.

We can now bring our analysis together and derive an array of optimal
dualities within the quasi-variety K4. These results refine and extend some
of the results of [11].
Theorem 3.8. Let M be a finite non-Boolean Kleene algebra in the quasi-
variety K4 := ISP(4) which has 4 as a subretract.

(1) If M has either k and m or � and m as retracts, then M is endodual-
isable.

(2) If M does not have m as a retract but has either k or � as a retract,
then M∼ = 〈M ; End(M),m,T 〉 yields a duality on K4 based on M which
is optimal modulo endomorphisms.

(3) Let s ∈ {k, �}. Assume that M does not have s as a retract but has m
as a retract.

(3.1) If M does not have c as a retract, then M∼ = 〈M ; End(M), s,T 〉
yields a duality on K4 based on M which is optimal modulo endo-
morphisms. Moreover, M is not 2-endoprimal.

(3.2) Assume that M has c as a retract.
(3.2.1) If M has f as a retract, then M is endodualisable.
(3.2.2) If f is not a retract of M, then M∼ = 〈M ; End(M), s,T 〉

yields a duality on K4 based on M which is optimal modulo
endomorphisms. Moreover, M is not 1-endoprimal.

(4) Let s ∈ {k, �}. Assume that M has neither s nor m as retracts.

(4.1) If M does not have c as a retract, then the structure M∼ =
〈M ; End(M), s,m,T 〉 yields a duality on K4 based on M which
is optimal modulo endomorphisms. Moreover, the algebra M is
not 2-endoprimal.

(4.2) Assume that M has c as a retract.
(4.2.1) If M has f as a retract, then M∼ = 〈M ; End(M),m,T 〉

yields a duality on K4 based on M which is optimal modulo
endomorphisms.

(4.2.2) If M does not have f as a retract, then the structure
M∼ = 〈M ; End(M), f,m,T 〉 yields a duality on K4 based
on M which is optimal modulo endomorphisms. Moreover,
M is not 1-endoprimal.
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Proof. Assume that M is a finite non-Boolean Kleene algebra in the quasi-
variety K4 := ISP(4) which has 4 as a subretract. It follows that M has
no subalgebra isomorphic to 3. Since 4∼1, 4∼2 and 4∼3 yield dualities on K4,
Theorem 2.1 implies that

M∼ 1 := 〈M ; End(M), f, c,m,T 〉,
M∼ 2 := 〈M ; End(M), k,m,T 〉 and
M∼ 3 := 〈M ; End(M), �,m,T 〉

yield dualities on K4. We remark that if u : M → D is a subretraction, then
u ∈ End(M) with fix(u) = D, whence u entails D.

(1) Assume that M has either k and m or � and m as retracts. Then, by
Lemma 2.2(iii), the relations k, l and m, may be removed from the dualising
structures M∼ 2 and M∼ 3 and consequently M is endodualisable.

(2) Assume that M does not have m as a retract but has either k or
� as a retract. Since, by Lemma 3.5, the relation m avoids M relative to
End(4) ∪ {m}, the Optimal Duality Transfer Theorem 2.7 applied to 4∼2

and 4∼3 shows that M∼ := 〈M ; End(M),m,T 〉 yields a duality on K4 based
on M which is optimal modulo endomorphisms.

(3) Let s ∈ {k, �}. Assume that M does not have s as a retract but has
m as a retract. To prove (3.1), assume that c is not a retract of M. Then
by Lemma 3.4(iii)(b)(c), the relation s avoids M relative to End(4) ∪ {s}.
Hence, the Optimal Duality Transfer Theorem 2.7, applied to the optimal
dualities given by 4∼2 and 4∼3, shows that M∼ := 〈M ; End(M), s,T 〉 yields a
duality on K4 based on M which is optimal modulo endomorphisms. As this
duality is optimal modulo endomorphisms, the non-endodualisability of M
is shown by the test algebra s using Lemma 2.3. Since, by Lemma 3.7, s is a
retract of FK(2), it follows from Corollary 2.5 that M is not 2-endoprimal.

We now prove (3.2). Assume that M has c as a retract. For (3.2.1),
assume that M also has f as a retract. Since M∼ 1 yields a duality on K4

based on M and M has m, f and c as retracts, M is endodualisable by
Lemmas 2.2 and 2.3.

To prove (3.2.2), assume that f is not a retract of M. Then M is not
1-endoprimal, by Theorem 3.1. Since s has f as a retract, by the Retraction
Test Algebra Lemma 2.4, s also serves as a test algebra showing the non-
endodualisability of M. As m can be removed from the dualising structure
by Lemmas 2.2 and 2.3, we find that M∼ = 〈M ; End(M), s,T 〉 yields a duality
on K4 based on M which is optimal modulo endomorphisms.

