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Tensor products  and entropic varieties 

BRIAN A. DAVEY AND GARY DAVIS 

Although tensor products exist in any variety, they are well behaved only in 
entropic varieties. These are varieties in which every operat ion is a homomorph-  

ism; equivalently, they are the varieties K for which the hom-set  K(A, B) is a 
subalgebra of B IAI for all A, B ~ K. 

Tensor  product  is defined in section 1. In section 2 we show that FIK(1) is a 

unit for @ precisely when all unary term functions are homomorphisms.  In this 

case a binary operation,  , ,  which distributes over  all other operat ions may be 

defined on FIK(1) so that (FIK(1); , ,  xa) is a commutat ive monoid with the free 

generator  xl as unit: this corresponds to the fact that the free abelian group on 

one generator,  Z, carries a natural commutat ive ring structure. We aim, in section 
3, to show that tensor products behave as nicely as we would wish exactly when 

we restrict ourselves to entropic varieties. As a corollary of the main theorem of 

this section if follows that (K, |  FIK(1)) is a closed category, which leads us 

naturally into a discussion in section 4 of monoids and semigroups (with respect to 

|  in an entropic variety. We prove, for example,  that the tensor product  of two 
commutat ive monoids of K is equipped with a natural monoid structure which 

makes  it the coproduct  in the category of commutat ive monoids. Congruences on 

tensor products are considered briefly in section 5. In section 6 we apply our 

results to the entropic varieties S of join-semilattices and So of join-semilattices 
with zero. Indeed it was the authors '  desire to give a more general universal- 

algebraic presentation of the results of G. A. Fraser [11], on semilattice tensor 

products of distributive lattices, which led them to write this paper.  
The present  paper  is a slightly condensed version of B. A. Davey and G. Davis 

[4]. 

1. The tensor product 

Our  definition of tensor product  is the obvious analogue of the usual definition 
of tensor product  of abelian groups. Throughout  the paper  K will denote  a fixed 
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variety, and all algebras and all morphisms we consider will be K-algebras and 

K-morphisms. 
Given algebras A 1 . . . . .  A .  and B, a map 4 ~ : A l x - .  " •  is an n- 

m o r p h i s m  if for each i the map 

ai--~ (al . . . . .  ai . . . . .  a,)~b: A ---~B 

is a homomorphism for each choice of the remaining variables. 

A pair (T, "0) is a t ensor  p r o d u c t  of (A1 . . . . .  An) if T is an algebra of K, 

: A1 • �9 �9 • An ~ T is an n-morphism, and for each n-morphism ~b : A1 • �9 �9 • 

A ,  --~ B there is a unique homomorphism 4,: T ~ B for which 4) = ~$. 

__ n -morphism 
A t x  - . .  X A ,  . �9 1 

~ ~  tO 1 unique 
~ homomorphism 

n - m o r p h i s m ~  

- ' * B  

Since tensor product is defined by a universal mapping property, it is unique 

up to isomorphism. As usual, we denote the algebra T by A ~ . .  "|  and 

denote the element (al . . . . .  an}# of A I ~ ' "  " |  by a l ~ . . . ~ a ~ .  We often 

omit reference to the universal n-morphism and simply refer to A I |  �9 �9 |  as 

the tensor product of (A~ . . . . .  A~}. 

It is easily seen that tensor products exist in any variety. If A~ . . . . .  A~ ~K 

then let FK(A~ x .  �9 �9 x A~) denote the free algebra in K on the set A i x .  �9 �9 x A ,  

and let 0 be the smallest congruence on FIK(A~ x . . .  x A~) which identifies 

( a l ,  . . . , f ( a ,  . . . . .  ai,~>,.. �9 a~> 

with 

f ( ( a l  . . . . . .  ail . . . . .  an)  . . . . .  (al . . . . .  ai . . . . . .  an)) 

for all possible choices of elements and operations. It is easily seen that F K ( A  1 • 

�9 "" • A , O / O  has the required universal mapping property. One can also give a 

proof of the existence of the tensor product using Freyd's representability 

theorem. For if A 1 . . . . .  An ~ K and K, :  K --~ Set is the functor defined as follows: 

K n ( B )  is the set of n-morphisms from A I •  "" •  to B, and if ~b:B ~ C is a 

homomorphism then K , ( r k ) : K , ( B )  ~ K,,(C) is composition with 4'; then the 
tensor product is nothing more than a representing object for K,. The existence of 

the tensor product follows from the easily established fact that K,  is continuous 

and the solution set condition of the representability theorem holds. 
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Note  that, as usual, the uniqueness of  the fill-in map,  tO, in the definition of  

tensor  p roduc t  is equivalent  to the fact that  A I |  �9 �9 |  is genera ted  by the set 

of  all e lements  of the form a~@. �9 . |  where  a i e  Ai. It  should be noted  that  if 0 

and 0' are nullary opera t ions  in the type of  K, then,  since both  - G 0  and 0 ' |  

are homomorph i sms ,  0 equals 0' in A @ B .  
Since we are interested in de termining when a variety K is a monoida l  

ca tegory  with respect  to tensor  product ,  we record  here  the way in which tensor  

p roduc t  defines a mul t i functor  on a power  of  K. Suppose  A1 . . . . .  A , ,  

B 1 . . . . .  B.  ~ K  and for  each i we have a h o m o m o r p h i s m  &i:Ai---~ B~. Then  the 

map  (a l  . . . . .  a . )  --~ a~b l@" �9 �9 | a.~b. : A1 x .  �9 �9 x A .  ~ B l t ~  �9 �9 �9 @ B .  is clearly an 

n -morphism,  so there  is a unique homomorph i sm,  ~bl |  �9 �9 @ &. :A1 |  �9 �9 @an 
B I @ -  �9 . t ~ B .  satisfying (a l@" �9 "@a.)(~bl |  �9 .@~b.) = a l i b i S .  �9 " ~ a n t ~ n .  W e  

now define the (n-fold) tensor product functor 7". :K"  ---~K by T(AI  . . . . .  A . )  = 
A 1 @ .  �9 �9 @ A .  and T(~bl . . . . .  ~b.) = ~bl@" �9 �9 @~b.. Note  the following interchange 

law for  composi t ion:  if &~ : A~ ~ B~ and to~ : B~ --~ C~, then 

( ~ 1  ~ "  " " @ ( ~ n ) ( t o l ~ "  " * ~ ton )  = ( ~ l l / t l  ~ "  " " (~)nton" 

For  each A ~ K we define a functor  A |  : K  ~ K which sends an algebra 

B e K  to A @ B ,  and a morphism cb:B---~C to  i dA@eb:A|174  The  

functor  - |  :K  ~ K is defined analogously.  

