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THE SYNTAX AND SEMANTICS OF
ENTAILMENT IN DUALITY THEORY

B. A. DAVEY, M. HAVIAR, AND H. A PRIESTLEY

Abstract. Bath syntactic and semantic solutions are given. fot the entailment problem of duality theaty.
The test algebra thearem provides both a syntactic solutian to the entailment problem in terms af primitive
positive formule and a new derivatian of the correspanding resuft in clone theory, viz. the syntactic
description af Inw(Pal{R)) for a given set R of finitary relations on a finite set. The semantic salution ta
the entailment problem fallaws from the syntactic one, or can be given in. the farm af an algorith, It
shaws, in the special case of a purely relational type, that duality-thearetic entailment 13 deseribable in
terms of five construets, namely trivial relations, intersection, repetition removal, product, and retractive
projection. All except the last are conerete, in the sense that they are deseribed by 4 quantifier-free formula.
It is proved that if the finite algebra M generates a eongruence-distributive variety and all subalgebras
of M are subdirectly irreducible, then concrete constructs suffice to describe entailment. The coneept
of entailment appraptiate to strong dualities is also introduced, and deseribed in terms of coardinate
projectious, restriction of domains, and composition af partial funetians,

§1. Introduction. Our principal aim in this paper is to solve the entailment

- prablem of duality theory. This problem, previously called the generation problem,

was first posed in [10], pp. 140-142, and restated ten years later in [5], p. 89. Our

approach to this problem relies on the concept of entailment {alias generation; see

(5], pp. 89-90). Entailment and its role in duality theory are analysed in detail in
[9].

We begin by recalling our basic definitions. Assume that we are given a quasi-
variety & = ISP(M) of algebras generated by a finite algebra M. We denote by &
theset| ), 5, S(M") of finitary algebraic relations on M. An n-ary relation s € &
may be regarded as an algebra, s, in &, We write s < M" when we wish to think
of s as an element of S(M"}. We let 2 be the set of all partial or total algebraic
operations on M; that is, e belongs to £ if and only if e is 2 homomorphism
from D to M for some subalgebra D of some finite power " of M. We assume
we have a structure M := (M; G, H, R, 7} on the underlying set M of M such that

(i) G is a set of {total) operations on M such that if g € G is nullary then
{g} is a subalgebra of M, and if g is n-aryforn > L theng : M" — M
is 2 homomorphism;

(i) H is a set of partial operations on M (of arity at least 1) such that if
h € H is n-ary, then dom A, the domain of h, is a (nonempty) propet
subalgebra of M” and k : domk — P is a homomorphism;
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{iii) R ig a subset of &; "
{iv) 7 is the discrete topology on M.
Conditions {i) and (i) simply spell out in detail the requirement that G is a set
of total operations on M and H is a set of partial operations on M such that
GUHCR
We encompass clones as follows. Let A be a finite set and let R be a family of
finitary relations on Af. Then Pol(R) denotes the clone of all finitary functions
[ M*" — M (n 2 1) which preserve the relations in R. The set of all finitary
relations s which are invariant under all functions f <€ Pol(R) is denoted by
Inv(Pol(R)); clearly R C Inv{Pol(R)). We may define an algebra M = (M F),
where F = Pol(R). Then Inv(Pol(R)) is just the familiar family & of finitary
algebraic relations on M.
In duality theory, it is appropriate to allow for operations as well as relations. In
particular, we often wish to include partial endomorphisms in the type of M. For

any e € G LUH, the graph of e 15 an élgcbraic relation. In certain contexts we may
replace the members of G U H by their graphs, thsrcb_y obtaining a purely relational
topological structure A4 ® := (A R*, 7}, where R* = R U {graph(e) [e € GUH}.

However the difference in type of M and M*® is so‘hietimcs important; see §4.
We let 2 := IS, P(M) be the topological quasivariety generated by M, namely
the class of isomorphic copies of closed substructures of powers of M. Given

sePUF and Z € &, we write 5z to denote s acting pointwise on Z. For each
A € & we define the dual of 4 tobe D{A4) —# (A, M)c % Thedualof Zc ¥
is E(Z) := 2(Z, M), qua subalgebra of M*. When defined to act on morphisms

by composition, D and E are functors setting up a dual adjunction between &
and 2. The structure M (or the set G U H U R} is said to pield a duality on ¢

if, for each A4 € &, the map e4: a — ¢, from A4 to its second dual ED(A) is an
isomorphism, where e,: x — x{a) {x € D{4}} is the evaluation map. For further
details, see [10] or [5].

The set G LU H U R is said to entail a relation s (in symbols, (G UH UR} | s)
if, for every 4 € &, every continuous map ¢ : D{4) := & (4, M) — M which
preserves every element of G U H U R also preserves s. Locally, for a fixed 4 € &,
we say G U H U R entails s on Z = D(A) if cvefy continuous map ¢: Z — M
preserving G U H U R also preserves s. Note that when G U H U R yields a duality
on & we have (GUH UR) s for every 5 € 9, since an evaluation map preserves
every algebraic relation. Note that (G UH UR) + 5 if and only if R* 5. We
may now state our problem.

ENTALMENT PROBLEM. Find an intringic description of the relations entailed by
GUHUR.

When this problem first arose, it was envisaged that the solution would be
a semantic one in terms of a preservation theorem: a list of finitary constructs
which preserve entailment and such that if (G U H U R)'F s then s would be
obtainable from & U A U R via a finite sequence of the constructs. As it turned
out, our semantic solution arises as a direct application of a syntactic solution: a
description of relations entailed by G U H U R in-terms of the first-order formule
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of the language with equality, %), associated with M. A major step towards the

solution was the recognition that on a given set £ of finitary algebraic relations
on M the map
R— R:={seQ[RF=s}

is a closure operator (entailment closure}, and that this closure operator is alge-
braic, in the sense that the closure of any set R is the union of the closures of its
finite subsets (so that the lattice of closed sets is algebraic). This provides indirect
evidence for a positive solution to the entailment problem. In [9] we deduced that
entailment closure is algebraic as a corollary of the test algebra lemma (Lemma
2.3 of [9]). This lemma has as a corollary the key Proposition 2.2 of [8], which
foreshadowed it. It asserts that R + s if and only if R - s on D(s), whence
we refer to 5 as the test algebra corresponding to the relation s. In this paper
we extend and amplify [9]'s test algebra lemma, upgrading it to the test algebra
theorem (Theorem 2.3 below). This theorem states inter alia that (G UH UR} s
if and only if there is a primitive positive formula @ in the language .#), such

that
D(,‘i) ': (D(pla"':pﬂ)

and

s={{e,..,c.) e M | ME®C,...,c.)},
where pi, ..., g are the restrictions to s < M” of the projection maps. Indeed, we
may take ® to be the primitive positive type of py, ..., g. it D(s}. Through the test

algebra theorem, we are able to convert our syntactic solution to the entailment
problem to a semantic solution, so obtaining a set of constructs sufficient to
describe entailment. In case G U H = @, the list may be taken to be: trivial
relations, repetition removal, intersection, product, and retractive projection (in
which the natural projection map is required to bea retraction (see §3)). Applying
-our results in the clone setiing, we derive the well-known fact (see, for example,
[13], Chapter 2, or [1]), that Inv{Pol{ R }} can be obtained from R by a finite number
of applications of trivial relations, intersection, repetition removal, product and
projection. In duality theory, R entails s on the powers of M {which are the

duals of free algebras in the associated quasivariety &¢; see, for example, [10]) if
and only if s can be obtained from R using the constructs listed for the clane-
theoretic case. However, as is well known, arbitrary projection is not necessarily
an allowable construct on structures of the form D(A4) = &/ (A4, M}. If it were,
we could form the relational product of two relations, which is not guaranteed to
lift to structures D{A} which are not full powers. This explains why a set R of
- algebraic relations on M which determines the clone of term functions on M will
not necessarily vield a duality on &#. This 1s-illustrated in [5], p.102, in case & is
the variety K of Kleene algebras; for a more extended discussion, see [9], §5.
Each of the constructs originally recognised as permuissible by Davey and Werner
{which include products, intersections, damains, equalisers, kernels, and the rela-
tional product of a function e and of a relation +) has the special property that it -
is specified by a formula @ which is quantifier-free. We shall call such constructs
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concrete. They have the following property: if s is concretely constructed from
#1,...,#; € R, then the relationship R b s depends only upon the sets r|, ... v, s
and not upon the algebras v ,... r,.5.

If M has an underlying lattice structure, then the NU duality theorem ([10],
1.19; [5], 2.8} implies that the set R := S(M?) of all binary algebraic relations
on M yields a duality on &. Prior to this paper, in every example in which
entailment was used to obtain a workable duality via a small subset of S(M?), it
was found that concrete constructs were sufficient. In §4 we explain why this was
so: we show in particular that if A/ generates a congruence-distributive variety and
every subalgebra of M is subdirectly irreducible, then concrete constructs suffice
provided the language Zy includes a (partial) function symbol for each (par-

tial) endomorphism of A/. As it happened, each of the lattice-ordered examples
previously analysed had the property that every subalgebra of M was subdirectly
irreducible!