It remains to prove (4). Again let s ∈ {k, �} and assume that M has
neither m nor s as a retract. For (4.1), assume that c is not a retract of M.
By Lemmas 3.4 and 3.5, s and m avoid M relative to End(4) ∪ {s,m}.
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Hence, by the Optimal Duality Transfer Theorem, applied to the optimal
dualities given by 4∼2 and 4∼3, the structure M∼ := 〈M ; End(M), s,m,T 〉
yields a duality on K4 based on M which is optimal modulo endomorphisms.
Since s avoids M relative to End(4) ∪ {s,m}, the algebra s serves as a test
algebra showing that M is not endodualisable. Once again, Lemma 3.7 and
Corollary 2.5 combine to show that M is not 2-endoprimal. This proves (4.1).

To prove (4.2), assume that M has c as a retract. If M also has f as
a retract, then, since m avoids M relative to End(4) ∪ {m} by Lemma 3.5,
the Optimal Duality Transfer Theorem, applied to the optimal duality given
by 4∼1, shows that M∼ := 〈M ; End(M),m,T 〉 yields a duality on K4 based
on M which is optimal modulo endomorphisms. This establishes (4.2.1).

Finally, we prove (4.2.2). Again, M∼ 1 = 〈M ; End(M), f, c,m,T 〉 is the
dualising structure from which c can be removed by Lemmas 2.2 and 2.3.
Thus M∼ := 〈M ; End(M), f,m,T 〉 yields a duality on K4 based on M. Since
m avoids M relative to End(4) ∪ {f,m}, by Lemma 3.5, m is needed in
End(M)∪{f,m}, by Lemma 2.6. We now prove that, provided M does not
have f as a retract, f is needed in End(M) ∪ {f,m}. Since

D(f) = K(f ,M) ∼= K(FK(1),M) ∼= M∼ ,

it suffices to find a map γ : M → M which preserves End(M) ∪ {m} but
does not preserve f . The map we need is defined and used in the proof of
Lemma 5.4 in Davey, Haviar and Priestley [11], where it is denoted by u.
We do not need the explicit definition of γ. We need to note only that
(a) γ is well defined provided M does not have f ∼= FK(1) as a retract,
(b) γ preserves End(M), (c) γ satisfies γ(x) = 0, for all x ∈ M∧, and
γ(x) = ¬x, for all x ∈ M∨, and (d) 1 /∈ γ(M). (Here M∧ denotes the ideal
{ y ∧¬y | y ∈ M } and M∨ denotes the filter { y ∨¬y | y ∈ M }.) It remains
to show that γ preserves m and does not preserve f . By (c), γ satisfies
γ(4) ⊆ 4∧. Since 1 /∈ γ(M), it is now clear that γ preserves m. To see
that γ does not preserve f , it suffices to observe that a ∈ M∧ and b ∈ M∨,
whence (a, b) ∈ f but (γ(a), γ(b)) = (0,¬b) = (0, a) /∈ f . We conclude that
M∼ := 〈M ; End(M), f,m,T 〉 yields a duality on K4 based on M which is
optimal modulo endomorphisms.

4. Pseudocomplemented distributive lattices.

The variety Bn of pseudocomplemented distributive lattices equals ISP(Pn),
where Pn is obtained by adjoining a new top element to the n-atom Boolean
lattice. Let n � 1. We shall use the restricted Priestley duality for the
varieties Bn. As set out in Priestley [26] (see [15, Proposition 3.1]), there
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is a contravariant category equivalence given by functors H : Bn → Yn and
K : Yn → Bn between Bn and the category Yn of Priestley spaces Y with
the property that for each clopen up-set U in Y, the set

↓U := {z ∈ Y | z � y for some y ∈ U }

is clopen and each point in Y is majorized by at most n maximal points.
For Y,Z ∈ Yn, a map Ψ : Y → Z is a morphism in the category Yn if and
only if Ψ is continuous and order-preserving, and

Ψ(max(y)) = max(Ψ(y)) for all y ∈ Y,

where max(z) denotes the set of maximal points above z.
We follow the terminology and notation used in [15]. Given a k-ary

algebraic relation s ⊆ P k
n , the ordered set Ys := H(s) is called the shape

of s. Let the Priestley dual of Pn be Vn = {0, 1, 2, . . . , n}, let the dual of
the free algebra FBn(1) ∼= (2 × 3) ⊕ 1 be F = {⊥, b, d,�} and let Yl =
{0, 0̃, 1, . . . , l, l + 1, . . . , n}, with the order relations as indicated in Figure 6.
Since the ordered set Yl is uniquely determined by the number l, we say
that a binary relation r with Yr

∼= Yl has shape l. If r is a binary relation of
shape l, then we replace Bn(r,Pn) by Yn(Vn,Yl) and we replace P∼n itself
by Yn(Vn,F). We refer the reader to [15] for more details.