2.  T h e  free  algebra on  o n e  generator  as a unit  

In this section we are concerned  with the proposi t ion  that the free algebra on 

one  generator ,  FIK(1), behaves  as a unit for tensor  product .  This is an entirely 

reasonable  requi rement ;  for  example,  Z acts as a unit  for  tensor  products  in the 

ca tegory  A b  of  abelian groups, and, of  course,  71 is the free abelian g roup  on one  

generator .  
The  proofs  of  the proposi t ions  below are quite s t ra ightforward and are 

omit ted.  
The  evaluat ion map,  evalA : F I K ( 1 ) x A - - 0  A,  is defined by (p(xl), a)evalA = 

p(a), where  xl is the free genera tor  of  FIK(1). 

2.1. P R O P O S I T I O N .  The following are equivalent: 
(i) evalA is a bimorphism for each A e K ;  
(ii) for each A ~ K  there is an isomorphism AA : F I K ( 1 ) |  ~-A for which the 
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diagram below commutes:  

FK(1) x A | , F K ( 1 ) @ A  

A 

(iii) if p is a unary term and q is an n-ary term, for any n, then the following is 

an  identity o f  K: 

p ( q ( x l  . . . . .  x . ) )  = q ( p ( x , )  . . . .  , p ( x . ) ) ;  

(iv) if p is a unary term and f is an n-ary  operation for any n, then the following 

is an identity o f  K: 

p(f(xl . . . . .  x , ) )=  f ( p ( x l )  . . . .  , p(x~)). [] 

Note that Condition (iv) of this result can be restated as "Unary term functions 

are homomorphisms."  

A particularly interesting case of the above result occurs when we let A equal 
FK(1): we obtain conditions for FK(1) |  to be isomorphic to FK(1) in a 
natural way. The following result generalizes the fact that the free abelian group 
on one generator, 2[, carries a natural structure as a commutative ring with unity. 

2.2. PROPOSITION. The following are equivalent: 

(i) there is an isomorphism q, :FIK(1) |  F1K(1) such that (xl  (~ xl)qJ = 

xl; 

(ii) 
(iii) 

if p and q are unary terms, then p(q(x)) = q(p(x ) )  is an identity o f  K; 
a binary operation * may  be defined on FK(1) such that 

(a) a * f ( b  1 . . . .  , b , ) = f ( a  * bl . . . . .  a * b,) for all a, bl . . . . .  bn ~FIK(1) 
and all operations f, 

(b) a * b = b * a for all a, b ~ FK(1), 
(c) xl * a = a for all a ~ FIK(1), 
(d) (a * b) * c = a * (b * c) for all a, b, c eFIK(1); 

(iv) a binary operation * m a y  be defined on FK(1) such that (a), (b) and (c)' 
hold, where 

(C) t X 1 * X 1 ~ X 1. [ ]  

We refer to the equivalent conditions of this proposition by the phrase: unary 

terms commute  in K.  
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3. Entropic varieties 

We say that the variety K is entropic if whenever A c K ,  f is an m-ary 
operation, g is an n-ary operation, and a l . . . .  , a ,  ~ A~,  we have 

f (g(a l  . . . . .  a .))  = g(f (a , )  . . . . .  f(a,~)); C) 

that is, if every operation is a homomorphism. Alternatively, we insist that for all 
m-ary operations f and all n-ary operations g, K satisfies the identity 

f ( g ( x l l  . . . . .  x .O  . . . . .  g(xl  . . . . . .  x,m)) 

= g ( f ( x l l , . . .  , Xln) . . . . .  f ( x n l  . . . . .  Xnm)) (**) 

Note, in particular, that if 0 and 0' are nullary operations in an entropic variety K, 
then 0 = 0' is an identity of K and {0} is a one-element  subalgebra for all A c K. 

There  seems to be no agreement upon the apropriate name for these varieties. 
For example, L. Klukovits [17], W. D. Neumann [24] and F. E. J. Linton [19] 
refer to them as commutative varieties, while Linton makes the remark that 
distributive may be a better name. These varieties are special cases of what Linton 
calls autonomous categories. We choose to follow T. Evans [6, 7, 8] and refer to 
such varieties as entropic. 

The characterization of entropic varieties in terms of hom-sets is well known: 
see for example, T. Evans [7], F. E. J. Linton [19], L. Klukovits [15] or B. A. 
Davey [3]. For A, B ~ K we write K(A, B) for the set of K-morphisms from A to 
B. Then K is entropic if and only if K ( A , B )  is a subalgebra of B A for all 

A, B ~ K. Our next theorem says that tensor products are well behaved precisely 
in entropic varieties. To some extent this was already known to Linton [ 19] who 

showed, in his terminology, that a coherent  lifted hom-functor for K has a left 
adjoint (which is necessarily tensor product) precisely when K is entropic. Our 
objective is to relate this to the distributivity of tensor product over coproducts 
and to the multiplicative behavior of tensor products with respect to free algebras. 

3.1. T H E O R E M .  The following are equivalent: 
(i) K is entropic; 

(ii) 
(iii) 

a right 
(iv) 

limits; 
(v) 

K(A, B) is a subalgebra of l A for all A ,  B c K; 

unary terms commute in K and for all B ~ K the functor - |  :K--> K has 
adjoint FIB :K--> K; 
unary terms commute in K and the functor - @ B : K - - ~ K  preserves co- 

unary terms commute in K and for all B ~ K ,  the functor - |  
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preserves finite coproducts, i.e. for all A1, A2~K,  the natural map from 
( A I | 1 7 4  to ( A I l I A 2 ) |  is an isomorphism; 

(vi) for all m, n ~ ~,  there is an isomorphism ~bm,, :FIK(m)@FIK(n)-FlK(mn) 
such that if xl, . . . , xm are the free generators of FIK(m) and Yl . . . . .  y, are the free 
generators of F]K(n), then the collection of all (x~ | yi)~bm.n is the free generating set 
of FlK(mn). 