Let Z € &. The set Z is called hom-closed in M3 if and only if for every set
I # @, and every homomorphism 4: D — M, where D is a subalgebra of M’ the
set Z is closed under A. Since D{4) is always hom-closed in M, hom-closed sets
play an impertant role in duality theory especially when considering full dualities
and strong dualities (see Clark and Davey [2]}). Since hom-closed sets are closed
under all the (partial) operations in G U H we could define entailment with respect
to the class of all hom-closed sets rather than the subclass consisting of sets of
the form D{4). We shall show that these two definitions are equivalent, thereby
linking our work to that of L. Zadori [14].

In §5 we discuss strong duality and introduce a notion of entailment amongst
partial functions, called hom-entailment, appropriate to strong dualities. We show
that the constructs coordinate projection, restriction of domain and composi-
tion of partial functions are adequate to provide a semantic description of hom-
entailment.

Finally, in §6 we present an analysis of entailment and hom-entailment amongst
the binary algebraic relations and partial functions on the 3-element chain regarded
as a bounded distributive lattice. Here concrete constructs do not suffice, and it
was our computer analysis of this example which commenced the chain of results
which eventually led to the theorems presented in §52 and 3.

2. The syntax of entailment. We take 1%’ =(M,G, H, R, 1) as in the preceding

section. Because of the presence of partial operations in our setting, which is not
customary in standard treatments of relational structures, we include a description
of the first-order language with equality, %), associated with M. This language

15 set up in the same manner as in [4].

We let E be a fixed set of variables. For each relation or operation in G U H U
RU {=} we take a corresponding function or relation symbol of the same arity.
We define terms recursively: .

{1} each variable and each nullary operation symbol of G is a term, and
(i) if #(,2,...,2, are terms and ¢ € G U H is n-ary, then e(t),£2,...,2,) is a
term.



THE SYNTAX AND SEMANTICS OF ENTAILMENT IN DUALITY THEQRY 1091

An atomic formula is an expression of either of the forms £; =1 or v(1), 13, ..., 1.},
where t1,f2,... 1, are terms and » € R is n-ary. Nonatomic formulz are built
recursively from the atomic formule in the expected way. We shall require only
the primitive positive formula, in which the only connectives are A and 3.

We provide these syntactic expressions with a semantic interpretation as follows.
Let Z € 2. A variable assignment v: E — Z extends to terms, assigning a value
u[?] in Z to each term ¢ for which the necessary partial operations are defined,
according to the following rules:

(i} v[x] = w(x) for each variable x;

{ii) v[¢] = ¢z if ¢ is a nullary operation symbal;

(ili} if e € G U H is n-ary {# 2 1}, then

vle(t, o, )] = ezlvle],v(n], - wlt])
provided that v[7],v[153],. .., u[t.] are all defined and that their values are in the
domain of ez; otherwise v[e(¢|, fs, ..., 4, )] is undefined. Each atomic formula is

assigned a truth value by v as follows (and the assignment v is then extended to
nonatomic formulz n the standard way):
(i) o = 12 is assigned T if »[7{] and v[zy] are both defined and are equal;
otherwise it is assigned F;
(1) r{te,02,...,0,) is assigned T pravided v[7(], v[6;], ..., v[z,] are all defined
- and (u[n],v[n), ... ,v[L]) is in vz, otherwise it is assigned F.
For a formula @ we write Z = & if u[®] is assigned value T for every truth
assignment v: & — Z.

We denote by z; (i = 1,.. ., n) the natural projection maps from A" to M, and,
for a given subalgebra s of M", let p; := n;[, (the domain will always be clear from
the context}). Note that p,...,p, € D(s). One further item of notation: given a
nonempty set 7 and maps xi,...,x.: T = M, weletx;M---Mx,: T — M" be
given by

WaeT){x;MN-- Nx,¥a) = (xIL(a),...,x,,(a)).

Lemma 2.1, Let s € B be n-ary, let T he a nonempty set, let 7 be a non-
empty subset of M7, and let z(,...,z, € Z. Then (z(,...,2,) € 52 if and only if
(z¢M--- Mgy )(T)Cs.

PrOCF. Assume that {z),...,z,) € sz. Then, by the definition of sz, we have
{zi0--Nz, )(t) ={z(¢),...,2.(t)) €sforallt € T,and hence (z; M- -Mz,)(T) C
5. The converse is equally obvious. : O

LeMMA 2.2. Let Z be a hom-closed subset of M7 for some nonempty set T and
let s < M". ' '

@) (ot a) € 5.
(b) Let z1,...,2, € Z. Then the following are equivalent {and may be mter-

preted as asserting that (p1,...,p,) € Spesy 18 a universal instance of the
“rvelation s in the cdass {Z C M7 | T + 0 and Z is hom-closed }):
(1) (zl,‘--:zn)efz; :

(ii} there is a (necessarily unique) map y: T — s, namelyy = z) 1+ Mz,
Such that z; = p; oy for all i;
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(iii) there is a (necessarily unigue) map v: D(s) — Z such that v preserves

' every finitary algebraic velation on M and v(p;) = z; for all i;

(iv) there is a (necessarily unique) map v: D{(s) — Z such that v preserves
every algebraic n-ary partial opevation with domain s and sarisfies
vlp;) = z; for ail i,

(v} there is an s-preserving map v: D(s) — Z such that v(p;) = z; for
all i.

Proor. For (a) simply observe that (p1,...,p.) € $p(gy if and only if, for all
a €5, (pN--Mp)a) € s. This holds because ¢ = (p; M --- M p,)(a) by
definition. :

We now prove (b). Assume that {z,...,z,) € sz. Then, by Lemma 2.1,
(zi MMz, ){T) € s and hence the map y 1= z N---Mz,: T — s is well
defined and satisfies z; = p; o y for all /. The categorical definition of product
agserts that ¢ is the unique map satisfying z; = p; oy for all i. Thus (i} implies
(ii).

Now assume {ii) and define v: D(s) — M7 by u(y} =y oy for all y € D{s).
For y € D{s), let ¥ be p regarded as an w-ary partial operation on M. Then

U(y):yo‘y:yG(ZLﬂ"'ﬂZn):?(21,...,ZHJEZ,

since Z is hom-closed. Thus v: D{s) — Z is well defined and satisfies v(p;} = z
for all i. We now prove that v preserves every finitary algebraic relation on AL
Letr < M* andlet (y1,...,v) € ¥ois) Thus yim-- My, s —ris a well-defined
homomorphism (by Lemma 2.1 with T and s replaced by s and 7 respectively). To
prove that (v(y(},...,v(v:)) € ¥z it suffices to show that (v{y) M- -Nu(y (T €
¥ (by Lemma 2.1 with s replaced by r). But

ﬁ(yl)m"'ﬂv(yk}=y1O(Z[[—l-“l_lzn)ﬂ‘.‘ﬂyko(zl[—|,‘_|—|zn)
:(}’lﬂ"'ﬂyk)o(zlﬂ'--l_lzn),

whence {v(y1) M- Doy} (T) C r, as the image of y( M-« My is a subset
of r. Thus » preserves r. We now prove that v is determined by its values on
{p1,- s P} Let y € D(s) and again let ¥ be v regarded as an »-ary partial
operation on M. Thus, as v preserves all finitary algebraic relations on Af, the
map v preserves y. Since Ji(p1,...,pn) = y, we have v(p) = v(F{p1,...,0.)) =
Flolp), .., vlp)) = ¥lz,...,2,), Wwhence v 18 indeed determined by its values
on {p1,...,ou}. Thus (ii) implies (iii) and {iii) implies (iv).

To prove that (iv] implies (v) note that the map v guaranteed by {iv) preserves
the map p;: s — M by dssumption and hence preserves its domain, namely s.

Finally we show that (v) implies (i). Let v be the map given by (v}). Since
(1.1 pn) € Spey by (a), it follows immediately that

(21:---:Zn):(ﬂ(p[)s”'sﬁ(pn))esz- (|

Note that since, by definition, a hom-closed subset Z of M7 is closed under
every algebraic {partial) operation, it makes sense to consider entailment on Z.
Since D{A4} is hom-closed in 344 for all A € &7, entailment defined with respect
to the class of all hom-closed subsets of powers of M would appear to be stronger
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than entailment defined with respect to the class { D(4) | 4 € &/ }. In fact, it
is one of the conclusions of the test algebra theorem that these two entailment
corncepts are equivalent. The latter concept is that used by L. Zadori in [14].

" The test algebra theorem is a strengthened version of the test algebra lemma,
Lemma 2.3 of [9].

We remark that since (G U H U R)F 5 if and only if R* F s, we could without
loss of generality restrict attention to purely relational structures in (a)~(e) below;
the choice of type becomes significant only in (). _

THEOREM 2.3 (The Test Algebra Thearem). Let M be a finite algebra, let M =

(M;G, H R, 1), where GUH C P and R C F#, and let s € B. Then the following
are equivalent: '
(a) GUH U R entails s on each hom-closed subset of every power of M,
(b) G UH UR enrails s;
{¢) G UHUR entails s on D(s),
(d) some finite subset of G \J H \J R entails s on D(s),
(e) s = {{ulp)),.. ., ulp.)) | u: D(s) — M preserves GUHURY;
{6 D(xy,...,x,} in the language Ly such that

(1) D(i) l: (D(pla B Jpn) and
(i) s ={{er,...,cn) e M| M |E®cy,...,c.) }.

Proor. It is trivial that (a) implies (b) and (b) implies (¢). Assume that G L
H JR entails s on D(s). Let Z be a hom-closed subset of M7 and let u: Z — M
be cantinuous and preserve GUH UR, Let (z(,...,2.) € sz. By Lemma 2.2 there
exists a (G U H U R)-preserving map v: D(g) — Z which satisfies v(p;} = z; for
each {. Hence uov: D{s) — M is (G U H U R)-preserving and so preserves s.