1 2 n 1 l l+1 n

⊥

�

d b

0 0

0̃

Vn Yl F

Figure 6. The Priestley spaces Vn := H(Pn), Yl and F := H(FBn(1))

In Davey and Priestley [15, Theorem 5.1], it is shown that if R is a
set of binary algebraic relations on Pn, then P∼n = 〈Pn; End(Pn), R,T 〉
yields a duality on Bn which is optimal modulo endomorphisms if and
only if R = {r1, . . . , rn} where rl is a relation of shape l for 1 � l � n.
To apply the Optimal Duality Transfer Theorem 2.7, let us consider a bi-
nary relation r of shape l, with l ∈ {1, . . . , n}. To obtain the desired
failset we require a map Φ : Bn(r,Pn) → Pn which preserves End(Pn)
and {r1, . . . , rn} \ {r}, but not r. In [15, Proposition 4.3], the map Φ is
defined dually as Φ : Yn(Vn,Yl) → Yn(Vn,F) by declaring that Φ maps
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each element Ψ in Yn(Vn,Yl) to ϕ ◦ Ψ in Yn(Vn,F), where ϕ : Yl → F is
given by

ϕ(y) =



� if y is maximal in Yl,

d if y = 0̃,

� if y = 0.

By [15, Proposition 4.3], Φ preserves the action of every endomorphism
e ∈ Yn(Vn,Vn), and preserves a binary algebraic relation s on Pn if and
only if s � r (or, equivalently, if s does not have the same shape as r).

Lemma 4.1. Let R = {r1, . . . , rn} consist of exactly one binary algebraic
relation on Pn of shape l for each l ∈ {1, . . . , n}. Then each r ∈ R is as
small as possible relative to End(Pn) ∪ R.

Proof. Assume that r = rl. Let s ⊆ P k
n be an algebraic k-ary relation

such that s does not have r as a retract. It follows from what we have said
above about the map Φ, that it only remains to show that Φ preserves s.
Let Ys be the Priestley dual of s and let σ1, . . . , σk : Vn → Ys be the jointly
surjective maps corresponding to the projections ρ1, . . . , ρk : s → Pn.

Assume that Ψ1, . . . ,Ψk ∈ Yn(Vn,Yl) with (Ψ1, . . . ,Ψk) ∈ s. By the
definition of s on Yn(Vn,Yl), there exists a morphism µ : Ys → Yl such
that

Ψi = µ ◦ σi for i = 1, . . . , k.

To show that (ϕ ◦ Ψ1, . . . , ϕ ◦ Ψn) ∈ s, it suffices to prove that the map
ϕ ◦ µ : Ys → F is a morphism and so it suffices to show that ϕ ◦ µ is
order-preserving. Suppose that ϕ ◦µ is not order-preserving. Since the only
order relation in Yr not preserved by ϕ is 0 < 0̃, it follows that there exist
y, z ∈ Ys with y < z such that µ(y) = 0 and µ(z) = 0̃. Then max(0) =
max(µ(y)) = µ(max(y)) and max(0̃) = max(µ(z)) = µ(max(z)). Thus the
fact that Yr = {0, 0̃} ∪ max(0) ∪ max(0̃) implies that µ is surjective. Define
Z := {y, z} ∪max(y) ∪max(z). It is easy to see that the inclusion of Z into
Ys is an embedding, and, as y can be majorized in Ys by at most n maximal
points, we have that |max(y)| = n and µ�Z : Z → Yl is an isomorphism.
Hence µ : Ys → Yl is a retraction, contradicting the fact that r is not a
retract of s.

The Optimal Duality Transfer Theorem 2.7 and Lemma 2.8 now yield
optimal dualities (modulo endomorphisms) on every finite algebra in Bn

that has Pn as a subretract.
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Theorem 4.2. Let n � 1 and let M be a finite algebra in Bn which has Pn

as a subretract. Let R = {r1, . . . , rn} consist of exactly one binary algebraic
relation of shape l for each l ∈ {1, . . . , n}. Define R◦ to be the subset of
R consisting of the relations r ∈ R such that r is not a retract of M.
Then M∼ = 〈M ; End(M), R◦,T 〉 yields a duality on Bn based on M which
is optimal modulo endomorphisms.
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