Proof. The equivalence of (i) and (ii) is straightforward. 

(ii) ~ (iii). Assume that (ii) holds. Since (ii) implies (i), K is an entropic 
variety, and a simple induction shows that unary terms commute. It is easily seen 
that there is a natural bijection between K ( A |  C) and K(A, K(B, C)), whence 
HB =K(B,-) is the required right adjoint to - |  

(iii) ~ (iv). This follows from the fact that left adjoint functors preserve 
colimits. 

(iv) ~ (v). 
(v) ~ (vi). 

This is trivial. 
Since unary terms commute there is, by Proposition 2.2, an 

isomorphism ~bI,I:FIK(1)@FIK(1)~FIK(1) with (xl |  Xl. Recall that 
FIK(k + 1) is the coproduct of FIK(k) and F1K(1). An easy induction now estab- 
lishes the implication. 

(v i )~( i ) .  Assume that there is an isomorphism 4~,,.n:FIK(m)| 
FlK(mn) such that the (xi| are the free generators of F]K(mn). Then 
FIK(m)| is freely generated by the elements xij = x i |  i. The identity (**) 
for entropic varieties follows from the fact that | is a bimorphism. [] 

By epimorphism we mean onto homomorphism, and pro]ectivity is defined with 
respect to epimorphisms rather than with respect to epics. 

3.2. C O R O L L A R Y .  Let K be an entropic variety. If P and Q are projective in 

K, then so is P@Q. 

Proof. An algebra P ~ K  is projective if and only if the set-valued functor 
K(P,-) :K---~ Set maps epimorphisms to surjections; since K is entropic this is 
equivalent to requiring the functor K(P, - )  : K ~ K to preserve epimorphisms. Let 
P, Q ~ K be projectives and let 4> : A ~ B be an epimorphism. Then the induced 
map K(Q,A) - - -~K(Q,B)  is an epimorphism and hence the induced map 
K(P, K(Q, A ) ) ~  K(P, K(Q, B)) is an epimorphism. By the right adjointness of 
K ( - , C )  to - ~ C ,  the induced map K ( P ~ Q , A ) - - ~ K ( P ~ Q , B )  is an 
epimorphism. [] 

We close this section with a discussion of the associativity of tensor product. It 
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is easily seen that in any variety there is an isomorphism A @ B  ~-B|  natural 
in both A and B. Thus the bifunctor T2 :K R-+K  is commutative; and it is 
tempting to believe that it is also associative. That  in general T2 is not associative 
was pointed out for the variety of semigroups by P. A. Grillet [14], but it was 
mistakenly assumed to be always associative in F. E. J. Linton [ 19]. 

We say that tensor product is associative if for each A, B, C e K there is an 
isomorphism 

rA,B.c : A @(B@C) --+ (A | 1 7 4  

which is natural in A, B and C; that is 

-r: T2( id~  x T~) + T2( T2 • ida), 

where id~ is the identity functor on K. 
The following result follows from Corollary 1 to Proposition 1 in E. Nelson 

[23]. 

3.3. PROPOSITION.  Tensor product is associative in an entropic variety. [] 

A direct proof of this result is sketched below. 
Suppose that A,B,  C cK  and th :A  xB- -+  C is a map. Then 4~ is a right 

sesquimorphism if there is a generating set ~ for A such that: 
(i) the map a ~-+ (a, b)~b : A --~ C is a homomorphism for each b c B, and 
(ii) the map b ~+(a, b)qa:B--+ C is a homomorphism for each a ~2~. 
We define left sesquimorphism dually and use the term sesquimorphism to refer 

to either. The map evalA : FIK(1) x A --+ A of Proposition 1.1, and more generally 
the map evalp~:FK(n)• given by (p, a)eval~,=p(a), is a right ses- 
quimorphism. It is straightforward to show that K is entropic if and only if every 
right (left) sesquimorphism is a bimorphism: necessity is a simple calculation while 
sufficiency relies on the fact that eval~ is a right sesquimorphism. 

In order  to show that A | (B | C) and (A @ B ) |  C are naturally isomorphic it 
suffices to show that each is naturally isomorphic to the 3-fold tensor product 
A | 1 7 4  The definitions guarantee the existence of a unique homomorphism 
[3 :A |  such that (a@b| = a~D(b@c), and a diagram 
chase using the fact that sesquimorphisms are bimorphisms establishes the exis- 
tence of a unique homomorphism ct:At~(Bt~C)--+A(DB@C such that 
a|  Clearly a is inverse to /3, whence AtD(B|  and 

A |  | C are naturally isomorphic, as required. 
The authors know of no non-entropic variety in which tensor product  is 

associative. 
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The following corollary, whose proof is analogous to the proof for abelian 
groups (see [20; p. 159, p. 180]), is the basis of the next section. 

3.4. COROLLARY. ff  K is an entropic variety, then (K, |  FK(1)> is a closed 
category; i.e. a symmetric monoidal category, with unit FK(1), in which each 
functor - |  B has a specified right adjoint, namely K(B,-) .  [] 

Assume K is entropic. Since (K, | F1K(1)) is monoidal, the coherence results 
of MacLane [20; pp. 161-166] establish the general associative law for | (up to a 
natural isomorphism). In fact we have a little more: if A1 . . . . .  An eK,  then any 
well-formed bracketing of A I |  . |  using the binary tensor product is 
naturally isomorphic to the n-fold tensor product At |  �9 �9 |  For example, in 
the proof of 4.2 we shall use the fact that ( A t ~ B ) |  is naturally 
isomorphic to A ~ B  ~ C ~ D .  

4. Monoids in an entropic variety 

Throughout this section K denotes an entropic variety and our attention 
focuses on the closed category (K, | FIK(1)). 

We recall that a monoid in K is an algebra M e K with two homomorphisms, 
m : M t ~ M - - *  M and i: FIK(1)~ M, for which the diagrams below commute: 

M @ ( M ( ~ M )  ~, ( M ( ~ M ) ( ~ M  ~ M @ M  

~ M  

i d ~ i  
FIK(1)(~M ,| ~ M |  ~ M~FIK(1) 

M ~ 

where r is the natural isomorphism guaranteed by Proposition 3.4, AM:FIK(1)| 
M---~ M is the homomorphism induced by the bimorphism evaIM :FIK(1)x M---~ 
M, and pM :M| M is the homomorphism induced by the bimorphism 
evalM : M x  FK(1) ~ M. 