Thus
(ulzi),...,ulz)) = ((wouv)(pl),....(wov){p)) €5,

whence u preserves s. Consequently G U H U R entails s on Z, whence {c)
implies (a). :

Assume {¢c). For each ¢ € s the evaluation map e.: D(s) — M preserves
G U H UR, and hence

e={ets-cen) = (pile), . pale)) = (epr), ... ec(pa)) €5,

where .
st = {(ulp)),...,ulp)) | u: D(s) — M preserves G U H U R}.

Thus s € s*. For the reverse inclusion, let u: D{s) — M preserve G U H UR,
so that we have (u{p(),. .,u{p.)) €5 But{p,...,p.) € 5p¢y) and conseguently
(ulpr),...,ulps)) € s, a8 G U H UR entails s on D(s), by (c). Thus s = 5",
whence (e} holds. Since there are only a finite number of maps from D(s) to M
which do not preserve G U H U R, we have (&) = (d), and (d} = (c) is trivial.
Hence (a)—{e) are equivalent.

We now derive (f) from (a)—(¢). Let K C G U H U R be such that K is
finite and K entails s on D{s). Let D{s) = {p1,.-.,f»,71,...,Tm}. For each
relation » € R U {=}, there is a formula ®,{x,...,xu, V1, ., Ym) which is a
conjunct of atomic formule and which precisely describes the relation » on D{s)
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via the correspondence x; «— g and y; « r;. In a similar way, there is a
formula ®.(x(,...,Xx,, Vi,..., Vs describing each ¢ € G U H on D(s). Define
D{x1,...,x,) to be

(Eyl ' "ym) &:{(I)fc(‘xlp---s‘xﬂpyls-“sym) Ek € KU{:} }

By construction, D(s) = ®{p|,..., pu}. Define
shi={ler,...,en) e M" | M EDley,...,cu)}

We shall show that s = sh. Let (ulp)),...,u(p.)) € s* with u: D(s) — M
a (G U H U R)-preserving map. Since D(s) satisfies ®(p|,...,p,), it follows at
once that M satisfies ®(ulp1),...,ulp,)), whence (u{pi),...,u(py)) € st Now
let (¢y,....c,) € st Thus there exist dy,...,d, & M such that M satisfies
Dy ley,...,6h,d1,. .., dy) for each k € K U {=}. It follows that p; — ¢; and
t; — d; yields a well-defined (G U H U R)-preserving map from D(s} to M, and
hence {c1,...,¢.) € s°. Thus, by {e), we have s = s* = s¥, whence {f) holds.
Finally, assume (f). Let «: D{s} — M be an (G U H U R}-preserving map.
To prove (c), we must show that u preserves s. Let z,...,z, € D(s), with
{21,...,24) € 5prg). By Lemma 2.2, there exists a (G U H U R)-preserving map
v: D(s) — D{s) with v(p;) = z; for all i. Thus w = nwov: D(s)] - M I8
“a {G U H J R)-preserving map satisfying w(p;) = u(z;) for all i. Since D{s)
satisfies O(p1, ..., pa), it follows that M satisfies ®(w(p(),. .., w{pa}}, whence (by
(f)) {u(z)),...,u(z,)) € s. Hence u preserves s, and consequently G UH UR
entails s on D{s). _ O
We turn now to the clone-theoretic application.
TueoreM 2.4, Let R be a family of finitary relations on a finite set M and let
s C M". Then the following are equivalent:
(a) s € Inv(Pol{R));
(b} R eniails s on M*;
(e} s ={(ulp1),....ulpn)) [t: M¥ — M preserves R},
(d) there is some finite structure Z of the same type as {M; R) and elements
2,z i Z such thats = {(uz),...,ulz.)) [u: Z — M preserves R},
e) s ={{ct,...,cn) E M"{ M = ®lc1,...,¢,) } for some primitive positive
Jormula ®(x,, ..., x,) (in the language of the relational structure (M, R)).
ProoF. By Theorem 2.3 we have {b) < (c}. Of course, (¢) = (d) is trivial,
while {c) = (&) is a weakening of the conclusion of (¢} = (f) in Theorem 2.3.
That {e) implies {a) is a standard {(and easy) argument. We shall prove (d] = (a}.
Assume (d), let ',...,c* € 5, and let f: M* — M be R-preserving. By (d},
there exist R-preserving maps uy,...,u;: Z — M with ¢/ = (u;{z/]),. .. ,u;(z,))
for j=1,....,k. Definewv: Z — M by v = f o(u ---Mu), and note that v is
R-preserving. Then

f(cis"‘sck) = (f(u[(ZL), Cee :ufr(zl))s"'sf(u[(zﬂ):“wwf(zﬂ)))
= (w(zi), ..., vlz)),

whence f(ch,...,cf} € 5 by (d). Thus s € Inv(Pol(R)}).
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Thus it remains to prove that (a) = (b}, that is, that every s € Inv(Pol{ R}) is
entailed by R on M*. Let s € Inv(Pol(R)}) be n-ary, let u: M* — M preserve R,
and assumethat z,...,z, € M" with (z1,...,2z,) €son M*. Lets = {s1,...,5};
then there exists an R-preserving map f: M* — M such that for all z € M* we
have u{z) = f(z{s),...,2(sx)). Thus

(u(zl);--'pu{zn)) = (f(‘ZL(Sl)J"'izl(sk))l"'Jf(zf?(‘sl)l'"Jzﬂ(‘s‘f()))
= f((Z[(S[), EER 2,1(3'[));‘“, (3[(-5'!():‘“32n(-5‘!()))
:f(tla---sfk]:

with £y, ... .4 € s as (2,,...,2,) €5 on M*. Hence (1(z},...,ulz,)) € 5, since
s € Inv(Pol(R)) and f <€ Pol{R). Consequently R entails s on M*, as required. O

£3. Syntax versus semantics. It is a consequence of the test algebra theorem

that if s is an algebraic relation derived from the set G U H U R by means of a
primitive positive formula @ satisfying

(1) D(i) [: (D(ﬂla‘“:ﬂn) and

(i) s ={le,....,c) eM" | M EO,...,c)},
then (G UH UR)F s, If s is determined by a primitive positive formula such that
{1} holds as well as (ii}, we may say that s is obtained by an adwissible construct.
We have called a construct concrete if it is described by a quantifier-free formula
d. Every such censtruct is admissible because, whenever @ is quantifier free,

s={{eq,. el e M | ME®C,...,c.) }

implies
D(i) j: cb(pl: :PH)

(in fact, @ exactly describes 5 on D{s}).

For ease of reference we list together, in three groups, all our construets, giving
the associated formula in selected cases (the others are easily stated too). We
shall subsequently show that these constructs suffice, redundantly, to describe any
relation entailed by G U H U R,

(I} Concrete constructs for a relational type.

Trivial relations: Given an equivalence relation 8 on {1,...,x}, construct the
trivial relation A” .= { (¢\,...,¢,) € M"|i 8 j = ¢; = ¢; }. The associated formula
Do is &2; jyeq{x; = x;). For example, the diagonal A = { (c,c)|c € M} is just
A=,

Subscript manipulation: Givene: {1,...,m} —{l,...,n} and anm-ary relation
¥, construct the n-ary relation »* == {(c1,...,¢,) € M" | (e 1 Cogum)) € ¥ 1
provided ¢® 15 nonempty.

Suppose we are interested only in relations which are at most binary, so we
can restrict to m,n € {1,2}. Then, given a refation r of arity at most 2, there
are 6 possibilities other than simply writing down » again. If # 1s unary, we can
construct the binary relations » x M and M x r. If r is binary, we can construct
the unary relation ! := 7,(r N A) and the binary relations »' x M, M x ¢!, and
the converse r~of ».
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Specialising, we have three constructs worthy of explicit mention.

Trivial expansion: The case of subscript manipulation in which m < » and ¢
is one-to-one and order-preserving, for example, the construction of the binary
relations r x M and M x v from the unary relation r.

Permutation; The case of subscript manipulation in which m = » and ¢ is a
permutation, for example, the construction of r” from the binary relation ».

Repetition removal: Given an m-ary relation » and a subscript j such that there

exists [ # j with ¢; = ¢; whenever (¢(,...,¢w) € #, construct

F;’ = {(Ch Y 4 T R ERRR Cn—]) € M!H—l [ (6[3 e 1cm) cF }
If repetition removal is applied successively on the elements ji, j1,..., j, of the
set J:= {j1,..., jy}. starting with the relation r, then we write } for the resulting
relation.

Intersection: Given n-ary relations » and s, construct » M s.
Producet: Given an r-ary relation v and an m-ary relation s, construct

pox s = {(Cl:“qcn,d[,...,dm) e Mt | (cll___jan € r and (dL,,.,,dm) GS}.
The associated formula, @, (x1,. ., %0 V150 Y ), I8

F’(.XL,...,.XM) /\S(J)lp"'JyJﬂ)'

(II} Conerete constructs involving partial operations.

Nullary operations: If ¢ is a nullary operation, construct the subalgebra {c} of
M ; the associated formula @, is just the function symbol ¢.