If ( M ; m , i )  and (M' ;m' , i ' )  are monoids in K then a map ~b:M---~M' is a 
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monoid-morphism if it is a K-morphism such that the diagrams below commute: 

M |  ~ %  M ' |  M r ~ M'  

M ---~ M' FK(1) 

We are interested in the equational character of the category Monu of monoids of 
K. 

If F is the set of operation symbols for K, then we denote the set FQJ{*, 1} by 
F~, where * is a binary operation symbol and 1 is a nullary operation symbol. 
The proof of the following result is omitted. 

4.1. PROPOSITION. Let K~ denote the class of all algebras (M; F~,) for 
which (M; F}~K and the following identities hold: 

(i) y * f ( x l  . . . . .  x , )= f (y  * Xl . . . . .  y * x~), for all f ~ F ;  
(ii) f ( x l  . . . . .  x . )  * y =f(xl  * y . . . . .  x. * y), fbr all f ~ F ;  

(iii) x * ( y * z ) = ( x * y ) * z ;  
(iv) l * x = x = x *  1. 

Then K~ and Monk are isomorphic categories. [] 

We identify the categories Mon~ and K~,. L e t / 7 , =  F(J{*} and denote by K .  
the variety of algebras (A; F,)  which satisfy identities (i), (ii), and (iii) of 
Proposition 4.1; then K ,  is isomorphic to the category of semigroups (with respect 

to | in K. The subvarieties of K~ and K ,  in which * is commutative are noted by 
CK~ and CK.  respectively. 

We now prove that in an entropic variety K the tensor product of two 
[commutative] semigroups in K carries an obvious [commutative] semigroup 
structure; and similarly for two monoids in K. Moreover, for two commutative 
monoids the resulting monoid is their coproduct in CK,~. 

By 4.1 the category CAb~ of commutative monoids in the category Ab of 
abelian groups is isomorphic to the category Corer  ~ of commutative rings with 
unity; hence 4.2 generalizes the well-known fact that the Ab-tensor product of 
two commutative rings with unit is their ComRl-coproduct. 

4.2. THEOREM. Let M and N be semigroups in K. The there is a binary 

operation * on M |  satisfying the interchange law 

( a |  * ( a ' |  (a * a ' ) |  * b'), 

such that (M@N; *) is a semigroup in K, and if M and N are monoids in K, then 
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( M |  *, 1 |  is a monoid  in K; if * is commuta t ive  on M and N, then it is 

commuta t i ve  on M |  Furthermore, i f  M, N c C K ~ ,  and we define oM:M---> 

M | N by acr~ = a | l and crN :N---> M @ N  by bo"  N = l @ b ,  then 

o r  M o -  N 

M ~ M |  N 

is a coproduct diagram in CK~,. 

Proof. Since K is entropic,  M | 1 7 4 1 7 4  is natural ly i somorphic  to 

( M | 1 7 4 1 7 4  W e  define a map  ~ b : M x N x M x N - - > M |  by 

(a, b, a', b ' )~  = (a * a ' ) |  * b'). Since * distributes over  the opera t ions  of  K, ~b 

is a 4 -morphism,  so there  is a h o m o m o r p h i s m  t o : M | 1 7 4 1 7 4 1 7 4  

satisfying ( a | 1 7 4 1 7 4  (a * a ' ) |  * b'). The  h o m o m o r p h i s m  tO and the 

natural  i somorphism be tween  M | 1 7 4 1 7 4  and ( M | 1 7 4 1 7 4  yield a 

b imorph i sm * : ( M |  x ( M |  -*  M |  satisfying ( a |  b) * ( a ' |  = 

(a * a ' ) |  * b'). To  verify the first half  of  the t heo rem is now a s t ra ightforward 

calculation. 

Let  M, N e C K ~ .  Clearly the maps  crM and o'N are K-homomorph i sms .  

By the definition of  the nullary opera t ion  1 = 1 |  in M |  both  CrM and o- N 

preserve  1. Fur ther ,  (a * a ' ) o ' ~ = ( a  * a ' ) |  * a ' ) |  * 1 ) = ( a |  * 

( a ' |  = ao'M * a'o'M, so o'M, and similarly or N, is a mono id  morphism.  

N o w  let ~-I~K~,(M,A) and ~-2cK~,(N,A) where  A ~ C K ~ .  The  map  

r : M x  N---> A given by (a, b ) l -=  a r t  * bl-2 is a b imorph ism since * distributes 

over  the opera t ions  of  K. Thus  ~- induces a K - m o r p h i s m  ~ : M |  A satisfying 

( a |  m-, * b1"e. For  a e M  we have 

a~rMq = ( a |  = at1 * 1T2 = aT1 * 1 = aT1, 

since I-, ~ K~(M, A) .  Thus  o'uff = I"1, and similarly ~rN~ = ~'2. 

W e  must  now see that  ~ is a K~,-morphism. Firstly ( l |  * 1~'2 = 
1 * 1 = 1. Secondly,  if a = p ( a l |  . . . . .  a , ~ |  and b = 

q (a '1 | b ', . . . . .  a ' |  b',) E M |  then,  with tii = (ai ~ bi) * (ai@ bl), we have 

(a * b)rr = ( p ( a , |  . . . . .  a , . |  * q ( a ; |  . . . . .  a ' . |  

= p(q( t l l  . . . . .  tin) . . . .  , q(tml . . . . .  tm~))~ 

= P(q(t11~ . . . . .  tln~ . . . . .  q( tm,~ . . . . .  t,.n~)), 
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and 

t0?= ((a,@bi) * (a}(~b;))~ = ((a~ * a;)(~(b~ * b'i))~ 
t 

= (a, * a;)~h * (bi * b'j)'r2 = (a/Tx * a;T1) * (bit 2 * bir2) 

= (air1 * biT2) * (a ; r ,  * b; 'r2)= (a,| * (a;| 

so (a  * b)'~ = a'~ * b~; whence  ~ is a K,~-morphism. 

Finally, suppose  O e K ~ ( M |  and o - ~ = r l  and o-N~=-r2. Then  

(a |  for  all a c M ,  and (l| for  all b e N ;  thus 

(a|  * ( l | 1 7 4  * ( l |  * b'ra=(a| for all 

( a , b ) e A x B .  Thus @ and ~ agree on a generat ing set for  M |  and so 

0=-~.  [ ]  

A l though  the previous theorem describes coproducts  in CK~, it tells us 

nothing about  coproducts  in C K . .  Nevertheless,  if we restrict our  a t tent ion to the 

subvariety I K .  of  C K .  de te rmined  by the idempoten t  law x * x = x, and the 
cor responding  subvarie ty  IK~, of  CK~,, then the two coproduc ts  are closely 
related.  

4.3. T H E O R E M .  Let A, B c lK,~, then the IK~-coproduct of A and B is a 
K.-retract of the lK.-coproduct of A and B. Moreover, the same is true of any 
subvariety of I K .  and the corresponding subvariety of IK~. 

Proof. Let  A,  B c IK~ and let 

o-  L c r  2 

A ~ A H B '  B 

be a coproduc t  d iagram in I K . .  Define a map  p f rom A H B  to  itself by 

x p = x  * (lo-1 * lo-2). By the definition of  K . ,  and since * is a semilattice 

opera t ion  in I K . ,  it follows that  p is a K , - h o m o m o r p h i s m  and p 2 =  p. Hence  

C = Im (p) is a K , - r e t r a c t  of  A I I B .  Let  ~'1 = o-lP and 1-2 = o-2P; then we claim that  

T I "r 2 

A > C (  B 

is a coproduc t  d iagram in IK,~. For  all x e C we have x * (10"1 * 10"2) = xo = x, and 

so lo"1 * 10-2 is an identity e lement  for * on C "whence C ~ IK,~, and % and "r 2 are 
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1-preserving and hence are K~,-homomorphisms. Let  D 61K~, and let a I :A--+  D 

and ot2:B ~ D be K~-homomorphisms.  Then there exists a K . - h o m o m o r p h i s m  

d : A H B  ~ D such that o- l& = eq and tr 2& = ae. For all a c A, a~'l& = ao '1 /9~ = 

(atrl * l tr l  * lo'2)t~ = (atrl * lcr2)t~ = ao-lt~ * 10-2~i = ao~l * l a2  = act1 * 1 = acq, 
since & preserves * and a2 preserves 1. Hence  -rxt~ = a~, and similarly -r2ti = a2. 

Since (lot1 * ltr2)& = (l~rlt~) * (ltrzti) = la~ * let2 = 1 * 1 = 1, it follows that the 
restriction of & to C is a K,~-homomorphism which extends etx and a2. The  

coproduct  AL[ B is generated by Aoq O Btr 2 and so A~-~ O B'r 2 generates C, f rom 
which the uniqueness of the fill-in map,  &, follows at once. It  is clear that the 

argument  given above applies to any subvariety of I K , .  

Although tensor product  preserves the commutativi ty of *, in general iden- 

tities involving * which are satisfied on A and B need not be satisfied on A @B. 

When,  for example,  does it follow that if * is idempotent  on A and B, then it is 

idempotent  on A r a B ?  This holds trivially if K is Sets, for then @ is just direct 
product  and hence @ preserves all identities. If K is the variety Ah, then Boolean 

rings are by definition the members  of K~ on which * is idempotent ;  an easy 

calculation, using the fact that  Boolean rings satisfy the identity x + x = 0, shows 

that the abel ian-group tensor product  of two Boolean rings is again Boolean.  As 
we shall see in section 6, if K is the entropic variety of join-semilattices with zero, 

then | does not preserve the idempotence of *; nevertheless the following 

lemma,  when applied to join-semilattices, yields a large class within which the 

idempotence of * is preserved by |  

4.4. T H E O R E M .  (i) Let A, B eKe, and assume that A |  satisfies the iden- 
tities 

f(1, x2 . . . . .  x,)  = f(xl ,  1, x3 . . . . .  x ,)  . . . . .  f (xl  . . . . .  x,-1, 1) = 1 .  �9 �9 (A) 

for every non-nullary operation f ~ F. Then if * is idempotent on A and B, it is also 
idempotent on A ~ B. 

(ii) Let A be the subvariety of K~ determined by the identities (A), and let B be 
the subvariety A f-I IK~,. If  A is closed under t~, then III is also closed under I~ and 
hence t~ is coproduct in B. 

Proof. (i) The  rank of a te rm p is the number  of operat ion symbols occurring 
in p, counting repetitions. Let  n >--1 and let p be a term of rank greater  than 0 

with Xl . . . . .  x,  as its rank-zero subterms. An easy induction on the rank of p 
proves that if C satisfies the identities (A), then C satisfies 

p(1, x2 . . . . .  x,)  . . . . .  p(xa, x2 . . . . .  x,_~, 1) = 1. 
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Now let A, B e K~,, and assume that  * is idempotent  on A and B, and that A | B 
satisfies the identities (A). Let  G = { a @ b l a  c A ;  b c B }  be the generating set of 
A @ B .  Recall that a nullary operat ion 0 e  F is interpreted on A |  via 0@0;  
hence G contains all the nullary operations on G. For all a ~ A, b c B we have 

( a | 1 7 4 1 7 4 1 7 4  and thus g * g = g  for all g ~ G .  

Every element  c of A |  can be expressed in the form P(gl . . . . .  g.) where n -> 1 

and the term p is of rank greater  than zero with xi . . . . .  x, as its rank-zero 
subterms. Hence  by the observation above 

g, * c = g, * P(gl . . . . .  g , ) =  P(gi * gl . . . . .  g~ . . . . .  g, * g,) 

= P(gi  * g l , .  � 9  g i , . . . ,  gi * g n )  = gi * P ( g l , . .  �9 , 1 , . . .  , gn) = gi * 1 = gi. 

Thus we conclude 

c * c = p ( g l  . . . . .  g . ) * c = p ( g l *  c . . . . .  g n * c ) = p ( g l  . . . . .  g , ) = c .  