Dowmains: From a partial operaticn e: dome < M" — M (n 2 1), construct its
domain, dome. The associated formula, ®aom (X1, ..., X4, 8 just elx|, ..., x,} =
e(x|,...,x,). To see that this interprets in the required way, note that D{dom e)
satisfies e(py, ..., pu) = e{p1,..., pu), as this says simply that

{pilc),...,pulc)) € dome forall ¢ € dome,

which 1s true since g M- 01 p, is the inclusion map of dome into A", It is
also trivial that dome = {{cy,...,c.) € M" [ elc1,...,ca) = elc1,...,¢4) }, since
eley, ... c,) = elc1,.. ., cq) says just that elcy,...,c,) is defined.

Domains are a special case of the next construct.

Equalisers: From partial operations e;: dome;, € M" — M and ¢;: domes
< M" — M (n 1), construct

eqler,er) = {c € dome; Ndomer | erfer,...,cu) = exler, ..., cu) b

Joint kernels: Given partial operations ¢;: dome; < M" — M and e;: dome,
< M"Y — M (n,m 2 1), construct

ker(e, &) :={{c1, ..., cusm) € dome
x domes | (el ., n) = ea{Cutls- s Capm) }-

Graphs: From a pai'tial operation e¢: dome < M" — M (n z 1), construct the
graph of e:

graph(e) == {{ef,...,cu,elcr, .. cu)) € M| {cy,...,c,) € dome }.
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Composition: Let K € . The partial clone generated by K is the smallest
subset [K] of & which satisfies

(a) for all # 2 1, each projection =;: M* — M belongs to [K];

(b) if ¢ € [K] i3 #-ary and g; € [K] is m-ary for i = 1,...,n and

D:={(c1,...,cm) € ﬂdomg; | (gl(cl;...,c,ﬂ),.._.,g},(cl,..,,c,,,)) € dome}
=1

is nonempty, then e o (g M-+ Mg,): D — M belongs to [K]. If D # @, we shall
say that e(gy,...,g,) is defined and equals the map e o (g M- --Mg,). Of course,
the elements of the partial clone [G U A are exactly the interpretations on their
domains of the terms of the language 3’%

Term manipulation: Given an m-ary relation r and w-ary terms f, ..., f,, we
may consider the formula

Doty (X1 X)) =0y, Xy (X X)),

We call the associated construct term manipulation. In case the terms 1y, ..., i, are
merely variables {as must happen when G U H = @}, term manipulation reduces
to subscript manipulation.

Term manipulation also subsumes the next construct.

Action by a partial endomorphism: Given an m-ary relation s and a partial
- endomorphism e of M, we may construct

e-s:={f{er,...,cm) € M" | (elc1),¢2,. .. Cm) € s}

Note that when m = | we have e - 5 := {c € dome je(c) € s} = e (s). If s
is itself the graph of an endomorphism, then e« s is the composition of ¢ and s
gita maps, with e done first, that is 5 o e,

(III) Admissible nonconcrete constructs. On full powers of M, prejection and
relational product are allowable constructs. In our more general setting we have
to impose restrictions.

Retractive projection: Given an m-ary relation » and an injection#: {1,...,n} —
{1,...,m} (n < m) create the relation
vy ={{cty-.,en) €M™ [ (Fdy .. dw) (d1,...,dy) EF
and ¢; =d,;y (1 <1< n)}

(alternatively denoted Py 0 (r)). We say s = v, is a retractive projection of
¢ if the natural projection map p: r — s i a retracticn, that is, there exists a
homomorphism ¢: s — ¢ such that p o ¢ = id,. It is a bijective projection (as
introduced by L. Zadori [14]) if also g ¢ p = id,. A retractive projection derived
from an injection of {1,...,m — 1} inte {l,...,m} is called a l-step retractive
prajection of r. '
For notational convenience assume now that # is the map such that »{i) =

fori =1,...,n, so that we project onto the first n coordinates, in order. We claim
that s is a retractive projection of ¥ if and only if D(s) = @,, where O (x{,..., x,)
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is the formula (I, ... ¥m) #(X1.. .., Xus Vot (- -2 Vi ). An analogous statement
holds in the case of projection onto an arbitrary set of coordinates.
To prove the claim, first assume that s is a retractive projection of r. Define

homomorphisms ¢, ;= p;0gq fori = n+1,...,m. Then

D(i) [: f’(,@[:“-;men-i—l:u-;fm)‘
For the converse assume there exist homomorphisms 7,: s — M (i=n+1,...,m)
such that D{s} = r{p1, ..., PurTur1s- .-+ Tm). Then the map g required for s to be

a retractive projection of r is
g =T O gy T 1 T T,

Homomorphic relational product: Given an #-ary relation r and an m-ary rela-
tion s, construct the relational product '

Fesi= {(Cli“‘JcH+m—2) € Mn+m_2 | (HC € M)(Cla‘“ :Cn—lac) cr

and (c,cn, ... Chyim_2} €5}

We say ¢ - s is a homomarphic relational product if there exists an (n + m — 2)-ary
homomorphism f: 7 +s — M such that (¢|,...,¢a1, F (€1, Carm—2,)) € # and
(flct, - enpm—12)sCus -3 Cnym—z) © 5. Observe that ¢ := » + s 18 4 homomorphic
relational product precisely when '

D(i) i: (ET)(F(plr“:pn—L:t) /\S(I:pﬂa"-ngﬂ+m—l))‘

Assume that e: dom e — M is a.partial endomorphism and s an s-ary relation.
When we identify e with its graph {a binary relation), ¢ - s as a relational product
coincides with e - s as the action of a partial endomorphism on a relation. Further,
¢ .= e- 5 is a homomeorphic relational product. To see this, note that r:=e e p; €
D({1), so that

D) (Fr)lelpy,t) Aslt, o, p)),

as this is just a restatement of the fact that

D(t) = sle(p), 2, pm)).

It is convenient to have all the abave constructs available, but a more restricted
list will suffice. We record the following proposition, parts of which are well known.
At the end of the section we consider the relationship between retractive projection
and homomorphic relational product.

ProOPOSITION 3.1. (a) Products can be obiained from trivial expansions and in-
tersections.

{b) Trivial expansions can be obtained from trivial velations, repetition removal,
intersections and products.

(c) Permutations can be obtained from trivial relations, vepetition removal, inter-
sections and products.

(d) Subscript manipulation can be obtained from trivial relations, repetition re-
moval, intersections and products.
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{(In (b)—(d), trivial relations and mrersections can be replaced hy the single unary
construct “intersection with a trivial velation”.

Proor. For (a) we use the fact that ¥ x s = {r x M) (M" x s), for an n-ary
relation » and an m-ary relation s.

Now let » be n-ary and let € be the transposition (i j), where i, j € {1,...,n}.
Define & to be the equivalence relation on {1,...,2n} for which k8 (k + #) for
k¢ {i,j},i8{j+n)and j@(i+n). Then +* can be obtained from (r x r) N A®
by repeated applications of repetition removal. Part (c) follows from this. The
proof of {b) is similar, but simpler.

To prove {d} we use the fact that an arbitrary map «: {1,...,m} — {l,...,n}
factor through {1,...,m}/kere. If ¢ is injective, then r® is obtained from r by
permutation and trivial expansion. If ¢ is surjective, then r¢ can be obtained from
# by permutation, intersection with trivial relations, and repetition removal. The
required result now follows from (b} and {c). O

PROPOSITION 3.2, Assume that s € B can he obtained from R C G by concrete
constructs. Then s can be abtained from R by a fihite number of applications of
product, intersection, trivial relations, and vepetition removal.

Moare genevally, assume that s can be obtained fram G U H (U R by concrete
constricts. Then s can be obtained from G U H U R by a finite number of applications
of product, intersection, trivial relations, repetition removal, and the constructs listed
under (II) above.

Proor. We shall show, using a syntactic description, how s can be derived from
R (or, more generally, from G U H U R).

Assume first that G U H = . Let the atomic formula @ which determines s
be

D = sy (X oy Xayy YA A R T Xigen, J.

Then s = ﬂ_’;‘:[ sf", where 6;: {1,...,n;} — {L,...,n} is given by ¢,{I} i= in.
Thus we get s from R via subscript manipulation applied to relations in R and
intersection. We may now appeal to Proposition 3.1(d}. .

In the general case, atomic formulz not involving = take the form @, .1,
while the remaining ones are simply of the form ¢, = #. The corresponding
relations are obtained using, respectively, the constructs in (II) above. |

We wish to show that our listed constructs suffice to build any relation s entailed
by G U H U R. We do this in two stages. First, we show that the second dual
ED{s) can be concretely constructed from G LU H U R, whether or not GUH U R
entails s. Second, we show that if G LI H U R entails s, then s can be obtained
from ED(s) by a retractive projection, which is a bijective projection in_the case
when & (J H U R yields a duality on s.

Take G, H and R as before and let Z = {z(,..., z;} be a finite substructure of
MT, for some nonempty set 7. By the graph of E{Z) (with respect to GUH UR)
we shall mean the relation '

GIE(Z)] = {(ulzy), ..., ulz)) € M* |u: Z — M preserves GUH URY.
Thus the graph of E(Z) is simply E(Z), given a fixed labelling of Z.
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LeMMA 3.3, Let Z be a finite hom-closed subset of M7 Jor some nonempty sei
T. Then the relation G[E(Z)] can be concretely constructed from G ) H U R,
Proor. As above, write Z = {z),...,z;}. Then

- GIE(Z)] = {{ulz1),...,ulz)) |u: Z — M preserves GIUH UR}.

This set equals
{{cl,...,c;f)GMk[M'Z"P(cl,...,ck)},

where W is the conjunct of all atomic formula true in Z {given the above labelling
of the elements of Z). Since ¥ is quantifier free, the proof is complete. O
Now suppose s € & is n-ary. Let Z = D{s} and enumerate its clements as

{pl:“‘ :pn:fl\:u-jfm}A.]-_',Ct
Gls] = {(pila),....p.la), nla),. .., tula)) e M™™ |a €5}

encode the evaluation maps from D{s) to M. Of course, G[s] is in bijective
correspondence with s itself. If G U H U R yields a duality on s, then G[ED({s]]
coincides with G[s]. In general the relation G[ED(s)] ' G[s] can be thought of
as a measure of how far 7 U H U R is from yielding a duality on D(s).

Lemma 34, Let s < M, and ler G U H U R entail s. Then s s a retractive
projection of the graph G[ED(s)] of ED(s).

ProofF. By the test algebra theorem, s is the retractive projection of G[ED{s)]
onto its first # coordinates, where D{s) is labelled as above, O

We deduce a number of consequences. The first 1s immediate from Lemma 3.3,
applied with 7 = s and Z = D(s), and Lemma 3.4.

TrEOREM 3.5 {The Semantic Entailment Theorem). Lefs € F, andlet (GUH U
R 5. Then s can be obtained from G U H \U R by a finite mumber of applications
of the constructs listed in Proposition 3.2, followed by one application of retractive
projection. In case G U H = 0, product, intersection, trivial relations, repetition
removal and retractive projection suffice.

If a subset R of & is such that R - s for every s € &, then we say that R is
entailment-dense in 4.

TrueoREM 3.6 (cf Zadori [14], Theorem 3.1). Let R C B and let s € A,

{a) If R yields a duality on 3, then s can be constructed from R by a finite
number of applications of product, intersection, trivial relations, repetition
removal and bijective projection.

(b) The following are equivalent:

(i) R yields a duality on every finite algebra in 7
{(ii) R is entailmeni-dense in F,
(iii) every relation s € B can be constructed from R by a finite number
of applications of product, intersection, trivial relations, repetition re-
- moval and bijective projection. :

Proor. By Proposition 3.2 and Lemma 3.3, the graph, G[ED(s)], of ED(s)
with respect to R can be constructed from R via a finite number of applications of
product, intersection, trivial relations, and repetition removal. If R yields a duality
on 5, we have that G[ED(s)] (identified with the algebra ED{s)) is isomerphic to
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s, and hence the retractive pmJectlon wh1ch yields s from G[ED({s)] is a bijective
prajection. This proves (a).

Now consider (b). The implication {i) = (iii} follows at once from {a} while
(iii) = (ii} is trivial since all of the listed constructs are admissible. That {ii) implies
(i) is simply a reformulation of the brute force duality theorem: see 1.15 in [10]
or 2.7 in [5]. Note that the implication (i) = (i) also follows from Proposition 2.2
of [8], which states that if s € & and R vields a duality on s, then R F s. a

In the context of this result we should note that L. Zadori {[14], Theorem 3.4)
and, independently, R. Willard {private communication) have proved the impor-
tant compactness result that if G U H U R is finite and is entailment-dense in &,
then & U H U R yields a duality on .

Specialising in the same way as we did to-derive Theorem 2. 4, we obtain from
Theorem 3.5 the following well-known result for clones (see, for example, [1], [13]).

TaroreM 3.7. Let R be a set of finitary relations on a set M. Then every element
of Inv(Pol(R)) can be obiained from R by a finite number of applications of product,
intersection, trivial relations, repetition vemoval, and projection.

The characterisation of Inv(Pol{R)) originally obtained by Bodnaréuk et al. [1]
used a semantic approach. The same matrix approach in our more general setting
vields, in an algorithmic way, a result equivalent to Theorem 3.5. We include the
proof since the clone theorists’ procedure is not easily accessible. For simplicity,
we restrict ourselves to purely relational structures.

We fix a finite nonempty set T = {by,..., bs}. ket Z = {z,...,2,} bea
substructure of M7 and let uy, ..., 1 be an enumeration of all maps u: Z — M
preserving R. By the matrix form of G[E(Z)] we shall mean the matrix (P| Q)
defined in the following way:

(i) P ={(pi;) is the m x k matrix in which

p,‘_;:_z,-(b_;-), EZI,,,.,m,j-:l,...,k;
{i)) @ = (gi;) is the m x I matrix in which
qf_f':b:_f(zf); i:l,...,m, Ji:l:"‘.;L

Thus the left-hand block P serves to encade, by rows, the elements of Z as elements
of M* (where k = |T|). The right-hand block Q encodes the relation G[E(Z)], the
columns of @ being the m-tuples in this relation and each of its rows representing
the values of the maps u; on the element given by the corresponding row in P.
See Figure 1 (next page). Note also that if Z = D(s} and R vyields a duallty on
s, then, up to a permutation of the columns, we have P = ¢.

PROPOSITION 3.8. Let R C B and let Z be a substructure of M7 for some
nonempty set T. Then the graph G[E(Z)] of E(Z) {with respect to R) can be
constructed algorithmically from the relations in R by a finite number of applications
of product, intersection, trivial relations, and repetition removal.

Procor. Proof By the test algebra theorem we may assume without loss of
generality that R is finite. Let R = {r!, ..., r?}, where ¥' Is an n,-ary relation, for
t =1,...,p. We construct the matrix (P | @), defined as above, by obtaining
successive approximations to it. Our initial approximation is the matrix form
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GLE(Z)]
b b by U B iy

Zr Z[(b[] ZL(E?;') zl(bk) ML(ZIJ MJ(Zl] ME’(ZL)

Zoa | by zmlbyy m) | wlz) wlz) ()

Zw | Zm(By) zm(b;‘) Zmlbi) | i (2m) Mj(zm) (2 )

Figure 1

(PO, Q1) of G191, the graph of G[E{Z)] with respect to R = @, whose right-
hand block represents, as columns, all maps #: Z — M. We shall make a firute
sequence of modifications to (P, OlU), sa that the corresponding relation at each
step is cobtained from that at the preceding step by the specified constructs, and
the final relation is G[E(Z}].

Step 1. The R-preserving maps from Z to M are those u: Z — M satisfying:

for an m-tuple (i1, ..., 4, ) of indices drawn from {1,...,m},
(PC) (zﬁ I ;zf,,t] € (-"{)Z = (“(Zﬁ ]3 ca ;u(zi;,; )) el
Restated in matrix terms, the preservation condition (PC) takes the following form:
for an n,-tuple (i), ..., i, ) of indices from {1,...,m},
(MPC)
(Pilj:-‘-apin,j) € ¥ (f = ]'!ak) == (qilj:‘“:qin{j) < ¥ (f = ]-113)
To guarantee the condition (PC), for ¢ =1,..., p, take all n-tuples (z,,...,2, )
of elements of Z, where {i|, ..., i, } C{1i,...,m}, such that (zjl,..‘,zf,,:) c{#')z

~ and order these n,-tuples {in any way) in a (finite) sequence S,. Obviously, the
sequence S, collects all n,-tuples which appear on the left-hand side of {PC).
Concatenate the sequences S, to form a single sequence X, with N members, where
Ni=wmm+- - +mpn, and m, := S| (r=1,..., p).

We want the next approximation {PY| Q) to (P Q) to reflect the condition
(MPC). Let P!l have N rows, given hy the elements of . To every n,-tuple
(Ziy - s 21, ) € (¥)z (of rows of P} there must correspond in the matrix Q'
all possible elements of »* as columns. So the columns of Q' are taken to be all
elements of G = (L) x ... x (p2)me. '

Step 2. Label the elements of T as w,...,wy. Obviously, the relation GU
represents (the images of ) a set of maps if and only if the “correctness condition”

(CC) Wy = wW; = u(wf') = “(wj)s
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is satisfied; that is, when (P[] QU!) is such that
(MCC) pl =) s =1L k=g =g s =10

Let 6 be the equivalence relation on the set {1,..., N} such that i 6 j «— w; = w;,
and take the trivial relation

A&:{(Cia‘“:ch’)GMN{fgj:?’C;':Cj},

Put G4 := G N A? as the second approximation to G{E(Z)].

Step 3. We shall remove from P all redundant rows, so keeping just one copy
of each element of Z as a row. We remove the corresponding rows from QU Let
I be a transversal of the equivalence classes of the congruence & from Step 2. We
then repeatedly apply repetition removal to G to get the {I|-ary relation

GPL=[((r')" % - x (r? )" ) N A",

where J := {1,..., N} \ J. We then take (PP| QFl} to be the matrix form for
GYl,

Step 4. Let y|f|+1,.. ., ym be those elements of Z which did not participate
in any n-tuple (z,...,2, ) € (r')z for some . Add to the matrix PPl a set
m — |I] rows corresponding to these elements. Since we have to construct all
possible maps u: Z — M preserving R, we must assign all possible values to the
corresponding rows of the right-hand block. Hence we take G := GUl x pgm -1
By construction,

G = ((u(zy), ., ul2,,)) € M |u: Z — M preserves R},

where (if,...,i,) = (6(1),...,0(m)) is some permutation of (1,...,m). So we
have reached our goal to within a permutation.
Step 5. Put

GU= GM = {(ulz)),.. . ulzn)) € M™ | (u(z),. . ulz, ) € G,

Then, clearly, GU! = G[E(Z)]. O

In the final section we shall consider an example in which concrete constructs do
not suffice. However, in this instance adding homomorphic relational product gives
a sufficient set of constructs. We are led to mvestigate homomorphic relational
product and its relationship to retractive projection.