(ii) If, for A, B ~ B, the CK,~-coproduct of A and B belongs to B, then it is 

also the B-coproduct  of A and B;  thus (ii) follows f rom (i) and Theorem 4.2. []  

We remark  that the forgetful functor f rom Mon~ into K has a left adjoint. This 

follows, for instance, because forgetful functors between any two varieties have 

left adjoints. S. MacLane [20; Theorem 2, p. 168] gives a description of the free 

monoid generated by a K-algebra:  if K is entropic and A ~K,  then the free 
monoid  generated by A is H ( A ~ " ) I n c N )  where A~~ and A ~"§ 

A ~ A  ("). 

Let M be a monoid  in K. Recall that a left act ion of M on an algebra A e K is 
a homomorph i sm v : M |  ~ A suctl that the following diagram commutes:  

M t ~ ( M @ A )  " , ( M t ~ M ) ~ A  ,n| M ~ A  , ~| FIK(1) |  

M |  ~ ~ A e -"  

where ),A is the isomorphism of Proposition 2.1. The left actions of M on algebras 
in K form a category, MAet, whose morphisms are those K-homomorphisms  
~b : A ---* B such that the following diagram commutes:  

M t ~ A  ~ ' |  M ~ B  

l 1 
A ~ B  ~b 
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If F is the set of operation symbols for K, then we denote by ~ F  the set 
F U  {)tin I m ~ M}, where each )~,~ is a unary operation symbol. The following result 
is now obvious. 

4.3. PROPOSITION.  Let MK denote the class of all algebras (A;MF)  for 
which ( A ; F ) e K  and the following identities hold: 

(i) ,km(f(xl . . . . .  x,)) = f(A,,(xl) . . . .  , Am(x,)), for all m e M and all f e F; 
(ii) At( ....... ,~(x)  = f(Aml(x) . . . . . .  A.~ (x)), for all m 1 . . . . .  m, c M and all f ~ F; 

(iii) Am(A,(x)) = Am.,(x); 

(iv))~l(x) = x. 
Then MK and ~ A c t  are isomorphic categories. Moreover, if M is commutative, then 
MK is an entropic variety. [] 

Of course, we could assume only that M is a semigroup in K, in which case we 
would drop the triangle from the diagram which defines MAet and we would drop 
identity (iv) from the definition of MK. 

The category Ab,~ is just rings with unity, and for each ring R e Ab~ the class 
of left R-modules  is RAh. Just as abelian groups can be identified with modules 

over the ring 72, in general K can be identified with the class F~r of actions of 
the monoid FK(1);  this is an immediate consequence of Propositions 2.1 and 2.2. 

As is observed in S. MacLane [20; p 170] a left adjoint to the forgetful functor 
from MAeI into K is provided by the obvious functor M @ -  :K--*~Aet. 

Since MK is an entropic variety we can consider tensor products and monoids 
in MK. Applied to abelian groups this yields algebras over a ring. Of course the 
process can be continued to yield a tower of structures. 

An important  example of a monoid in an entropic variety is the endomorph-  
ism algebra, E n d ( A ) = K ( A , A ) ,  of an algebra A elK; we simply let * be 
composition of functions and let 1 be the identity map. 

5. Congruences on tensor products 

Let  O and qb be elements of the congruence lattices Con (A) and Con (B) 
respectively, and let O:A--> Aft9 and ~b:B--> B/dp be the natural maps. Clearly 
the tensor product  map 0@tb from A @ B  to A/O@B/dp is onto; hence if we 
define ~9@~ to be ker (0 |  we have 

(A t~ B)/( O @ el)) ~ AIO t~ B/dp. 

If A is a member  of K ,  of K~, then we denote  by C o n * ( A )  the lattice of 
congruences on A which also preserve , .  
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5.1. T H E O R E M .  (i) The congruence 0 ~ q) is generated by the pairs of the 
form (a l l ,  b1, az(~b2) where al~a2(19 ) and bl~-b2(q)). 

(ii) Assume that K is an entropic variety. If  A, B belong to K .  or K~, and 
O e Con* (A)  and q) ~ Con* (B), then 19 (~ q) ~ Con* (A @ B). 

Proof. (i) Let  1/* be the congruence on A |  generated by the pairs 
(a~| a2| with a l~a2 (@)  and b~-b2(q)) ,  and let to be the natural map 
from A @ B  to (At~B)/gL Since ke r (0 )= 1 9  and ker(4~)=q)  it follows that 
gC_cker(0|  19@q). By the definition of ~, we may define a map a from 
A/19 x B/q) to ( A @ B ) / ~  by ([a]19, [b]q))a = [ a |  trivially a is a bimorph- 
ism. Thus there is a homomorphism/3 from A/19(~.)B/q) to ( A ( ~ B ) / ~  satisfying 

([a]19|174 Hence (0|  and so 19 |174  
ker (tO) = I/'. 

(ii) Assume that K is entropic and let A, B e K. .  Since A |  is generated by 
the tensors a | b with a c A and b e b, and since �9 distributes over all K-terms, a 

straightforward calculation using the interchange law for �9 and | shows that 
0(~4~ is .-preserving; consequently 19 |  ker (0 (~b)  is a , -congruence.  []  

5.2. T H E O R E M .  (i) Let 19 ~ Con (A) and let q)~ ~ Con (B) for all i ~ L then 

19 ~ \ /  ( q)~ t i c I ) - ~ V ( O ( ~ q ) ~ l i ~ [ ) .  
(ii) Assume K is an entropic variety and let A, B belong to K ,  or K~. Let 

19eCon*(A)  and let q)~eCon*(B) for all i e I ,  then O ~ \ / ( q ) ~ t i e I ) =  
g (o@q)~ l ieI). 

Proof. (i) Let  09 ~ Con (A), let q), ~ e Con (B) with q) --< ~,  and let 0, ~b, and to 
be the associated maps. Since q)-< �9 there exists a homomorphism 3' from A/q) 
to A / ~  such that ~by = to. Hence 

0| = (0 o id)| o "y) = (O| o (id| 

and thus O |  = ker (0@O)c_ ker (0 |  = @| Consequently tensoring on 

the left by t9 is order-preserving and thus 

ec~V (q), l i~I)~_V (e@q), l iet).  