Let ¥ s M", and s 5t M™ be algebraic relations on M, and let £ = v - s be the
homomorphic relational product of » and s. Since r is entailed by {r s}, it can
be built from {¥, s} using concrete constructs and retractive projection. We show
explicitly how this can be done.

ProFCSITION 3.9. A homomorphic relational product can be obtained from a finite
number of applications of trivial relations, repetition removal, intersection, product,
and 1-step retractive projection.

PrROOF. Let i be the natural embedding of {1,...,n—1,n+2,...,n+m} into
{1,...,n +m}. Itis clear that ¢ = ((r x 5) N A¥),, where & is the equivalence
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relation on {1,...,» + m} having {s,n + 1} as its only nontrivial class. Since
t =y s is a homomorphic relational product, there exists w € D(¢) such that

(Pl, Y I = Fpig) and (w;Pna‘-‘:Pn+m—2) € Spir)s

whence
(pl:‘ cay Pa—1, W, pna‘“:pﬂ+m-—2) = [(}’ x S) M Aa]D(i)‘

So there exists w < D(¢) such that
(PL: sy Prtm—1, w:m) € ([(.“ X S) f AS]G)D(L]:

where [(r x 5) M A?]? is a permutation of (r x 5} N A?. Hence ¢ is obtained from
[(r x s} AP]" by repetition remaval followed by a 1-step retractive projection. [

Conversely, we can show that every L-step retractive projection can be obtained
using concrete constructs plus homomorphic relational product. In §6 we give an
example which supports the conjecture that not every retractive projection can be
30 obtained. :

ProposiTiON 3.1, Let v < M", and let s = v, be a 1-step retractive projection
of r. Then s can be obtained from {r} by a finite number of applications of triv-
ial velations, repetition removal, intersection, product, and homomrphw relational
prodict. :

ProoF. Since permutation can always he obtained using products, intersection
with trivial relations, and repetition removal, we can assume that s = r,, where #
1s the natural embedding of {1,...,# — 1} into {1,...,r}. Thatis, s is obtained
from r by cancelling the nth component. Let p: r — s be the natural projection
map. Let :
= {le,...,e) e M | (en,... ) €7}

be abtained by permutation from #. Then
s = v, =[(r - ¥?) N A%,

where 4 is the equivalence relation on {1,...,2n — 2} with classes {1,2n — 2},
{2,2n-3},...,{n—1,n}and J:={n,n+1,...,2n — 2} is the set of coordinates
deleted by applying repetition removal (1 — 1) times. We aim to show that ¢ :=v-#7
is a homomorphic relational product; that is, that there exists z € D{z) such that

(p[,u‘,pﬁ_l, Z) € 10 and (Z, Pry--- ,,02;1—2) € (VG)D{L)‘
Equivalently, we must find z € D{¢) such that
(va = {al: ‘e -:aln—Z) £ t)((aLJ v ,d”_[,Z(ﬂ)) cr A (z(a):amu‘]a?n—l) € ro’)‘

Because s 1s a retractive projection of r, there exists a homomorphism g:5—r
such that p og = id, and {p1,..., pu—1,Pn 0 g) € rp(,- Therefore, if p': 2 — s
is the natural projection map and z := p, 0 g0 p’, then z € D(¢), and for any
a = (al, S ,agn_g) € t we have

Z(CI) (pnoq ((al;---:aﬂ—l))a

whence (a),...,a,_1,2(a)) € r. It remains to show that (z{a), a,,...,81,_2) € 7.
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Let p': t — 5 be the homomorphism given by p”(a(, ..., a2} ={a2,_2,. .., an).
Now, for any @ = {ay,...,42,_1) € £, we have

(g0 ")) = §(@rnss. . @n) = (aposy. . ap 2(a)) € 7,

whence (z{a),a,, ..., am_2) € v?, as required. O

&4. Concrete entailment. In this section we seek conditions under which concrete
constructs alone suffice to describe entailment closure, and in such circumstances
to show quite explicitly how entailment operates. '

We recall that s 1s said to be obtained from G U H U R by a concrete construction
if there exists @, which is a conjunct of atomic formulz in the language Zy, such

that :
s={le,.. ) eM" | M E®ler, ... cq) b

If we elect to work with purely relational structures, we substitute M ® (as defined in
§1) for M = (M, G, H, R, ) and encompass partial endomorphisms by replacing
them by their graphs. With Ly as our language, the relational product of a

partial endomorphism e (gua relation} and a relation r is a nonconcrete construct.
However if we allow operations per se, then the relational product of ¢ and ¢ can
be built using an atomic formula in the appropriate language, Zyy.

The next proposition gives a sufficient condition for a relation s to be con-
structed from G U H U R by concrete constructs only. We recall that the definition
of the partial clone [KT] generated by a subset K of 2 was given in the preceding
section. The partial clone is partially ordered by defining e < ¢; in [K] if and
only if ¢ and e, are of the same arity and graph(e;) € graphf{e).

PropostTioN 4.1, Let GUH C F#, RC E, and s € F. Assume that (GUH U
R)Fs. If D(s) C[GUH], thew s can be constructed concretely from G\JH U R.
If the maximal elements of F lie in [G \U H], then any s entailed by G UH U R
can be concretely constructed from G U H \UR.

ProoF. Because D(s) C [G U H], we can express each element of D{s} as the
interpretation of a term in .#);. Consequently any formula describing s on D{s)

is given by a quantifier-free formula. 0

There are important special cases in which the preceding propaosition applies.

Note first that D(s) is contained in the partial clone generated by the partial
endomorphisms of M whenever the following condition holds for s < M".

(H} Every homomorphism from s to M is of the form e o p; for some i €

{1,...,n}, where ¢ is a partial endomorphism of M and im p; C dome.

There is one important class of examples for which s satisfies (H) for every s in

Z.

LevMa 4.2, Assume that M generates a congruence-distributive vaviety and that
every subalgebva of M is subdivectly irreducible. Then condition (H) holds for every
subalgebra of M". . .

ProoF. Let s < M" and let x: ¢ — M be a homomorphism. Since im x is
subdirectly irreducible, the standard Pixley-Jonsson argument ([11], Theorem 2.5,
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[12]) says that ker p; < ker x for some /. Hence there is a partial endomorphism
e: impg; — M such that x = e o p;, as required. |

Every congruence of a finite algebra & is a meet of meet-irreducible congru-
ences on N, and the number irr(N}, defined to be the least p such that the zero
congruence ¢ on N is the meet of p meet-irreducible congruences, gives 4 measure
of how far ¥ is from being subdirectly irreducible. The irreducibility index of M
15 then defined to be

Irr(AM ) := max{iee(N} | N < M}

(Note that the irreducibility index of M is denoted by Z(A} in [2], where it was
introduced.)

Lemma 4.2 asserts that if the variety generated by M is congruence-distributive
and such that [rr(A} = 1, then every subalgebra of M" satisfies (H) for all n.
We have a partial converse.

PROPOSITION 4.3. If every subalgebra of M* satisfies (H), then Tre(M) = 1.

ProoF. Let N < M, and let 91,8; € Con ¥ with 8, A §; = 0. By assumption,
the relational product 8 - #, satisfies (H]. Since 6, N #; =0, for all {a,5) €8, - 6,
there is a unique ¢ € N such that « 8, ¢ & 5. Thus we may define 4: 8, -8y — M
by h(a,b):=c. Since 8, - #; satisfies (H}, without loss of generality we may assume
that & depends only on the first coordinate. Now

(a,b) b —>ab abya and a B bbb
= h{a,a} —a and hla,b} =5
= a =4

Thus 8, = 0, whence N is subdirectly irreducible. Since every subalgebra of M is
subdirectly irreducible, we have Irr(M) = 1. 1

In [2], Irr(M ) was introduced in order to allow the authors to derive theorems
on strong dualities; see §5 below. For our purposes, it is possible to extract from
the proof of Lemma 4.5 of [2] a result which is not stated explicitly there and
which generalises Lemma 4.2,

Lemma 4.4, dssume that M generates a congruence-distributive vaviety and thar
Ier(M) = k. Then for s € F the following condition holds for s:

{(Hi) any homomorphism f: s — M belongs to the partial clone generated
by the homomorphisms g: D — M, where D € Uf;zl S(M™).

We deduce the following corollary of Proposition 4.1.

CORALLARY 4.5. Assume that M generates a congruence-distributive variety and
that Iee(M ) = k. Assume that s € B, and suppose that (P, U R) & s, where P,
consists of the partial operations in P of avity not greater than k. Then s can be
concretely constructed from P, U R. _

Of course, this result has something nontrivial te say only when the arity of s is
greater than k. Indeed, if s < A" for some » < k, then the projection gy : s — M
belongs to %, and s = demp|.

We next reveal how the syntactic solution to the entailment problem provided by
the test algebra theorem translates into an explicit semantic solution when concrete
constructs suffice. At the end of this section we take a purely semantic route to
the same solution.
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Because it 1s notationally simplest, and most important in practice, we consider
principally the case in which condition {(H}) holds.

Note that we may regard Theorem 4.6 as giving an explicit description of a
relation entailed by a set R 1n terms of the action of partial endomorphisms,
permutation of subscripts and se-to-r subscript manipulation of relations in R.

THEOREM 4.6 {The Concrete Entailment Theorem). Assume that s € %.

(a) Assume that s satisfies (H) and (G UH UR} - s. Then s is a finite intersection
of relations of the following forms:

(D) the trivial expansion af the domain of a nonextendable particl endomorphism
of M,

(E) the trivial expansion of the equaliser of two nonextendable partial endomor-
phisms of M,

(K} the trivial expansion of the joint kevnel of two nonextendable partial endo-
morphisms of M,

(T) a relation t, where

t=((er x - xen) T (r}f

= {(Ch cen :cn) < (domel Koo X domem)e | (e[(cé‘(].])i‘ e aem(ce(m])) eP’},
Jor some m-ary velationr € R,map e {1,... ,m} — {1,...,n}, and nonextendable
partial endomorphisms e, ... e, of M.

Assume that [(G U H contains the set of all nonextendable partial endomorphisms
of M. Then (D), (E), (K) and (T) ave concrete admissible constructs.

Assume that (G U H) contains the set of all nonextendable partial endomorphisms
of M and that s satisfies (H}. Then (GUH UR) & s if and only if s can be obrained
fram G U H U R via intersection and the concrete constructs (D), (B), (K} and (T),

Proor. By condition (H), every element of D{s) is of the form e o p;, where e is
a nonextendable partial endomorphism and im p; C dome. From the test algebra
theorem and Proposition 4.1, we have a formula ®(xi,...,x,) in the language
&)y, which is a conjunct of atomic formule, such that D(s) = ®(p,...,ps) and

s ={le,....cn) | M = ®lei,...,c,) ;. In D{s)}, atomic formule may take the
following forms:
(a) eap; = eop;, where ¢ is a nonextendable partial endomorphism,
{b) e p; = ¢ o p;, where ¢ is a nonextendable partial endomorphism and
P47,
(¢c) eapi = fap;, where e, f are nonextendable partial endomorphisms,
{d) #(e © Peq1ys -+ 1€m © Pegwn), Where 7 is an m-ary relation, e, ..., e, are
nonextendable partial endomorphisms, and £ is a map from {1,...,m}
to {l,...,n}.
When interpreted in M, formulz of types (a)—(d) yield relations of types (D)—{T)
in the statement of the theorem, so (a) follows immediately from the test aigebra
theorem. :
Part (b) is trivial, and (c) follows immediately from (a) and (b). O
We may elaborate on the form of the relations of type (T) obtained by term
manipulation. Let & be the cycle (m ... 2 1). It 18 easily seen that
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e-r:(exidgx“-xi_dM)“l(r)

and that

(o0 % - x ) 7H) = (e {er- (o0 1)) .

Thus {e; x -+ x e,,)~'(#) can be constructed from r via the action of the partial

endomorphisms e, ..., e, together with a permutation of subscripts, and conse-
quently {{e; % -+ - x e,,) “H{r))* can be obtained from # via the action of the partial
endomorphisms e, ...,e, along with subscript manipulation.

In very many important examples M has an underlying lattice structure and
generates a quasivariety for which the NU duality theorem ([10], 1.19; [5], 2.8)
supplies a duality employing relations which are at most binary. Accordingly,
we record a specialisation of the concrete entailment theorem appropriate to this
situation. _

TuroreM 4.7. Let s € S(M) U S(M?) satisfy (H), let R < S(M) US(M™Y),
and assuwme that [G\J H] contains the nonextendable partial endomorphisms of M .
Assume that G\ UHURF 5.

Assume s is unary. Then s is an intersection of relations of the forms

(a) dome, for some nonextendable partial endomorphism e of M,
(b) eqle, f), for some nonextendable partial endomorphisms ¢ and [ of M,
{c) e'(r), for some nonextendable partial endomorphism e of M and some
unary relation v € R,
{(d) (eR )=\ r), for some nonextendable partial endomorphisms ¢ and [ of
M and seme binary velation v € R.
I (d),

(e@ f)"\(r) = {c € M | c €domendom f and (e(c), f{c)) €7 }.

Assume s is hinary, Then 5 is an intersection of velations of the forms
(e) v x M or M x r, where v is a unary relation of one of the types described
in {a)-{d) above,
(f) ker(e, £), for some nonexrendable partial endomorphisms e and | of M,
(g) (e x f)Ur) or {e x £)7r), for some nanextendable partial endomoi-
phisms e and | of M and some binary velation v € R,

Proor, Assume s is unary. Conditions (D) and (E) of the concrete entailment
theorem correspond to parts (a) and (b) in the above statement. Condition (K)
does not apply since s is unary, while condition (T) yields (c) and (d) above (note
that if 7 is binary and e: {1,2} — {1}, then {{e; x &) 7' ())* = (&) Res) 7 (r)).

Now assume s is binary. We need to analyse relations of the types described in
(D}~{T) of the concrete entailment theorem in the special case when s is binary
and r is at most binary. Relations of types (D), (E) or (K} are covered by (¢)
and {f). Thus we need to analyse {{e; x e2)~{r))¢, where » € R is binary and
e: {1,2} — {1,2}, and to analyse e[ ' ()¢, where 7 is unary and £ {1} — {1,2}.
The latter case yields e '(r) x M and its converse, which are covered by (e).
Consider the former case. If ¢ = id 2y or £ = (1 2), then (g] applies. If £ is a
constant map, with constant value 1, say, then
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((er % e2) " (F)) = {{c1,¢2) € (dome x domer)* | {¢{e1),e2(er}} € ”_}
:_{ (e1,¢2) € (dome; Ndomey) x M | (ei(ci),exlea)) €7}
= (et ®er) ' (r) x M.

Thus the cases where ¢ is a constant map are covered by (e). O
It is instructive to consider an alternative approach to concrete entailment,

based on the theory in [9]. We need to recall one definition. Let s € &% and

let #: D{s) — M be any map. Define .

U = Fail, (u) := {# € & | u fails to preserve r };

such a set is called a failset {of s) if it contains s. If u is an evaluation map, say
u=e (c) for some ¢ € s, then the set U is empty. In general, U gives a measure
of how far « is from being an evaluation map. A detailed discussion of failsets
can be found in §3 of [9]. '

The technical Lemma 4.8 below is proved in [9] (Lemma 6.7); it is used there
to prove the failset theorem, a key result of [9].

LeMMA 4.8. Let s € B be n-ary and assume that s satisfies (H). Let s* be the
intersection of all n-ary algebraic relations v such that s C v and v has one of the
Jollowing forms:

(D) » is a trivial expansion of the domain of a nonextendable partial endo-
wiorphism,
(E) v is « trivial expansion of the equaliser eqle, ) of two nonextendable
partial endomorphisms ¢ and [ of M,
(K) v is a trivial expansion of the joint kernel kex{e, [) of twe nonextendable
partial endomorphisms e and f of M. '
Choose {a\, ..., a,) € M" and “define’ u: D(s) — M by u(x) = e(a;) whenever
x = e o p; for some nonextendable partial endomorphism e such that im p; C dome.
Then u is well defined if and only if (ay, ..., a,) € s*. Moveover, if (a,.. . ,a.) € 5"
and r is an m-ary velation in Fail,(u), then there exist a map e: {1,...,m} —
{1,...,n} and nonextendable partial endomorphisms ey, ..., em of M such that

s C((er x - % ) (1))

and
(a1,...,20) & ((er X -+ X €,) ' (F))".

From this lemma we can derive a slight variant of Theorem 4.6. We shall prove
that if s satisfies (H) arid R I s, then s is a finite intersection of relations of types
(D), (E), (K) and (T). Define s* as in Lemma 4.8. If s* = s, there is nothing to
prove. If there exists (), ..., a,) €5%\ s, then u(eo p;) := e(a; ) gives a well-defined
map. Since (g1,...,p04) € Sp(s)r and since (ulpr),.. . ulpa))=1{a,...,a.) ¢ 5, we
have s € Fail, (u). As R~ s, there exists # € R with » € Fail («). Hence, by the last
part of Lemma 4.8, there exist nonextendable partial endomorphisms ey,. .., e,
such that 5 C {(eq % -« x 2,) ) and (ar,...,a,) & {{e1 -+ x )" Hr))E.
Since ((ey X - -- % e )~ {(r))¢ includes s and excludes (ay,.. ., a,} and is a relation
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of the type described in.(T), it is now clear that the intersection of all relations
of the types {D)—(T) which contain s is equal to s, as required.