By Theorem 5.1(i) in order  to prove the reverse inclusion it is sufficient to prove 

al=_a2(O)&bl=_bz(V ( q ) i l i ~ I ) ) ~ a l | 1 7 4  (O|  If 
bl = be(V (q)~ I i ~ I)) then there exist il . . . . .  i, c I and elements co . . . . .  c, c B 
such that bl =co, b2=c, and ck_ l~-ck(q)i~) for l<--k<--n. Hence if al=-a2(19) we 
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have 

al@ck_l~a2t~ck(Ot~cI)i~), and so al@bl==-a2@b2(V (O@tibi l i c I)). 

(ii) Since Con*(A) is a complete sublattice of Con (A) for all A ~ K . ,  (ii) 
follows immediately from (i) and Theorem 5.1(ii). [] 

Let S be the variety of join-semilattices. By Theorem 5.2, the map F from 
Con (A) x Con (B) to C o n ( A ~ B )  defined by ( O , q ) ) F = O @ ~  is an S- 
bimorphism and so induces a join-semilattice homomorphism 7 from 
Con (A)(~sCon (B) to Con (A@B).  Similarly, if K is entropic, then for all A, B 
belonging to K ,  or K~ there is a join-semilattice homomorphism from 
Con* (A)@sCon*(B) to Con* (A(~B).  In general the map 3, is not an isomorph- 
ism. Consider the variety Ab and note that for each prime p, Con (71p)= 
Con* (77p)= 2 (the two-element chain). Now let p and q be distinct primes. By 
Theorem 6.1(ii) of the following section, the S-tensor product of 2 with itself is 
the Distl-coproduct of 2 with itself, where Dist 1 is the variety of distributive 
lattices with unit. Hence 

ICon (Zo)|  (Tlq)l = ICon* (Tio)| (Z.)I = 5. 

Whereas, since 71p| is trivial, we have 

ICon (Zp |  = ICon* (;gp @77.)[ = 1. 

6. Tensor products of join-semilattices 

We now turn to the variety S of join-semilattices and the variety So of 
join-semilattices with zero. There are several works which provide information on 
tensor products in these varieties; see, for example, the references given at the 
end of this paper. Our aim here is to give general universal-algebraic proofs and, 
where possible, extensions of some of the results of G. A. Fraser [13]. Since each 
of the varieties S and S O is entropic, all the results of the earlier sections apply. In 
particular, tensor product is associative in both S and So: associativity in S is 
proved in [13] only in the case where the factors are finite distributive lattices. 

Let D be the variety of algebras (A ; v, * ) of type (2, 2) such that 
(i) (A ; v) is a join-semilattice, 

(ii) (A; *) is a commutative semigroup, 
(iii) A satisfies x * ( y v z ) = ( x  * y )v (x  * z); 
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let Do be the variety of algebras (A ; v, *, 0) such that (A ; v, *) is in O and 0 is a 
zero for (A;  v); let ID 1 be the variety of algebras (A;  v, *, 1) such that (A, v, *) is 
in D and 1 is an identity element for (A;  *); and let D~ be the variety of algebras 

(A;  v, *, 0, 1) such that (A;  v, *, 0) is in Do and (A;  v, *, 1) is in D l. Of course, 
these are respectively the derived varieties CS. ,  (CSo)., CS.~, (CSo),~, and are, in 
turn, interesting extensions of the variety Dist of distributive lattices, Disto of 
distributive lattices with zero, Dist I of distributive lattices with unit, and l)ist~ of 
bounded distributive lattices. 

By Theorem 4.2, D and D 1 are closed under S-tensor products, and Do and D~ 
are closed under S0-tensor products. In the variety D 1 the identities (A) of 
Theorem 4.4 reduce to x v i = 1; that is, 1 is the largest element. Hence in the 
subvariety B of Theorem 4.4 we have 

x * ( x v y ) = ( x  * x ) v ( x  * y ) = x v ( x  * y) 

= ( x *  1 ) v ( x *  y ) - - x * ( l v y ) = x *  l = x .  

Thus we have both absorption laws, and consequently B is precisely I)ist ~. 
Similarly, for D~, the subvariety B is Dist~. Hence,  by Theorem 4.4, to prove that 
Dist 1 is closed under S-tensor products it remains to show that if A, B ~Dist  1, 
then 1 |  is the largest element of A |  Let a |  be a generator of A |  
Since both tensoring on the left by a and tensoring on the right by b are 
join-preserving maps, they are order-preserving and so a | b - 1 ~  b ~ 1 |  1. Thus 
1 |  1 dominates all generators, and so dominates any join of generators; whence 
1 |  is the largest element of A ~ B .  By precisely the same argument, Dis~ is 

closed under S0-tensor products. 

Now to the varieties Dist and Disto. In [13] Fraser proves that Dist is closed 
under S-tensor products by using a solution to the word problem for the S-tensor 
product of two distributive lattices. In fact, this is an easy consequnce of the 
closure of D i s t  a under | Indeed, let A, B c Dist, and let A 1 and B l be the 
lattices obtained by adjoining new units. It is a simple calculation to see that every 
bimorphism ~b from A • B to C can be extended to a bimorphism from A~• B 
to C 1 by defining x4~ = 1 for all elements x not in A x B. Now a simple diagram 
chase, using the universal property of A~@B 1, shows that the subsemilattice of 
A 1 @B 1 generated by {a | b I a c A;  b ~ B} has the definining universal property 
of A @B. Consequently A @B is embedded as a semilattice into A I@B 1. Since 
(a@b) * (a ' t~b ' )=(a * a ' )@(b * b ' )=(aAa ' ) t~(bAb ' ) ,  and since * distributes 
over v, it follows that the embedding of A @ B  into A ~ B  ~ preserves *, and 
thus A @ B ~ D i s t .  In eactly the same way, Disto is closed under So-tensor 
products. 