§5. Hom-entailment. Let 4 = (M; G, H, R, 7 ) as before. If M yields a duality

on & and moreover for all Z € 2 the natural evaluation map €: Z — DE(Z) =
A (Z(Z, M), M} is an isomorphism in 2, we say that M yields a full duality on

&, Let Z be a subset of M for some set S. Then Z is called term-closed in
M if Z is an intersection of equalisers of S-ary term functions or, equivalently,
if for all y € M5\ Z there exist S-ary term functions a,7: M5 — M such that
gl =tz and a(y)} # 7(y). It can be shown (see, for example, [2], §2) that
term-closure is equivalent to hom-closure. We say that M yields a strong duality

. on 7 if the equivalent conditions of the following theorem hoeld:
TreoreM 5.1 (Clark and Davey, [2], Theorem 3.2). Assume that M yields a

duality on ¢ . Then the following are equivalent:
' (a) M yields a full duality on & and M is injective in 2;

(b) for each nonempty set S, every closed substructure Z of M5 is term-closed
in MS;
(c) for each nonempty set S every closed substvucture Z of M S is hom-closed
in MS.
No example is yet known of a full duality which is not strong.
It is natural to introduce a concept of entailment hased upon hom-closure. Let
K C 2 and let e € 2. We shall say that K hom-entails ¢, and write K I e, if,
for all m 2 1, each subset Z of M™ which is closed under the partial operations
in X is also closed under ¢. Define K := {e € # | K It ¢}. Then K — R is a
closure operator on &, and we refer to K as the hom-entailment closure of K.
Just as the entailment-density of G U H U R is a necessary condition for i =

(M:G,H,R,7) to vield a duality on &, by Theorem 5.1 we have GUH =2
as a necessary condition for M to yield a strong duality on &7. By comparison

with the problem of giving a sufficient set of constructs to describe the entailment
closure of G U H U R, 1t 1s surprisingly easy to give an internal description of the
hom-entailment closure of G U H.
THEOREM 5.2. Let K C P and let e © .
(a) K ke if and only if there exists k € [K] such that e = k[ 4 .-
(b) K = {k[p |k €[K] and D < domk}.

ProOF. It is easy to see that if & € [K] then K IF & and that k& |- k[, for each
subalgebra D of dom k. Assume that K [F e withe: D — M, where D < M". Let
X ={klp: D — M |kisn-ary,k € [K] and D < domk}. If ky[p,..., km|p €
X and h € K is an m-ary partial map such that h(k,, ..., k,} is defined, then
hky, ... k)l p is defined and A{ki[p,... kwlp) = Alky,. .., kw)lp. Thus X is
closed under K, and s0 1s closed under e since K hom-entalls e. Now

AL=mlp, ., pn=nnlpEX
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and (p,...,pn) € domey, whence e = efpy,...,p,) € X. Thus e = k[, for some
k € [K]. This proves both {a) and (b). : O
We may regard the projections z;: M — M as nullary constructs for hom-
entailment just as the trivial relations are nullary constructs for entailment. The
next result is an immediate consequence of Theorem 5.2
THEOREM 5.3. The projections n;: M" — M, restriction of domain (viz. k —
fp for D < domk), and composition of partial functions (viz. {h,g1,...,g,) —
h(g[, e, g,,) where defined) form a complete set of constructs for hom-entailment.
Note that Theorem 5.2 exhibits the schizophrenia typical of duality theory: the
set X is to e on the operational side as D(s) is to s on the relationa! side.

© §6. An example. In this section we illustrate our results by presenting the ex-
ample which helped us to derive them. As we have already pointed out, concrete
- constructs suffice ‘to describe entailment whenever M generates a congruence-
distributive variety and each subalgebra of M is subdirectly irreducible. Of course,
if M itself is not subdirectly irreducible, then the latter condition is not satisfied.
We shall take M to be 3 = ({0,d,1};v, A,0,1), the 3-element chain 0 < d < |
in the variety I) of bounded distributive lattices. The variety D has the 2-element
chain 0 < 1 as its only subdirectly irreducible algebra. Certainly D =ISP(A). The
NU duality theorem ensures that R = S(M?) yields a duality on D. The lattice
S(M 1) has 49 elements. The meet-irreducibles are the following subalgebras, and
their converses: '

V=2x3, V,={(0,0),{0,d),(0,1),(d,1),(1,1}},
Vi=30\{(1,00,(1,d)},  Vi=3\{{d,0),(1,0)}, ¥;=3*\{(1,0)}

The only proper subalgebra of M is N := {0,1}; in line with the notation in [9}
we denote {{0,0),{1,1)} by Ay.

In [7] {see also [8]) we showed that the endomerphism monoid EndL of a
finite distributive lattice L together with the order s = {(0,0),(0,1),{1,1)} on
{0,1} € L always yields a duality on D. Further, End L yields a duality on D if
and only if L is not Boolean. Thus, in particular, End M vyields a duality on D.

“This endomorphism monoid consists of the identity map and two retractions, e
and f, onto {0, 1}, given by e~!{1} = {1} and £ ~Y(0) = {0}. The general theory
tells us that {e, f} F 5.

Note that D{s) = {p|, p2, 1}, where z((0,1}) = d. Since e(z) =eot = p and

f(£) = [ ot = pa, it follows that D(s) £ (3y)(e(y) = p1 & /() = p2) and,

= {(ene) €3] Besdeles) = e & fles) =) .

Thus, s = graph{e)” - graph( /), and this is a homomorphic relational product.

We now show that s cannot be expressed in terms of e and f using concrete
constructs only. If s were given concretely from e and £, then there would be a
(quantifier free) conjunct of atomic formula, ®(x(, x2), such that

s={(a,b) €3 |3=Da,b)}
In particular, {0, 1) holds but ®(1,0) fails. We shall show that this is impossible.
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Since composition of maps on {e, f} is simply a right zero semigroup {as each
is'a retraction onto {0,1}), there are only 15 atomic formule which are not of
the form r = ¢ for some term ¢, namely,

x=xy, ela)=x, eln)=x, ex)=x, elu)=x, [lx)=x,
Fxal=x, flx)=x, flx}=x, ex)=elx), [flx)=Ff(x),
elxr) = f(x1), elx)=flxa), elx)=flx), [flx)=elx)

Since (x|, x2) is a conjunct of some of these formulz and since ¢{0, 1) holds,
®{x,, x2) must be a conjunct of some of

e(x)) = x, e(n)=xs, fOx)=x, flx)=x,
é(xi) = f(xl)s e(xg) = f(x2)<

But then ®(1,9) also holds; a contradiction. Thus any formula describing s in
terms of e and / must involve at least one quantifier.

A computer analysis based on the theory in [9] has allowed us to determine all
optimal dualities for D using subsets of $(3) U S(3?). This analysis reveals that
the single relation :

t = {(050): (O;d)n(d: l):(ls 1)}

yields a duality on D). The intersection ¢ M ¢ is Ay. Thus ¥ may be obtained
from ¢ by concrete constructs. The following formul® express the remaining meet-
irreducibles in S(3%) in terms of ¢ (in each case the relational products involved
are homomorphic relational products):

Va=t.t, Va=t-{e-2), Vo=¢t-{t-1), Vs={(-{rr)) .
The formula are not unique: for example, Vs is also given by
Vs=¢-(t-(t 7))

We observe also that the order on the 3-element chain is P51 ;.
It is not the case that all relational products in S(3%) are homomoarphic. Take
= {(0,0),(0,d),{d,d),(1,1}} and r, = 3 {(0,1)}. Then M> =3 = #, - ry.
However, this is not a homomorphic relational product. To see this, first note
that D{M?) has 6 elements, gomn, (g € End M and i = 1,2). On D{M?) the
relation M* is D(M*)2. We need to show that there is no z € D(M?) for which
{(p1,2) € vy and (2, p2) € 2 on D(M*). The only possible choice for z if we are
to have (p1,z) €7, is z = py. However (p1, p2) ¢ r2 on D(M?).

How can we upgrade the duality for D) to a strong duality? Since 3 is not
injective in D, the total structure theorem of [3] (see Theorem 3.13 in [5]) tells
us that the type of M must include some proper partial operations. Moreover,

since the irreducibility index of 3 is 2, the NU strong duality theorem of [2]
(see Theorem 3.13 in [5]) implies that if M is known to yield a duality then a

strong duality may be cbtained by adding the unaty and binary algebraic partial
opetations on M to the type of M. Our Theorem 5.2 tells us that it is sufficient

to add to the type of M a set K of partial unary and binary algebraic operations
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such that the partial clone generated by K includes the nonextendable (partial)
unary and binary algebraic operations on M.

Tet D = 8,8, = Vs, and define ~: D — M by declaring A(a,b) to be
the unique element ¢ € M such that af, ¢ 8,6. Note that 2 is an extension
of the map y: s — M defined abave. We claim that M’ = ({0,4,1};e, f, 4, 7)

yields a strong duality on D. By the remarks abave, it remains to prove that every

nonextendable (partial) binary algebraic operation on M is in the partial clone

generated by {e, f,h}. A computer check revealed that there are 308 (partial)

binary homomorphisms on M and that, up to symmetry, only 7 of them are

nonextendable. These 7 nonextendable {partial) binary homomorphisms are the

total maps 71, e o 7y, f o) and the proper partial maps h, A(id, ¢), 2{f,id), and
( h{f,e), all of which belong to the partial clone generated by {e, /. h}.

In the example we have been considering we have used concrete constructs
together with homomorphic relational product. We have proved that in general
concrete constructs together with retractive projection suffice. We return finally
to the question raised in §4, namely whether retractive projection can always be
replaced by homomorphic relationa! product.

Let us take M to be the 4-element chain 0 < a < £ < 1 as a bounded distributive
lattice, and let '

vo={(1,1,1,1), (1,b,1,1}, (1,5,1,0), {a,b,1,1), (a,b,1,0),
{a,0,1,0), (a,5,0,0), {«,0,0,0), (0,0,0,0]}.
It is easy to see that the projection
Pya(r) = 5 = {(1,1),(1,0),(0,0}}

is retractive, but neither of the 1-step projections P 34(#) or Py 34{r) is retractive.
It does not appear to be possible to construct s from » by any other sequence
of retractive 1-step projections, together with trivial relations, repetition removal,
intersections and products. This supports the conjecture that homoemorphic rela-
tional product, or alternatively 1-step retractive projection, cannot be substituted
for retractive projection in the last part of Theorem 3.5.
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