In summary, we have the following consequences of Theorem 4.2 and 
Theorem 4.4. 
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6.1. THEOREM. (i) I f  K is 1), Dl,1)ist, or 1)ist' [1)o, 1)~,Di~o, or Di s t , ] ,  

then it is closed under S-tensor products [So-tensor products]; moreover, for all 

A ,  B ~ K, * is defined on A ~ B via the interchange law 

( a |  * (a ' |  (a * a')(~(b * b'), 

and where appropriate the identity element for * is 1 ~  1. 
(ii) I f  K is 1) 1 or 1)ist 1 [1)1 or I ~ ] ,  then for all A ,  B ~ K the S-tensor product 

[So-tensor product] A @B is the K-coproduct of A and B. [] 

This result generalizes Theorem 3.3 of [11]. 
The So-tensor product of two finite members of So coincides with their 

Jo-tensor product, where Jo is the category of complete-join-semilattices and 
complete-join-preserving maps. (Note that an object in Jo has a zero and that a 
morphism of Jo is zero-preserving.) Hence for finite members A, B of S0, their 
So-tensor product A @ B  is isomorphic to S0(A, Ba) d, where X a denotes the 
order-theoretic dual of X; see B. Banaschewski and E. Nelson [1], D. Mowatt 
[21], and Z. Schmuely [26]. The map a |  d is given by 

l i  if x = 0, 
x ( a |  if x<-a and x # 0 ,  

if x ~  a, 

where i denotes the largest element of B. We can use this representation to show 
that S0-tensor product does not in general preserve the idempotence of *. To see 
this, note that if S c So, then, since join distributes over itself, we may let * = v 
and 1 = 0 on S. Then S becomes a member of D0 ~ on which * is idempotent but 
which satisfies the identities (A) only if S is trivial. Now let S be the join- 
semilattice drawn below. 

i 
a |  

a b i@b 

0 ( a ( ~ i ) v ( i @ b )  
i |  

0 a b i 

i i 0 0 
i b b b 
i b 0 0 

The accompanying table describes certain elements of So(S, Sa) a. As noted earlier, 
i | i is the largest element of S |  S, whence ((a @ i) v (i @ b)) 2 = 
[(a@i) * ( a @ i ) ] v [ ( a @ i )  * ( i ~ b ) ] v [ ( i @ b )  * ( i ~ b ) ]  

= [ (a  * a) |  * i ) ]v[(a  * i ) |  * b)]v[(i  * i ) |  * b)] 

= ( a | 1 7 4 1 7 4  i |  

i 0 0 0 
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It is clear from the table that ( a |  is not equal to i@i, and hence is not 
an idempotent in S |  S. 

S-tensor product behaves well with respect to projectivity in the varieties 
S, D, D 1, Dist, and Dist 1. Basically this is because S is an idempotent, entropic 
variety. 

A variety K is idempotent if for every operation f, K satisfies the identity 
f(x,  x . . . . .  x )=  x, or equivalently, if FK(1) is trivial; in particular, if K is a 
nontrivial variety, then there are no nullary operations in the type of K. The proof 
of the following lemma is quite straightforward and is omitted. 

6.2. LEMMA.  (i) Let K be an idempotent variety, and let A,  B ~ K. 
(a) Every homomorphism out of A x B is a bimorphism; whence there is a 

natural homomorphism 0 from A @ B to A satisfying ( a @ b )p = a. 
(b) For all b ~ B  the natural homomorphism o-b from A to A |  defined by 

ao-b = a |  satisfies o-bP = ida; whence A is a retract of A @B. 
(ii) Let K be an idempotent, entropic variety, and let A,  B ~ K ,  (respectively 

K~). 
(a) The map p from A |  to A is a K.-homomorphism (respectively K~- 

homomorphism ). 
(b) If * is idempotent on A and B, then o-b is a K.-homomorphism and o'1 is a 

K~-homomorphism; whence A is a K.-retract (respectively K~,-retract) of A @  

B. [] 

This lemma allows us to strengthen Corollary 3.2. 

6.3. T H E O R E M .  Let K be an idempotent, entropic variety. 
(i) A t ~ B  is projective in K if and only if A and B are projective in K. 
(ii) Let A,  B ~ K .  and assume that * is idempotent on A and B, then if A @B 

is projective in K.,  so are both A and B. 
(iii) Let A, B c K~ and assume that * is idempotent on both A and B; then 

A |  is projective in K~, if and only if both A and B are projective in K~. 
(iv) In (i), (ii) and (iii) the varieties K, K. ,  and K~, may be replaced by 

subvarieties (of the appropriate type) which are closed under K-tensor products. 

Proof. Since a retract of a projective is projective, (i), (ii), and one direction in 
(iii) follow from Corollary 3.2 and Lemma 6.2. The other direction in (iii) follows 
from Theorem 4.2 since the coproduct of two projectives is projective. [] 

This result may be applied immediately to S-tensor products. 

6.4. T H E O R E M .  (i) A t ~ B  is projective in S if and only if both A and B are 
projective in S. 
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(ii) (a) I f  A @ B  is projective in D or Dist, then so are A and B;  (b) let 

A, B EDist  1. I f  A and B are projective in Dist, then so is A | B. 

(iii) A ~ B  is projective in D 1 or Dist  l if and only if both A and B are 

projective. 

Proof. Only (ii) (b) requires further proof.  Let  A, B e Dist  1. Then by Theo rem 
6.1(ii), A |  is the Dist~-coproduct of A and B, and hence, by Theorem 5.3, 

A t ~ B  is a retract  of the Dist-coproduct  of A and B. Since coproducts and 
retractions preserve projectivity, if A and B are projective in Dist, so is 

A @ B .  [] 

This result generalizes Corollary 4.2 and Theorem 4.3 of [11] where R. 

Balbes 's  characterization of finite project ive distributive lattices is used to prove 

(ii) (b) under  the assumption that  A and B are finite. Independent ly  H.  Lakser  

[18] has proved  that  if A and B are nontrivial distributive lattices, then A |  is 

projective in Dist if and only if A and B are projective in Dist  and both have a 

greatest  element.  
It  is interesting to note that Theo rem  4.3 tells us that if A, B e Dist  1, then the 

Dis t l - f ree-product  of A and B is isomorphic to the principal ideal of their Dist- 

f ree-product  generated by 1A/X lB. 
One can now proceed to consider MAet = MK where K is either S or So and M 

belongs to D, D 1, Do, or D01; the case where M is a distributive lattice being of 
particular interest. Such a p rogram has been begun in the work of Fofanova 

[9, 10] and Radnev  [25], where the objects of ~So are referred to as polygons. 
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